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The astrophysical S factor for the radiative proton capture process on the >N nucleus, i.e., "N(p, y) '°0,
at stellar energies are studied within the framework of the cluster effective field theory. The thermonuclear
SN(p, ¥) 190 reaction links the type-I to type-II cycles of the carbon-nitrogen-oxygen cycle and affects the
abundances of elements in the universe. For investigating this reaction in the effective field theory formalism, we
first construct an effective Lagrangian that is appropriate for this reaction at low energies. Since the intermediate
excited states of the 'Q nucleus have a crucial role in this reaction, we include these resonances in the formalism.
The corresponding radiative capture amplitudes and cross section are calculated, which lead to the astrophysical
S factor. The low-energy constants introduced in the effective Lagrangian are determined by fitting the theoretical
results to the observed S factors in the range of 130 keV < E,, < 2500 keV using three different experimental
data sets. Considering the recent data sets, we obtain S(0) = 29.8-34.1 keV b, which is in a good agreement
with the estimates from R-matrix approaches in the literature. The values of S at the Gamow energy are found to

be larger than S(0) values by about 10%.
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I. INTRODUCTION

Thermonuclear fusion is the energy source of stars. Among
thermonuclear fusion processes, the proton-proton chain and
the carbon-nitrogen-oxygen (CNO) cycle are two major pro-
cesses [1,2]. The neutrinos produced in the Sun by these
processes have been observed in underground experiments
[3-6], which brings information on the solar neutrinos and
confirmed the thermonuclear reactions of the proton-proton
chain and the CNO cycle inside the Sun. In the CNO cycle,
the proton capture reaction on N allows two possible chan-
nels, namely “N(p, @) '2C and “N(p, y)'°0. The former
is responsible for the type-I cycle (CN cycle) and the latter
for the type-II cycle (NO cycle). At low energies the CN
cycle is dominant but at higher temperatures the NO cycle
becomes active. Since the CN and NO cycles intersect at
the nucleus °N, the relative strength of the two reactions,
SN(p, @) '2C and >N(p, y) '°0, determines the probability
of the path in the CNO cycle. It turns out that the rate for
the former reaction is much larger than for the latter, which
means that the CN cycle is more probable than the NO cycle.
Although its contribution to the energy production in stars
would be small, the N(p, y) '°0 reaction is crucial to under-
stand nucleosynthesis and the observed oxygen abundances.
Therefore, the evaluation of its cross sections at stellar energy
scales is strongly required for resolving such issues [7,8].
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Because of the Coulomb barrier, the nuclear reaction cross
section o (E) at the center-of-mass energy E is parameterized
by the astrophysical S factor defined as

S(E) = Eo(E)exp(2mn), (1)
where 7 is the dimensionless Sommerfeld parameter,
N = ZaZpttem /P )

with the fine structure constant o, = €?/(4m). Here p is
the reduced mass of the system, u = mgmp/(my + mp),
where m, and mp are the masses of the initial state nuclei
whose charges are Z4 and Zg, respectively. The magnitude of
the relative spatial momentum between the two nuclei in the
center-of-mass frame is represented by p.

Thus the astrophysical S factor is the main characteristic
of any thermonuclear reaction at low energies. Determination
of its value by experiments is, however, highly nontrivial as
the most experiments are carried out at the energies above
100 keV, while the realistic energy scale for astrophysical en-
vironments is about 0.1-100 keV. Thus, we need the value of
S(0) in practical calculations as S(E) is a very slowly varying
function of energy in the low-energy region.' Therefore, the
most realistic method for obtaining the astrophysical S factor
at zero energy would be the extrapolation of experimentally

'The cold and hot CNO burning cycles have the Gamow
peak-energy regions at Eg >~ 26 keV and 150-200 keV for the corre-
sponding core temperatures at 7, ~ 1.5 x 10’ K and (2-3) x 10} K,
respectively [7,9].
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determined S(E) to the lower-energy range. However, because
of the difficulties of experiments near threshold, larger error
bars at low-energy region are inevitable and this causes the
uncertainties of S(0). The extrapolation would, of course,
depend on the theoretical models adopted for the description
of the reaction.

Despite the importance of the SN(p, y) '°O reaction, ex-
perimental measurements of its cross sections at low energies
are rare and only two measurements were reported until 2009
[10,11].2 The first measurement was made about 60 years ago
[10], which was then followed by the work of Ref. [11] in
mid-1970s. The former experiment reported S(0) ~ 32 keV b,
while the latter estimated S(0) = 64 &+ 6 keV b. This shows
that the value of the latter experiment is about twice that of
the former one. However, these experiments verified that the
reaction is dominated by the first two interfering J* = 1~
resonances at Ex = 312 and 964 keV, respectively, where Eg
is the resonance energy in the center-of-mass frame [14].3
These two data sets are used for the analyses in Refs. [14—16].
In particular, it was pointed out in Ref. [14] that the contri-
bution from the direct capture process was overestimated in
Ref. [11].

Since the early 2010s, more measurements were performed
at the Laboratory for Underground Nuclear Astrophysics at
Gran Sasso underground laboratory and at the Notre Dame
Nuclear Science Laboratory [17-19]. These efforts are sum-
marized in Refs. [20,21] and the data are collected, for
example, in Refs. [22,23] which are used for updating the
estimation of the § factors in Refs. [24-27].* The newly
estimated values of S(0) based on these data sets, called the
post-NACRE data, are as low as 33.1 keV b [24] and as high
as 4519 keV b [22].

Shown in Fig. 1 are currently available experimental data
of BN(p, y) '°0O compiled in Ref. [23]. Figure 1(a) shows the
total cross-section data, while Fig. 1(b) presents the derived
astrophysical § factors. They are given as functions of E. p, ,
the kinetic energy of the system in the center-of-mass frame.
These figures explicitly show that the reaction is dominated
by the two broad resonances mentioned previously. Except for
the earlier data of Refs. [10,11], the reported data show a good
agreement. The cross-section data of Ref. [10] indicate a small
structure at very low energies and it is further exaggerated in
the astrophysical S factor as shown by black dots in Fig. 1(b).
It is also evident that the data of Ref. [11] have larger error
bars compared with the data of the next generation experi-
ments. Furthermore, the data from Refs. [17,19] do not cover
the second resonance region. Therefore, in the present work,

2The experimental data reported in Ref. [12] are for E,, > 860 keV
and do not constrain the value of S(0), where E,, is the kinetic energy
of the incident proton in the laboratory frame. We also note that the
data of Ref. [13] covered the region of E, > 250 keV.

3The corresponding excitation energies are 12.45 and 13.09 MeV,
respectively. In the laboratory frame, these values correspond to £, =
338 and 1028 keV, respectively.

“The experimental data of Ref. [18] are compiled in Ref. [26]. In
the present work, we use the experimental data compiled in Experi-
mental Nuclear Reaction Data (EXFOR) [23].
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FIG. 1. Collected experimental data for (a) the cross sections and
(b) the astrophysical S factors S(E) of the "N(p, y) '°O reaction.
The data from Refs. [10,11,17-19,25] are compiled in Ref. [23].

we focus on the data covering the both resonance regions,
which include the data of Ref. [11] and the post-NACRE data
of Refs. [18,25], and apply our calculations to these three
experimental data sets.

In the present work, we apply the effective field theory
(EFT) formalism to investigate the ">N(p, y) '°O reaction.
EFTs allow for a systematic calculation by introducing a scale
Ay which separates relevant degrees of freedom at low ener-
gies from irrelevant degrees of freedom at high energies. Then
the effective Lagrangian is constructed by the expansion with
the number of derivatives, and the reaction amplitudes are cal-
culated in powers of Q/Ay, where Q is a typical momentum
scale of the reaction in question. The irrelevant high-energy
degrees of freedom are integrated out and the coefficients in
the effective Lagrangian, called low-energy constants (LECs),
are determined by fitting the experimental data [28]. EFT
methods have been applied to the studies of various reactions
including thermonuclear reactions such as « capture on '>C
[29], radiative proton capture on '2C [30], and proton and
neutron capture on light nuclei [31-35]. It was also applied
to the reactions of 3C [36], a-'2C elastic scattering [37-39],
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and B delayed a emission from '°N [40], and so on. Reviews
on these topics can be found, for example, in Refs. [41-44].

The construction of EFT for the "N(p, y) '°0O reaction
involves three open channels, namely p-'>N, «-'>C, and a-
12¢*, where '2C* denotes the first excited 2+ state of 12C. In
the present study, by focusing on the >N(p, y) '°O reaction
data, we perform the single channel calculations leaving the
coupled-channels calculations to a future work. The energy
range of the data of our interests covers up to E ~ 2 MeV,
which includes the aforementioned two s-wave resonant states
of °Q. The inclusion of a resonant state in EFT was investi-
gated, for example, by Gelman [45] and by Habashi, Fleming,
and van Kolck [46], and, following their method, we here
employ the effective Lagrangian for the p-">N system with
the two resonant states of '°Q.

We choose the breakup energy of '°Q into the n-'3Q chan-
nel, AE = 3.54 MeV, as the large energy scale, which gives
Apg = V2uAE = 80 MeV, where u is the reduced mass of
the system. On the other hand, the resonant energies, E; =
0.312 MeV and E, = 0.964 MeV, are chosen as the typical en-
ergy scales of the theory leading to Q1 = /2uE| = 24 MeV
and O, = +/2uE, = 41 MeV. Therefore, our expansion pa-
rameters are Q1 /Ay ~ 0.3 and Q,/Ag =~ 0.5, and the terms
in the amplitudes are expanded in powers of (Q;,/A)*" as
the effective range expansion (ERE). We include the terms up
to the next-to-leading order for the first resonant state and up
to the fourth-order terms for the second so that the theoreti-
cal uncertainties of the present calculations are estimated as
(Q1/A)* ~0.09 and (Q,/Ag)® ~ 0.016.

Our preliminary results in this approach were reported in
Ref. [47] where only the first resonance was considered with

J
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the experimental data of Ref. [19]. The estimated astrophys-
ical S factor is S(0) = 30.4 keV b that is close to the lower
limit of S(0) obtained in the recent analyses of Ref. [24]. In
the present work, we perform more complete analysis working
with the data covering the energy regions of both resonances
which were reported in Refs. [11,18,25].

This paper is organized as follows. In the next section,
we develop the cluster EFT formalism for the reaction of
BN(p, ) 0 by introducing the effective Lagrangian for this
reaction. In Sec. III, the propagator of the difield, which is
introduced for the description of resonances, is discussed.
Then the capture amplitudes are derived in Sec. IV, and Sec. V
presents our numerical results which are compared with the
estimates in the literature. Section VI summarizes this work
and the derivation of the loop integral formulas is given in
Appendix.

II. EFFECTIVE LAGRANGIAN

The cluster EFT, which is applied to the investigation of
nuclear reactions at stellar environments, is similar to the
pionless EFT [48,49] by adopting contact couplings among
the participating particles. In the present approach, we treat
the nuclei involved in the the reaction of >N(p, y)'°0 as
pointlike particles and describe resonance states '°O* as
bound systems of the proton and the >N nucleus. The high-
energy scale is determined by the breakup energy of '°0 and
the resonant energies are used to estimate the low-energy
scales.’

Since we have two resonant '°Q*, we construct the effec-
tive Lagrangian for this reaction as

[(v-D)* — Dz]}w

[(U . D)2 _ DZ]} di(1=0)

a

TPCSUyy] + He.)

p’ia

A PPy ]+ Hee) =y =0n0=0 g8 (—iDpad!=" + Hee.}) — y'=VnI=V{¢d (—iDpa!="s,5 + He),  (3)

where ¥, ¥, and ¢, are the fields of the proton, °N, and
the ground state of '°Q, respectively, and the masses of the
proton and N are denoted by M, and My, respectively.
The interactions with higher derivatives are suppressed in the

>The momentum scale corresponding to the radius of '°Q is about
70 MeV which is larger than our typical scales and is comparable to
the large scale. The finite-range effects would be investigated by the
expansion in powers of spatial derivatives.

(

effective Lagrangian of Eq. (3). The difields d/=% and /="
are introduced as auxiliary fields to describe the first and
second resonance states of '°Q, respectively, where [ in the
superscript indicates its isospin quantum number. The cou-
pling constants yj, yl(l), and A are the LECs which determine
the strength of the contact interactions among the proton, !N,
and '°0 nucleus.

The four-velocity vector v is chosen to be v* = (1, 0),
and D, = 3, + ieQA, is the covariant derivative where e,
0, and A, are the elementary charge, charge operator, and
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FIG. 2. Fully dressed propagator of the difield. In the right-hand
side, the double line stands for the bare propagator and the shaded
region represents the Coulomb interaction between two nuclei.

the photon field, respectively. The projection operators in the
interaction terms are defined as

3g 1 35 1
Pl( 1) — EGZUiTZ’ })1((1 1 = EGZGiTZTa’ (4’)
1 (—iD) (=iD)
—i —1
P(3P0) — _I:-L-zo-za . — . ‘520'26':|, )]
2 My M,

where the superscript in the projection operator stands for
the orbital angular momentum of the interaction between the
proton and the >N nucleus. Here o; are the Pauli spin matrices
and 7; are the Pauli isospin matrices. The integers npy.x and
Mmax are the numbers of the considered effective range param-
eters of the ERE which determine the coefficients C/=" and
CY=D for the isosinglet and isotriplet difields, respectively.
For the two resonances these integers are chosen by ny,x = 1
and mp,x = 3 corresponding to the terms up to the second and
the fourth order.°

III. DIFIELD PROPAGATOR

In the present work, we depict the intermediate resonance
states by considering the fully dressed propagator of difield
dD. As shown in Fig. 2, the fully dressed propagator is ex-
pressed as an infinite series of the bare propagator Dy and the
self-energy X as

D=(D;'—%)"". (©)
In this figure, the self-energy is represented by the bubble
diagram with a shaded region between the two bare propa-
gators. From the Lagrangian (3), the bare propagator for d*)
is written as

1
Dy (p) =

I+ Clp -
where p is the magnitude of the relative spatial momentum
between the two nuclei in the center-of-mass frame. Follow-
ing the approach of Refs. [50,51], the Coulomb interactions
between the two nuclei at low energies are described by using
the Coulomb Green’s function G¢(E), which leads to

(N

1
Sy (E) = S [T 01 Ge(E) 10)3;
1 ,
= E[y,(”]z[ —~ SkH() +J§‘V]a,-,~, ®)

%As we mentioned, the orders associated with the two resonances
differ. In order to further exploit the uncertainty control, we have
increased the order with the lower resonance to (Q;/Ay)* so that
the theoretical uncertainties from the two resonances are similar,
namely 0.008 and 0.016, respectively. However, we could not find
any improvement with this choice and we have a feature of over-
fitting. Through these trials, we found that (. = 1, Mpmax = 3) is
the optimal choice.

where E = p?/2u is the total kinetic energy and

Hp = in) = InGin) = 5. ©)
where ¥ (z) is the digamma function defined as v (z) =
d[InT'(z)]/dz with T'(z) being the gamma function. The
Sommerfeld parameter n is defined as n = «/p with k¥ =
Z,Zy hotem, Where Zy is the charge number of nucleus A. In
our case, k = 44.9 MeV.
The divergent part J§" arising from the Coulomb Green’s
function reads
div I 1 Aﬁ 3 A
fo " <e+ln 2k ik 2VE ZK)’ (19)
where y is the Euler’s constant and A is the regularization
scale introduced by performing the dimensional regularization
in space-time dimension of d = 4 — €. The term linear in A
comes from the power divergence subtraction scheme [52].
One may write the fully dressed propagator by making use
of the ERE so that the coefficients Ci(l) can be fixed by the
effective range parameters [53], which gives

Y% 4 1

DD(p) = [y ]2 ol
== ke — ey Y

and the ERE allows to write

1 1 1
) - (I) 2 D4 4.

KW (p) = 0 +2 4P Pt (12)
where ag), r®, and PP are the scattering length, effective

range, and the shape parameter, respectively, and the divergent
part J&V of Eq. (10) is absorbed by the scattering length.

Following Ref. [54], the effective range parameters appear-
ing in the intermediate propagator are related to the resonance
energy and its decay width. It is achieved by comparing the
obtained amplitude of the elastic scattering process with the
one obtained with the Breit-Wigner form. In Refs. [39,55], it
is modified by including additional terms in the denominator
of the propagator as a result of expanding the denominator
near the resonance energy. The real part of the denominator of
the propagator is then expanded as

KD =KD — 2k Re H(1)

11 1

— _ ~(1) 2 (1) 4 (1) 6

= (,) + 50— PP+ 0 (13)

up to 0(p®), where’

D = D _1/3k,
PO = pPD 4171543, (14)
0" =" —1/126k°.

"This is an expansion by p/k and, since p of the second resonance
region is close to the value of «, the expansion would be question-
able. In our case, however, the expansion of the function Re H(n)
converges fast and is valid within 5% even in the second resonance
region (E.,. S 1.5 MeV).
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FIG. 3. Feynman diagrams for the radiative capture process of >'N(p, ) '°0. The thin and thick solid lines denote the proton and the N
nucleus, respectively, and the wavy line stands for the out-going photon. The dotted line represents the ground state of the '°0 nucleus in the
final state. The shaded blobs represent the Coulomb repulsion between the proton and '*N. The circle with a cross in (g) is introduced as a

counterterm of the loop diagrams.

Here the term containing « comes from the Coulomb self-
energy, —2kH(n). The imaginary part of the propagator is
—2k Im[H(n)] = —ng, where

2mn
C, = /m (15)

is the Gamow factor.

Considering up to the order of p° in the ERE, the real part
of the denominator of propagators can be expanded around the
resonance energy as

3 ~
. 1 "KM
KOE =2 5

n=0

(E — Er)", (16)

E=ER

with KO(Eg) = 0, where Ey is the resonance energy with
Pr = v/ 21ER. The difield propagator with the effective range
parameters can also be represented in terms of the resonance
energy and width as the Breit-Wigner formula, which reads

YT sTR(EXC,?
upE — Eg + R(E) + isTR(E)’

D(p) = [y"] (17)

with n, = k/pg, and the energy dependence of the resonance
width is written as

4 1
(7 — Ppp+60ph) €™ — 1

lernR -1

[r(E) = —

= I'r(ER) (18)

e —1°

In Eq. (17), R(E) contains the higher-order corrections in the
expansion around the resonance energy, which reads

R(E) = a(E — Eg)* + b(E — Eg)’, (19)
where
_ —uP+12u0p% 8u*0

a—*, b:?. 20
7 — Pp% + 60p} 7 — Ppr + 60p5 <0

Through Eqgs. (17)-(20) we omit isospin index / for simplic-
ity. We take the resonance energy, width, a, and b as free
parameters to be fixed by fitting the experimental data of
the astrophysical S factors, which will then give the effective
range parameters through Egs. (13), (18), (20), and the condi-
tion that K (Eg) = 0.

IV. CAPTURE AMPLITUDES

The diagrams of the radiative capture amplitudes for the
SN(p, ) '°O reaction are depicted in Fig. 3. The capture
amplitude .# can be decomposed into the isosinglet and
isotriplet parts as

e

#=3

Xy 03(€ - OHIX =Y — XDy, 2D

where the spinors for the proton and the !N nucleus in the
initial state are represented by Xp and y,, respectively, and
€, is the photon polarization vector. In Fig. 3, the shaded
blobs represent the Coulomb repulsion between the proton
and 'SN. The circle with a cross (®) in Fig. 3(g) is the photon
coupling between '°Q and the difields which is introduced as
a counterterm of the loop diagrams. The isospin-dependent
terms can be written as

1=0 I=0) | 3(U=0) | 1(I=0)
X0 = Xatn + X+ Xpoy + Xy +Xeg > (22)

=1y _ yU=0 a=n a=n
X =Xare T X5 TXg (23)

where the amplitudes, X(4.p,¢), X(gj);), and X((fe’lf)) are calcu-
lated from the corresponding Feynman diagrams in Fig. 3.

In order to obtain the radiative capture amplitudes, we
follow the approach advocated by the authors of Refs. [56,57].
Using the effective Lagrangian of Eq. (3), the amplitude for
nonresonant process depicted in Fig. 3(a) in the center-of-
mass frame is obtained as
) 7€

My = A @7

X{)Te;iazajrsz, (24)
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where I(’Z) comes from the loop integration defined as

J ded*t
I = T Lrd’r el | )

x (t'| Ge(—B) | r><r = A%k><c Y | ).

p
(25)

Here B is the binding energy of '°Q relative to the p-">N
breakup threshold, k is the outgoing photon momentum, and
(r [Y¥p) = Yp(r) is the Coulomb wave function. One can ex-
pand the Coulomb wave function and Green’s function by
partial waves as

1(’7 0)

Yp(r) = Z(zl+1>ﬂel"'mr p———. (26)
=0
(' | Ge(E) | 1) = Z(zl + DGPE; 7, HAFE 1), (27)

=0

where p = pr, oy = arg[['(/ + 1 + in)] is the Coulomb phase
shift, P;(x) is the Legendre polynomial, and F;(n, p) is the
regular Coulomb function. It can be easily verified that the
s-wave (I = 0) contribution in Eq. (27) vanishes by symmetry
consideration and only the p-wave (I = 1) part contributes. In
Ref. [57], the partial-wave-expanded Coulomb Green’s func-
tion G(C]) for the bound state is shown to be simplified when
it is written in terms of the regular and irregular Coulomb

J

functions, F;(n, p) and G;(n, p), which leads to

wp Fi(n, p') iFi(n, p) + Gi(n, p)

Gg)(_B9 IO/’ 10)=_2n p/

(28)
Using the identities of the Coulomb functions [58] the loop
integration /), is rewritten as

Y r@ 4k y)e

*© Fo(n, pr)
X/ drrW K]y, 3/2(2‘}/}’)‘10<—k ) [u]’
0 M, or pr

(29)

2u
I(a) = d;;

where ji(z) and W, ;41,2(2ip) are the spherical Bessel func-
tion and the Whittaker W-function, respectively. Here y =
J2uB is the binding momentum determined by the binding
energy B of '°0 relative to the p-'>N threshold. Hence, the
amplitude .#(, is obtained as

2 oo
«%(a) = —Ys 3J;WPF(2+K/)/)€WO X /(; drrW_,(/y,3/2(2yr)
p
: G, pr)| re
Xj()(Mpk )Br [T Xp 2o*z(e SO)TH Ay -
(30)

The rest of the amplitudes can be calculated in a similar way,
and the isospin-dependent terms in Eq. (21) are obtained as

2y o Zy ([ Z, (1, \10[Fo.pr
Xa+p) =y, -T2 N drrWoy3pQyr)| o jo| ——kr ) = L jo| ——kr ) | —| ———|. 31
(@) = 3 @+ x/y)e /0 " pran yr)[MNJO(MN " ijo M, ' ar pr G
Zn z,,) .
Xc =Vs\ 7 — Crewov (32)
o= e
%) 2y . C,e'™
Xdre) = Vs 3 INQ! +”7)F(2+K/V)K(”(p)—2/<H(17)
*© Zy . (1 Zy, . (1 9 [ W_in12(=2ipr)
drrw_ 2 — —kr) — — —k — —— |, 33
X/O Wy .32( W)[MN10<MN ") =m0k ) o ; (33)
C, el Z V4 2T .
X((;)) =Yg l N “p 2cH(n) — _J(t)hv ’ (34)
KD(p)y—=2«HmM \My M, 0
X0 = oo G (35)
© uw KO(p)—2cH(n)

The integrals of Eqs. (31) and (33) can be rewritten in terms of the confluent hypergeometric functions instead of the Coulomb
and Whittaker functions [58]. In order to perform numerical integration, we simplify these integrals as

00 Z
Liat)(P) Z/ dr T7TEUQ A iy 4, 27/7)[_10< ; kr) - _pJO(ikr)]
0 My

X [M(1+in,2, =2ipr) — (1 +in)M (2 + in, 3,

0 ; V4 Z
Lawo(p) = [ dr T RUQ 4 k) 4 2yr>[A7Njo(ikr) ——”jo(ikrﬂ
N

Fe

x [U( +in,2, =2ipr)+2(1 +in)U 2 + in, 3,

M, "\M,
—2ipr)], (36)
My m,"\ M,
—2ipr)], 37
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so that X(,44) and X, can be reexpressed as

(d+e)
3

. 8 107
Xatty = iyl T@ 4 k/Y)Cpe ™ Ligrpy,  (38)

16y°p? .
X = YTF(I +inLQ+«/y)
G, el
) 39
X KO (p) — 2B () 4+ 39

where M (a, c, z) and U(a, c, z) are the confluent hypergeo-
metric functions of the first and second kinds, respectively.
The detailed derivation is given in the Appendix.

The cut-off r. is introduced in the integration of Eq. (37)
to avoid divergence. The divergence from its rest part and the
bubble diagram in Fig. 3(f) are absorbed by the counter term
containing the LEC A, which is defined by

Z V4 1 . .
hy =h" + 7 (MIZ, - A7p> (Ejgw +Lglzv+e))v (40)
p

where Jgi" is given in Eq. (10) and L?LII\:F ) 1s the divergence
part coming from the loop in Figs. 3(d) and 3(e). Explicitly, it
reads

'edr  pk [ dr
Ly - - =, 41
@+ = 6 /0 r2  2r /(‘) r 41
which has both logarithmic and linear divergences. The de-
pendence of the LECs and the astrophysical § factor on the
cut-off value of r, will be examined in the next section.

V. NUMERICAL RESULTS

The purpose of the present work is to extrapolate the as-
trophysical S factors, or equivalently the total cross sections,
of the PN(p, ) '°O reaction to the extremely low-energy
regions corresponding to stellar environments which are hard
to reach in laboratory. The astrophysical S factor is defined by
the total cross section o (E) that is given by

1 y2+p2 2
EFy=—"~—— 42
o(E) i dp E |1, (42)

spins

in the non-relativistic limit up to the leading terms in 1/M
expansion [53], where ./ is the capture amplitude defined
in Eq. (21), and y and p are introduced in the previous
section. Using the measured masses of the nuclei we obtain
y ~ 146 MeV.8

The effective Lagrangian (3) contains the following LECs:
Vss ytI 0.1 , and A'=%1_ In addition, since we include two s-wave
resonance states of 10, one with 7 = 0 and the other with
I =1, by employing ERE, additional parameters for each
resonance state are introduced as shown in Eq. (13) How-
ever, as Eq. (11) shows, the inverse of the squared y, =01 s
multiplied to the corresponding difield propagator and this

8In the present work, we use M, = 938.272 MeV for the pro-
ton mass, My = 13968.936 MeV for the >N mass, and My, =
14895.081 MeV for the °0O mass.

—— This work (RR)
—— This work (LeB)
—— This work (Imb)
} Data (RR)
1
1

101
Data (LeB)

3 Data (Imb)
>
Y -1n-2
s 10
W
wn

1073

| TR R E R I (I
0.0 0.5 1.0 1.5 2.0
Ec.m. (MeV)

FIG. 4. The astrophysical S factor. The parameters are fitted by
the three experimental data sets from Ref. [11] (RR), [18] (LeB), and
[25] (Imb). The bands indicate the error range obtained in the MCMC
calculations.

factor is canceled out when multiplied by the vertex func-
tions. Therefore, these two LECs are redundant and cannot
be determined through the analysis of the present work. The
coupling constant y, determines the strength of the coupling
between the *P, state of the p-'>N system and the ground
state of 'Q. The h U=0.D terms are the counter terms which
absorb the dlvergences from the loop integrals and the values
of h(l 0.1) depend on the cut-off r. in Eq. (41). Furthermore,
throughout numerical computations, we found that the ERE
for the first resonance of isosinglet gives stable results with
the terms up to O(p?), while O(p®) expansion is needed for
the second resonance of isotriplet. These ERE parameters
are rephrased in terms of the resonance energies (Ego, Egi),
widths (I'zo, 'r1), and higher-order corrections R(E') for the
second resonance, which introduces two parameters (a, b). As
a result, we have totally nine parameters, namely, y,, h'=%!,
Ero, Er1, T'ro, T'r1, a, and b on top of the cut-off r, value.

In this study, we work with three different data sets re-
ported by Refs. [11,18,25]. The old data set of Ref. [11],
referred to as RR, contains 53 data points which cover the en-
ergy range of 150 keV < E,, < 2500 keV. The 80 data points
reported by Ref. [18], referred to as LeB, cover the energy
range of 130keV < E, < 1800 keV. The most recent data
reported by Ref. [25], referred to as Imb, cover the similar en-
ergy region, 140 keV < E, < 1800 keV with 78 data points.’
We use these data sets separately to determine our model
parameters, which enables us to predict the astrophysical S
factor at zero energy.

For the fitting process, we adopt the Markov chain Monte
Carlo (MCMC) method [59] to minimize x 2 defined as x> =
Z,-(SiTheor T — LS‘}:‘XPL)2 /(SE )2. Figure 4 presents our results for
the astrophysical S factor of the >N(p, y) %0 reaction as a
function of the center-of-mass energy E. In Fig. 5, the same

9The data set of Ref. [18] was revised in Ref. [26]. We use the
revised data set in the present work.
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FIG. 5. Same as Fig. 4 but with logarithmic scales in both axes.

results are shown in logarithmic scales in both axes to high-
light the extrapolated S factor in the very low energy region,
which explicitly shows that the S factor becomes nearly flat
as E — 0. The bands in these figures indicate the errors in
the S factor estimation of the MCMC calculations, which are
estimated from the elements of the covariance matrix.

The fitted parameter values and the predicted S(0) for
the three data sets are given in Table I. This shows that the
resonance parameters are consistent to each other, which is
expected as the three data sets share the same structure arising
from the two resonances. The differences in the magnitudes,
in particular, between the old [11] and new data [18,25] are
reflected mostly in the differences in the couplings y, and
hk=0. This behavior is also understood as the gaps among data
sets lie mostly in the very low energy region where the direct
coupling (ys) and the coupling to the isosinglet resonance of
160 (hk=°) dominate.

The fitted resonance parameters are Egy~ 360-370
keV, T'ro &~ 250-350 keV, Ep; ~ 960-970 keV, and I'p; ~
155-160 keV. These should be compared with the experimen-
tally estimated values of Ref. [60], namely E 15())( Pt — 312 keV,
TPt = 91 keV, Ep™ = 926 keV, and 5" = 130 keV. We
can see that the differences between resonance parameters
in the present work and the empirical values are within 5—
20% except I'go. Our fitted I'gp is more than three times
the empirical value F,I?gpt'. Such a difference is also seen in
the awe scattering study within EFT in Ref. [54]. Furthermore,
the structures in the astrophysical S factors shown in Fig. 4 are

TABLE II. Reduced effective range parameters and effective
range parameters for each data set.

Data set RR [11] LeB [18] Imb [25]
ali= (10* fm) —1.722 —1.761 —1.824
F71=0 (103 fm) —7.053 —6.993 —6.746
ay=" (fm) —21.44 —19.04 —18.87
FI=D (fm) —4.342 —5.250 —5.319
PU=D (fm?) —144.07 —189.5 —192.6
QU= (fm°) —246.26 —339.5 —345.2
rU=0 (fm) 1.457 1.457 1.458

rI=D (fm) —2.878 —3.786 —3.855
PU=D (fm?) —149.72 —195.1 —198.2
QU= (fm®) —233.28 —326.5 —332.2

reasonably reproduced by the present resonance parameters.
In fact, our results indicate that the resonance structure in the
astrophysical S factor is not sensitive to the value of I'gg, and,
therefore, constraining the value of I'gy by this reaction is
not easy.'? Thus the resolution of the difference in resonance
parameters deserve more detailed and comprehensive studies
[46].

As in R-matrix analyses [10,11,26], we find that there is a
destructive interference between the two resonance contribu-
tions at £ ~ 0.5 MeV, where the contributions from the two
resonances overlap. We also find that the resonance contribu-
tions dominate the cross sections and the direct emission of
the photon without a resonance shown in Figs. 3(a)-3(c) is
suppressed.

Shown in Table II are the effective range parameters and
the reduced effective range parameters derived from the reso-
nance parameters given in Table I. As we have seen above, all
three data sets share the similar structures in the astrophysical
S factor coming from the resonances, and it is expected that
they have similar ERE parameters. For the first resonance we
take ERE up to O(p?) and for the second resonance we take
up to O(p®). Our results show that the effects from the « terms
in the reduced effective range parameters are nontrivial, in
particular, for the effective range 7. We find that there is a

"9The fitting was tried with forcing T'pa™ = 91 keV. In this case,
although the broadness of the curve of S(E) in the first resonance
region does not change, it overestimates the height of the resonance
peak.

TABLE I. The fitted values of the parameters for each data set and the derived astrophysical S factor at £ = 0 and at the Gamow energy
E; = 26 keV. The units of y, are 1072 MeV "/ and those of /% are 107> MeV'/2. The energies and widths of the resonances are given in the
units of keV. The units of @ and b are MeV~! and MeV 2, respectively, and the astrophysical S factors are in the units of keV b. For the cut-off

value, we use r. = 1.0 fm.

Data set s [ Ero Tro Egi Tri a b x2/datum 5(0) S(Eg)

RR[11] 2759 3410 —2998 3646 259.6 9672 1559 —0.389 1.158 243 7534121  80.9+12.5
LeB[18] 0.603 0.585 —31.46 3693 3474 9629 1600 —0278 1417 5.04 341+09  382+1.0
Imb[25] 0.897 0978 —31.05 359.8 2521 9626 1546 —0.326 1.636 2.58 208+1.1 332+1.1
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TABLE III. Estimated values of S(0) for the >N(p, y) '°O reac-
tion in the units of keV b. The estimated values are categorized by
the used data set(s).

S(0) (keVb)
Data of Ref. [10]
Ref. [10] 32t
Ref. [15] 35-40
Data of Ref. [11]
Ref. [11] 64+6
Ref. [15] 50
This work (RR) 753+ 12.1
Data of Refs. [10,11]
Ref. [14] 36.0+6
Ref. [16] 21.1
Data of Ref. [18]
Ref. [18] 39.6+2.6
Ref. [24] 33.1-40.1
Ref. [26] 40+3
This work (LeB) 34.14+0.9
Compiled data
Ref. [22] 4549
Ref. [27] 39.5-43.35°

Data of Ref. [19]
Ref. [47] 30.4
Data of Ref. [25]

This work (Imb) 298+ 1.1

*This value is obtained for the proton energy of 25 keV in the lab-
oratory frame, which gives the equivalent value of S(0) &~ 26keV b
[11].

"The authors of Ref. [27] obtained these values for E » = 50-60keV
and accepted it as S(0).

big cancellation in #/= between r=" and the « term, which
leads to a fine tuning of the value of #/=9.

Since we have introduced the cut-off 7, in the loop integral,
the results presented in the present work are obtained by
taking r. = 1 fm. In order to see the r. dependence of our
results, we varied the values of r. from 0.1 to 1.0 fm to confirm
that the r. dependence of our results on the astrophysical S
factor are very weak although the coupling strengths would
change.

In Table III, we list the previous estimates of the as-
trophysical S factor at zero energy S(0) from the R-matrix
analysis [10,11,14,15,18,24,26] or potential model calcula-
tions [16,22,27]. Those values of S(0) are scattered from
22 keVb to 64 keV b, depending on the data used for the
fit. We first note that our estimate on the central value of
the astrophysical S(0) using the data of Ref. [11] is somehow
larger than the values of the R matrix analyses of Refs. [11,15]
but the large error ranges overlap each other. However, these
estimates differ from the S(0) value extracted from the post-
NACRE data of Refs. [18,25], which give new values around
30 keV b. Our results are also close to the values extracted
from the data sets up to the energy region of the first resonance
reported in Refs. [22,27,47]. The comparison of our results for
S(0) with the values in the literature are visualized as well in
Fig. 6. The results presented in Table I also show that the S
factor at the Gamow energy is about 10% larger than S(0).

VI. SUMMARY AND DISCUSSION

In the present work, we studied the radiative proton capture
process, 15N(p, y) 16y, that has an important role in the CNO
cycle by connecting the CN cycle and the NO cycle. Our study
was performed by employing the EFT formalism, and, to our
knowledge, there was no application of EFT approach for the
investigation of this reaction. Three open channels of a-'2C,
a-'2C*, and p-">N can be involved to describe the resonant
states of 1°Q, and the experimental data of the N(p, y)'°0
reaction clearly show the structure of the two resonant 1~
states of '°0*. One of them is the isospin singlet state and
the other is the isospin triplet state, which have the excitation
energies of 12.45 and 13.09 MeV, respectively.

In order to describe this reaction, we employ a minimum
set of effective Lagrangian with the terms for the two 1~ states
with = 0 and I = 1 in the p-'>N channel. The resonances are
described by the difields and the structure of their propagators
are rephrased in terms of ERE and by taking the Breit-Wigner
form. The parameters introduced in the low-energy effective
Lagrangian are fitted to the available experimental data of
the astrophysical S factor of the YN(p, ¥) '°0 reaction in the
range of E, = 130 to 2500 keV. In the present analysis, we
employ the experimental data reported in Refs. [11,18,25] and

Heb RR Heb + RR LeB Compiled Caci Imb
90 —— R-matrix -90
_.80r Potential model 80
*>37o— —— EFT -70
L 60~ ; 160
~ 50 —_ ; 4150
S 40- - — -40
20 3 120
Heb Ba RR Ba Present Muk HBG [eB MLK deB Present  Xu DD SAO  Present

FIG. 6. The obtained S(0) values of the present work compared with the values in the literature. The abbreviated references are as follows:
Heb [10], Ba [15], RR [11], Muk [14], HBG [16], LeB [18], MLK [24], deB [26], Xu [22], DD [27], Caci [19], SAO [47], and Imb [25].
The references in the upper part indicate the sources of the experimental data and the references in the lower part indicate the sources of the

calculated results.
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the fitting process was performed for each data set using the
MCMC method. Then the astrophysical S factors at £ = 0 and
E = E; are extrapolated and compared with the estimates in
the literature. Our results show that the value of S(0) is in
the range of 30-35 keV b based on the data of Refs. [18,25],
which agrees with other estimates based on the post-NACRE
data. We also found that the values of S(E) are about 10%
larger than those of S(0).

The present work shows that the EFT approach can be
applied to the study of '>N(p, y) '°0. However, the extracted
resonance parameters are puzzling as they show some dis-
crepancies with the empirical values, in particular for the first
resonance state although the resonance structures in the astro-
physical S factor are well reproduced. The overestimate of a
resonance width was also found in a scattering study within
EFT, but the experimental value of a width of '°Q could be
well reproduced in the study of the S factor of '2C(a, y) '°O
within EFT [29]. This deserves more detailed and rigorous
investigations including the effects of other open channels.

ACKNOWLEDGMENTS

We are grateful to T.-S. H. Lee for fruitful discussions.
This work was supported by the National Research

Foundation of Korea (NRF) under Grants No. NRF-
2019R1F1A1040362,  No. NRF-2022R1F1A1070060,
No. NRF-2020R1A2C1007597, and No. NRF-

2018R1A6A1A06024970 (Basic Science Research Program).

APPENDIX: LOOP INTEGRALS

In this Appendix, we derive the integrals of Eqs. (36) and
(37) explicitly by using identities of the Coulomb functions,
Whittaker functions, and the confluent hypergeometric func-
tions [58]. The Coulomb function F;(n, p) is written as

F(n, p) = Cimp'Me? M1 + 1 +in, 21 + 2, =2ip), (Al)
|

o Zy . n Zp . n
drrW_e,y 3 2(2yr)[—]o<—kr) — —]0<—kr
/0 1v:3/ My "\ My M\ M,

where M (a, c, 7) is the confluent hypergeometric function of
the first kind or the Kummer’s function. The factor of C;(n) is
defined as

1

m|r(1 +14in)le 2",

G(n) = (A2)

which becomes the Gamow factor for / = 0, namely Cy(7)
becomes C, of Eq. (15). On the other hand, the Whittaker
function W, ,(z) is written as

Wep(2) = e 32720 (= + 3, 142,2),  (A3)

where U (a, c, z) is the confluent hypergeometric function of
the second kind or the Tricomi’s function.
Using Eqgs. (A1) and (A3), it is straightforward to get

W)y 32Qyr) =4y*r2e 7 UQR + ]y, 4,2yr), (Ad)
W_,; —2i )
Womi2C200) i ior (1 4 i, 2. ~2ipr). (AS)
r
Fo(n, o
PO 1) _ e odmmt +in. 2. ~2ipr). (A6)

pr
As the loop integrals of Egs. (31) and (33) contain derivatives
of the above functions, we use the identities of the derivative
of the confluent hypergeometric functions as

d
S M@.c.2) = “Ma+1,c+1,2), (A7)
dz c

d
;U(a,c,z):—aU(a+1,c+l,z), (A8)
Z

to obtain the formulas of Egs. (38) and (39). This finally leads
to the integrals of Egs. (31) and (33) in the simplified form of

o (F(n.pr)
or pr

o0 . z z
- 4y2ipC,,/ dr 7T U2 + i/, 4, 2yr)[ATNjo<ikr) - —"jo(ikr):|
N

0

X M1 +in,2, =2ipr) — (1 +in)M Q2 + in, 3, —2ipr)],

and

/Oo drrWK/yy3/2(2yr)|:Z—Nj0<Lkr)
0 My~ \My

My M,""\ M,

o0 . z z
- 8y2p2/ dr e~V BUQ 4 ey, 4, 2yr)[ATNjo<ikr) - —”j(,<ikr)}
0 N

x [U +in,2, =2ipr)+2(1 +in)U 2 +in, 3, =2ipr)].

(A9)
B ﬁj()(ikr)}E[W—in,l/z(—zilﬂ’)}
M, M, or r
My M\,
(A10)

Embedding the cut-off r. on the integration range of Eq. (A10) gives Egs. (38) and (39).
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