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Importance of deuteron breakup in the deuteron knockout reaction
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Background: An isoscalar pn pair is expected to emerge in nuclei that have similar proton and neutron numbers
and it may be a candidate for a deuteron “cluster.” There is, however, no experimental evidence for it.
Purpose: The purpose of this paper is to construct a new reaction model for the (p, pd) reaction including the
deuteron breakup in the elementary process and the deuteron reformation by the final-state interactions. How
these processes contribute to the observables of the reaction is investigated.
Methods: The distorted wave impulse approximation is extended twofold. The elementary processes of the
(p, pd), i.e., the p-d elastic scattering and the d (p, p)pn reaction, are described with an impulse picture
employing a nucleon-nucleon effective interaction. The three-body scattering waves in the final state of the
(p, pd) reaction are calculated with the continuum-discretized coupled-channels method. The triple-differential
cross section (TDX) of the (p, pd) reaction is calculated with the new model.
Results: The elementary processes are described reasonably well with the present model. As for the (p, pd)
reaction, the deuteron reformation can either increase or decrease the TDX height depending on the interference
between the elastic and breakup channels of deuteron, while the back-coupling effect always decreases it.
Conclusions: It is shown that the deuteron reformation significantly changes the TDX of the (p, pd) reaction
through the interference. It is important to include this process to quantitatively discuss the (p, pd) cross
sections in view of the deuteron formation in nuclei. For more quantitative discussion regarding the experimental
data, further improvement will be necessary.
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I. INTRODUCTION

From the analysis of many experimental data, it has been
found that the ground and low-lying excited states of stable
nuclei can be described with the independent-particle pic-
ture accounting for about 65% [1–3]. This indicates that the
remaining 35% is understood as a result of some correla-
tions between nucleons, which cannot be described by the
single-particle model. An isovector and spin-singlet pairing
correlation of two protons or neutrons [4,5] is one of the most
well-known nucleon correlations. This correlation has been
intensively studied for many years and has been found to play
an important role in explaining properties such as moment
of inertia and even-odd staggering in the binding energy of
nuclei. A short-range tensor correlation, which is thought to
introduce a high-momentum component to the relative motion
of proton-neutron pairs in nuclei, has also been a hot subject
in nuclear physics [6–11].

Another type of nucleon correlation is a spatial correlation.
The alpha (α) cluster structure of atomic nuclei is known
as a typical example, and the deuteron (d) “cluster” may
exist in nuclei. The proton-neutron (pn) pair is thought to be
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formed in the N ≈ Z nuclei, in which N and Z are the neutron
and proton numbers of nuclei, because the shell structures
of protons and neutrons are close to each other around the
Fermi surface and the overlap of wave functions is large
[12,13]. It has been suggested by the nuclear energy-density
functional approach that the isoscalar pn-pairing vibrational
mode possibly emerges in N = Z nuclei [14,15]. The cluster
orbital shell model approach in which 18F (N = Z = 9) is
treated as a three-body system of 16O +p + n also suggests the
formation of a deuteronlike pn pair [16]. The understanding
of the pn pair is getting more important since the invention of
the unstable beams, which has provided more opportunities
to study N ≈ Z nuclei in medium- and heavy-mass regions.
The analysis of experimental data in the past, however, has
not shown clear evidence for the existence of the deuteron
“cluster” or the deuteronlike pn pair in nuclei [13].

In the present study, the proton-induced deuteron knock-
out (p, pd) reaction is discussed to overcome the situation.
In the experiment performed 40 years ago at the Univer-
sity of Maryland, it was reported that the cross section of
the 16O(p, pd ) 14N reaction [17] is almost half that of the
16O(p, 2p) 15N reaction [18]. This result may indicate that the
existence probability of the deuteron in 16O is surprisingly
high and hence the (p, pd) reaction can be a good probe
for the pn correlations including the deuteron “cluster.” To
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describe this reaction, it is important to treat the fragility of
the deuteron properly. The deuteron can be easily broken up
by the incident proton in the elementary process. In addition,
the knocked-out deuteron is expected to go through transi-
tion between the bound and breakup states by the final-state
interactions (FSIs). Furthermore, the deuteron broken up in
the elementary process can reform a deuteron by the FSIs.
These processes are not included in the distorted wave im-
pulse approximation (DWIA) framework [3,19–22], which
is the standard reaction model for describing the knockout
reactions as employed in the (p, pd) analysis of Ref. [17].
Therefore, even if measurement results of deuteron knockout
reactions are systematically obtained, it is not possible to
conclude clearly whether deuterons exist in nuclei or not by
the DWIA analysis. Thus, a reaction model beyond DWIA is
necessary. The purposes of this paper are to construct such a
reaction model and to investigate how the deuteron breakup
in the elementary process and deuteron reformation by the
FSIs contribute to the observables of the (p, pd) reaction. To
achieve this, DWIA and the continuum-discretized coupled-
channels method (CDCC) [23–25] are combined in this work.
We call this reaction model CDCCIA.

It is worth mentioning that, in hadron physics, the
combination of DWIA and CDCC has been used in the de-
scription of a kaon-induced 3

�He-production reaction, i.e., the
3He(K−, π−) 3

�He reaction [26]. In that study, DWIA was
adopted to describe the elementary process K−n → �π−, and
CDCC was used for describing the decay process 3

�He →
p + p + �. Because 3

�He has no bound state and continuum
states of the three-body system inevitably appear, CDCC was
employed as a method to deal with it. On the other hand,
in our study, by incorporating deuteron breakup d (p, p)pn
in the elementary process of the (p, pd) reaction, a new
degree of freedom, i.e., deuteron reformations by FSIs, is acti-
vated. Therefore, CDCCIA in the present article can describe
reaction processes that were not taken into account in the
DWIA + CDCC study in Ref. [26].

The construction of this article is as follows. In Sec. II, we
introduce the reaction model to describe the (p, pd) reaction
including the deuteron breakup in the elementary processes
and deuteron reformation by the FSIs. The numerical results
of cross sections of the elementary processes, i.e., p-d elastic
scattering and the d (p, p)pn reaction, and those of the (p, pd)
reactions on 16O, 40Ca, and 56Ni targets are shown in Sec. III.
Finally a summary and perspective are given in Sec. IV.

II. THEORETICAL FRAMEWORK

The proton-induced deuteron knockout (p, pd) reaction in
normal kinematics is considered. The incident and emitted
protons are labeled as particles 0 and 1, respectively, and the
knocked-out deuteron is referred to as particle 2. The target
(residual) nucleus is labeled as A (B), whose mass number is
denoted by A (B). All quantities are evaluated in the center-
of-mass (c.m.) frame of the p-A system, and the superscript L
is attached to those evaluated in the laboratory (L) frame. The
spin-orbit part in each optical potential is ignored. In the for-
mulation, the Coulomb interaction is not discussed explicitly
for simplicity. The reaction is assumed to be coplanar, i.e., all

FIG. 1. Spatial coordinates of the A(p, pd)B reaction system.

momenta of the particles are on the z-x plane, with taking the
z axis to be parallel to the direction of the incident beam.

The spatial coordinates to describe the A(p, pd)B reaction
are shown in Fig. 1. The coordinate of particle 0 (1) concern-
ing the c.m. of A (B) is denoted by R0 (R1), and that of the
c.m. of particle 2 for B is written by R2. One finds from Fig. 1
that R2 also represents the relative coordinate between B and
the pn pair in the initial state. The coordinate between the
proton and the neutron in the deuteron is represented by r.
The relative coordinate between the proton and the c.m. of the
deuteron is denoted by s.

In CDCCIA, the transition matrix of the (p, pd) reaction is
given by

T = 〈
χ

(−)
1,K1

(R1)� (−)
pnB,K2

(r, R2)
∣∣[t1p(s1p)

+ t1n(s1n)]Âelm

∣∣χ (+)
0,K0

(R0)ϕd (R2)�d (r)
〉
, (1)

in which χ0,K0 and χ1,K1 are the distorted waves of the p-A
and p-B systems, respectively. K i (i = 0, 1, or 2) is the mo-
mentum (in units of h̄) of particle i in the asymptotic region.
The d-B system in the final state is treated as the three-body
system consisting of the proton, the neutron, and B; �pnB,K2

is the three-body scattering wave of this system described
with CDCC. The description of �pnB,K2 is given below. The
wave functions with the superscripts (+) and (−) satisfy the
outgoing and incoming boundary conditions, respectively. ϕd

is the bound-state wave function of the d-B system and �d

is the internal wave function of the deuteron. t1p and t1n are,
respectively, the p-p and p-n effective interactions in free
space with

s1p ≡ −s + 1
2 r, s1n ≡ s + 1

2 r. (2)

Âelm is the antisymmetrization operator defined by

Âelm ≡ 1√
3

[
1 − P̂1p − P̂1n

]
, (3)

in which P̂1p (P̂1n) exchanges particle 1 and the proton (neu-
tron) in the deuteron. The normalization coefficient 1/

√
3

comes from the antisymmetrization of three nucleons when an
antisymmetrized internal wave function �d of the pn system
is adopted.
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�pnB,K2 satisfies the following Schrödinger equation:(
Ĥ†

pnB − Ein − ε (0)
pn

)
�

(−)
pnB,K2

(r, R2) = 0, (4)

in which Ein is the incident energy of d in the d-B c.m. system
and ε (0)

pn is the eigenenergy of the deuteron. The three-body
Hamiltonian ĤpnB is defined by

ĤpnB ≡ T̂R2 + UpB(R2+) + UnB(R2−) + ĥpn, (5)

in which T̂R2 is the kinetic-energy operator with respect to R2,
UpB (UnB) is the distorting potential for the proton (neutron)
by B with

R2± ≡
∣∣∣∣R2 ± 1

2
r

∣∣∣∣, (6)

and ĥpn is the internal Hamiltonian of the pn system. In
CDCC, we expand �pnB,K2 as

�
(−)
pnB,K2

(r, R2) =
cmax∑
c=0

χ
(c)(−)
pn,K2

(R2)�(c)
pn (r), (7)

in which �(c)
pn is the internal wave function of the deuteron for

c = 0 (�(0)
pn = �d ) or the pn system in discretized-continuum

states for c �= 0. For each c, �(c)
pn satisfies the eigenvalue

equation

ĥpn�
(c)
pn (r) = ε (c)

pn �(c)
pn (r), (8)

with ε (c)
pn being the eigenenergy of the pn system in the cth

state. Equation (7) means that the three-body scattering wave
is expanded in terms of the set of the eigenstates �(c)

pn of ĥpn,
which is assumed to form a complete set in the model space
relevant to the physics observables of interest. The expansion
“coefficients” χ

(c)
pn,K2

physically represent the scattering waves
between the c.m. of the pn system in the cth states and B. The
boundary condition on the wave function (7) is given as

�
(−)
pnB,K2

(r, R2) → 1

(2π )3/2

[
exp(iK2,c · R2)�(c)

pn (r)δc0

+
cmax∑
c=0

f (c)∗
pnB (K̂2,c)

exp(−iK2,cR2)

R2
�(c)

pn (r)

]

(R2 → ∞). (9)

Here, K2,c is the asymptotic momentum of the c.m. of the pn
system in channel c and f (c)

pnB is the corresponding scattering
amplitude; K2,0 is denoted by K2 for simplicity. The magni-
tudes of K2,c are determined with the energy conservation by

h̄2

2μ2B
K2

2,c + ε (c)
pn = h̄2

2μ2B
K2

2 + ε (0)
pn . (10)

Inserting Eq. (7) into Eq. (1), the transition matrix becomes

T =
cmax∑
c=0

〈
χ

(−)
1,K1

(R1)χ (c)(−)
pn,K2

(R2)�(c)
pn (r)

∣∣[t1p(s1p)

+ t1n(s1n)]Âelm

∣∣χ (+)
0,K0

(R0)ϕd (R2)�d (r)
〉
. (11)

To express all coordinates relevant to the transition matrix (11)
by R (the c.m. coordinate of the 1-2 system for B) and s, the

asymptotic momentum approximation (AMA) [3,27] to the
distorted waves is adopted. In this approximation, the prop-
agation of each distorted wave from a point x to another point
x + �x is expressed by the plane wave with the asymptotic
momentum, i.e.,

χK (x + �x) ≈ χK (x)eiK·�x, (12)

with the assumption that �x is small. This approximation
has been standardly adopted in describing (p, 2p) reactions
[3,21,22,28–32], and the reaction calculations employing the
AMA have been successfully used as a nuclear spectroscopic
tool. The coordinates R0, R1, and R2 can be expressed in terms
of R and s as

R0 = R − αRR + α0ss, (13)

R1 = R + α1ss, R2 = R − α2ss, (14)

in which

αR = 2

A
, α0s = 2

3

A + 1

A
, α1s = 2

3
, α2s = 1

3
. (15)

Equation (11) is then reduced to

T =
cmax∑
c=0

t̃ (c)
12 (κ′

c, κ)T̃ (c), (16)

in which

t̃ (c)
12 (κ′

c, κ) ≡ 〈
eiκ′

c·s�(c)
pn (r)|[t1p(s1p)+t1n(s1n)]Âelm|eiκ·s�d (r)

〉
,

(17)

T̃ (c) ≡
∫

dRχ
(−)∗
1,K1

(R)χ (c)(−)∗
2,K2

(R)χ (+)
0,K0

(R)

×e−iαRK0·Rϕd (R). (18)

Here, t̃ (c)
12 is the transition matrix for the p-d elastic scattering

for c = 0 and the d (p, p)pn reaction for c �= 0. It means that
the reaction process is described with an impulse picture em-
ploying a nucleon-nucleon effective interaction. The explicit
form of Eq. (17) considering the S waves as the bound and
breakup states of the deuteron is given in Appendix C of
Ref. [33]. κ (κ′

c) is the relative momentum between the proton
and the pn system in the initial (final) state defined by

κ ≡ α0sK0 − α2sKd , κ′
c ≡ α1sK1 − α2sK2,c, (19)

with Kd being the momentum of the Fermi motion of the
deuteron inside A. Following Ref. [3], we assume that the
momentum conservation of the two colliding particles in the
elementary process holds; i.e.,

A + 1

A
K0 + Kd ≈ K1 + K2. (20)

κ is then determined by

κ = A + 1

A
K0 − α2s(K1 + K2) (21)

and t̃ (c)
12 becomes independent of Kd . We make the on-

the-energy-shell (on-shell) approximation of the final-state
prescription, i.e., κ = κ ′

0κ̂; the transition matrix (17) is related
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to the differential cross section of the p-d elastic scattering
(for c = 0) and d (p, p)pn reaction (for c �= 0) as

dσ
(c)
pd

d�pd
(θpd , Tpd ) = Ccorr

(
μpd

2π h̄2

)2 1

6

∣∣t̃ (c)
12 (κ′

c, κ)
∣∣2

. (22)

Here, μpd is the reduced energy of the p-d system, and θpd

and Tpd are the scattering angle and the kinetic energy, respec-
tively. It should be noted that, because nucleon-nucleon in-
teractions are parametrized to reproduce the nucleon-nucleon
scattering data, there is no guarantee for the interactions to
reproduce the experimental data of the reactions of the p-d
system. Thus, we have introduced the correction factor Ccorr,
which is determined to reproduce the p-d elastic scattering
data at forward angles. The same Ccorr is used in the calcula-
tion of the d (p, p)pn reaction.

Using Eq. (16), the triple differential cross section (TDX)
of A(p, pd)B is obtained as

d3σ L

dEL
1 d�L

1 d�L
2

= (2π )4

h̄vi

E1E2EB

EL
1 EL

2 EL
B

× F L
kin

1

2s0 + 1

1

2sd + 1

∣∣∣∣∣
cmax∑
c=0

t̃ (c)
12 (κ′

c, κ)T̃ (c)

∣∣∣∣∣
2

,

(23)

which is the cross section specifying the total energy EL
1 and

the emission direction �L
1 of particle 1 and the direction �L

2 of
particle 2. vi is the magnitude of the relative velocity between
particle 0 and A of Lorentz invariance, which is given by

vi ≡ c2 h̄KL
0

EL
0

, (24)

and Ej ( j = 0, 1, 2, or B) is the total energy of particle or
nucleus j. F L

kin is the phase volume given by

F L
kin ≡ EL

1 KL
1 EL

2 KL
2

(h̄c)4

[
1 + EL

2

EL
B

+ EL
2

EL
B

KL
X · KL

2(
KL

2

)2

]−1

, (25)

with KL
X ≡ KL

1 − KL
0 − KL

B. s0 = 1/2 and sd = 1 are the spins
of particle 0 and the deuteron, respectively.

When only the elastic channel (c = 0) is considered for
particle 2, Eq. (7) is reduced to

�
(−)
pnB,K2

(r, R2) → χ
(0)(−)
2,K2

(R2)�d (r). (26)

In this case, only the p-d elastic scattering is involved as the
elementary process of the (p, pd) reaction and the TDX (23)
becomes

d3σ (NB)L

dEL
1 d�L

1 d�L
2

= (2π )4

h̄vi

E1E2EB

EL
1 EL

2 EL
B

× F L
kin

(
2π h̄2

μpd

)2
dσ

(0)
pd

d�pd
(θpd , Tpd )|T̃ (NB)|2.

(27)

The superscript (NB), the abbreviation of “no breakup,” is
used to emphasize that the TDX (27) does not include breakup
of the deuteron at all. We call this approach NB-CDCCIA
below.

III. RESULTS AND DISCUSSION

A. Numerical input for the elementary process

Before discussing the results of CDCCIA, it should be
tested how well Eq. (17) describes the elementary processes
of the (p, pd) reaction, i.e., the p-d elastic scattering and
the d (p, p)pn reaction. The cross section (22) is calculated
at the incident energies T L

p = 120, 135, 155, 170, 190, and
250 MeV.

The Franey-Love parameter set [34] is employed for
the nucleon-nucleon effective interactions in Eq. (17). The
Coulomb interaction between the two protons is ignored be-
cause its effect is known to be restricted at very forward
angles. In the present calculation, we include only the S waves
in the bound and breakup states of the deuteron. The reason
is that, as described in Appendix C of Ref. [33], the actual
computation of Eq. (17) is rather difficult even when only the
S waves are considered and that the extension to the P and D
waves involves additional difficulties. The breakup state is dis-
cretized with the pseudostate method [35], in which the wave
functions of the discretized-continuum states are obtained by
diagonalizing the internal Hamiltonian ĥpn of the pn system.
The potential between the proton and the neutron in ĥpn is
assumed to have a one-range Gaussian form,

vpn(r) = v0 exp

[
−

(
r

r0

)2]
, (28)

in which v0 = −72.15 MeV and r0 = 1.484 fm [36] are used
to reproduce the binding energy and the radius of the deuteron.
In the calculation of the d (p, p)pn reaction, the cross sec-
tions (22) are summed up to the pn eigenenergies of 25 MeV.
The correction factor Ccorr is determined to reproduce the
elastic scattering data between 15◦ and 80◦ at each incident
energy.

B. p-d elastic scattering and breakup reaction

Figure 2 shows the differential cross sections of the p-d
elastic scattering and the d (p, p)pn reaction as a function
of the scattering angle in the c.m. frame of the p-d system.
Panels (a), (b), (c), (d), (e), and (f) correspond to 120, 135,
155, 170, 190, and 250 MeV, respectively. In each panel, the
solid and dashed lines represent the numerical results of the
elastic scattering and the d (p, p)pn reaction, respectively. The
experimental data of the p-d elastic scattering denoted by the
dots are taken from Ref. [37] (120, 135, 170, and 190 MeV),
Ref. [38] (155 MeV), and Ref. [39] (250 MeV).

One sees that the calculated p-d elastic scattering cross
sections (solid lines) reproduce the forward-angle (� 90◦)
data at all energies considered. The obtained Ccorr are shown
in Table I; it is found that the energy dependence of Ccorr

is weak enough to be regarded as a constant between 120
and 250 MeV. Thus, the average value of 0.69 is used in
the (p, pd) calculation. The experimental data at backward
angles (�150◦) are also described well by the calculated re-
sults, though some undershooting is found at 250 MeV. In the
backward scattering, it is known that the pickup process plays
a dominant role, in which the incident proton picks up the
neutron in the deuteron. As the incident energy increases, the
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FIG. 2. Differential cross sections of the p-d elastic scattering and the d (p, p)pn reaction at T L
p = (a) 120, (b) 135, (c) 155, (d) 170, (e) 190,

and (f) 250 MeV. The horizontal axis is the scattering angle in the c.m. frame of the p-d system. The solid (dashed) line shows the numerical
result of elastic scattering (breakup reaction) in each panel. The dots are the experimental data of the p-d elastic scattering taken from Ref. [37]
(120, 135, 170, and 190 MeV), Ref. [38] (155 MeV), and Ref. [39] (250 MeV).
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TABLE I. Correction factor Ccorr.

T L
p (MeV) 120 135 155 170 190 250

Ccorr 0.70 0.70 0.71 0.68 0.69 0.68

neutron inside the deuteron needs to have a high momentum
to be picked up by the high-energy proton, as indicated by
the so-called momentum-matching condition. The pn poten-
tial (28) cannot generate such a high-momentum component,
which is expected to be the reason for the undershooting of
the data at backward angles at 250 MeV. Further improvement
of this approach will be needed to be applied to the study of
the (p, pd) reaction with the backward emission of the proton
[40]; the use of a realistic pn interaction will be necessary.
However, it is beyond the scope of this article because the
kinematics employed in Ref. [40] are completely different
from those discussed in this study, in which the proton is
emitted to forward angles.

From about 90◦ to 150◦, one finds that the calculations
underestimate the data. It is well known that three-body inter-
actions, which are not included in the present calculation, are
essential to reproduce the observables of the nucleon-deuteron
elastic scattering at those angles [37,41–45]. It should be
noted that the p-d scattering at forward angles between 65◦
and 80◦ mainly contributes to the (p, pd) process with the
kinematics condition adopted in this study. Thus, the present
model can be employed without considering such an issue.

Unfortunately, there are no experimental data of the
d (p, p)pn reaction that can directly be compared with the
calculated results (dashed lines) shown in Fig. 2. Although
it is difficult to draw a clear conclusion, one may ex-
pect that the present description of the d (p, p)pn process
is, at least to some extent, reliable. This is because the
elastic process is described well at forward angles as seen
above and the nucleon-nucleon effective interaction is in-
dependent of whether the pn system is in the bound state
(deuteron) or the continuum state. Thus, Eq. (17) is em-
ployed to evaluate the contribution of the deuteron breakup
in the elementary process to the TDX of the (p, pd)
reaction.

C. Numerical input for A(p, pd)B reaction

We consider three A(p, pd)B reactions at 250 MeV in
normal kinematics. The target (residual) nuclei A (B) and
their states are listed in Table II. The emission angles of the
proton (deuteron) in the final state are fixed at 47.1◦ (48.8◦)
for 16O, 49.0◦ (48.6◦) for 40Ca, and 48.9◦ (48.6◦) for 56Ni. As

TABLE II. Target, residue, and deuteron orbit.

A State B State Orbit

16O 0+
1

14N 1+
2 1S

40Ca 0+
1

38K 1+
1 2S

56Ni 0+
1

54Co 1+
1 3S

mentioned above, the asymptotic momenta of particles 0, 1,
and 2 are kept on the z-x plane. The azimuthal angles of the
proton and the deuteron are set to 0◦ and 180◦, respectively.

In the initial state, the deuteron is assumed to be bound
in the nS orbit with the number of nodes n (see Table II).
The binding potential is assumed to be a central Woods-Saxon
potential,

V (R) = −V0
1

1 + exp[(R − R0)/a0]
, (29)

with the radial parameter R0 = 1.41 × B1/3 fm and the dif-
fuseness parameter a0 = 0.65 fm; these are taken from
Ref. [17]. The depth V0 of the potential is determined to re-
produce the deuteron separation energies of A of 24.68 (16O),
19.60 (40Ca), and 19.97 (56Ni) MeV. The Coulomb part is
constructed by assuming a uniformly charged sphere with the
radius RC = 1.41 × B1/3 fm.

The EDAD1 parameter set of the Dirac phenomenology
[46–48] is adopted for the distorting potentials of the p-A, p-
B, and n-B systems. The Coulomb potential in each potential
is constructed in the same way as in the previous paragraph
with RC = 1.2 × C1/3 fm (C = A or B). The nonlocality cor-
rections to the distorted waves of the incoming and outgoing
protons are taken into account by including the Darwin factor
[46,49], while that for the deuteron is not considered because
it is difficult to treat it in a consistent manner with the calcu-
lation of χ0,K0 and χ1,K1 [50–52].

In the CDCC calculation, the breakup state of the
deuteron is discretized with the pseudostate method [35] as
in Sec. III A. The pn continuum states of � = 0, 2, and 4
are included with kmax = 2.1 fm−1, in which � is the or-
bital angular momentum between p and n, and kmax is the
maximum p-n linear momentum. The model space is deter-
mined so that the calculated cross section of the d-B elastic
scattering converged. In the calculation of Eq. (23), as the
first step of the CDCCIA study on the (p, pd ) reaction, we
include only the ground state and the S-wave discretized-
continuum states up to their eigenenergies of 25 MeV. It
should be noted that in this case, the effect of Coulomb
breakup, which is ignored in the preset study, is expected to be
negligible.

D. TDX of A(p, pd)B reaction

In Fig. 3, we show the schematic illustration of the reaction
processes included in the present CDCCIA calculation. The
left half shows the branches regarding the elementary pro-
cess of the reaction, which are described with the approach
discussed in Sec. III B. The right half shows the role of the
FSIs discussed below. The paths represented by the solid and
meshed arrows show CDCCIA taking the c = 0 and c �= 0
component(s) in Eq. (23), respectively. The former and latter
are referred to as EL- and RF-CDCCIA; EL and RF are,
respectively, the abbreviations of “elastic” and “reformation.”
The path corresponding to NB-CDCCIA (27) is denoted by
the open arrows.

The TDX of the 16O(p, pd ) 14N at 250 MeV are shown in
Fig. 4(a) as a function of the kinetic energy T L

1 of the outgoing
proton (particle 1). T L

1 ≈ 150 MeV satisfies the recoilless
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FIG. 3. Schematic illustration of the reaction processes included in the present CDCCIA calculation. EL- and RF-CDCCIA are CDCCIA
considering the elastic and breakup channels of the wave function (7), respectively.

condition, in which the momentum KB of B is almost zero.
The CDCCIA result of Eq. (23) is represented by the solid
line. The dashed and dotted lines show the TDXs calculated
with EL- and RF-CDCCIA, respectively. The result of NB-
CDCCIA is also shown by the dot-dashed line. Figures 4(b)
and 4(c) are the same as Fig. 4(a) but for (b) 40Ca(p, pd ) 38K
and (c) 56Co(p, pd ) 54Ni reactions.

First, we compare the TDXs of CDCCIA with those of
EL-CDCCIA. The difference between the two is whether the
deuteron breakup channels (c �= 0) are included in the cal-
culation or not. Since these channels affect the TDX as the
deuteron reformation process by the FSIs (see Fig. 3), the dif-
ference between the two TDXs implies a role of this process.
In the 16O(p, pd ) 14N reaction [Fig. 4(a)], one can see that
the deuteron reformation process decreases the TDX by about
21% around the peak. In contrast, this process increases the
TDXs of the 40Ca(p, pd ) 38K [Fig. 4(b)] and 56Ni(p, pd ) 54Co
[Fig. 4(c)] by about 11 and 14%, respectively. The latter two
results are consistent with the intuition that the cross sec-
tion will increase because the number of channels in which the
pn system forms deuterons in the end increases. On the other
hand, the decrease in the TDX from EL-CDCCIA (dashed
line) to CDCCIA (solid line) in Fig. 4(a) seems to contradict
this intuition. This phenomenon is caused by the interference
between the elastic and breakup channels of deuterons. As
shown in Eq. (23), the matrix elements of the elastic and
breakup channels are summed up coherently in the CDC-
CIA calculation. Therefore, the calculated TDX includes the
interference between those channels. Since the interference
does not always make a constructive contribution, the TDX
of CDCCIA can be smaller than that of EL-CDCCIA due to
the deuteron reformation. From Fig. 4, it can be also seen that
the TDXs of RF-CDCCIA (dotted lines), the cross sections of
the deuteron reformation process in the (p, pd) reaction, are
almost negligible. The difference in the TDX between CD-
CCIA and EL-CDCCIA is, however, larger than the TDX

height of RF-CDCCIA. Thus, it indicates that the deuteron
reformation significantly changes the TDX of the (p, pd)
reaction through the interference. Therefore, it is important
to include this process in the calculation of (p, pd) cross
sections when the results are compared with experimental
data.

Next, we compare the TDXs of EL-CDCCIA (dashed
lines) and those of NB-CDCCIA (dot-dashed lines). The for-
mer correspond to the process in which the deuteron in A is
knocked out as it is, but its breakup due to the FSI is taken
into account by using CDCC. In other words, the knocked-out
deuteron can be broken up during the scattering process with
B, but it backs to the ground state (deuteron) in the end; this is
called the back-coupling effect (see also Fig. 3). On the other
hand, the latter are obtained by the calculation in which no
breakup state is considered; i.e., the back-coupling effect is
also absent. In Fig. 4, one finds that the TDXs of EL-CDCCIA
are smaller than those of NB-CDCCIA in the almost whole
region of T L

1 . These differences indicate the importance of
the back-coupling effect. A qualitative explanation of the role
of the back-coupling effect is given in terms of the flux. In
the EL-CDCCIA calculation, through the CDCC calculation,
the flux of the elastic (incident) channel is distributed to the
breakup ones and reduced because of the conservation of flux.
This flux loss is obviously absent in the NB-CDCCIA calcula-
tion. As a result, the amplitude of χ

(0)
2,K2

used in EL-CDCCIA
becomes smaller than that in NB-CDCCIA, and it causes a
decrease in the TDX.

To confirm the above interpretation, the quantity

f (R) ≡ 1√
4π

ϕd (R)χ (X)(−)
2,K2

(R) (30)

is defined. The coefficient 1/
√

4π comes from the spherical
harmonics Y00 and X = EL or NB. It should be noted that
χ

(EL)
2,K2

and χ
(NB)
2,K2

are the same as χ
(0)
2,K2

in Eqs. (7) and (26),
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FIG. 4. Triple-differential cross sections (TDXs) of the (p, pd)
reactions at 250 MeV. The target nuclei are (a) 16O, (b) 40Ca, and
(c) 56Ni. The solid lines show the CDCCIA results of Eq. (23). The
dashed (dotted) lines show the TDXs obtained by taking the c = 0
(c �= 0) component(s) in Eq. (23), referred to as EL-CDCCIA (RF-
CDCCIA). The dot-dashed lines are the results without any deuteron
breakup, i.e., NB-CDCCIA of Eq. (27).

FIG. 5. Norm of f (R) defined by Eq. (30) at the recoilless con-
dition, T L

1 = 150 MeV, for 16O(p, pd ) 14N along the direction of the
outgoing deuteron; the direction of the deuteron is taken to be parallel
to the z axis in this plot. The meanings of the line types are the same
as in Fig. 4(a).

respectively. The EL- and NB-CDCCIA calculations differ
only in terms of whether χ

(X)
2,K2

includes the back-coupling
effect or not, and the other quantities (e.g., χ0,K0 and χ1,K1 ) are
the same. Therefore, we can see the role of the back-coupling
effect by comparing f (R) of EL- and NB-CDCCIA. Figure 5
shows the norm of f (R) at the recoilless condition for the
16O(p, pd ) 14N along the direction of the outgoing deuteron.
The direction of the knocked-out deuteron is taken to be
parallel to the z axis in this plot. The results corresponding
to EL-CDCCIA (dashed lines in Fig. 4) and NB-CDCCIA
(dot-dashed lines in Fig. 4) are denoted by the same line
types, respectively. One sees that around z = 0 fm, χ

(EL)
2,K2

has

a smaller amplitude than that of χ
(NB)
2,K2

as expected. The left
peak around z = −3 fm is a focus in the contour plot on
the z-x plane, and it also causes the decrease in the TDX
for EL-CDCCIA. The difference in the internal region of the
nucleus is, however, mainly responsible for the decrease in the
TDX as shown.

IV. SUMMARY AND PERSPECTIVE

The proton-induced deuteron knockout (p, pd) reactions at
250 MeV on 16O, 40Ca, and 56Ni targets have been inves-
tigated in view of the deuteron breakup in the elementary
process and deuteron reformation by the FSIs. To achieve
this purpose, a new reaction model CDCCIA has been con-
structed, in which the elementary process of the reaction
is described with an impulse picture employing a nucleon-
nucleon effective interaction and the reformation process in
the final state is treated by using CDCC.

It is found that the approach for the elementary process
works to reproduce the experimental data of the p-d elastic
scattering at forward angles (�90◦) at the energies between
120 and 250 MeV. The introduced correction factor Ccorr is
almost energy independent. Its average value of 0.69 is used
in both d (p, p)pn and (p, pd) calculations. The backward-
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angle (�150◦) data are also described well by the calculation,
though some undershooting is found at 250 MeV. On the other
hand, some undershooting is found at middle angles in which
three-nucleon forces play important roles. In addition, there
are no experimental data of the d (p, p)pn reaction that can
directly be compared with the calculated results. The present
approach is considered to be applicable to the (p, pd ) reaction
studies because (i) in the present work the (p, pd) kinematics
are limited, in which the corresponding p-d elastic scatter-
ing is reproduced well and (ii) the nucleon-nucleon effective
interaction is independent of the internal state of the pn
system.

In the calculation of the 16O(p, pd ) 14N reaction, the
deuteron reformation process decreases the TDX by about
21% around the peak. On the other hand, this pro-
cess increases the TDXs of the 40Ca(p, pd ) 38K and
56Ni(p, pd ) 54Co reactions by about 11 and 14%. This phe-
nomenon is caused by the interference between the elastic
and breakup channels of the outgoing deuteron. Although
the cross section of the deuteron reformation process in the
(p, pd) reaction is negligibly small, it significantly changes
the TDX of the (p, pd) reaction through the interference. The
back-coupling effect reduces the magnitude of the TDX, in
which the knocked-out deuteron is once broken up and then
forms the deuteron in the end. This reduction can be inter-
preted qualitatively in terms of the conservation of the flux. It
is needed to investigate systematically how the deuteron ref-
ormation and back-coupling effect contribute to the knockout
cross section, e.g., their dependencies on the target mass, the
incident energy, and the reaction kinematics.

For more quantitative discussion regarding the experi-
mental data, it is necessary to improve the reaction model.
Evaluating how well the AMA works in the (p, pd) reaction is
one of the future studies. The validity of this approximation in
the (p, pα) reaction has been verified in Ref. [27] but has never
been done in the (p, pd) reaction. Moreover, in the present

study, only the S-wave deuteron breakup states are taken into
account in both the elementary and the deuteron reformation
processes. The breakup states with higher angular momenta
such as the P and D waves will have an important role in those
processes. In addition, the wave function of the pn pair inside
a nucleus can be different from that of the deuteron in free
space. Such a pn pair can form a deuteron when it interacts
with the incident proton; FSIs will also be responsible for
the formation of the deuteron after the pn pair is knocked out
as it is. A quantitative description of these processes will be
necessary to draw a conclusion on the existence of deuterons
in nuclei through the systematic comparison with (p, pd) re-
action observables. Improvement of the present model for the
elementary processes will crucially be important. In the fu-
ture, we will describe the elementary processes of the reaction
with an exact three-body model, such as the Faddeev-Alt-
Grassberger-Sandhas theory, adopting realistic nuclear forces.
We also plan to describe the deuteron and p-n breakup states
using realistic nuclear forces, e.g., the Reid soft-core potential,
in the calculation of the d-B wave function with CDCC [53].
We are currently working on the formulation and development
of the code for this purpose. Using realistic nuclear forces,
however, will increase the number of channels involved in
the CDCC calculations and make the calculations much more
complicated. It may take some time to obtain numerical re-
sults.
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