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Testing the collectivity in large and small colliding systems with test particles
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We propose a test-particle method to probe the transport dynamics of the establishment and development of
collective flow in large and small systems of heavy-ion collisions. We place test particles as passengers into the
partonic medium created by Au + Au midcentral collisions at

√
sNN = 200 GeV and p + Pb central collisions

at
√

sNN = 5.02 TeV, using a multiphase transport model. With the help of test particles in two extreme test
cases, we demonstrate that parton collisions play an important role in establishing and developing collectivity in
large and small colliding systems. The collectivity established by final state parton collisions is much stronger
in large colliding systems compared to small colliding systems. The collectivity from the initial state can persist
or survive more easily in small colliding systems than in large colliding systems due to fewer parton collisions.
Our study provides a new method to understand the origin of collectivity in large and small colliding systems at
the BNL Relativistic Heavy Ion Collider and the CERN Large Hadron Collider.

DOI: 10.1103/PhysRevC.106.064907

I. INTRODUCTION

The ultrarelativistic heavy-ion collisions at the BNL Rel-
ativistic Heavy Ion Collider (RHIC) and the CERN Large
Hadron Collider (LHC) are believed to create a fireball of
quark-gluon plasma (QGP) at extreme conditions of pressure
and energy densities, through colliding two nuclei with ap-
posite velocities closing to the speed of light [1–6]. High
pressure gradient drives the hydrodynamic expansion of the
produced fireball, which leads to strong collective flow, in-
cluding both radial and anisotropic flow [7–14]. Due to the
elliptic geometry for the noncentral collision or the initial
energy density fluctuations in the overlapped zone, the spatial
asymmetry of the strongly interacting quark-gluon plasma
(sQGP) can be generated [15–18]. This spatial asymmetry can
be translated into momentum anisotropy of the final particles
through pressure gradients in hydrodynamics, i.e., the forma-
tion of collective flow [19–21]. Therefore, collective flow is
considered an important probe of the hydrodynamic behavior
of the QGP [22–24].

The collective flow in large systems created by heavy-ion
collisions (A + A) has been well explained by hydrodynamic
models. But the measurements of collective flow in small
systems, such as p + p and p + Pb collisions at the LHC
[25–28] and d + Au collisions at RHIC [29,30], aroused some
debate about the paradigm of collective flow [31–33]. Many
theoretical efforts have been made to understand the origin
of collective flow in small colliding systems. It can be basi-
cally classified into two categories depending on whether the
origin comes from the initial or final state. The initial state
of color glass condensate (CGC) has also been proposed as a
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possible mechanism, contributing to the experimentally mea-
sured ‘flow’ in small colliding systems [34–42,44]. The final
state of hydrodynamics also can transform the initial geo-
metric asymmetry into the final momentum anisotropic flow
through the pressure gradient of the QGP [45–51]. However,
the applicability of hydrodynamics to small colliding systems
is still questionable since the Knudsen number (the ratio of
micro to macro distance/time scales) is not small in small
colliding systems which could result in a strong deviation
from local thermal equilibrium [23,52,53]. In principle, when
the Knudsen number � 1, statistical mechanics should be
applied. A parton transport model, a multiphase transport
(AMPT) model [54] also described the experimental data in
both large and small systems [55–57]. Due to the fact that
the majority of partons have no scatterings for small colliding
systems at RHIC and the LHC, a parton escape mechanism
has been proposed to explain the formation of azimuthal
anisotropic flow [59,60], which found that anisotropic par-
ton escape dominates the flow generation in small colliding
systems. Meanwhile, parton collisions have been shown to be
crucial for generating anisotropic flow [57,58]. It is important
to understand the nature of flow in parton escape mecha-
nism, because the transport model is considered beneficial
for systems with insufficient multiplicity, and it bridges the
gap between nonequilibrium and equilibrium states [38,61–
63]. Therefore, studying flow by parton transport models is
expected to provide important information about the nature of
collectivity.

In this work, we propose a test-particle method to in-
vestigate the relationship between collective flow and parton
collisions. The parton collisional effects on different settings
of systems will be compared to show the nature of collectivity
in both large and small colliding systems. Our paper is orga-
nized as follows. In Sec. II, we introduce our model, propose
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a test-particle method, and define our observables. In Sec. III,
we present our main results to discuss the parton collisional
effects on the collectivity in large and small colliding systems.
Finally, we summarize in Sec. IV.

II. MODEL AND METHOD

A. A multiphase transport model

The string melting version of AMPT model consists of four
main stages of heavy-ion collisions, i.e., initial state, parton
cascade, hadronization, and hadronic rescatterings. The initial
state with fluctuating initial conditions is generated by the
heavy ion jet interaction generator (HIJING) model [64]. In
HIJING model, minijet partons and excited strings are pro-
duced by hard processes and soft processes, respectively. In
the string melting mechanism, all excited hadronic strings in
the overlap volume are converted to partons according to the
flavor and spin structures of their valence quarks [65]. The
partons are generated by string melting after a formation time,

t f = EH/m2
T,H , (1)

where EH and mT,H represent the energy and transverse
mass of the parent hadron. The initial positions of partons
from melted strings are calculated from those of their par-
ent hadrons using straight-line trajectories. The interactions
among partons are described by the Zhang’s parton cascade
(ZPC) parton cascade model [66], which includes only two-
body parton elastic scattering with a gg → gg cross section:

dσ

dt̂
= 9πα2

s

2

(
1 + μ2

ŝ

)
1

(t̂ − μ2)2
, (2)

where αs is the strong coupling constant (taken as 0.33),
while ŝ and t̂ are the usual Mandelstam variables. The ef-
fective screening mass μ is taken as a parameter in ZPC
for adjusting the parton interaction cross section. It is set as
2.265 fm−1 leading to a total cross section (σ ) of about 3
mb for elastic scattering. The previous studies have shown
that a parton interaction cross section of 3 mb can well de-
scribe both large and small colliding systems at RHIC and the
LHC [56,57,67–70]. Meanwhile, a quark coalescence model
is used for hadronization at the freeze-out of parton system.
The final-state hadronic scatterings in the hadronic phase are
simulated by a relativistic transport (ART) model [71]. Since
we are only interested in the parton collisional effect on the
evolution of collective flow, we will focus on the stage of
parton cascade and ignore the effects from hadronization and
hadronic rescatterings in this study.

In our convention, the x axis is chosen along the direction
of the impact parameter b from the target center to the pro-
jectile center, the z axis is along the projectile direction, and
the y axis is perpendicular to both the x and z directions. The
time t starts when the two nuclei are fully overlapped in the
longitudinal direction.

B. Test particle method

In order to study the relationship between parton colli-
sions and collective flow in the expanding fireball, several test

FIG. 1. The two cases of transverse view of parton system
(within |ηs| < 0.5) at t = 1 fm/c in a Au + Au midcentral collision
event at 200 GeV from the AMPT model. The positions of medium
partons are represented by solid gray circles. The positions of four
test particles are represented by red stars. The initial velocities of
four test particles are shown by thin black arrows.

particles (partons) are added to the original parton system at
the stage of parton cascade. Like placing leaves in a stream,
the test particles are expected to follow and reflect the col-
lective motion of the entire system due to their interactions
with the medium. The test particles and medium behave like
passengers and carriers, respectively. We set up two cases of
scenes. Case 1: The four test particles are placed with the dif-
ferent initial velocities �v1 = (0.9c, 0, 0), �v2 = (−0.9c, 0, 0),
�v3 = (0, 0.9c, 0), and �v4 = (0,−0.9c, 0), respectively, where
c is the speed of light, as shown in Fig. 1(a). Case 2: The
four test particles are placed with a same initial velocity
�v = (0.9c, 0, 0), as shown in Fig. 1(b). Case 1 corresponds
to the case where the test particles have no initial collective
flow due to their isotropic initial velocities. However, case 2
corresponds to the case where the test particles have an initial
collective flow due to their common initial velocities. Note
that the initial collective flow is only introduced to the test
particles for case 2, which is different from our previous study
where the initial collectivity was introduced to all particles of
the system [42]. If we consider that the mass of the test particle
is 0.05 GeV (since we always take the test particles as light
quarks), with the initial velocity β the transverse momentum
pT = β/(

√
1 − β2)mq ≈ 0.1 GeV/c. We will put four test

particles at the position of �r0 at the time of t0 in midcentral
Au + Au collisions at

√
sNN = 200 GeV and central p + Pb

collisions at
√

sNN = 5.02 TeV. For Au + Au collisions, we
set �r0 = (3, 0, 0 fm) and t0 = 1 fm/c, while for p + Pb
collisions, �r0 = (2, 0, 0 fm) and t0 = 1 fm/c, unless specified
otherwise. Using the AMPT model, we simulated 104 events
of Au + Au mid-central collisions (b = 8 fm) at 200 GeV for
cases 1 and 2, and 104 events of p + Pb central collisions
(b = 0 fm) at 5.02 TeV for cases 1 and 2. With the help
of the test particles, we focus on the time evolution of the
collectivity of partonic matter for cases 1 and 2 in large and
small colliding systems. The four test cases can be witnessed
by the animations at [43]. Note that in our simulation, the
medium particle will change its momentum after colliding
with a test particle. However, we have checked that the results
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TABLE I. The expectations of the eight defined observables in the initial states of cases 1 and 2.

〈D|R|〉 〈D|v|〉 〈D cos �φ〉 〈D cos �φv〉 〈Nr〉 〈Nv〉 〈cos φ〉 〈cos φv〉
case 1 (zero collectivity) 0 1.45 −1.0 1/3 1.0 0 1.0 0
case 2 (strongest collectivity) 0 0 −1.0 −1.0 1.0 1.0 1.0 1.0

are similar regardless of whether the medium particle changes
its momentum or not.

C. Test particle observables

To investigate the collective motion of test particles, we
first need to define several observables to probe collectivity.
The dispersities of relative position and velocity of N test
particles are defined as follows:

〈D|R|〉 = 1

N (N − 1)

N∑
j

N∑
i 	= j

|�ri − �r j |,

〈D|v|〉 = 1

N (N − 1)

N∑
j

N∑
i 	= j

|�vi − �v j |, (3)

where �ri and �vi is the position and velocity of the ith test
particle, respectively. The dispersities of relative azimuthal
angle of position and velocity of N test particles, are defined
by

〈D cos �φ〉 = −1

N (N − 1)

N∑
j

N∑
i 	= j

cos (φi − φ j ),

〈D cos �φv〉 = −1

N (N − 1)

N∑
j

N∑
i 	= j

cos (φvi − φv j ), (4)

where φi and φvi are the azimuthal angles of position and
velocity of the ith test particle, respectively. These defined ob-
servables are sensitive to the dispersity status of test particles.

On the other hand, the normalized position and velocity are
defined as

〈Nr〉 =
∑N

i �ri∑N
i |�ri|

,

〈Nv〉 =
∑N

i �vi∑N
i |�vi|

. (5)

At the same time, the averaged cosine values of the azimuthal
angle of position and velocity are defined as

〈cos φ〉 = 1

N

N∑
i

cos
(
φi − φinit

i

)
,

〈cos φv〉 = 1

N

N∑
i

cos
(
φvi − φinit

i

)
, (6)

where φinit
i is the azimuthal angle of position of the ith test par-

ticle at t0. We will take the event average for the above-defined
observables. These observables are designed to measure the
collectivity for the different configurations of the position and

velocity of test particles. Table I shows the expectations (i.e.,
event average values) of the eight defined observables for the
initial states of cases 1 and 2. The expectations actually pro-
vide us the reference values for the limits of zero and strongest
collectivity, since the initial state of case 1 corresponds to
the status of zero collective flow, while the initial state of
case 2 corresponds to the status of the strongest collective
flow. Our aim is that by calculating the time evolutions of
all these observables and comparing them with the reference
values, we want to understand how collectivity is established
or developed for cases 1 and 2 in large and small colliding
systems.

III. RESULTS AND DISCUSSIONS

A. Large colliding systems

The two-dimensional (2D) distributions of initial partons
(within a space-time rapidity window of |ηs| < 0.5) in the
transverse plane (the x-y plane) at four selected times in
Au + Au midcentral collisions at

√
sNN = 200 GeV (b = 8

fm) are shown in Fig. 2. The short axis of the fireball is along
x axis, and the long axis of the fireball is along y axis. Most of
the partons are generated near the center of the overlap region
at the early time. Therefore, we add four test particles into the
fireball which are placed at the position of �r = (3, 0, 0 fm) at
the time of 1 fm/c during the partonic stage, unless specified
otherwise. Then we will calculate the time evolutions of the
above-defined observables to investigate how collective flow
can be built or developed by parton collisions.

FIG. 2. The distributions of initial partons (|ηs| < 0.5) in the
transverse plane at different times in Au + Au midcentral collisions
at 200 GeV from the AMPT model.
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FIG. 3. The time evolutions of the dispersities of four test parti-
cles for case 1 in Au + Au midcentral collisions at 200 GeV from
the AMPT model with different parton cross sections.

1. Case 1 for Au + Au midcentral collisions

Figure 3 shows the time evolutions of the dispersities of the
test particles with isotropic velocities for case 1 in Au + Au
midcentral collisions at 200 GeV from the AMPT model with
different parton interaction cross sections. The time evolu-
tions of the dispersities in coordinate space are presented in
Fig. 3(a) and 3(c). The dispersities of position (and angle)
increase with time but decrease with parton interaction cross
section. It can be understood because if there is no parton
collision, the test particles will keep their four different initial
velocities and separate further and further over time, as illus-
trated by the results of 0 mb. However, our results show that if
the test particles suffer more collisions with the medium, they
are more difficult to separate in space. Considering Table I, it
is difficult to judge the strength of collectivity only by these
two observables, since they give the same expectations for
zero collectivity and the strongest collectivity. Figure 3(b)
and 3(d) show that dispersities of velocity and angle decrease
and saturate with time, and they also decrease with parton
interaction cross section. Considering Table I, it indicates that
the test particles tend to change their momentum towards a
common direction through more parton collisions, thus ac-
quiring collectivity. This supports the scenario that the test
particles are affected by the stronger collective flow of the
surrounding medium generated by the larger parton interac-
tion cross section. In short, these behaviors of the dispersities
of position and velocity suggest that although the test particles
spread in space with time, they eventually tend to move in a
common direction due to the collectivity of the surrounding
medium built by parton collisions.

Figure 4 shows the time evolutions of normalized positions
and velocities, averaged cosine values of azimuthal angle of
position and velocities of the test particles for case 1 in Au +
Au midcentral collisions at 200 GeV from the AMPT model
with different parton interaction cross sections. Figures 4(a)
and 4(c) show that the normalized position and its mean cosine

FIG. 4. The time evolutions of (a) normalized position, (b) nor-
malized velocity, (c) averaged cosine value of azimuthal angle of
position, and (d) averaged cosine value of azimuthal angle of velocity
of four test particles for case 1 in Au + Au midcentral collisions at
200 GeV from the AMPT model with different parton cross sections.

values of azimuthal angle decrease with time, but increase
with parton interaction cross section. Considering Table I,
this also indicates that the test particles spread out with time,
but more parton collisions prevent them from separating from
each other further. On the other hand, Figs. 4(b) and 4(d) show
that both the normalized velocities and averaged cosine values
of azimuthal angle of velocities increase with time and parton
interaction cross section. Considering Table I, it indicates that
the movement of the test particles changes from isotropic
to collective, i.e. the test particles tend to move along the
positive direction of the x axis gradually. The trend becomes
more significant with a larger parton interaction cross section,
which reflects the formation of stronger collective flow due to
more parton collisions.

If the collective flow is formed, is it anisotropic in Au + Au
midcentral collisions? We can test the anisotropy of collec-
tivity by placing the four test particles at �r0 = (0, 3, 0 fm),
instead of �r0 = (3, 0, 0 fm) and make a comparison. Figure 5
shows the comparisons of the time evolutions of the disper-
sities of four test particles for case 1 in Au + Au midcentral
collisions at 200 GeV, between if the four test particles are
placed at �r0 = (3, 0, 0 fm) and if at �r0 = (0, 3, 0 fm) at t0 = 1
fm/c. Considering Table I, the four kinds of dispersities for
�r0 = (3, 0, 0 fm) are getting closer to the expectations for the
strongest collectivity than those for �r0 = (0, 3, 0 fm) at the
end. This indicates that the collectivity formed along the x
axis is stronger than that along the y axis.

Figure 6 shows the comparisons of the time evolutions
of normalized position, normalized velocity, averaged cosine
value of azimuthal angle of position, and averaged cosine
value of azimuthal angle of the velocity of four test par-
ticles for case 1 in Au + Au midcentral collisions at 200
GeV from the AMPT model, if the four test particles are
placed at �r0 = (3, 0, 0 fm) and if at �r0 = (0, 3, 0 fm) at
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FIG. 5. The time evolutions of the dispersities of four test parti-
cles for case 1 in Au + Au midcentral collisions at 200 GeV from
the AMPT model with the parton cross section of 3 mb, where
the test particles are placed at �r0 = (3, 0, 0 fm) or (0, 3, 0 fm) at
t0 = 1 fm/c.

t0 = 1 fm/c. Similarly to Fig. 5, the four kinds of observables
for �r0 = (3, 0, 0 fm) are getting closer to the expectations
for the strongest collectivity than those for �r0 = (0, 3, 0 fm)
at the end. In short, our results in Figs. 5 and 6 indicate that
the behaviors of test particles do reflect the elliptic anisotropy
of collectivity in Au + Au midcentral collisions at 200 GeV.

2. Case 2 for Au + Au midcentral collisions

Figure 7 shows the time evolutions of the dispersities of the
test particles with a common initial velocity for case 2 in Au +

FIG. 6. The time evolutions of (a) normalized position, (b) nor-
malized velocity, (c) averaged cosine value of azimuthal angle of
position, and (d) averaged cosine value of azimuthal angle of the
velocity of four test particles for case 1 in Au + Au midcentral
collisions at 200 GeV from the AMPT model with the parton
cross section of 3 mb, where the test particles are placed at �r0 =
(3, 0, 0 fm) or (0, 3, 0 fm) at t0 = 1 fm/c.

FIG. 7. Same as Fig. 3, but for case 2.

Au midcentral collisions at 200 GeV from the AMPT model
with different parton interaction cross sections. In Fig. 7(a)
and 7(c), the dispersities of position (and angle) increase with
time, which indicates that the test particles separate further
and further over time. Opposite to case 1, the dispersities of
position (and angle) increase with parton interaction cross sec-
tion. It is because there is the strongest collectivity for the test
particles in the initial state of case 2, however, the collectivity
of test particles is more significantly damaged by more parton
collisions. On the other hand, in Fig. 7(b) and 7(d), dispersities
of velocity (and angle) increase with time, and they saturate
for the small parton cross section but decrease for the large
parton cross section.

Figure 8 shows the time evolutions of normalized po-
sitions and velocities, averaged cosine values of azimuthal
angle of position, and velocities of the test particles for case
2 in Au + Au midcentral collisions at 200 GeV from the
AMPT model with different parton interaction cross sections.

FIG. 8. Same as Fig. 4, but for case 2.
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FIG. 9. Same as Fig. 5, but for case 2.

Consistent with Fig. 7(a) and 7(c), Fig. 8(a) and 8(c) supports
that the test particles separate further and further over time.
On the other hand, Fig. 8(b) and 8(d) shows the normalized
velocity and the averaged cosine value of azimuthal angle of
velocity decrease at the beginning, and then rebound. The kink
shape becomes more obvious as the parton interaction cross
section increases.

Figure 9 shows the comparisons of the time evolutions
of the dispersities of four test particles between if the test
particles are placed at �r0 = (3, 0, 0 fm) with a same initial
velocity �v = (0.9c, 0, 0) and if at �r0 = (0, 3, 0 fm) with a
same initial velocity �v = (0, 0.9c, 0) at t0 = 1 fm/c for case
2 in Au + Au midcentral collisions at 200 GeV. Compared to
the results for �r0 = (3, 0, 0 fm) (solid curve), the four kinds
of dispersities for �r0 = (0, 3, 0 fm) are larger at the end, and
show more obvious kink shapes.

Figure 10 shows the comparisons of the time evolutions
of normalized position, normalized velocity, averaged cosine

FIG. 10. Same as Fig. 6, but for case 2.

FIG. 11. The time evolutions of the radial flow of (a) all test par-
ticles, (b) collided test particles, and surrounding medium particles
for case 2 in Au + Au midcentral collisions at 200 GeV from the
AMPT model with different parton cross sections, where the test
particles are placed at �r0 = (3, 0, 0 fm) at t0 = 1 fm/c.

value of azimuthal angle of position, and averaged cosine
value of azimuthal angle of velocity of four test particles
between the two same setting for Fig. 9 for case 2 in Au + Au
midcentral collisions at 200 GeV. We also observe that the
four kinds of observables from �r0 = (0, 3, 0 fm) are lower
than those from �r0 = (3, 0, 0 fm), and show more obvious
kink shapes, which is consistent with Fig. 9.

To find out the source of the kink shapes for the above
velocity-related observables, Fig. 11 shows the time evolution
of radial flow of all test particles, collided test particles, and
surrounding medium particles for case 2 in Au + Au mid-
central collisions at 200 GeV from the AMPT model with
different parton cross sections. In our definition, the collided
test particles are the test particles that have suffered collisions
before the time t , while the surrounding medium particles are
the medium particles that are near the test particles at the time
t . In Fig. 11(a), we find that the shape of the time evolution
of radial flow for all test particles is as same as the kink shape
in Fig. 8(d), which indicates that the radial flow should be
responsible for the observed kink shape. To see the details,
we compare the radial flow for collided test particles and
surrounding medium particles in Fig. 11(b). In the beginning,
the radial flow for collided test particles starts to increase, but
is lower than that for surrounding medium particles. At t ∼ 2
fm/c (the same time as the turning point in the above kink
shapes), the radial flow for collided test particles catches up
with that for surrounding medium particles. Then, the collided
test particles show similar rising behavior to the surrounding
medium particles, which indicates that they have become a
part of medium particles and expanded with a common radial
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FIG. 12. The distributions of initial partons (|ηs| < 0.5) in the
transverse plane at different times in p + Pb central collisions at 5.02
TeV from the AMPT model.

flow. Therefore, the kink structures in case 2 are actually the
result of radial flow, and the test particles probe the effect of
radial flow evolution in the partonic system.

B. Small colliding systems

The two-dimensional (2D) distributions of initial partons
(within a space-time rapidity window of |ηs| < 0.5) in the
transverse plane at four selected times in p + Pb central col-
lisions at

√
sNN = 5.02 TeV (b = 0 fm) are shown in Fig. 12.

Similar to Fig. 2 for midcentral Au + Au collisions, most of
partons are generated near the center of the overlap region
during early time for central p + Pb collisions. However, the
volume for central p + Pb collisions is smaller than that for
midcentral Au + Au collisions, and the gradient of parton
spatial distribution looks more isotropic in p + Pb central col-
lisions than in Au + Au collisions. We add four test particles
into the small fireball which are placed at the position of
�r = (2, 0, 0 fm) at the time of 1 fm/c in the partonic stage of
p + Pb central collisions. Then we will calculate and compare
the time evolutions of the above defined observables between
p + Pb central collisions at

√
sNN = 5.02 TeV and midcentral

Au + Au collisions at
√

sNN = 200 GeV.

1. Case 1 for p + Pb central collisions

Figure 13 shows the time evolutions of the dispersities of
the test particles with isotropic velocities for case 1 in p + Pb
central collisions at 5.02 TeV from the AMPT model with two
parton cross sections σ = 3 mb and 2 mb. We find that p + Pb
central collisions basically show similar trends to the results
for Au + Au midcentral collisions at 200 GeV. However, the
magnitudes for p + Pb results are very close to those for Au +
Au midcentral collisions at 200 GeV with σ = 1 mb.

Figure 14 shows the time evolutions of normalized posi-
tions and velocities, averaged cosine values of azimuthal angle
of position and velocities of the test particles for case 1 in
p + Pb central collisions at 5.02 TeV from the AMPT model

FIG. 13. The time evolutions of the dispersities of four test par-
ticles for case 1 in p + Pb central collisions at 5.02 TeV from the
AMPT model with a parton cross section σ = 3 mb (dashed curve),
and σ = 2 mb (dotted curve), in comparisons with those for Au + Au
midcentral collisions at 200 GeV with σ = 1 mb (solid curve).

with two parton cross sections σ = 3 mb and 2 mb. We find
that p + Pb central collisions also show similar trends to the
results for Au + Au midcentral collisions at 200 GeV. We
also observe that these observables for p + Pb collisions are
similar to Au + Au with σ = 1 mb. Since the parton inter-
action cross section of ∼3 mb can well describe both large
and small colliding systems at RHIC and the LHC, our results
indicate that the collectivity in p + Pb central collisions at

FIG. 14. The time evolutions of (a) normalized position, (b) nor-
malized velocity, (c) averaged cosine value of azimuthal angle of
position, and (d) averaged cosine value of azimuthal angle of velocity
of four test particles in p + Pb central collisions at 5.02 TeV from the
AMPT model with a parton cross section σ = 3 mb (dashed curve),
and σ = 2 mb (dotted curve), in comparisons with those for Au + Au
midcentral collisions at 200 GeV with σ = 1 mb (solid curve).
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FIG. 15. Same as Fig. 13, but for case 2.

5.02 TeV is much weaker than that in Au + Au midcentral
collisions at 200 GeV. Notably, a system scan of small-size
A + A collisions should be very helpful in understanding the
emergence of collectivity [72] (or nuclear structure [73,74])
from small to large colliding systems.

2. Case 2 for p + Pb central collisions

Figure 15 shows the time evolutions of the dispersities
of the test particles with a common initial velocity for case
2 in p + Pb central collisions at 5.02 TeV from the AMPT
model with two parton cross sections σ = 3 mb and 2 mb.
We observe that the dispersities of the test particles increase
with time and are almost independent of parton interaction
cross section. And the dispersities of the test particles in
p + Pb central collisions are much less than those in Au + Au
midcentral collisions at 200 GeV with σ = 1 mb.

Figure 16 shows the time evolutions of normalized posi-
tions and velocities, averaged cosine values of azimuthal angle

FIG. 16. Same as Fig. 14, but for case 2.

FIG. 17. The time evolutions of the first order of two-test particle
(top row) and four-test particle (bottom row) azimuthal cumulants
in Au + Au midcentral collisions at 200 GeV and p + Pb central
collisions at 5.02 TeV from the AMPT model with different parton
interaction cross sections for cases 1 (left column) and 2 (right
column).

of position and velocities of the test particles for case 2 in
p + Pb central collisions at 5.02 TeV from the AMPT model
with two parton cross sections σ = 3 mb and 2 mb. These
observables decrease with time and are almost independent of
parton interaction cross section for p + Pb central collisions at
5.02 TeV. The magnitudes of observables for p + Pb central
collisions are much less than those for Au + Au midcentral
collisions. In contrast to Au + Au midcentral collisions, we
observed only slight damage of the initial collective motion
and insignificant kink structures in p + Pb central collisions,
suggesting a lack of parton collisions in small colliding sys-
tems relative to large colliding systems. We observe more
obvious differences in the fate of initial flow between small
and large systems for case 2. This suggests that the “flow”
from initial state correlation, e.g., CGC, may be more likely
to persist or survive in small colliding systems than in large
colliding systems [42,75,76].

C. Four-test particle correlations in large
and small colliding systems

To effectively reduce two-body nonflow contribution, mul-
tiparticle azimuthal cumulants have been proposed to explore
the collective flow of many-body systems [77]. Similarly, we
can define the first order of two-test particle and four-test
particle azimuthal cumulants, as follows:

c1{2} = 〈ei(φ1−φ2 )〉,
c1{4} = 〈ei(φ1+φ2−φ3−φ4 )〉 − 2〈ei(φ1−φ2 )〉2, (7)

where φi is the azimuthal angle of the ith particle’s transverse
momentum. We expect that four-test particle cumulant can
reflect the collectivity more effectively than two-test particle
cumulant, since it can reduce few-body non-flow contribution.
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Figure 17 shows that the time evolutions of first order of
two-test particle c1{2} and four-test particle c1{4} azimuthal
cumulants in Au + Au midcentral collisions at 200 GeV and
p + Pb central collisions at 5.02 TeV from the AMPT model
with different parton interaction cross sections for cases 1
and 2. Due to the definitions, we can easily see that the first
order of two-particle azimuthal cumulant c1{2} is actually the
additive inverse of the above observable, i.e., the dispersity
of relative azimuthal angle 〈D cos �φv〉. Let us only focus
on four-test particle azimuthal cumulant c1{4} shown in the
plot (c) and (d) for cases 1 and 2, respectively. In Fig. 17(c),
for case 1, we can see that the four-test particle azimuthal
cumulant c1{4} becomes more negative with time and parton
interaction cross section. It indicates that collective flow is
built up by more and more parton collisions with time. It sup-
ports that more partonic collisions create stronger collective
flow. On the other hand, Fig. 17(d) shows that case 2 has an
opposite trend to case 1, where the four-test particle azimuthal
cumulant becomes increasingly less negative with time and
parton interaction cross section. It indicates that more parton
collisions damage the initial collective flow more signifi-
cantly. At the same time, we also observe that the four-test
particle azimuthal cumulant first increases and then decreases
with time for the large parton interaction cross section in Au +
Au midcentral collisions. The behavior is consistent with that
for two-test particle azimuthal cumulant c1{2}, which indi-
cates that the collective motion is first damaged and then
affected by radial flow due to a large number of parton col-
lisions in Au + Au midcentral collisions. In terms of four-test
particle azimuthal cumulants in small colliding systems, for
case 1, the built collectivity in p + Pb central collisions at 5.02
TeV with σ = 3 mb is just comparable to that with σ = 1 mb
in Au + Au midcentral collisions. For case 2, the four-test par-
ticle azimuthal cumulant in small colliding systems remains
almost as negative as the initial value due to the small number
of parton collisions in small colliding systems. Thus, most of
the initial collectivity remains for case 2 in small colliding
systems.

IV. SUMMARY

We propose a test-particle method to investigate the parton
collisional effects on the collective flow of partonic matter
created in large and small colliding systems at RHIC and the
LHC. We place test particles as passengers into the carrier
medium created by Au + Au midcentral collisions at

√
sNN =

200 GeV and p + Pb central collisions at
√

sNN = 5.02 TeV.
To study the transport dynamic of establishment and develop-
ment of collective flow, we focus on two extreme cases corre-
sponding to without any initial flow (case 1) and with an initial
flow (case 2) of test particles. With case 1, we find that parton
collisions play a significant role to build up the collectivity
in both large and small colliding systems. Compared to small
colliding systems, much stronger collectivity can be built up
by parton collisions in large colliding systems, because more
parton collisions build up stronger collectivity. With case 2,
we find that the initial collectivity of test particles is more
significantly damaged and affected by radial flow because of
more parton collisions in large colliding systems, relative to
small colliding systems. It suggests that the collectivity from
the initial state can persist or survive more easily in small
colliding systems than in large colliding systems. Our study
provides a new method to understand the origin of collectivity
in large and small colliding systems at RHIC and the LHC.
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