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The paper is devoted to the KNNN system, which is an exotic system consisting of an antikaon and
three nucleons. Dynamically exact four-body Faddeev-type equations were solved, and characteristics of the
quasibound state in the K~ ppn system caused by strong interactions were evaluated. Three antikaon-nucleon
and three nucleon-nucleon potentials were used, so the dependence of the four-body pole positions on the
two-body interaction models was studied. The resulting binding energies Bgli:j‘;n ~ 30.5-34.5 MeV obtained

SIDD

with the chirally motivated and B K ppi

46.4-52.0 MeV obtained with the phenomenological antikaon-nucleon

potentials are close to those obtained for the K~ pp system with the same KN and NN potentials, while the

four-body widths I'x-p,, ~ 38.2-50.9 MeV are smaller.

DOI: 10.1103/PhysRevC.106.064006

I. INTRODUCTION

The attractive nature of KN interaction leads to sugges-
tions that quasibound states can exist in few-body systems
consisting of antikaons and nucleons [1]. In particular, a deep
and relatively narrow quasibound state was predicted in the
lightest three-body KNN system [2]. Many theoretical calcu-
lations of the system were performed after that using different
methods and inputs. All of them agree, that the quasibound
state exists in the spin-zero state of KNN, usually denoted as
K~ pp, but predict quite different binding energies and widths
of the state.

The experimental situation is unsettled as well: several
candidates for the K~ pp state were reported by different
experiments [3-5], while other experiments left the matter
unsettled [6,7]. However, the measured binding energies and
especially decay widths of the state differ from each other
and are far from all theoretical predictions. The most recent
results by the J-PARK E15 experiment [8,9] for the binding
energy are comparable to some theoretical predictions, but the
corresponding width of the K~ pp quasibound state is much
larger.

In recent years we performed a series of calculations of
different states of the three-body KNN and KKN systems,
described in Ref. [10], using dynamically exact Faddeev-
type equations in Alt-Grassberger-Sandhas form with coupled
KNN and =N channels. In particular, we evaluated K~ pp
quasibound state binding energy and width using three dif-
ferent models of KN interaction. The same was done for the
KKN system. We also demonstrated that there is no quasi-
bound state, caused by pure strong interactions, in spin-one
state of KNN system, which is K~ np. In addition, we cal-
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culated near-threshold amplitudes of K~ elastic scattering on
deuterons. Finally, we evaluated the 1s level shift in kaonic
deuterium, which is an atomic state, caused by the presence of
the strong KN interaction in comparison to the pure Coulomb
state.

The four-body KNNN system is another system with
strangeness which could shed more light on the question
of antikaon-nucleon interaction. Kaonic helium, an atomic
state caused mainly by the Coulomb interaction, was studied
in several experiments. The most recent one was performed
by the J-PARK E62 Collaboration, see Ref. [11] and ref-
erences therein. Theoretical investigation of the four-body
kaonic atom is complicated due to necessity to describe
long-range Coulomb and short-range strong interactions
simultaneously.

Several experimental searches of the quasibound state in
the KNNN system caused by the strong interactions were per-
formed without conclusive results. A peak structure below the
K~ + p+ p + n threshold was recently observed in J-PARK
T77 data [12], which was interpreted as a possible signal of
the “strong” KNNN quasibound state. Experimental investi-
gation of the KNNN state, similar to the quasibound state in
the K~ pp system, is planned in a J-PARK E80 experiment
[12].

Some theoretical calculations of the quasibound state
in the KNNN system caused by strong interactions were
already performed [1,13-15], but more accurate calcu-
lations are needed. Binding energy and width of the
state were calculated in the present study using four-
body Faddeev-type equations by Grassberger and Sand-
has [16]. Only these dynamically exact equations in
momentum representation can treat exactly the energy-
dependent KN potentials necessary for this system. Our
two-body antikaon-nucleon interaction models, constructed
for the three-body Faddeev calculations [10], were used as
1nput.

©2022 American Physical Society
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II. FOUR-BODY FADDEEV-TYPE EQUATIONS

The three-body Faddeev-type
Grassberger-Sandhas (AGS) form [17],

equations in Alt-

3
Uap(2) = (1 = 84)Gy @)+ D (1=80 )T (2)Go(2)Uy . (2),

y=1

ey
define the three-body transition operators Uyg(z), which
describe the process B + (ay) — o + (By). The Gy(z) in
Eq. (1) is three-body Green’s function, Faddeev partition in-
dices o, B = 1, 2, 3 simultaneously define a particle (o) and
the remaining pair (8y), @ # B # y. The operator 7, (z) is a

two-body 7" matrix describing interaction in the (8y) pair.
A separable potential V,, leading to the separable 7" matrix,

Vo = Aal8a)(8al = Ta(2) = |8a) Ta(2)(8al, @

allows writing the three-body AGS equations in the form

3
Xep(@) = Zap@ + Y Zay @Q1,@Xpp@), (3

y=1

with new transition X, 4 and kernel Z, g operators, defined by

Xap(2) = (8a1G0(2)Uap(2)Go(2)188), “

Zop(z) = (1 = 8up)(8ulGo(2)Igp)- &)

Here, for simplicity, the one-term separable potentials Eq. (2)
is used, while in general V,, can consist of N terms.

The four-body Faddeev-type Grassberger-Sandhas (GS)
equations were derived in Ref. [16]:

Ugd (@) = (1 = 85,,)8a5Gy ' (DT, (2)Gy ' (2)

+ 3 (1 = 8,0)U%, Go@T, Q)Go(U 5. (6)
Ty

In addition to the free Green’s function Gy(z), which now acts
in four-body space, the two-body T matrix 7y (z), three-body
Uy (2), and four-body U, ¢ (z) operators enter the system (6).
The high indices o, p, T define a partition, which could be 3 +
1 or 2 + 2 type, while the low indices «, 8 define two-body
subsystems of the particular three-body subsystem, denoted
by the high index.

If the separable potentials (2), leading to the corresponding
separable 7 matrices, are used, the system (6) can be rewritten
in the same way as the three-body one. The new system of
equations,

Tgf (@) =1 =8,)(Go"),5)

+ (=80T, @G0y TF @, (T)
7,7,8

contains new operators

Uyg (2) = (8lGo(2)U 5 (2)Go(2)Igp), ®)
T,5(2) = (8alGo(2)Uzp(2)Go(2)gp), ©))
(Go)ap(2) = SupTa(2). (10)

It is seen that the four-body system with separable po-
tentials Eq. (7) looks similarly to Eq. (1), which describes a
three-body system with arbitrary potentials. This analogy can
be used for further modification of the equations. Namely, if
the three-body 7" matrices Ta’ﬁ (z) in Eq. (7) are presented in a
separable form

Tup(@) = |30 )Tap ({35 an
the four-body equations Eq. (7) can be rewritten as [18]
XFQ =2+ Y 25 @%@, (12)
7,7,8

with new transition X7;" and kernel Z7¢' operators, defined by
X7 (2) = (82(G0)ua (2Ug (2)(Go)gp(2)|85),  (13)
Z38 @) = (1 = 8,))(&2[(Go)ap(2)|)- (14)

In a general case, the separable three-body 7 matrices are
represented by N-term operators, which enlarges the number
of the coupled equations in the system Eq. (12).

The four-body equations Eq. (12) were solved in the
present study with separable two-body 7 matrices being an
input and three-body 7' matrices represented in a separable
form.

III. SEPARABLE THREE-BODY AMPLITUDES

The KN and NN potentials, which were used in the
present four-body calculations, are separable ones by con-
struction. Therefore, separable versions of three-body and
2 + 2 amplitudes, entering the equations (12), should be con-
structed. These amplitudes are described by three-body AGS
equations (3), being written in momentum basis for s-wave
interactions have the form

3 0
Xap(p, P's2) =Zop(p. Pls2) + Z4ﬂf Zoy(p. P 2Dy
y=1 0

x (p;2)X,5(p", P2 dp. (15)

Here p, p/, and 7 are relative momenta and three-body energy.
It is possible to evaluate eigenvalues A, and eigenfunctions
&na(p; z) of the system (15) from

3
1 ¢ o0 ,
8na(P32) = = 2471/0 Zoy (P, P's )Ty (P'32)8ny
n y=1
x (pi2)p?dp, (16)
with normalization condition
3 o0
> 4 / 8y (P30T (P'3 )8y (P )P dp = =S
y=1 0

17
Knowledge of the eigenvalues and eigenfunction allows us to
write down Hilbert-Schmidt expansion (HSE) of the kernel
functions Zug:

ZEE P P ==Y Mg (piDgp(P32),  (18)

n=1
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which leads to the separable three-body amplitude

oo

A
X(EsSE(p, piz)=— E 1_’}
n

&P 2)8np(P52). (19)
n=1
Since the kernel function Z,s and three-body amplitude
X,p are energy-dependent functions, entering the four-body
equations (12) off energy shell, it is necessary to solve
eigenequations (16) with normalization condition (17) for
every value of the three-body energy during the four-body
calculations. Such a way of XfﬂSE(p, p';z) calculation is time-
consuming work. Due to this, the energy-dependent pole
expansion or approximation (EDPE or EDPA) method, which
was suggested in Ref. [19] specifically for the four-body
Faddeev-type GS equations, was used in the previous study.
EDPE needs a solution of the eigenequations (16) only once
for a fixed energy zsy. Usually it is chosen to be the bind-
ing energy zax = Ep if a bound state in the system exists or

zix = 0 if not. After that, energy-dependent form factors

3 oo
gnot(p;Z) = 24” A Zay(pv p/;Z)Ty(p/;Zﬁx)gny
y=l1

x (P za)pdp’ (20)

and propagators
3 o0
[O@)],, = 2477 / Gy (P30T (V3 26)8ny (Ps 26D d D
y=1 0
3 o0
- 2477[ 8my (P 20T, (P 2)guy (P 20Pd P
y=1 0

21

are calculated. Finally, the separable three-body amplitude is
written in the form

o0
XD P = ) gna(PD)Om(@gus(p32). (22)

m,n=1

If only one term is taken in the sums in Eq. (22), the energy-
dependent pole expansion turns into the energy-dependent
pole approximation. It is seen that the EDPE method needs
only one solution of the eigenvalue equations (16) and calcu-
lations of the integrals (20) and (21) after that. According to
the authors of the method [19], the series (22) converges faster
than the Hilbert-Schmidt expansion, and the EDPE is accurate
already with one term.

Three-body form factors g, in Egs. (20)—(22) are de-
noted g7 in the four-body equations, while three-body
energy-dependent functions ©(z) are denoted 7/ 5 [four-body
equations are written down for EDPA, i.e., only one term is
taken in Eq. (22),m = n = 1].

Different versions of numerical treatment of Eqs. (16) and
(17) and Egs. (20)—-(22) were tried. The best results were
obtained with the ZGEEV subroutine from Intel oneAPI Math
Kernel Library - Fortran, which computes the eigenvalues
and the left and/or right eigenvectors for an n-by-n complex
nonsymmetric matrix. The whole set of the eigenvalues and
the corresponding eigenfunctions was evaluated. It means that
the number of the calculated eigenvalues Nig is equal to the
number of the number Ny, of points in sums, replacing the
integrals in the eigenequation (16) and normalization condi-
tion (17), multiplied by the number of the equations in the
system (15) (Nejg eigenfunctions for each of the N, eigen-
values). After that, the first term of the series in Eq. (22)
with m = n = 1 gives the correct binding energy [more ex-
actly, ®1(z2) z:;:",; oo] since the first eigenvalue was strictly set
A1 = 1 (of course when binding energy in the system exists).

The best approximation of the original kernel function
Zyp(p, P';2) is achieved when the number Neyy of terms in
the series (22) is equal to the number N, of integration points
multiplied by the number of equations in Eq. (15). In this
case the approximate value ZEEPE (p, P'; 2) coincides with the
original one up to ~10 significant digits. However, an increase
of Nexp leads to a drastic growth in the number of coupled
integral equations in the four-body system. On the other hand,
an insufficient number of integration points Nj,; does not allow
reproducing the binding energies in the system. Keeping all
this in mind, the number of integration points Ny, which is
enough for accurate calculations of the corresponding binding
energy of the three-body subsystem, was used in the present
study.

IV. FOUR-BODY EQUATIONS FOR THE KNNN SYSTEM

Two types of partitions of 3 + 1 and 2 + 2 type for the four-
body KNNN system are |K + (NNN)), |N + (KNN)), and
[(KN) + (NN)). The present work started by writing down
the system (12) for 18 channels considering three nucleons
as nonidentical particles. Four-body asymptotic states are de-
noted by  indices where o = 1, 2, 3 stands for K + (NNN)),
[N + (KNN)), and |(KN)+ (NN)) partitions, correspond-
ingly, and « = N;Nj or KN; (i, j=1,2,3,i # j)denotes the
pair in the two- or three-body subsystem:

gllv,»N,» DK 4+ (Ny + NaN3)), |K + (N2 + N3Ny ), [K + (N5 + NiN,)),
g?vizv, DN + (K 4+ NaN3)), [N, + (K 4 N3Ny)), IN; + (K + NiN,)),

Zxy, N1+ (N2 + KN3)), [Ny + (N3 + KND), INs + (Ny + KN,)),

(23)

INi + (N3 + KN2)), [N2 + (N1 4+ KN3)), IN3 + (N, + KNy)),
g?v,.N/. [(N2N3) 4 (K + Ny, [(N3N1) + (K + M), [(NiN2) + (K + N3)),

Zxn,  [(BND + (N2 + N3)), [(RN2) + (N3 + N»), |(RN3) + (Ny + Np)).
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FIG. 1. States of the four-body system equations.

After antisymmetrization, necessary for a system with identi-
cal fermions, only five states, plotted in Fig. 1, remain. The
kernel functions ZZ” of the system of four-body equations
(12) can be seen in Fig. 2 (where Z;'g carries only one bottom
index due to 8 function in its definition).

Looking for a quasibound state requires solving the homo-
geneous system of equations, which can be written in a matrix
form

X =7%X, (24)
with
Xyn 0 Zy 0 Zyn 0
W E O R
=X ze= 0 0 zn 0z ),
Xy 2, Z2 0 0 0
3 532
Xey 0 0 Zzy 0 0
(25)
0 0 0
=2
_IgN,I?N 0 0
fof,s— KN,KN _30 _30
0 T1§N,NN IgN,KN
0 TRNNN  TRN.RN
(26)
K K
N N
N
" v
K K
N N
N N
N N

However, our KN and NN potentials, which were used
for the KNNN system calculations, are isospin- and spin-
dependent interaction models. In addition, Vyy is a two-term
potential. Due to this elements of the matrices ZZ” in Eq. (25)
and fofﬂ in Eq. (26), entering the antisymmetrized equa-
tions (24) are matrices themselves containing elements with

additional indices Z%2""%™ and 7°" . Here the indices
2.1 ); af(my,ms);

Giss”) il s/

m3, n3 denote the number of a sepa(rabie term of the three-
body or 2 + 2 amplitudes (at the first step only one separable
term was used for the three-body KNN, NNN and 2+
2 KN + NN amplitudes in Eq. (22), so that m3 = n3 = 1).
Separable indices m;, ny of the two-body subsystems (i.e.,
potentials) are my = 1 for Vgy and my = 1, 2 for Vyy. The
remaining indices i, and s, s’ are two-body isospins and
spins, correspondingly. Particular forms of nine matrices ZZ”
of Eq. (25) and nine matrices fof P of Eq. (26) are presented in
the Appendix.

The unknown four-body amplitudes in Eq. (25) have a
general form X &%ﬁf;));(ﬁ,,”/). Finally, the system to be solved,
written in momentum representation, consists of 18 coupled
integral equations.

b
|
)

==
==

>

zz x|

|

|

AN
zZxz =

FIG. 2. Kernel functions Z2” of the four-body system equations.

064006-4



QUASIBOUND STATE IN THE KNNN SYSTEM

PHYSICAL REVIEW C 106, 064006 (2022)

V. TWO-BODY INTERACTIONS AND THREE-BODY
SUBSYSTEMS

A. Two-body input: KN and NN potentials

Both KN and NN potentials, which were used, are sepa-
rable isospin- and spin-dependent ones in s wave. Our three
separable antikaon-nucleon potentials were constructed for
our three-body calculations of the KNN and KKN systems
[10]. They are two phenomenological potentials with coupled
KN-7X channels, having one- VKI}VSIDD or two-pole Vlé’v 1bb
structure of the A(1405) resonance [20] and a chirally moti-
vated model Vlg\}iral with coupled KN-7 - A channels and
the two-pole structure [21]. All three potentials reproduce
low-energy K~ p scattering data, in particular elastic K~ p —
K~ p and inelastic K"p— K, K p—>nt2~, K p—
7~ K p— 7°%°% K~ p — 7OA cross sections (the last
one is reproduced only by the chirally motivated potential),

J

measured by several experiments [22-27]. The chirally mo-
tivated KN potential also reproduces the medium values of
three threshold branching ratios y, R., R, of the K~ p scatter-
ing:
K p—>atE)
 T(Kp—>na-%t)
MK p—naty , 7" Xt
['(K—p — all inelastic channels)
= 0.664 £ 0.011, (28)
'K p— n°A)
['(K—p — neutral states)

—=2.36 + 0.04, 7)

c =

R, =

=0.189 £ 0.015, (29)

measured in Refs. [28,29]. The phenomenological KN po-
tentials take the lowest w A channel into account indirectly,
through imaginary part of one of the strength constants. Due
to this a new ratio

MK p—>natE )+ T (K p—>na~Xh)

Rrr):

which contains the measured R, and R, and has an “experi-
mental” value

R.

Ryy = ——<
T 1T ZR,(1—R,)

=0.709 £ 0.011, (€20)
was constructed. The medium value of this R,y threshold
branching ratio (31) together with the medium value of y (27)
is reproduced by both our phenomenological KN potentials.
All three of our antikaon-nucleon potentials also reproduce
the 1s level shift of kaonic hydrogen caused by the strong
KN interaction in comparison to the pure Coulomb level,
measured by the SIDDHARTA experiment [30]: A/PP =
—283 £ 36 £ 6eV, and its width ['{/PP = 541 + 89 +22eV.
All the experimental data are described by our three potentials
with equally high accuracy. In addition, elastic 72 cross
sections with isospin I, = 0, provided by all three potentials,
have a bump in a region of the A(1405) resonance (according
to PDG [31]: M{DG s, = 14051713 MeV, {25 =50.5 +
2.0 MeV). The poles corresponding to the A (1405) resonance
are situated at

2yt = 1426 — i48MeV., (32)
i1 =1414 — i58MeV, z002 ,=1386 — i104MeV,

(33)

for the phenomenological potentials with one- and two-pole
structure, correspondingly [21], and at

sy =1417 — i33MeV, WAL, = 1406 — i89MeV,
(34)
for the chirally motivated potential [32].

These phenomenological antikaon-nucleon potentials with
coupled KN-7 ¥ channels were used in their original form in
the three-body AGS equations [10] with coupled KNN-7 =N
three-body channels. By this, the channel coupling was

TTEKpo a2 )+TKp—> a3+ (K p— 7050)’

(30)

(

taken into account directly. The chirally motivated potential,
which additionally couples the w A channel, was used in a
form of the two-channel exact optical KN-7 (- A) poten-
tial. The four-body GS equations (12) are too complicated
for introducing additional particle channels and performing
coupled-channel calculations. Due to this the exact optical
versions of our three KN potentials [33], which are one-
channel Vgy(_r5_ra), Were used in the present study. They
have exactly the same elastic part as the potential with cou-
pled channels, while all inelasticity is taken into account in
an energy-dependent imaginary part of the potential. It was
demonstrated in our three-body calculations [33,34], that such
exact optical potentials give quite accurate results for K~ d
scattering length or quasibound-state position and width of the
K~ pp system in comparison with the results obtained with the
coupled-channel form. Due to this, it is assumed here that it
could be a good approximation for the four-body calculations
as well.

Nucleon-nucleon potentials Vyy*~* and Vyy*~® from our
three-body calculations [10] were used here together with
the new version of the two-term separable NN potential
VISN_ described in Ref. [34]. All three potentials reproduce
Argonne v18 NN phase shifts at low energies up to 500
MeV with a change of sign, which means they are repul-
sive at short distances. They give proper singlet and triplet
NN scattering lengths and deuteron binding energy. The new
nucleon-nucleon potential Vv~ reproduces Argonne v18 pp
phase shifts slightly better than the previously used ones, and
its parameters are more natural then those of the older V,v*
model.

In principle, Coulomb interaction also should be included
in the equations, but the object of interest here is the qua-
sibound state caused mainly by the strong potentials. The
Coulomb interaction plays a minor role in such a state and
can be neglected.

064006-5



N. V. SHEVCHENKO

PHYSICAL REVIEW C 106, 064006 (2022)

TABLE I. Dependence of the binding energy BI?EIW (MeV) and

width F,(()E‘pp (MeV) of the quasibound state in the K~ pp-K°np

subsystem (KNN, S® = 0) on three KN and three NN interaction
models. Calculations were performed using the exact optical KN
potentials. The binding energy is counted from the threshold energy
of the K~ pp system z;, k-pp = Mg + 2my = 2373.485 MeV.

Vav' Vo " Vi
Opt Opt Opt Opt Opt Opt
BKEPP FKE’W BKBW FKEW B,(Epp FKEW
vé;VzIDD 55.4 60.9 54.3 60.8 53.3 64.7
VeoPP 482 462 475 459 467 484
v Chirl 31.9 422 33.2 48.7 29.9 482

B. 3+ 1 and 2 + 2 partitions

The KNNN system with the lowest value of the four-body
isospin I® = 0 and spin S® = 1/2, which is K~ ppn-K’nnp
in particle representation, was studied. All two-body inter-
actions are s-wave ones, and the total angular momentum is
zero. For the KNNN system with these quantum numbers, the
following three-body subsystems contribute

(i) KNN with isospin I® =1/2 and spin §® =0
(K~ pp) or spin S® = 1 (K~ np);

(i) NNN with isospin I® = 1/2 and spin S® = 1/2 (*H
or ’He);

together with the 2 4 2 partition
(iii) KN + NN with isospin I® = 0 and spin S® = 1/2.

The three-body KNN system with different quantum
numbers was studied in our previous works. In particular,
quasibound state pole positions and widths in the K~ pp sys-
tem (KNN with isospin /® = 1/2 and spin S® = 0) were
calculated in Ref. [32] with older VJ;‘,A_B nucleon-nucleon
potential. Recently, the calculations were repeated with the
new Vy3N [34], the results of the calculations with coupled
KNN and 7 =N channels can be found in Table 4 of the paper.
Since the four-body calculations were performed with the
exact optical KN potentials, the binding energies and widths
of the three-body KNN subsystem and of the KN + NN par-
tition also should be evaluated with the same versions of the
antikaon-nucleon interaction models. Binding energies BI?P_”W

and widths F,??tp ) calculated using the exact optical versions

. 1,SIDD  y,2,SIDD  y,Chiral _
of the three antikaon-nucleon VKN s VKN , VKN po

tentials and three nucleon-nucleon V]\?]\S,A_A, VATIEA_B, V,g,?,N
potentials are shown in Table I. It is seen that the new NN
potential changed quasibound state positions in the K~ pp
system by few MeV.

No quasibound states similar to that one in K~ pp were
found in the K~ np system (KNN with isospin I/ = 1/2 and
spin S = 1) in our previous calculations [21]. However, new
nucleon-nucleon potential V]\TE,N changed the picture: the qua-
sibound state caused purely by strong interactions can exist
in the K~ np system [34] in addition to the kaonic deuterium,
which is an atomic state mainly caused by the Coulomb in-
teraction. The binding energies and widths of the “strong”

TABLE II. Dependence of the binding energy BIC()E["P (MeV) and
width F,?E‘”p (MeV) of the quasibound state in the K~ np-K°nn
subsystem (KNN, S® = 1) on three KN and three NN interaction
models. Calculations were performed using the exact optical KN

potentials. The energy is counted from the K~d threshold z,, k-4 =
mg + 2my + Eqeu = 2371.26 MeV.

Vv " Van' " V"
Opt Opt Opt Opt Opt Opt
BKlinp l—‘Klinp BKlinp l—‘Kgnp BKlinp KEnp
v%ﬁ” 1.6 70.1 0.8 67.6 1.9 68.7
VPP 52 63.7 5.0 61.4 5.6 62.7
v Chiral 2.6 46.4 24 53.1 2.3 455

K ~np state obtained in the coupled-channel KNN-mw N cal-
culations with the two-pole V7 PP and vEhiral models can be
found in Table 3 of Ref. [34]. The binding energy of the state is
so close to the K ~d threshold that the NN interaction, playing
in the KN system secondary role, can change predictions for
the existence of the quasibound state caused by the strong
interactions in the K~ np system. No quasibound state was
found with the one-pole VI%}\E’IDD potential even together with
the new nucleon-nucleon interaction model. However, when
not the coupled-channel calculations are performed, but those
with the exact optical KN potential, the “strong” quasibound
state is seen in the K~ np for all three antikaon-nucleon and
all three nucleon-nucleon interaction models. The binding en-
ergies BYY, , and width I evaluated with the exact optical

. 1.SIDD {,2.SIDD  y,Chiral :
versions of the VKN R VK N VKN potentials and three

nucleon-nucleon VI\EEA_A, VATS,A_B , VJIEN potentials can be
seen in Table II. The “exact optical” results for the new Vo~
potential presented in Table 3 of Ref. [34] and in Table II of
the present paper are slightly different due to the smaller num-
ber of integration points used in the four-body calculations
and, correspondingly, in its subsystems.

The binding energies and widths of the quasibound states
of the KNN systems with spin zero and one were calculated
using the three-body AGS equations (3). Details of three-
body calculations can be found in Refs. [33,35]. The codes
for numerical solution of the three-body AGS equations for
the KNN systems were then modified to construct separable
versions of the three-body amplitudes, as described in Sec. II1.

The three-body AGS equations (3) were written and nu-
merically solved for the three-nucleon system NNN with
three NN potentials VA?[?,A_A, VJ]\S,A_B, VJE,N as an input.
The calculated binding energies of the system are equal for
both *H and *He nuclei since the Coulomb interaction was
not taken into account. They are presented in Table III.
The resulting energies are larger than known values for the
binding energy of triton 8.4820 MeV and helium-3 7.7181
MeV nuclei. Such overestimation is typical for separable NN
potentials. The numerical code was afterward changed for
construction of a separable version of the NNN amplitude.

Finally, the partition of the 2+ 2 type KN + NN is a
system with two noninteracting pairs of particles. It is spe-
cific for the four-body Faddeev-type equations, and it is not
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TABLE III. Dependence of the binding energy Byyy (MeV) of
the bound state in the NNN subsystem (S® = 1/2) on three NN
models. The binding energy is counted from the threshold energy of
the NNN system z,, nnn = 3my = 2816.76 MeV.

TSA—-A TSA-B TSN
VNN VNN VNN

9.03 9.04 9.52

a simple sum of two-body KN and NN amplitudes. The
KN + NN partition is described by a three-body system of
AGS equations (3), therefore, it is a “three-body” amplitude.
Only KN + NN partition with spin-one NN pair has a qua-
sibound state, the binding energies and widths are shown in
Table IV. The fixed energy zy;, for the 2 + 2 partition with
spin-zero NN pair was set to zero. The separable version of
the corresponding KN + NN amplitude was constructed in
a similar way as in the case of KNN and NNN three-body
subsystems.

VI. RESULTS AND DISCUSSION

The four-body GS equations were solved for the
K~ ppn-K°nnp system (24)—(26) with elements (A1)—(A18)
using the antikaon-nucleon and nucleon-nucleon potentials
described above. At the first step one separable term in
separable representation of the three-body KNN, NNN and
“three-body” KN + NN amplitudes (22) was taken, therefore
the EDPA method was used. The binding energies Bk-,,, and
widths k- ,,, of the KNNN system evaluated using three
exact optical versions of the antikaon-nucleon potentials and
three nucleon- nucleon interaction models are presented in
Table V.

It is seen that the binding energy Bg-,,, and width T'x-,,
of the four-body quasibound state strongly depend on the
model of antikaon-nucleon interaction. It is a property of the
three-body KNN and KKN systems as well. Phenomenolog-
ical KN(—x X) potentials give comparable binding energies,
while the chirally motivated potential led to much more shal-
low state. As for the width, the one-pole phenomenological
Vé;IDD potential give an ~11 MeV larger value than the two-

pole phenomenological VIé’VSIDD interaction model. The width

TABLE IV. Dependence of the binding energy B?E‘p np (MeV)
and width F[(;Etp oy (MeV) of the quasibound state in the K~ p + np
partition (KN + NN, S® = 1/2) on three KN and three NN interac-
tion models. Calculations were performed using the exact optical KN
potentials. The binding energy is counted from the threshold energy
of the K™ npp system z,j, k—npp = Mg + 3my = 3312.405 MeV.

TSA—A TSA-B TSN
VNN VNN VN N
BOpl Opt Opt Opt Opt Opt
K~ p+np K= p+np K~ p+np K~ p+np K~ p+np K= p+np

véﬁ“’" 200 836  19.1 81.1 203 822
veePP 254 713 240 708 251 704
viml 188 545 209 585 179 537

TABLE V. Dependence of the binding energy Bg-p,,, (MeV) and
width T'g-,,, (MeV) of the quasibound state in the K~ ppn-K°nnp
system on three KN and three NN potentials.

TSA-A TSA-B TSN
Vun Vun Vun Other results

BK*ppn FK*ppnBK*ppn FK’ppnBK*ppn FK*])pnBK*ppn FK*ppn

49.6 512 50.8

1,SIDD

520 504 503

N,

V25D 470 39.6 464 382 464 399

y i 326 397 345 509 305 428

AY [1] 108.0 20.0
BGL [13] 29.3 329
OHHMH [14]

V!(yoto—l 453 255
%oto—ll

Ve 49.7 69.4
VI?; 72.6 78.6
ME [15]

1,SIDD

VISI\gIDD 73.5 220
Ve 58.5 27.0
V[y;smiral 414 315

of the quasibound state evaluated with the chirally motivated
potential Vlg\}iral strongly depends on the nucleon-nucleon po-
tential, the I'g-,,, calculated with different Viyy vary by up to
11 MeV. Dependence of the corresponding “chiral” binding
energies on the nucleon-nucleon interaction models is weaker.
The characteristics of the K~ ppn state calculated with the
phenomenological KN potentials slightly depend on the Viyy
potential.

Comparing the four-body binding energies and widths in
Table V with those obtained for the three-body spin-zero
KNN system usually denoted as K~ pp (Table ), it is seen
that the binding energies remain almost the same or become
slightly smaller after adding one neutron, while the widths
become much smaller. So that addition of the neutron to the
K~ pp system changes the binding energy of the resulting
system slightly, but it “tightens” the quasibound state.

On the other hand, the four-body K~ ppn binding energies
are much larger than those for the spin-one K~ np state. The
reason might be the additional strong K~ -p attraction intro-
duced by the extra for the K ~np system proton.

Very preliminary results of the present calculations,
namely, the pole positions of the quasibound state in the
K~ ppn-K°nnp system obtained with two phenomenological
potentials were published in Ref. [[17,18,36]]. They differ
from those presented in Table V drastically: binding en-
ergies are much larger while the widths are smaller. One
of the reasons is the different numerical treatment of the
separable representation of the three-body and “three-body”
amplitudes. In contrast to the present usage of the Intel MKL
library subroutine, some handmade subroutine for evaluation
of eigenvalues and eigenfunctions were used in Ref. [36].

Results for the binding energies and widths by other au-
thors are also presented in Table V. The largest binding energy
and smaller width were predicted in Ref. [1] by Akaishi and
Yamazaki using many-body G-matrix formalism for the few-
body system and an antikaon-nucleon model, which does not
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reproduce actual experimental data on K~ p scattering and
kaonic hydrogen.

Barnea, Gal, and Liverts performed variational calcula-
tion [13] using an energy-dependent chiral KN potential,
which, however, was calculated at a set of fixed energies. The
imaginary part of the quasibound state was also calculated
approximately. The binding energy obtained in Ref. [13] is not
far from the binding energy evaluated in the present calcula-
tions with our chirally motivated antikaon-nucleon potential,
taken into account exactly. The width in Ref. [13], however, is
much smaller.

Variational calculations also were performed by Ohnishi
et al. in Ref. [14] with energy-dependent Kyoto and energy-
independent AY KN potentials. The authors also had to fix the
antikaon-nucleon energy in the Kyoto potential, and they did
it in two ways, denoting the corresponding models as Kyoto-I
and Kyoto-II. A huge difference between the widths obtained
with these two Kyoto potentials shows that the chosen proce-
dure is not reliable. Besides, the binding energy and width
of the four-body quasibound state, calculated in Ref. [14]
with the AY potential, differs drastically from the original AY
results [1].

The most intriguing is the difference between the present
results and those of Ref. [15] by Marri and Esmaili since
the authors solved the same four-body Faddeev-type equa-
tions, moreover, they used our phenomenological Vlal}v 1bb

and VI%VSIDD potentials. Nucleon-nucleon PEST Vyy potential,
which is a separable version of the Paris nucleon-nucleon
interaction model was used there. But different NN potentials
hardly could be responsible for such a drastic discrepancy of
the results, by ~20 MeV for both: binding energy (make it
much larger) and width (make it much smaller).

One of the possible reasons for the differences could fol-
low from the way the separable versions of the three-body
and 2 + 2 amplitudes were constructed. The formulas for
the EDPE energy-dependent form factors and propagators in
Ref. [15] differ from those in Egs. (20) and (21) by a factor
1/1 on the right-hand side for the first and by m < n in
the second formula. Besides, setting the fixed energy for the
(KN);—o + NN to the binding energy of the quasibound KN
state [which is a A(1405) resonance], made by Marri and
Esmaili in Ref. [15], is not quite understandable. The matter
is the total four-body isospin I¥ =0 means that the NN
subsystem should also have Iyy = 0, which is a deuteron.
Due to this, the total binding energy of this partition should
include both two-body energies: B 1405y and Bgey. In fact, the
energy of the KN + NN “three-body” system with isospins
of both pairs equal to zero differs from a simple sum of
the two two-body energies, see Table IV. It comes from the
solution of the three-body equation. As for another state of
the KN + NN partition, it does not have bound states since
KN and NN in this case have two-body isospin I® = 1 and
none of them is bound. Setting the fixed energy in this case to
the deuteron binding energy, as is done in Ref. [15], is quite
strange.

Finally, the binding energy of the three-body K~ pp sub-
system evaluated by Marri and Esmaili in Ref. [15] with
our phenomenological v 1:SIDD potential differ from our three-
body results by ~6 MeV and almost coincides with the

binding energy calculated in Ref. [15] with V,?}VSIDD. On the
contrary, the three-body binding energies in Table I obtained
with VKIJ’VSIDD and sz}\leD differ one from another for each of
the three nucleon-nucleon potentials. Keeping the closeness of
the K~ pp three-body binding energies of Ref. [15] in mind, it
is hard to understand the large difference (15 MeV) between
the corresponding four-body K~ ppn results obtained in the
same paper.

VII. CONCLUSION

The four-body Faddeev-type GS equations for the search
of the quasibound state in the KNNN system caused by
strong interactions were written down and solved. The bind-
ing energies Bgli;ﬁn ~ 30.5-34.5 MeV obtained with chirally
motivated and ByPD A 46.4-52.0 MeV obtained with phe-
nomenological antikaon-nucleon potentials are close to those
for the K~ pp system, calculated with the same Vg, and
Vnw potentials. The widths of the four-body states I'g-pp, ~
38.2-50.9 MeV are smaller than the three-body widths of
K~ pp. Therefore, the neutron added to the K~ pp system
slightly influences the binding, but tightens the system.

The four-body binding energy and width of the K~ ppn
system strongly depend on KN potential. The results also
noticeably depend on the nucleon-nucleon interaction model,
when the chirally motivated antikaon-nucleon potential is
used.
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APPENDIX: ELEMENTS OF Z¢» AND 0 s MATRICES

After antisymmetrization, the system (24) consists of 18
coupled equations. Elements of the matrices ZJ” in Eq. (25)
and 7/, in Eq. (26) are matrices themselves with elements
>0 p(m3,n3) =0 (m3)
Z“‘((m_2v’,‘)2)? and Trxﬁlmzm’z):

s
separable terms of the three-body or 2 + 2 amplitudes (m3; =
n3 = 1), while my, n, are separable indices of the potentials:
my =1 for Vgy and m; = 1,2 for Vyy. Two-body isospins
and spins are denoted i, i’ and s, s, correspondingly.

The kernel matrices Z7” consist of six elements with o =
NN:

. Indices m3, n3 denote the number of

512(1,1) 512(1,1)
ZNN(I.I): 0 ZNN(l.Z): O
@1 =12(1,1) @10 =12(1,1)
-12 O ZNN(I,’I); 0 ZNN(I,‘Z);
Z — _ (1,00) _ (1,00) (Al)
NN 12(1,1) 12(1,1) )
ZNN(2.1J1 O ZNN(2<2); O
v 512(1,1) o 512(1,1)
O ZNN(Z,YI): 0 ZNN(Z‘VZ):
(1,00) (1,00)
513(1,1) 513(1,1)
ZNN(I.]): 0 ZNN(IAZ); O
S sian S sian
-13 0 ZN}V(I,’I); 0 ZN}\/(I,’Z):
Z O — _ (1,00) _ (1,00) (A2)
NN 13(1,1) 13(1,1) )
ZNN(Z.]); 0 ZNN(Z‘Z); 0
PP IRD! POPAEIRD!
0 ZN}V(Z,’I); 0 ZN}\/(Z,’Z):

(1,00) (1,00)
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521(1,1) 521(1,1)
ZNN(I.I); 0 ZNN(],Z): O
0,11) —21(1,1) 0,11) —21(1.1)
O ZNN(I,’I): 0 ZNN(I.’Z);
Z]%/}v = 21(1,1) o0 21(1,1) o
7 ’ 7 ’ ’
ZNN(Z,]): 0 ZNN(2<2); O
0,11) ~21(1.1) 0,11) —21(1.1)
O ZNN(2,’I): 0 ZNN(Z.’?.):
(1,00) (1,00)
523(1,1) 523(1,1)
ZNN(I‘]): O ZNN(].Z); O
v 523(1,1) a 523(1,1)
_ O ZNN(I,.I): 0 ZNN(I.’2|:
ZI%’%V — 23(L1) (1,00) 23(1.1) (1.00)
—23(1, —23(1, ,
ZNN(Z.I): O ZNN(Z.Z); O
a 523(1,1) o 523(1,1)
O ZNN(Z,.I): 0 ZNN(Z,,Z):
(1,00) (1,00)
531(1,1) 531(1,1)
ZNN(I.]): O ZNN(LZ); O
av 531(1.1) a 531(1.1)
_ 0 ZNN(I,’I); 0 ZNN(I,’Z):
Z;/}v — 31(L1) (1,00) 31011 (1,00)
—~ —~ 3 N ’
ZNN(Z.]); O ZNN(242); O
POPLITRD! v s
0 ZNN(Z,’I); 0 ZNN(Z"Z):
(1,00) (1,00)
532(1,1) 532(1,1)
ZNN(I,I): O ZNN(],2); O
ST sman S a0
O ZNN(],’I); 0 ZNN(I.’2>;
ZI%J%V =1 53200 o 532(1,1) 0
Z;VN(Z,’I): O ZNN(Z,’Z); O
S sman PR
O ZNN(2,’1); 0 ZNN(Z.’Z);
(1,00) (1,00)

and three elements with o« = KN,

522(1,1) 522(1,1)
ZkN(l.l); 0 ZKN(I,]): O
OV oo O oo
o | 0 P O Zan
Z_ — _ B _ (1,
RN 22(1.1) 22(1.1) )
ZKN(I,I); 0 ZI?N(I.]): 0
a7 Sna AV sna
0 ZI?N(]I&).I)): 0 ZK(I\{(II-;IJ:
a, 1)
523(1,1)
ZKN(I,I): 0
e 523(1,1)
O ZI?N(],’I):
22_3 — 2311 (1,00)
RN = | 7230 ’
ZkN(l,l); 0
(0,11) _23(1.1)
O Z[?N(]fl):
(1,10)
532(1.1) 532(1,1)
_ ZkNll,l): 0 Z[?N(L]): 0
Zfﬁv = o 532(1,1) av 532(1,1)
O ZKN(I.,I): 0 Z‘I?N(lf]):
(1,00) (1,01)

(A3)

(A4)

(A5)

(A6)

(AT)

(A8)

(A9)

Elements of 7/ 5 matrix (26) are parts of the NNN subsys-

tem (p = 1):
=1(1) =1(1) =1(1) =1(1)
TNN.NN(L]): TNN<NN(],1); TNN,NN[I.Z); ‘CNN.NN(LZ):
(00,11) ﬁOLlO) 300,11) (01,10)
fl(l) fl( ) fl( ) ‘El(l)
NN.NN(1,1); NN.NN(1,1); NN,NN(1,2); NN,NN(1,2);
.fl J— (10,01) ﬁILOO) 310,01) (11,00)
NN,NN — ‘E](l) 7 (1) fl( ) ‘E](l) ’
NN.NN(2.,1); NN.NN(2,1); NN,NN(2,2); NN,NN(2.2);
iOO.]I) ﬁOLlO) 300,11) (01,10)
= =1(1) =1( =1(1)
.CNN.NN(ZI): TNN.NN(Z,I): TNN.NN[Z.Z); .CNN.NN(ZZ):
(10,01) (11,00) (10,01) (11,00)

(A10)

of the KNN subsystem (p = 2):
~2(1)

=2(1)
tNN,NN(l.l); 0 INN,NN(I,Z):
(00,11) 2(1) (00,11)
O TNN.NN(I,I); 0
72 — (11,00)
NN,NN — | =2(1) 0 =2(1)

TNN,NN(Z.I); TNN.NN(Z,Z):
(00,11) (00,11)

=2(1)
0 TNNNNQ; 0
(11,00)

=2(1)
0 0 TNN,I?N(I.I);
21 1) (00,11)
TNN.kN(],]); TNNJ?N(],I); 0

=2 _ (10,00 (11,00)
R A— X
NN,KN =2(1)
0 0 TN RN 1Y,
20) 21) (00,11)
NN.RN@.1); TnRN 1Y 0
(10,00) (11,00)
~2(1)
0 T NN 0
2(30)1.00)
O TIZNANN(],I); 0
fg _ (11,00)
KN.NN — ‘f2(1) 0 .E2(1)
RN.NN(11); RN.NN(1.,2);
00,11) ﬁoo,ll)
=z2(1) 0 fz( )
RN.NN(1L1); RN.NN(1.,2);
(10,11) (10,11)
~2(1) ~2(1)
TRN.RNLLY: TRN.RN(L1Y: 0
2((]0)&00) 2((]0)1.00)
TkN,kN(],I); TkN,kN(],I); 0
f—% - (10,00) (11,00) 20
KN.,KN — =
0 0 TRN.EN G, 1;
ioo,n)
0 0 TRN.RNGL1Y,
10,11)

and of the KN + NN partition (p = 3):

=3(1) 0 =3(D)

7:NN.NN(I,]): TNN,NN(I,Z);
(00,11) 3(1) (00,11)
0 T VNN 0
f3 _ (11,00)
NN,NN — | =3(1) 0 =3(D)
7:NN,NN(Z,I): TNN,NN(Z,Z):
(00,11) 3(1) (00,11)
0 T NN.NN@.1): 0
(11,00)
=3(1)
TNN.I?N(I,I); 0
(00,11) 3(1)
0 ‘[NN.kN(l,l):
f3 I (11,00)
NN,KN 73 0
NN,KN(2,1);
(00,11) 3(1)
0 TNN,]?N(Z,I);
(11,00)
=3(1) =3(1)
T[?N.NN(],I); O TI?N.NN(],Z);
‘l_,'é — (00,11) (00,11)
KN.NN — 0 f3(1) 0
RN,NN(1,1);
(11,00)
=3(1)
KN,KN(1,1); 0
=3 (00,11
TRN.RN = 0 230
RN.RN(1,1);
(11,00)
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=2(1)
T NN.NN(L2);
(11,00)
9
0
=2(1)
TwnNE2):
(11,00)

(A11)

=2(1)
rNN.kN(u);
(01,11)

0

=2(1)
T Nv.RN@.1Y
(01,11)

0

(A12)

~2(1)
KN,NN(1,2);
(01,00)
~2(1)
TKN,NN(I,Z):
(11,00)

0 )
0

(A13)

0

0

_2(]) 3
TRNAN(L):
01,11)
220
KN.KEN(1,1);
(11,11)

(A14)

=3(1)
T NNNN(L2);
(11,00)

~3(1)
TNN.NN(Z,Z):
(11,00)

(A15)

; (A16)

0

=3(1) )
rkN,NN(l,Z);
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