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The long-standing controversy about the isospin dependence of the effective Dirac mass in ab initio calcula-
tions of asymmetric nuclear matter is clarified by solving the relativistic Brueckner-Hartree-Fock equations in the
full Dirac space. The symmetry energy and its slope parameter at the saturation density are Esym(ρ0) = 33.1 MeV
and L = 65.2 MeV, in agreement with empirical and experimental values. Further applications predict the
neutron star radius R1.4M� ≈ 12 km and the maximum mass of a neutron star Mmax � 2.4M�.
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Introduction. Neutron stars provide a unique and natural
laboratory for dense nuclear matter at extreme conditions
that cannot be reproduced in any terrestrial laboratory [1,2].
The observation of gravitational waves from a binary neu-
tron star merger [3–5] and the combinations of mass and
radius measurements of neutron stars [6,7] have placed sub-
stantial constraints on the behavior of cold nuclear matter at
suprasaturation density [8]. Together with the information of
nuclear structure experiments [9,10] and heavy-ion collisions
(HICs) [11,12], astrophysical observations are constantly re-
vealing the mysterious properties of dense matter [13–15].

Asymmetric nuclear matter (ANM) has attracted consid-
erable attention since its equation of state (EOS) and the
density dependence of the symmetry energy provide impor-
tant microscopic inputs for the investigation of the structure
of neutron star interiors [2,16], neutron star mergers [17], and
the dynamics of supernova explosions [18].

On the theoretical side, on the basis of nuclear density
functional theories (DFTs) [19–23], important correlations
have been found between astrophysical as well as nuclear
quantities and the properties of ANM. They start from phe-
nomenological density-dependent effective nucleon-nucleon
(NN) interactions in the medium. These effective interactions
are often determined by fitting to the ground-state properties
of finite nuclei and the saturation properties of symmetric
nuclear matter (SNM). This leads to the fact that they are
not well constrained in the extreme conditions of high density
or large isospin asymmetry [24]. In this situation, ab initio
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calculations based on realistic NN interactions are expected
to give better predictions.

Relativistic Brueckner-Hartree-Fock (RBHF) theory is one
of the most successful ab initio theories based on bare two-
body forces only [25,26]. In the relativistic framework, it
contains the important Z diagram [27], an effective three-body
force generated by a virtual nucleon-antinucleon excitation.

Since the pioneering work of the Brooklyn group [28,29],
RBHF calculations are primarily performed with positive-
energy states (PESs), because the construction of NN
interaction matrix elements in full Dirac space, i.e., between
negative-energy states (NESs) and PESs, and the correspond-
ing solution of the in-medium scattering equation are rather
complicated. To compensate for the incompleteness of the
Dirac space, different approximations have been introduced
to extract the effective single-particle potentials [30–32] nec-
essary for the self-consistent solution of the Hartree-Fock
equation. However, it turned out that they cannot uniquely
determine the single-particle properties [33]. Contradictory
results for the isospin dependence of the Dirac mass are
found between two frequently used approximations [34]. The
momentum-independence approximation predicts the proton-
neutron Dirac mass splitting in isospin asymmetric matter is
M∗

D,n > M∗
D,p, while the projection method leads to the oppo-

site sign M∗
D,n < M∗

D,p. Therefore, to clarify the properties of
asymmetric nuclear matter, it is necessary to solve the RBHF
equations in the full Dirac space [35–37].

Recently, a self-consistent RBHF calculation in the full
Dirac space has been achieved for SNM [38]. It avoids the
approximations applied in the RBHF calculations in the Dirac
space with PESs only. The saturation properties of SNM
found in this way are in good agreement with the empirical
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values. In this Letter, we develop the RBHF theory in the full
Dirac space for ANM and present the results of ANM and
their consequences for the mass-radius relations of neutron
stars.

Theoretical framework. In the RBHF theory, the nucleon
inside the nuclear medium is viewed as a dressed particle
due to its two-body interaction with the surrounding nucleons.
The single-particle motion of a nucleon with rest mass M,
momentum p, and single-particle energy Ep is depicted by the
Dirac equation

[α · p + β(M + �(p))]ψ (p) = Epψ (p), (1)

where � is the single-particle potential (the self-energy) in
the Dirac space. For simplicity, spin and isospin indices are
neglected. The Dirac spinors are denoted by ψ (p). For each
p there are solution with positive energy (PES) and one with
negative energy (NES).

In the RBHF scheme, the single-particle potential operator
� in Dirac space is calculated as an integral over the effective

interaction, the G matrix,

�(p) =
∫ pF

0

d3 p′

(2π )3
〈ψ̄ (p)ψ̄ (p′)|Ḡ(W )|ψ (p)ψ (p′)〉. (2)

Here, the integral runs over all occupied states in the Fermi sea
(|p′| � pF ) and, for simplicity, spin and isospin indices are
neglected. The starting energy is denoted by W . For further
details, see Ref. [38].

The effective NN interaction G is the basic ingredient
of RBHF theory. In the nonrelativistic Brueckner-Hartree-
Fock theory, it is an effective scattering matrix in the nuclear
medium, found as the solution of the Bethe-Goldstone equa-
tion [39,40]. Here, the Pauli operator Q excludes, in the
intermediate states, scattering processes to occupied states
below the Fermi surface.

In relativistic scattering processes, the scattering matrix
is determined by the four-dimensional Bethe-Salpeter equa-
tion [41]. There are several three-dimensional reductions to
this equation [42,43]. Nowadays, in most of the applications
of the RBHF theory, the G matrix is obtained by solving the
in-medium covariant Thompson equation [30],

G(q′, q|P,W ) = V (q′, q|P) +
∫

d3k

(2π )3
V (q′, k|P)

Q(k, P)

W − EP+k − EP−k
G(k, q|P,W ). (3)

Here, P = 1
2 (k1 + k2) and k = 1

2 (k1 − k2) are the center-of-
mass and the relative momenta of the two interacting nucleons
with the momenta k1 and k2. The initial, intermediate, and
final relative momenta of the two nucleons are q, k, and q′,
respectively. The starting energy is denoted by W and the NN
scattering in the nuclear medium is restricted by the Pauli
operator Q(k, P).

Equations (1)–(3) constitute a coupled system that has to
be solved in a self-consistent way. After the convergence is
satisfied, the binding energy per nucleon for ANM can be
calculated straightforwardly [44–46].

In previous RBHF calculations [30–32] the Thompson
equation (3) is solved in the Dirac space with PES only.
Because relativistic scattering algorithms are relatively com-
plicated, the starting point for such calculations was the free
scattering algorithm used for the derivation of a relativistic
NN potential from the experimental phase shifts [47,48]. By
obvious reasons this algorithm is restricted to the scattering of
particles with positive energy and negative-energy solutions
(scattering of antiparticles) are not considered. The results of
such calculations are the matrix elements of the scattering ma-
trix (T matrix) and the corresponding phase shifts for proton
and neutrons, i.e., for particles with positive energy. For the
self-consistent solution of the RBHF equations, the situation
is much more complicated. In each step of the iteration, we
need, for the evaluation of the Dirac spinors in the medium
by the solution of the Dirac equation (1), not only the matrix
elements of the potential � for PESs �++, but also matrix
elements �+− between PESs and NESs and the elements
between NESs �−−. This requires, in principle, a solution of

the Thompson equation (3) in the full Dirac space. Previous
RBHF calculations avoid the calculation of �+− and �−−,
and use several approximations [30–32].

Results and discussion. The essential feature of the RBHF
theory in the full Dirac space is the fact that the properties of
single-particle potential,

�(p) = US (p) + γ 0U0(p) + γ · p̂UV (p), (4)

can be determined uniquely. Here, p̂ = p/p is the unit vector
parallel to the momentum p. The quantities US (p), U0(p),
and UV (p) are the scalar potential, the timelike part, and the
spacelike part of the vector potential.

The isospin dependence of the single-particle potential can
be well illustrated by the relativistic effective Dirac mass,
which is defined through the scalar part of the nucleon self-
energy in the Dirac equation by M∗

D,τ = M + US,τ . The Dirac
mass should not be confused with the definition of the non-
relativistic effective mass, which parametrizes the momentum
and energy dependence of the single-particle potential [50]. In
the left panel of Fig. 1, the Dirac mass of the nucleon at the
Fermi surface for protons and neutrons (τ = p, n) obtained
with the RBHF theory in the full Dirac space are plotted as
functions of the asymmetry parameter α = (ρn − ρp)/ρ at the
density ρ = 0.16 fm−3. It is found that, with the increasing
of the asymmetry parameter, the Dirac mass for the neutron
is decreasing, while for the proton, an opposite tendency is
obtained. As a result, M∗

D,n < M∗
D,p with the isovector effec-

tive mass (M∗
D,p − M∗

D,n)/M = 0.095 in pure neutron matter
(PNM) is predicted in the full Dirac space.
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FIG. 1. Effective Dirac mass for the neutron (solid lines) and the proton (dashed lines) as functions of the asymmetry parameter α at
ρ = 0.16 fm−3 calculated by the RBHF theory in the full Dirac space (left), in comparison with the results obtained by RBHF calculations with
PESs only using the projection method [31] (middle) and the momentum-independence approximation [30] (right). The Bonn-A potential [49]
is used.

The other two panels of Fig. 1 contain approximations
used in the literature, where the Thompson equation (3) is
solved only for PESs, and the potentials are determined ap-
proximately: The middle panel is obtained by the projection
method [31] with the ps representation for the subtracted T
matrix described in detail in Ref. [44]. It is noticed that, in
comparison to the results in the full Dirac space, the projection
method leads to a qualitatively consistent isospin dependence
of the Dirac mass, but the amplitudes of M∗

D,n and M∗
D,p are

overestimated. The right panel of Fig. 1 shows the results ob-
tained with the momentum-independence approximation [30],
where the single-particle potentials are assumed to be in-
dependent of the momentum, and the spacelike part of the
vector potential is neglected. With this approximation, the
scalar potential and the timelike part of the vector potential
are extracted directly from the single-particle potential ener-
gies at two casually selected momenta, 0.7kτ

F and kτ
F . It can

be seen that M∗
D,n > M∗

D,p is obtained for the entire region
of the asymmetry parameter, which is contradictory to that
calculated with the RBHF theory in the full Dirac space and
the projection method. As pointed out in Ref. [34], a wrong
sign for the isovector dependence of single-particle poten-
tials is obtained by applying the momentum-independence
approximation to asymmetric nuclear systems. In short, by
performing the RBHF calculation in the full Dirac space, the
long-standing controversy of the isospin dependence of the ef-
fective Dirac mass, i.e., the opposite tendency predicted with
the momentum-independence approximation and projection
method, has been clarified. In addition, it is shown that the
solution in the full Dirac space leads to a weaker isospin
dependence of the Dirac mass splitting than the projection
method.

The unique determination of the single-particle potentials
in the full Dirac space gives us confidence to investigate
the symmetry energy and its density dependence. In Fig. 2,

the red solid line shows the symmetry energy Esym(ρ) =
1
2

∂2E (ρ,α)
∂α2 |α=0 calculated by the RBHF theory in the full

Dirac space as a function of the density ρ. At the saturation
density ρ0 = 0.188 fm−3 (see Ref. [38]), the symmetry en-
ergy Esym(ρ0) is 33.1 MeV, which is in agreement with the
empirical values 31.7 ± 3.2 MeV [18]. The slope parameter

FIG. 2. The symmetry energy Esym as a function of the den-
sity ρ calculated by the RBHF theory in the full Dirac space
(red solid line), in comparison with the results obtained by the
RBHF calculation with the projection method (olive dashed line)
and the momentum-independence approximation (Mom.-ind. app.,
gray band). The constraints from the HIC [51], the IAS [52], and the
ASY-EOS experiments [53] are depicted with blue, yellow, and gray
shadows, respectively.
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FIG. 3. The mass-radius relations of the neutron star obtained
from the EOS by RBHF theory in the full Dirac space with
the potentials Bonn A, B, and C. Astrophysical constraints from
massive neutron star observations taken from Refs. [61–65] are
shown as horizontal shaded areas. The dark and light blue re-
gions indicate the 68% and 95% confidence intervals constrained
by the NICER analysis of PSR J0030+0451 [57]. The recently
inferred mass of the secondary compact object of GW190814 [66]
is also shown. The gray region is excluded by causality that R >

2.9 GM/c2. See the text for details.

of the symmetry energy L is 65.2 MeV, which is consistent
with the empirical values 58.7 ± 28.1 MeV [18]. Comparing
to the results obtained by the projection method (olive dashed
line), our results lead to a softer symmetry energy. This fact
is also favored by the historical detection of the gravitational
wave from GW170817 [3,13]. The gray band reveals the un-
certainties of the momentum-independence approximation as
discussed in Ref. [38]. These results again demonstrate the
importance of the full Dirac space.

The symmetry energy has been extensively studied both
from the theoretical and experimental points of view. From
the experimental side, we consider the data from simulations
of the low-energy HIC involving 112Sn and 124Sn [51], nu-
clear structure studies involving excitation energies to isobaric
analog states (IASs) [52], and the ASY-EOS experiments at
GSI [53]. They are shown as the blue, yellow, and black
shadow regions in Fig. 3, respectively. Below the saturation
density, the symmetry energy obtained by the RBHF theory in
the full Dirac space is found compatible with the constraints
from the IAS [52] and the HIC [51] experiments. At twice
normal saturation density, i.e., 0.32 fm−3, the symmetry en-
ergy obtained in this work is 51.6 MeV, which is in agreement
with the constraint 50.8–60.4 MeV from ASY-EOS [53].

The clear difference of symmetry energy for high den-
sities shown in Fig. 2 and its importance in neutron stars
inspire us to apply the RBHF theory in the full Dirac space
to neutron stars. Based on the binding energy per nucleon
as a function of the density and assuming β equilibrium

in the neutron star matter, the mass and radius of a cold,
spherical, and static neutron star can be obtained by solving
the Tolman-Oppenheimer-Volkov (TOV) equation [54,55]. In
Fig. 3 we show the neutron star mass-radius relations obtained
from the EOS obtained by the RBHF theory in the full Dirac
space with the potentials Bonn A, B, and C. The radii of
a 1.4M� neutron star R1.4 are 11.97, 12.13, and 12.27 km,
respectively. Recently, the Neutron star Interior Composi-
tion Explorer (NICER) mission has reported two independent
Bayesian parameter estimations of the mass and equato-
rial radius of the millisecond pulsar PSR J0030+0451 as
1.34+0.15

−0.16M� and 12.71+1.14
−1.19 km [56], as well as 1.44+0.15

−0.14M�
and 13.02+1.24

−1.06 km [57]. The confidence intervals for 68%
and 95% about the relations between mass and radius from
Ref. [57] are also shown in Fig. 3. It can be seen that the
predictions from the RBHF theory are completely consistent
with the constraints by NICER. Moreover, we notice that
there exist many other estimates of R1.4 from different sources
(see Ref. [58] and references therein). It is found that our
results on R1.4 in the full Dirac space are consistent with
those works, except for a few with an upper limit smaller
than 11.9 km. The radii R1.4 of a 1.4M� neutron star from the
RBHF theory in the full Dirac space, the projection method,
and the momentum-independence approximation are 11.97,
12.38, and 12.35 km, respectively. The relatively small neu-
tron star radius suggested by the full Dirac space implies
that the symmetry energy at higher densities is soft, which
is consistent with the result shown in Fig. 2.

The core densities of massive neutron stars could reach
5–10 times the nuclear matter saturation density [2], which
is far away from the region where the Brueckner theory is
applicable. We follow the strategy proposed in Ref. [59] and
applied in Ref. [60], where the neutron star matter EOS above
a critical density ρc is replaced with the maximally stiff or
causal one by p(ε) = c2ε − εc. p is the pressure, ε is the
energy density, c is the speed of light, and εc is a constant.
This EOS is maximally stiff and predicts the most rapid in-
crease of pressure with energy density without violating the
causality limit cs/c = √

∂ p/∂ε � 1 where cs is the speed of
sound, which results in R > 2.9 GM/c2 with G the universal
gravitational constant. In our calculations, ρc = 0.57 fm−3

and the constant εc is a parameter and determined by ensur-
ing that the energy density is continuous. These assumptions
provide an upper bound on the maximum mass of the neutron
star.

As shown in Fig. 3, the maximal neutron star masses
Mmax obtained from the RBHF theory with the potentials
Bonn A, B, and C are 2.43M�, 2.43M�, and 2.44M�, re-
spectively. These values are effectively reduced compared to
the 3.2M� obtained in Ref. [59], where the EOS of neutron
star matter is assumed to be the one of free degenerate neu-
trons continued with the maximally stiff EOS for densities
higher than 0.275 fm−3. Meanwhile, our results are consis-
tent with the available astrophysical constraints from massive
neutron star observations, such as PSR J1614-2230 [61,62],
PSR J0348+0432 [63], and PSR J0740+6620 [64,65]. Fur-
thermore, from our calculation, the secondary compact
component of GW190814 [66] with the mass 2.50–2.67M�
might not be a neutron star.
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Summary. The relativistic Brueckner-Hartree-Fock the-
ory in the full Dirac space is developed and applied
to investigate asymmetric nuclear matter and neutron star
properties for the first time. The isospin dependence of
the single-particle potentials is uniquely determined and
the neutron-proton Dirac mass splitting M∗

D,n < M∗
D,p is ob-

tained. The controversy between the projection method and
the momentum-independence approximation concerning the
isospin splitting of Dirac mass in asymmetric nuclear matter
has been clarified. The symmetry energy Esym and its slope
parameter L at saturation density are 33.1 and 65.2 MeV,
respectively, both in agreement with the empirical values. Be-
low saturation density, the symmetry energy is consistent with
the experimental constraint of nuclear structure and heavy-ion
collisions. The mass-radius relations from the RBHF theory
are consistent with the astrophysical observations. Especially,
the radius of a 1.4M� neutron star is predicted close to 12 km,
and the upper bound of the maximum mass of the neutron star
is found to be less than 2.4M�. In this case the secondary com-

pact component of GW190814 with the mass 2.50–2.67M�
might not be a neutron star.
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