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Dissociation cross sections of large-momentum charmonia with light mesons in hadronic matter
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Momenta of charmonia created in Pb-Pb collisions at the CERN Large Hadron Collider are so large that three
or more mesons may be produced when the charmonia collide with light mesons in hadronic matter. We study
the meson-charmonium collision in a mechanism where the collision produces two quarks and two antiquarks;
the charm quark then fragment into charmed mesons, and the other three constituents as well as quarks and anti-
quarks created from vacuum give rise to two or more mesons. The absolute square of the transition amplitude for
the production of two quarks and two antiquarks is derived from the S-matrix element, and cross-section formulas
are derived from the absolute square of the transition amplitude and charm-quark fragmentation functions. With
a temperature-dependent quark potential, we calculate unpolarized cross sections for inclusive D+, D0, D+

s , or
D∗+ production in scattering of charmonia by π , ρ, K , or K∗ mesons. At low center-of-mass energies of the
charmonium and the light meson, the cross sections are very small. At high energies the cross sections have
obvious temperature dependence and are comparable to peak cross sections of two-to-two meson-charmonium
reactions.

DOI: 10.1103/PhysRevC.106.054901

I. INTRODUCTION

Plenty of efforts with quantum chromodynamics (QCD)
and effective field theories have been devoted to explor-
ing strong interactions of charmonia with light hadrons.
Four main approaches involved in the study are the
short-distance approach, the effective meson approach,
the quark-interchange approach, and QCD sum rules. In
the short-distance approach, methods in perturbative QCD,
for example, the operator product expansion, were applied
to charmonia of small sizes [1–3]. In the effective meson
approach, effective meson Lagrangians with different sym-
metries and Feynman diagrams with various vertex functions
have been used to get millibarn-scale cross sections for
meson-charmonium reactions [4–14]. Recently, πJ/ψ , ρηc,
and DD̄∗ (D∗D̄) reactions have been put together to form
coupled channels. The corresponding scattering amplitude de-
rived in SU(4) chiral perturbation theory is unitarized [12–14],
and cross sections obtained for πJ/ψ dissociation are differ-
ent from those given in Refs. [4–11]. In the quark-interchange
approach, charmonium dissociation in collisions with light
mesons is caused by quark interchange [15] between the char-
monium and the meson. The dissociation has been studied in
the Born approximation with quark potentials that reproduce
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spectroscopic data and provide mesonic quark-antiquark wave
functions [16–21]. In the QCD sum rules, πJ/ψ dissociation
cross sections were obtained from the general vacuum-pion
correlation function with the currents of J/ψ and of charmed
mesons in the soft-pion limit [22].

The studies reported in Refs. [1–14,16–18,22] concen-
trate on charmonium dissociation in vacuum. In hadronic
matter the dissociation is different [23]. From perturbative
QCD and lattice QCD, a temperature-dependent quark po-
tential was derived in Refs. [19,24]. This potential leads to
temperature dependence of meson masses, mesonic quark-
antiquark relative-motion wave functions, and dissociation
cross sections [19–21]. Adopting temperature dependence
in meson masses and two-meson Green functions in the
coupled-channel unitary approach, temperature-dependent
cross sections for J/ψ scattering by light mesons have been
obtained in Ref. [25].

For Pb-Pb collisions at the center-of-mass energy per
nucleon-nucleon pair

√
sNN = 5.02 TeV at the CERN Large

Hadron Collider, the prompt-J/ψ transverse momentum mea-
sured by the CMS Collaboration [26] and the ATLAS
Collaboration [27] goes up to 50 GeV/c. J/ψ mesons with
such large transverse momenta may be broken up due to
collisions with light mesons in hadronic matter, and three or
more mesons can be produced. Since the reactions studied
in Refs. [4–14,16–22,25] were limited to two-to-two meson-
charmonium reactions, a mechanism for large-momentum
charmonium dissociation is proposed in Ref. [28] to study
the production of three or more mesons in pion-charmonium
collisions. In this mechanism a collision between a light me-
son and a charmonium produces quarks and antiquarks first,
the charm quark then fragments into charmed hadrons, and
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finally three or more mesons are produced. Besides pions, ρ

mesons, kaons, vector kaons, and so on in hadronic matter
also induce charmonium dissociation. This motivates studying
the production of three or more mesons in the dissociation of
large-momentum charmonia in collisions with light mesons in
the present work.

This paper is organized as follows. In the next sec-
tion we derive cross-section formulas for dissociation of
large-momentum charmonia in collisions with light mesons.
Numerical results and relevant discussions are presented in
Sec. III. A summary is in the last section.

II. FORMALISM

We obtain the cross section for A(q1q̄2) + B(cc̄) → q1 +
q̄2 + c + c̄ → Hc + X from the cross section for A + B →
q1 + q̄2 + c + c̄ and the fragmentation function for c → Hc,
where Hc represents a hadron that contains the charm quark.
The fragmentation of the charm quark into hadrons is related
to quark-antiquark pairs created from the color field around
the charm quark, which is the scenario of Feynman and Field
[29]. The charm quark may combine the antiquark of a quark-
antiquark pair to form meson Hc. Two quark-antiquark pairs
may also form another Hc. All possible ways to form meson
Hc are accounted for by the c → Hc fragmentation function.
Hence, only one Hc symbol is in A(q1q̄2) + B(cc̄) → q1 +
q̄2 + c + c̄ → Hc + X . Unused quarks and antiquarks com-
bine q1, q̄2, and c̄ to form two or more mesons. The symbol
X indicates the two or more mesons that do not include me-
son Hc. We first derive cross-section formulas for A + B →

q1 + q̄2 + c + c̄. Let Ei be the total energy of mesons A and
B, and let Ef be that of one of constituents q1, q̄2, c, and c̄. The
S-matrix element for A + B → q1 + q̄2 + c + c̄ is

Sfi = δfi − 2π iδ(Ef − Ei )(〈q1, q̄2, c, c̄|Vq1 c̄|A, B〉
+ 〈q1, q̄2, c, c̄|Vq̄2c|A, B〉
+ 〈q1, q̄2, c, c̄|Vq1c|A, B〉+〈q1, q̄2, c, c̄|Vq̄2 c̄|A, B〉), (1)

where Vab is the potential between constituents a and b. Let
�rab be the relative coordinate of a and b, and denote the
momentum and the position vector of meson A (B) by �PA ( �PB)
and �RA ( �RB), respectively. The wave function |A, B〉 of A and
B is

ψAB = ei �PA· �RA

√
V

ψA(�rq1q̄2 )
ei �PB· �RB

√
V

ψB(�rcc̄), (2)

where every meson wave function is normalized in the volume
V , and ψA (ψB) is a wave function of color, flavor, spin, and
relative motion of the quark and the antiquark in meson A (B).
Let �p ′

q1
( �p ′

q̄2
, �p ′

c, �p ′
c̄) and �rq1 (�rq̄2 , �rc, �rc̄) denote the momentum

and the position vector of q1 (q̄2, c, c̄), respectively. The wave
function |q1, q̄2, c, c̄〉 of q1, q̄2, c, and c̄ is

ψq1q̄2cc̄ = ei �p ′
q1

·�rq1

√
V

ei �p ′
q̄2

·�rq̄2

√
V

ei �p ′
c·�rc

√
V

ei �p ′
c̄·�rc̄

√
V

× ϕq1q̄2cc̄colorϕq1q̄2cc̄flavorϕq1q̄2cc̄spin, (3)

where ϕq1q̄2cc̄color, ϕq1q̄2cc̄flavor, and ϕq1q̄2cc̄spin are the color wave
function, the flavor wave function, and the spin wave function
of q1, q̄2, c, and c̄, respectively. Using the wave functions, we
get

〈q1, q̄2, c, c̄|Vab|A, B〉 =
∫

d�rq1 d�rq̄2 d�rcd�rc̄ψ
+
q1q̄2cc̄VabψAB

=
∫

d�rq1q̄2 d�rcc̄d �Rtotald�rq1q̄2,cc̄
e−i �p ′

q1 q̄2
·�rq1 q̄2

√
V

e−i �p ′
cc̄·�rcc̄

√
V

e−i �p ′
q1 q̄2 ,cc̄·�rq1 q̄2 ,cc̄

√
V

×e−i �Pf · �Rtotal

√
V

ϕ+
q1q̄2cc̄colorϕ

+
q1q̄2cc̄flavorϕ

+
q1q̄2cc̄spinVabψA(�rq1q̄2 )ψB(�rcc̄)

×ei �pAB·�rAB

√
V

ei �Pi· �Rtotal

√
V

= (2π )3δ3( �Pf − �Pi )
Mab

V 3
√

2EA2EB2E ′
q1

2E ′̄
q2

2E ′
c2E ′̄

c

, (4)

where �Rtotal and �Pf are the center-of-mass coordinate and the total momentum of q1, q̄2, c, and c̄, respectively; �rq1q̄2,cc̄ and �p ′
q1q̄2,cc̄

are the relative coordinate and the relative momentum of the two colored pairs q1q̄2 and cc̄, respectively; �p ′
q1q̄2

is the relative

momentum of q1 and q̄2; �p ′
cc̄ is the relative momentum of c and c̄; �pAB (�rAB, �Pi) is the relative momentum (the relative coordinate,

the total momentum) of mesons A and B; EA, EB, E ′
q1

, E ′
q̄2

, E ′
c, and E ′

c̄ are the energies of A, B, q1, q̄2, c, and c̄, respectively. Mab

is the transition amplitude corresponding to Vab:

Mab =
√

2EA2EB2E ′
q1

2E ′̄
q2

2E ′
c2E ′̄

c

∫
d�rq1q̄2 d�rcc̄d�rq1q̄2,cc̄e−i �p ′

q1 q̄2
·�rq1 q̄2 −i �p ′

cc̄·�rcc̄−i �p ′
q1 q̄2 ,cc̄·�rq1 q̄2 ,cc̄

×ϕ+
q1q̄2cc̄colorϕ

+
q1q̄2cc̄flavorϕ

+
q1q̄2cc̄spinVab(�rab)ψA(�rq1q̄2 )ψB(�rcc̄)ei �pAB·�rAB . (5)

Let φAcolor (φBcolor), φAflavor (φBflavor), φArel (φBrel), and χA (χB) stand for the color wave function, the flavor wave function, the
quark-antiquark relative-motion wave function, and the spin wave function of meson A (B), respectively; denote the total angular
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momentum, the orbital angular momentum, and the spin of meson A (B) by JA (JB), LA (LB), and SA (SB), respectively. ψA and
ψB in Eq. (2) are given by

ψA(�rq1q̄2 ) = φAcolorφAflavor (φArelχA)JA
JAz

, (6)

ψB(�rcc̄) = φBcolorφBflavor (φBrelχB)JB
JBz

, (7)

where JAz (JBz) is the magnetic projection quantum number of JA (JB), and the symbol (· · ·)JA
JAz

[(· · ·)JB
JBz

] indicates the space-spin
wave function of meson A (B). The product of ψA and ψB is

ψA(�rq1q̄2 )ψB(�rcc̄) = φAcolorφBcolorφAflavorφBflavor

∑
JJz

(JAJAzJBJBz|JJz )ψJJz

in , (8)

where J is the total angular momentum of mesons A and B, and Jz is its magnetic projection quantum number; (JAJAzJBJBz|JJz )
are the Clebsch-Gordan coefficients. Let L (S) and Lz (Sz ) denote the total orbital angular momentum (total spin) of mesons A
and B and its magnetic projection quantum number, respectively. ψJJz

in comes from the coupling of the space-spin states of meson
A and of meson B:

ψ
JJz

in = [(φArelχA)JA (φBrelχB)JB ]J
Jz

=
∑
LS

√
(2JA + 1)(2JB + 1)(2L + 1)(2S + 1)

⎧⎨
⎩

LA SA JA

LB SB JB

L S J

⎫⎬
⎭

×[(φArelφBrel )
L(χAχB)S]J

Jz

=
∑

LSLzSz

√
(2JA + 1)(2JB + 1)(2L + 1)(2S + 1)

⎧⎨
⎩

LA SA JA

LB SB JB

L S J

⎫⎬
⎭

×(LLzSSz|JJz )(φArelφBrel )
L
Lz

(χAχB)S
Sz
, (9)

where the two braces in each of the second and third expressions indicate the Wigner 9 j symbol.
Denote by φiflavor, φi, and χi the flavor wave function, the space wave function, and the spin wave function of constituent

quark or antiquark labeled as i (i = q1, q̄2, c, c̄), respectively. In fact, φi equals ei �p ′
i ·�ri/

√
V in Eq. (3),

ϕq1q̄2cc̄flavor = φq1flavorφq̄2flavorcc̄, (10)

and

ϕq1q̄2cc̄spin = χq1χq̄2χcχc̄. (11)

The wave function of q1, q̄2, c, and c̄ is

ψq1q̄2cc̄ = φq1φq̄2φcφc̄ϕq1q̄2cc̄colorϕq1q̄2cc̄flavorϕq1q̄2cc̄spin. (12)

After the spin states of q1 (c) and of q̄2 (c̄) are coupled to the spin state with the spin S′
q1+q̄2

(S′
c+c̄) and its z component S′

q1+q̄2z
(S′

c+c̄z), the spin states with S′
q1+q̄2

and with S′
c+c̄ are coupled to the spin states of q1, q̄2, c, and c̄, which has the spin S′ and its z

component S′
z. In this way, we have

ϕq1q̄2cc̄spin =
∑

S′
q1+q̄2

S′
q1+q̄2z

(
sq1 sq1zsq̄2 sq̄2z|S′

q1+q̄2
S′

q1+q̄2z

)
(χq1χq̄2 )

S′
q1+q̄2

S′
q1+q̄2z

×
∑

S′
c+c̄S′

c+c̄z

(scsczsc̄sc̄z|S′
c+c̄S′

c+c̄z )(χcχc̄)
S′

c+c̄

S′
c+c̄z

=
∑

S′
q1+q̄2

S′
q1+q̄2zS′

c+c̄S′
c+c̄zS′S′

z

(
sq1 sq1zsq̄2 sq̄2z|S′

q1+q̄2
S′

q1+q̄2z

)

×(scsczsc̄sc̄z|S′
c+c̄S′

c+c̄z )
(
S′

q1+q̄2
S′

q1+q̄2zS
′
c+c̄S′

c+c̄z|S′S′
z

)
ψ

S′S′
z

final, (13)

where si is the spin of constituent i, and siz is the spin of its z component; the spin wave function ψ
S′S′

z
final is

ψ
S′S′

z

final = [(χq1χq̄2 )S′
q1+q̄2 (χcχc̄)S′

c+c̄
]S′

S′
z
. (14)
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According to Eq. (1), the transition amplitude for A + B → q1 + q̄2 + c + c̄ is

Mfi = Mq1 c̄ + Mq̄2c + Mq1c + Mq̄2 c̄, (15)

where Mq1 c̄, Mq̄2c, Mq1c, and Mq̄2 c̄ correspond to Vq1 c̄, Vq̄2c, Vq1c, and Vq̄2 c̄, respectively. Summing over the states of A, B, q1,
q̄2, c, and c̄ gives

∑
sq1zsq̄2zsczsc̄z

∑
JAzJBz

|Mfi|2 =
∑

sq1zsq̄2zsczsc̄zJJz

∣∣∣∣√2EA2EB2E ′
q1

2E ′̄
q2

2E ′
c2E ′̄

c

∑
ab

×
∫

d�rq1q̄2 d�rcc̄d�rq1q̄2,cc̄e−i �p ′
q1 q̄2

·�rq1 q̄2 −i �p ′
cc̄·�rcc̄−i �p ′

q1 q̄2 ,cc̄·�rq1 q̄2 ,cc̄

×ϕ+
q1q̄2cc̄colorϕ

+
q1q̄2cc̄flavorϕ

+
q1q̄2cc̄spinVab(�rab)ψJJz

in

×φAcolorφBcolorφAflavorφBflavore
i �pAB·�rAB

∣∣∣∣
2

, (16)

where ab in
∑

ab runs through q1c̄, q̄2c, q1c, and q̄2c̄.
The potential Vab consists of the central spin-independent potential Vsi and the spin-spin interaction Vss:

Vab(�rab) = Vsi(�rab) + Vss(�rab). (17)

Below the critical temperature Tc = 0.175 GeV, the spin-independent potential is given by

Vsi(�rab) = − �λa

2
· �λb

2
ξ1

[
1.3 −

( T

Tc

)4]
tanh(ξ2rab) + �λa

2
· �λb

2

6π

25

v(λrab)

rab
exp(−ξ3rab), (18)

where ξ1 = 0.525 GeV, ξ2 = 1.5[0.75 + 0.25(T/Tc)10]6 GeV, ξ3 = 0.6 GeV, and λ =
√

3b0/16π2α′ in which α′ = 1.04 GeV−2

and b0 = 11 − 2
3 Nf with the quark flavor number Nf = 4. �λa are the Gell-Mann matrices for the color generators of constituent

a. The dimensionless function v(x) is given by Buchmüller and Tye [30].
The spin-spin interaction with relativistic effects [31] is [19,24]

Vss(�rab) = − �λa

2
· �λb

2

16π2

25

d3

π3/2
exp
(−d2r2

ab

)�sa · �sb

mamb
+ �λa

2
· �λb

2

4π

25

1

rab

d2v(λrab)

dr2
ab

�sa · �sb

mamb
, (19)

where ma is the mass of constituent a, and d is given by

d2 = d2
1

[
1

2
+ 1

2

(
4mamb

(ma + mb)2

)4]
+ d2

2

(
2mamb

ma + mb

)2

,

where d1 = 0.15 GeV and d2 = 0.705.
One-gluon exchange between constituents a and b gives rise to the Fermi contact term − �λa

2 · �λb
2

16π2

25 δ3(�rab) �sa·�sb
mamb

in the
nonrelativistic limit. The δ3(�rab) function fixes the positions of the two constituents to �rab = 0. However, the constituent positions
fluctuate because each constituent is coupled to a gluon field which has vacuum polarization. This is similar to the well-known
fact that the fluctuation of an electron position arises from vacuum polarization of its coupled electromagnetic field [32,33].
To take into account this relativistic effect, δ3(�rab) is replaced with d3

π3/2 exp(−d2r2
ab) so as to arrive at the first term on the

right-hand side of Eq. (19). This is the smearing of the one-gluon-exchange spin-spin interaction [31]. The second term on the
right-hand side of Eq. (18) comes from one-gluon exchange plus perturbative one- and two-loop corrections. The second term on
the right-hand side of Eq. (19) originates from perturbative one- and two-loop corrections to one-gluon exchange [24]. The loop
corrections are another relativistic effect embedded in the spin-independent potential and the spin-spin interaction. Therefore,
the potential Vab given in Eq. (17) is a relativized potential.

The potential at short distances is dominated by the the second term of the spin-independent potential and the two terms of the
spin-spin interaction. When the center-of-mass energy of mesons A and B is large, short distances are reached by constituents,
and the three terms with relativistic effects make a contribution to the scattering of mesons A and B.

The total-spin operator of A and B, i.e., of q1, q̄2, c, and c̄, is

�s = �sq1 + �sq̄2 + �sc + �sc̄. (20)
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It is easily proved that the commutator of �s and the Hamiltonian that includes Vab equals zero. This leads to S′ = S and S′
z = Sz.

We thus get ∑
sq1zsq̄2zsczsc̄zJAzJBz

|Mfi|2 = 2EA2EB2E ′
q1

2E ′
q̄2

2E ′
c2E ′

c̄

×
∑

LSJLzS′
q1+q̄2

S′
c+c̄

(2JA + 1)(2JB + 1)(2S + 1)(2J + 1)

⎧⎨
⎩

LA SA JA

LB SB JB

L S J

⎫⎬
⎭

2

×
∣∣∣∣∣
∑

ab

∫
d�rq1q̄2 d�rcc̄d�rq1q̄2,cc̄e−i �p ′

q1 q̄2
·�rq1 q̄2 −i �p ′

cc̄·�rcc̄−i �p ′
q1 q̄2 ,cc̄·�rq1 q̄2 ,cc̄+i �pAB·�rAB

×ϕ+
q1q̄2cc̄colorϕ

+
q1q̄2cc̄flavorψ

SSz+
final Vab(�rab)φAcolorφBcolorφAflavorφBflavor (φArelφBrel )

L
Lz

(χAχB)S
Sz

∣∣∣∣∣
2

. (21)

We take the Fourier transform of the mesonic quark-antiquark relative-motion wave functions and the potentials:

φArel(�rq1q̄2 ) =
∫

d3 pq1q̄2

(2π )3
φArel( �pq1q̄2 )ei �pq1 q̄2 ·�rq1 q̄2 , (22)

φBrel(�rcc̄) =
∫

d3 pcc̄

(2π )3
φBrel( �pcc̄)ei �pcc̄·�rcc̄ , (23)

Vq1 c̄(�rq1 c̄) =
∫

d3Q

(2π )3
Vq1 c̄( �Q)ei �Q·�rq1 c̄ , (24)

Vq̄2c(�rq̄2c) =
∫

d3Q

(2π )3
Vq̄2c( �Q)ei �Q·�rq̄2c , (25)

Vq1c(�rq1c) =
∫

d3Q

(2π )3
Vq1c( �Q)ei �Q·�rq1c , (26)

Vq̄2 c̄(�rq̄2 c̄) =
∫

d3Q

(2π )3
Vq̄2 c̄( �Q)ei �Q·�rq̄2 c̄ . (27)

The quark-antiquark relative-motion wave functions in momentum space, φArel ( �pq1q̄2 ) and φBrel( �pcc̄), satisfy∫ d3 pq1 q̄2
(2π )3 φ+

Arel( �pq1q̄2 )φArel( �pq1q̄2 ) = ∫ d3 pcc̄

(2π )3 φ
+
Brel( �pcc̄)φBrel( �pcc̄) = 1. We finally arrive at∑

sq1zsq̄2zsczsc̄zJAzJBz

|Mfi|2 = 2EA2EB2E ′
q1

2E ′
q̄2

2E ′
c2E ′

c̄

×
∑

LSJLzS′
q1+q̄2

S′
c+c̄

(2JA + 1)(2JB + 1)(2S + 1)(2J + 1)

⎧⎨
⎩

LA SA JA

LB SB JB

L S J

⎫⎬
⎭

2

× |ϕ+
q1q̄2cc̄colorϕ

+
q1q̄2cc̄flavorψ

SSz+
final

×
{

Vq1 c̄( �Q)

[
φArel

(
�p ′

q1q̄2
− mq̄2

mq1 + mq̄2

�Q
)

φBrel

(
�p ′

cc̄ − mc

mc + mc̄

�Q
)]L

Lz

+Vq̄2c( �Q)

[
φArel

(
�p ′

q1q̄2
+ mq1

mq1 + mq̄2

�Q
)

φBrel

(
�p ′

cc̄ + mc̄

mc + mc̄

�Q
)]L

Lz

+Vq1c( �Q)

[
φArel

(
�p ′

q1q̄2
− mq̄2

mq1 + mq̄2

�Q
)

φBrel

(
�p ′

cc̄ + mc̄

mc + mc̄

�Q
)]L

Lz

+Vq̄2 c̄( �Q)

[
φArel

(
�p ′

q1q̄2
+ mq1

mq1 + mq̄2

�Q
)

φBrel

(
�p ′

cc̄ − mc

mc + mc̄

�Q
)]L

Lz

}

× (χAχB)S
Sz
φAflavorφBflavorφAcolorφBcolor|2, (28)

where �Q is the gluon momentum.
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Let dσfree represent the differential cross section corresponding to the factor ψ
SSz+
final

∑
ab Vab(φArelφBrel )L

Lz
(χAχB)S

Sz
in Eq. (28),

dσfree = (2π )4

4
√

(PA · PB)2 − m2
Am2

B

d3 p′
q1

(2π )32E ′
q1

d3 p′
q̄2

(2π )32E ′̄
q2

d3 p′
c

(2π )32E ′
c

d3 p′
c̄

(2π )32E ′̄
c

× δ4(PA + PB − p′
q1

− p′
q̄2

− p′
c − p′

c̄)2EA2EB2E ′
q1

2E ′
q̄2

2E ′
c|ϕ+

q1q̄2cc̄colorϕ
+
q1q̄2cc̄flavorψ

SSz+
final

×
{

Vq1 c̄( �Q)

[
φArel

(
�p ′

q1q̄2
− mq̄2

mq1 + mq̄2

�Q
)

φBrel

(
�p ′

cc̄ − mc

mc + mc̄

�Q
)]L

Lz

+Vq̄2c( �Q)

[
φArel

(
�p ′

q1q̄2
+ mq1

mq1 + mq̄2

�Q
)

φBrel

(
�p ′

cc̄ + mc̄

mc + mc̄

�Q
)]L

Lz

+Vq1c( �Q)

[
φArel

(
�p ′

q1q̄2
− mq̄2

mq1 + mq̄2

�Q
)

φBrel

(
�p ′

cc̄ + mc̄

mc + mc̄

�Q
)]L

Lz

+ Vq̄2 c̄( �Q)

[
φArel

(
�p ′

q1q̄2
+ mq1

mq1 + mq̄2

�Q
)

φBrel

(
�p ′

cc̄ − mc

mc + mc̄

�Q
)]L

Lz

}

× (χAχB)S
Sz
φAflavorφBflavorφAcolorφBcolor|2, (29)

where mA (mB) is the mass of meson A (B); PA = (EA, �PA); PB = (EB, �PB); s = (PA + PB)2; and p′
i = (E ′

i , �p ′
i ), with i = q1, q̄2,

c, and c̄. dσfree depends on LA, SA, LB, SB, L, S, Lz, S′
q1+q̄2

, and S′
c+c̄. The unpolarized differential cross section for A + B →

q1 + q̄2 + c + c̄ is thus

dσ
unpol
free (

√
s, T ) = (2π )4

4
√

(PA · PB)2 − m2
Am2

B

d3 p′
q1

(2π )32E ′
q1

d3 p′
q̄2

(2π )32E ′̄
q2

d3 p′
c

(2π )32E ′
c

d3 p′
c̄

(2π )32E ′̄
c

× δ4(PA + PB − p′
q1

− p′
q̄2

− p′
c − p′

c̄)
∑

sq1zsq̄2zsczsc̄zJAzJBz

|Mfi|2

=
∑

LSJLzS′
q1+q̄2

S′
c+c̄

(2S + 1)(2J + 1)

⎧⎨
⎩

LA SA JA

LB SB JB

L S J

⎫⎬
⎭

2

dσfree. (30)

Now we give the cross section for A + B → q1 + q̄2 + c + c̄ → Hc + X , which includes the fragmentation process c →
Hc. Denote by z the fraction of energy passed on from quark c to hadron Hc. The fragmentation function DHc

c (z, μ2) at the
factorization scale μ indicates that DHc

c (z, μ2)dz is the number of hadron Hc produced at z and within dz. Consequently, the
unpolarized differential cross section for A + B → q1 + q̄2 + c + c̄ → Hc + X is

dσ unpol(
√

s, T ) = dσ
unpol
free (

√
s, T )DHc

c (z, μ2)dz

=
∑

LSJLzS′
q1+q̄2

S′
c+c̄

(2S + 1)(2J + 1)

⎧⎨
⎩

LA SA JA

LB SB JB

L S J

⎫⎬
⎭

2

dσfreeDHc
c (z, μ2)dz. (31)

The present work involves the three cases: LA = 0, LB = 0; LA = 0, LB 	= 0, SA = 0; and LA = 0, LB = 1, SA = 1, SB = 1.
Values of the Wigner 9 j symbol in these cases reduce the unpolarized differential cross section to

dσ unpol(
√

s, T ) = 1

(2SA + 1)(2SB + 1)(2LB + 1)

∑
LBzSS′

q1+q̄2
S′

c+c̄

(2S + 1)dσfreeDHc
c (z, μ2)dz. (32)

The unpolarized cross section for A + B → q1 + q̄2 + c + c̄ → Hc + X is

σ unpol(
√

s, T ) = 1

(2SA + 1)(2SB + 1)(2LB + 1)

∑
LBzSS′

q1+q̄2
S′

c+c̄

(2S + 1)σ (
√

s, T ), (33)

with

σ
(√

s, T
) =

∫
dσfreeDHc

c

(
z, μ2

)
dz. (34)
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The cross section depends on temperature and the center-of-
mass energy

√
s of mesons A and B.

III. NUMERICAL RESULTS AND DISCUSSIONS

For large-momentum charmonia we consider the following
charmonium dissociation reactions:

π + J/ψ → Hc + X, π + ψ ′ → Hc + X, π

+ χc → Hc + X,

ρ + J/ψ → Hc + X, ρ + ψ ′ → Hc + X, ρ

+ χc → Hc + X,

K + J/ψ → Hc + X, K + ψ ′ → Hc + X, K

+ χc → Hc + X,

K∗ + J/ψ → Hc + X, K∗ + ψ ′ → Hc

+ X, K∗ + χc → Hc + X,

where Hc is D+, D0, D+
s , or D∗+. We solve the Schrödinger

equation with the potential given in Eq. (17) to ob-
tain φArel(�rq1q̄2 ), φBrel(�rcc̄), and temperature-dependent meson
masses where the up-quark mass, the strange-quark mass, and
the charm-quark mass are 0.32, 0.5, and 1.51 GeV, respec-
tively. The momentum-space wave functions [φArel( �pq1q̄2 ) and
φBrel( �pcc̄)] appearing in Eqs. (22) and (23) are used in Eq. (29)
to calculate dσfree.

According to Eqs. (17)–(19) and (29), we need to calcu-

late the color matrix elements ϕ+
q1q̄2cc̄color

�λa
2 · �λb

2 φAcolorφBcolor.
ϕq1q̄2cc̄color is derived in the Appendix. Corresponding to the
potentials Vq1 c̄, Vq̄2c, Vq1c, and Vq̄2 c̄, the color matrix elements
are

ϕ+
q1q̄2cc̄color

�λq1

2
· �λc̄

2
φAcolorφBcolor = −

√
6

9
, (35)

ϕ+
q1q̄2cc̄color

�λq̄2

2
· �λc

2
φAcolorφBcolor = −

√
6

9
, (36)

ϕ+
q1q̄2cc̄color

�λq1

2
· �λc

2
φAcolorφBcolor =

√
6

9
, (37)

ϕ+
q1q̄2cc̄color

�λq̄2

2
· �λc̄

2
φAcolorφBcolor =

√
6

9
. (38)

The flavor matrix elements ϕ+
q1q̄2cc̄flavorφAflavorφBflavor in

Eq. (29) are 1.

3 4 5 6 7 8 9 10 11 12

s
1/2

 (GeV)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

�u
n

p
o

l  (
m

b
)

T/T
c
=0

0.65
0.75
0.85
0.9
0.95

FIG. 1. Cross sections for ρJ/ψ → D+X + D0X + D+
s X +

D∗+X at various temperatures.

According to Eqs. (17)–(19) and (29), we calculate
ψ

SSz+
final (χAχB)S

Sz
for the central spin-independent potential and

ψ
SSz+
final �sa · �sb(χAχB)S

Sz
for the spin-spin interaction. These spin

matrix elements are listed in Table I. They are independent of
Sz, and dσfree is thus independent of Sz.

The charm-quark fragmentation functions used in Eq. (34)
are solutions of the Dokshitzer-Gribov-Lipatov-Altarelli-Paris
(DGLAP) evolution equations with μ = √

s [34,35]. The
starting point for the DGLAP evolution in μ is taken to be the
charm-quark mass. Unpolarized cross sections for charmo-
nium dissociation in collisions with π , ρ, K , and K∗ mesons
are calculated with Eq. (33). For the convenient use of the
unpolarized cross sections, they are parametrized as

σ unpol(
√

s, T ) = a1

(√
s − √

s0

b1

)c1

× exp

[
c1

(
1 −

√
s − √

s0

b1

)]
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FIG. 2. Cross sections for ρψ ′ → D+X + D0X + D+
s X + D∗+X

at various temperatures.
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FIG. 3. Cross sections for ρχc → D+X + D0X + D+
s X + D∗+X

at various temperatures.
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FIG. 4. Cross sections for KJ/ψ → D+X + D0X + D+
s X +

D∗+X at various temperatures.
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FIG. 5. Cross sections for Kψ ′ → D+X + D0X + D+
s X +

D∗+X at various temperatures.

+ a2

(√
s − √

s0

b2

)c2

× exp

[
c2

(
1 −

√
s − √

s0

b2

)]
, (39)

where
√

s0 is the threshold energy and equals the sum of the
Hc mass, the D̄ mass, the q1 mass, and the q̄2 mass. The
values of the parameters a1, b1, c1, a2, b2, and c2 are listed in
Tables II–X. In these tables, d0 is the separation between the
peak’s location on the

√
s axis and the threshold energy, and√

sz is the square root of the Mandelstam variable at which the
cross section is 1/100 of the peak cross section that is obtained
from the parametrization. We note that the parametrization of
a reaction at a given temperature is valid in the

√
s region

where the cross-section curve for the reaction is displayed
below.

Cross sections for the pion-charmonium reactions were
obtained with an early version of FORTRAN code in Ref. [28].
After an error is removed, a new version is used to calcu-
late pion-charmonium dissociation cross sections, which are
smaller than those shown in Ref. [28]. We do not plot the cross
sections, but list values of a1, b1, c1, a2, b2, c2, d0, and

√
sz in

Tables XI–XIII.
In Figs. 1–9 we plot unpolarized cross sections for the

following reactions:

ρJ/ψ → D+X + D0X + D+
s X + D∗+X,

ρψ ′ → D+X + D0X + D+
s X + D∗+X,

ρχc → D+X + D0X + D+
s X + D∗+X,

KJ/ψ → D+X + D0X + D+
s X + D∗+X,

Kψ ′ → D+X + D0X + D+
s X + D∗+X,

Kχc → D+X + D0X + D+
s X + D∗+X,

K∗J/ψ → D+X + D0X + D+
s X + D∗+X,

K∗ψ ′ → D+X + D0X + D+
s X + D∗+X,

K∗χc → D+X + D0X + D+
s X + D∗+X.

Since mesons A and B are broken up in the reaction A + B →
q1 + q̄2 + c + c̄, the produced constituents q1, q̄2, c, and c̄ are
described by plane waves. The first term on the right-hand
side of Eq. (18) stands for the confining potential. In the con-
finement regime the mesonic quark-antiquark relative-motion
wave functions are mainly determined by the confining po-
tential and are nonperturbative. The perturbative part of the
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FIG. 6. Cross sections for Kχc → D+X + D0X + D+
s X + D∗+X

at various temperatures.

mesonic quark-antiquark relative-motion wave functions is
mainly determined by the second term on the right-hand side
of Eq. (18) and the spin-spin interaction. At low energies near
threshold, the nonperturbative part of the wave functions of
mesons A and B overlap, and it is very difficult for the collision
of mesons A and B to break them to produce plane waves of
q1, q̄2, c, and c̄. Therefore, the unpolarized cross sections near
threshold are negligible. With increasing

√
s, more and more

the perturbative part of the meson wave functions is probed,
the production of plane waves gradually increases, and the
cross sections increase.

We present the unpolarized cross sections in the
√

s region
that are generally accessed by collisions between light mesons
in hadronic matter and the three charmonia (J/ψ , ψ ′, and χc).
Cross sections for some reactions at some temperatures reach
maximum values around

√
s = 11 GeV. Examples are the

cross sections for ρJ/ψ → D∗+X at T/Tc = 0.95 in Fig. 10;
ρψ ′ → D+

s X at T/Tc = 0.65, 0.75, 0.85, 0.9, and 0.95 in
Fig. 11; and K∗χc → D0X at T/Tc = 0.85 and 0.9 in Fig. 12.
Therefore, we use

√
s = 11 GeV in discussions in the next

two paragraphs.
At large

√
s values, the dependence of the cross sec-

tions on temperature is obvious. For example, at
√

s = 11
GeV the cross sections for ρJ/ψ reactions decrease with
increasing temperature, but the cross sections for ρψ ′, ρχc,
K + charmonium, and K∗ + charmonium reactions increase
first and then decrease. Denote by σ11min (σ11max) the smallest
(largest) cross section among the six cross sections corre-
sponding to T/Tc = 0, 0.65, 0.75, 0.85, 0.9, and 0.95 at

√
s =

11 GeV. Because σ11min is the cross section at T/Tc = 0.95
as seen in Figs. 1–9, it is used as a benchmark to see the
temperature dependence of cross sections for all reactions.
The ratio of σ11max to σ11min may represent the variation
of the cross section with respect to temperature. For exam-
ple, from the dashed curve and the dot-dot-dashed curve in
Fig. 8, σ11max/σ11min equals 7.46 for K∗ψ ′ → D+X + D0X +
D+

s X + D∗+X . The value indicates that the cross sections for
K∗ψ ′ reactions change rapidly with increasing temperature.
In order of the decrease of σ11max/σ11min, we list the reactions
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FIG. 7. Cross sections for K∗J/ψ → D+X + D0X + D+
s X +

D∗+X at various temperatures.
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FIG. 8. Cross sections for K∗ψ ′ → D+X + D0X + D+
s X +

D∗+X at various temperatures.
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FIG. 9. Cross sections for K∗χc → D+X + D0X + D+
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FIG. 10. Cross sections for ρJ/ψ → D∗+X at various
temperatures.

that produce D+X , D0X , D+
s X , and D∗+X : K∗ψ ′, ρψ ′, K∗χc,

ρχc, Kψ ′, K∗J/ψ , ρJ/ψ , πψ ′, Kχc, πχc, KJ/ψ , and πJ/ψ .
A low-energy reaction between a light meson and a

charmonium produces two charmed mesons. While
√

s
increases from threshold, the cross section for every
endothermic reaction rises from 0, arrives at a maximum
value, and decreases, but the cross section for every
exothermic reaction decreases rapidly from infinity and
then may increase, reaching a maximum and decreasing.
Peak cross sections of J/ψ dissociation in collisions with
π , ρ, K , and K∗ mesons are collected from some references
and are listed in Table XIV. In the last row of the table, we
show cross sections at

√
s = 11 GeV and T = 0 GeV for

πJ/ψ → D+X + D0X + D+
s X + D∗+X + D∗0X + D∗+

s X ,
ρJ/ψ → D+X + D0X + D+

s X + D∗+X + D∗0X + D∗+
s X ,

KJ/ψ → D+X + D0X + D+
s X + D∗+X + D∗0X + D∗+

s X ,
and K∗J/ψ → D+X + D0X + D+

s X + D∗+X + D∗0X +
D∗+

s X , which are obtained in the present work. Since c → D∗0

and c → D∗+
s fragmentation functions are unknown, cross

sections for πJ/ψ → D∗0X , πJ/ψ → D∗+
s X , ρJ/ψ →
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FIG. 11. Cross sections for ρψ ′ → D+
s X at various temperatures.
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FIG. 12. Cross sections for K∗χc → D0X at various temperatures.

D∗0X , ρJ/ψ → D∗+
s X , KJ/ψ → D∗0X , KJ/ψ → D∗+

s X ,
K∗J/ψ → D∗0X , and K∗J/ψ → D∗+

s X are not calculated. In
order to estimate the eight cross sections at

√
s = 11 GeV and

T = 0 GeV, it is assumed that the ratio of the cross section for
inclusive D∗0 (D∗+

s ) production to the one for inclusive D∗+
production equals the ratio of the one for inclusive D0 (D+

s )
production to the one for inclusive D+ production; that is,

σ
unpol
πJ/ψ→D∗0X

σ
unpol
πJ/ψ→D∗+X

=
σ

unpol
πJ/ψ→D0X

σ
unpol
πJ/ψ→D+X

,

σ
unpol
πJ/ψ→D∗+

s X

σ
unpol
πJ/ψ→D∗+X

=
σ

unpol
πJ/ψ→D+

s X

σ
unpol
πJ/ψ→D+X

,

σ
unpol
ρJ/ψ→D∗0X

σ
unpol
ρJ/ψ→D∗+X

=
σ

unpol
ρJ/ψ→D0X

σ
unpol
ρJ/ψ→D+X

,

and so on. It is shown from the Table XIV that the cross
sections at high

√
s in the present work are comparable to

those peak cross sections at low
√

s.

IV. SUMMARY

We have obtained temperature-dependent cross sec-
tions for dissociation of large-momentum charmonia in
collisions with π , ρ, K , and K∗ mesons in a mecha-
nism where the collision between a light meson and a
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TABLE I. Spin matrix elements.

SA 0 0 0 1 1 1 1 1 1
SB 1 1 1 1 1 1 1 1 1
S′

q1+q̄2
0 1 1 0 0 1 1 1 1

S′
c+c̄ 1 0 1 0 1 0 1 1 1

S 1 1 1 0 1 1 0 1 2

ψ
SSz+
final (χAχB)S

Sz
1 0 0 0 0 0 1 1 1

ψ
SSz+
final �sq1 · �sc̄(χAχB)S

Sz
0 − 1

4 − 1
2
√

2

√
3

4 − 1
2
√

2
− 1

2
√

2
− 1

2 − 1
4

1
4

ψ
SSz+
final �sq̄2 · �sc(χAχB )S

Sz
0 − 1

4
1

2
√

2

√
3

4
1

2
√

2
1

2
√

2
− 1

2 − 1
4

1
4

ψ
SSz+
final �sq1 · �sc(χAχB)S

Sz
0 1

4 − 1
2
√

2
−

√
3

4 − 1
2
√

2
1

2
√

2
− 1

2 − 1
4

1
4

ψ
SSz+
final �sq̄2 · �sc̄(χAχB )S

Sz
0 1

4
1

2
√

2
−

√
3

4
1

2
√

2
− 1

2
√

2
− 1

2 − 1
4

1
4

charmonium produces two quarks and two antiquarks first,
then the charm quark fragments into charmed mesons, and the
other three constituents combine with quarks and antiquarks
created from vacuum to form two or more mesons. According
to the mechanism, we have derived the transition amplitude
for A + B → q1 + q̄2 + c + c̄ from the wave functions of
mesons A and B and of q1, q̄2, c, and c̄. An expression for
the absolute square of the transition amplitude is derived from
the mesonic quark-antiquark relative-motion wave functions
and the spin wave functions. The color wave functions of
q1, q̄2, c, and c̄ are derived in group representation theory.
With the charm-quark fragmentation functions, the unpolar-
ized cross section for A + B → q1 + q̄2 + c + c̄ → Hc + X

is derived. We have calculated the color, flavor, and spin
matrix elements. The mesonic quark-antiquark relative-
motion wave functions result from the Schrödinger equa-
tion with the temperature-dependent quark potential. We have
provided parametrizations of the numerical unpolarized cross
sections.

The unpolarized cross sections for inclusive D+, D0, D+
s ,

and D∗+ production increase with increasing center-of-mass
energy of the colliding light meson and charmonium, depend-
ing on the contributions of the nonperturbative part and the
perturbative part of the quark-antiquark relative-motion wave
functions of the colliding mesons. At high

√
s the change

of the unpolarized cross sections with increasing temperature

TABLE II. Quantities relevant to the cross sections for the ρJ/ψ dissociation reactions. a1 and a2 are in units of mb; b1, b2, d0, and
√

sz

are in units of GeV; and c1 and c2 are dimensionless.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

ρ + J/ψ → D+ + X 0 0.02 4 4.1 0.16 8.3 6.2 8.11 27.19
0.65 0.01 2.9 4.2 0.13 7.2 7.9 7.16 22.27
0.75 0.006 2.5 4.4 0.106 7.7 5.7 7.69 26.2
0.85 0.002 1.8 5.7 0.084 8.2 4.2 8.2 31.01
0.9 0.002 2 5.1 0.082 8.7 3.8 8.7 33.94
0.95 0.002 1.9 6.4 0.068 8.7 3.2 8.7 36.47

ρ + J/ψ → D0 + X 0 0.05 4 4.1 0.43 8.3 6.3 8.13 27.04
0.65 0.02 2.4 5.3 0.34 7.6 6.8 7.6 24.45
0.75 0.007 1.8 6.4 0.302 8.6 4.4 8.6 31.84
0.85 0.003 1.5 9.7 0.23 8.8 3.7 8.8 34.83
0.9 0.004 1.8 5.9 0.186 8 3.9 8 31.18
0.95 0.008 1.9 5.9 0.162 7.6 3.9 7.6 29.61

ρ + J/ψ → D+
s + X 0 0.007 3.1 4.6 0.084 7.3 5.7 7.23 25.32

0.65 0.003 1.9 5.7 0.066 6.9 5.2 6.9 24.9
0.75 0.01 3.4 4.2 0.051 6.7 8.9 6.51 20.21
0.85 0.001 2 4.9 0.042 7.5 4.2 7.5 28.82
0.9 0.001 2.9 4.5 0.038 7.8 4 7.78 30.31
0.95 0.004 3.7 4.3 0.031 8 4.3 7.75 29.81

ρ + J/ψ → D∗+ + X 0 0.008 3.1 5.6 0.181 8 6.3 7.99 26.42
0.65 0.002 1.7 7.2 0.156 8.5 4.8 8.5 30.63
0.75 0.005 2.2 5.8 0.123 7.6 6 7.6 25.53
0.85 0.05 7.2 10.4 0.05 7.4 3 7.24 30.58
0.9 0.003 1.9 5.8 0.086 7.9 3.8 7.9 31.2
0.95 0.002 1.6 7.8 0.071 7.5 3.1 7.5 32.44
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TABLE III. The same as Table II except for ρψ ′.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

ρ + ψ ′ → D+ + X 0 0.01 1.7 5.3 0.347 8.4 3.6 8.4 34.23
0.65 0.1 5 9 0.7 8.2 6.4 7.88 26.51
0.75 0.2 5 9 0.6 9.7 7.3 9.3 29.13
0.85 0.02 3.2 12.5 0.28 7.3 6.8 7.3 23.42
0.9 0.003 2.5 12.9 0.162 6.9 5.5 6.9 23.96
0.95 0.002 2 4.9 0.098 7.3 4 7.3 28.28

ρ + ψ ′ → D0 + X 0 0.1 2.9 3.8 0.816 7.1 6.6 7.01 23.5
0.65 0.2 5 8 1.8 7.9 7 7.67 24.92
0.75 0.11 3.9 19.2 1.71 8.3 6.2 8.3 27.08
0.85 0.11 3.9 9.2 0.72 7 9.2 6.86 20.54
0.9 0.02 3 8 0.42 6.8 6.3 6.79 22.54
0.95 0.01 2.6 3.9 0.26 7.6 4.2 7.58 28.69

ρ + ψ ′ → D+
s + X 0 0.01 2 5.1 0.17 6.9 4.7 6.9 25.98

0.65 0.12 4.2 12 0.332 7.1 10.3 6.72 20.37
0.75 0.04 3.4 19.6 0.299 6.4 9.9 6.39 18.98
0.85 0.022 3.3 20.6 0.139 6.2 10.4 6.19 18.16
0.9 0.011 3.3 21.1 0.077 6.4 7.7 6.39 20.22
0.95 0.005 3.2 12.8 0.048 6.9 5.3 6.89 24.25

ρ + ψ ′ → D∗+ + X 0 0.01 2 6.5 0.35 7.7 5 7.7 27.84
0.65 0.031 3.5 29.8 0.79 6.9 9.7 6.9 20.36
0.75 0.11 3.9 14.7 0.61 6.6 15 6.52 17.47
0.85 0.07 4.2 10.5 0.33 7.9 6.7 7.7 25.15
0.9 0.01 3 13 0.18 6.6 5.4 6.59 23.26
0.95 0.01 3.5 3.9 0.11 7.8 3.5 7.6 31.72

TABLE IV. The same as Table II except for ρχc.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

ρ + χc → D+ + X 0 0.01 2.3 4.1 0.31 8.5 3.9 8.5 33.33
0.65 0.014 2.5 9.6 0.451 7.1 7 7.1 22.9
0.75 0.1 6 6 0.4 8.1 5.8 7.62 26.8
0.85 0.02 4 9 0.28 7.7 5.6 7.62 26.22
0.9 0.02 4 7 0.18 8.7 4.7 8.59 31.02
0.95 0.002 2 7.4 0.121 8.3 3.6 8.3 33.14

ρ + χc → D0 + X 0 0.1 4 3.4 0.96 10.2 4.3 10.03 37.47
0.65 0.01 7 2 1.25 8.1 5.1 8.1 28.75
0.75 0.1 3.8 8.4 1.3 7.5 7.5 7.44 23.31
0.85 0.1 4.1 7.5 0.7 7.5 7.8 7.33 22.85
0.9 0.01 3 10 0.4 7.2 5 7.2 25.74
0.95 0.02 3 4 0.3 7.8 4.7 7.74 28.02

ρ + χc → D+
s + X 0 0.01 3 4.1 0.16 8 3.8 7.94 32.07

0.65 0.005 5 2.9 0.232 6.5 6 6.48 22.57
0.75 0.014 3.9 15 0.247 6.4 7.1 6.34 20.96
0.85 0.02 3.4 16.1 0.14 6.4 8.8 6.37 19.52
0.9 0.01 3.5 17.1 0.08 6.4 7.2 6.36 20.65
0.95 0.013 3.7 8.8 0.049 7.1 7.1 6.85 22.35

ρ + χc → D∗+ + X 0 0.01 2.6 5.6 0.33 8.1 4.9 8.1 29.28
0.65 0.1 5.5 11.4 0.6 10.1 4.9 9.8 35.23
0.75 0.1 4.9 8.4 0.5 7.6 8.4 7.25 22.7
0.85 0.012 3.1 13.1 0.305 6.3 7.3 6.29 20.34
0.9 0.01 2.7 11.2 0.192 6.9 5.3 6.9 24.3
0.95 0.03 3.4 4.4 0.12 7.1 7 6.81 22.25

054901-12



DISSOCIATION CROSS SECTIONS OF LARGE-MOMENTUM … PHYSICAL REVIEW C 106, 054901 (2022)

TABLE V. The same as Table II except for KJ/ψ .

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

K + J/ψ → D+ + X 0 0.01 0.01 0.08 0.11 9.13 3.77 9.13 36.18
0.65 0.01 0.01 0.07 0.11 8.83 3.8 8.83 34.93
0.75 0.01 0.01 0.08 0.105 8.71 3.68 8.71 34.91
0.85 0.01 0.01 0.09 0.097 8.42 3.57 8.42 34.21
0.9 0.01 0.01 0.07 0.088 7.99 3.46 7.99 33
0.95 0.01 2.9 4.4 0.08 7.7 4.7 7.62 27.88

K + J/ψ → D0 + X 0 0.01 0.01 0.06 0.28 9 3.85 9 35.41
0.65 0.01 0.01 0.05 0.28 8.73 3.87 8.73 34.32
0.75 0.01 0.01 0.09 0.29 9.13 3.64 9.13 36.56
0.85 0.01 0.01 0.08 0.26 8.62 3.58 8.62 34.88
0.9 0.01 0.01 0.08 0.24 8.39 3.41 8.39 34.67
0.95 0.02 2.9 4.4 0.22 8.3 4 8.25 31.82

K + J/ψ → D+
s + X 0 0.01 0.01 0.08 0.05 7.38 4.05 7.38 29.34

0.65 0.01 0.01 0.07 0.06 8.12 3.69 8.12 32.97
0.75 0.01 0.01 0.09 0.05 7.25 3.84 7.25 29.35
0.85 0.01 4.4 4.6 0.05 9.4 4.1 8.9 35.48
0.9 0.01 4.1 4.7 0.04 8 5.3 7.48 27.69
0.95 0.01 3.7 5.1 0.04 8.7 4.9 8.41 30.61

K + J/ψ → D∗+ + X 0 0.01 0.01 0.09 0.11 8.5 4.5 8.5 31.73
0.65 0.01 0.01 0.07 0.12 8.43 4.32 8.43 31.91
0.75 0.01 0.01 0.13 0.12 8.45 4.04 8.45 32.76
0.85 0.01 0.01 0.1 0.107 7.76 3.71 7.76 31.37
0.9 0.01 0.01 0.09 0.099 7.35 3.42 7.35 30.86
0.95 0.01 2.5 4.7 0.09 7.1 4.2 7.06 27.23

TABLE VI. The same as Table II except for Kψ ′.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

K + ψ ′ → D+ + X 0 0.01 0.01 0.08 0.18 8.02 3.69 8.02 32.63
0.65 0.01 0.01 0.03 0.28 6.78 7.22 6.78 22.02
0.75 0.1 4.8 9 0.243 8.47 9.6 7.9 23.92
0.85 0.02 3.7 10 0.188 7.8 5.8 7.76 26.36
0.9 0.02 4 7 0.15 8.7 4.5 8.55 31.75
0.95 0.02 4.2 3.8 0.1 8.7 4 8.15 32.99

K + ψ ′ → D0 + X 0 0.01 0.01 0.06 0.48 8.19 3.69 8.19 33.23
0.65 0.01 0.01 0.02 0.73 6.81 7.26 6.81 22.06
0.75 0.14 4.3 10 0.705 8.13 7.67 7.96 24.9
0.85 0.1 4.2 8 0.481 8.1 6.9 7.86 25.55
0.9 0.1 4.7 6 0.44 10.6 4.4 10.25 38.11
0.95 0.01 3 6 0.3 8.6 3.3 8.59 35.76

K + ψ ′ → D+
s + X 0 0.01 0.01 0.08 0.1 7.48 3.63 7.48 31.06

0.65 0.05 4.2 13.6 0.15 7.6 7.5 7.34 23.89
0.75 0.03 3.7 19 0.133 6.83 7.67 6.79 21.72
0.85 0.017 3.4 20 0.091 6.6 7.5 6.59 21.18
0.9 0.014 3.5 15 0.067 6.9 6.4 6.86 23.01
0.95 0.02 4.1 6.6 0.05 8.6 6.4 8.1 27.36

K + ψ ′ → D∗+ + X 0 0.01 2.6 6.4 0.2 7.7 5.7 7.7 26.7
0.65 0.1 5 14 0.47 10.4 6.5 10.36 32.68
0.75 0.05 4.1 18 0.318 7.94 7.41 7.92 24.81
0.85 0.047 3.9 10 0.211 7.6 7.1 7.44 24.06
0.9 0.04 4 7 0.18 9.2 4.4 9.01 33.66
0.95 0.03 4 4 0.12 9.3 3.5 8.65 37.19
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TABLE VII. The same as Table II except for Kχc.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

K + χc → D+ + X 0 0.01 0.01 0.06 0.18 8.93 3.37 8.93 37.29
0.65 0.01 0.01 0.05 0.23 7.6 4.98 7.6 27.53
0.75 0.1 5.5 6.4 0.273 11.4 5.8 10.65 36.57
0.85 0.03 4 8 0.183 7.9 6.2 7.72 25.98
0.9 0.02 4 6.7 0.15 8.6 4.5 8.43 31.43
0.95 0.01 3.6 5 0.12 9 3.3 8.9 37.23

K + χc → D0 + X 0 0.01 0.01 0.05 0.46 8.85 3.42 8.85 36.75
0.65 0.01 0.01 0.04 0.59 7.59 5.04 7.59 27.38
0.75 0.1 4.7 8.1 0.695 9.51 4.97 9.31 33.23
0.85 0.1 4.4 8 0.519 9.1 5.3 8.89 31.06
0.9 0.1 4.3 5.9 0.37 8.4 6.5 7.96 26.69
0.95 0.1 5.1 4 0.4 14 3.2 13.51 56.52

K + χc → D+
s + X 0 0.01 0.01 0.08 0.09 7.6 3.52 7.6 31.9

0.65 0.01 0.01 0.06 0.12 6.59 5.26 6.59 24.06
0.75 0.013 3.6 18 0.12 6.9 5.8 6.88 24.04
0.85 0.032 3.9 12 0.089 7.4 8.2 7.2 22.55
0.9 0.02 3.7 11.3 0.07 7.3 7.5 7.17 22.85
0.95 0.01 3.2 9.5 0.05 6.7 6.2 6.61 22.52

K + χc → D∗+ + X 0 0.01 0.01 0.08 0.18 8.29 4.11 8.29 32.22
0.65 0.01 0.01 0.06 0.28 8.15 5.44 8.15 28.35
0.75 0.1 5.3 8.4 0.303 10.92 5.49 10.46 36.12
0.85 0.05 4 9 0.207 7.6 7.1 7.35 24.04
0.9 0.03 3.8 7.2 0.17 8.2 4.5 8.01 30.17
0.95 0.02 3.7 4.6 0.13 8.7 3.2 8.39 36.6

TABLE VIII. The same as Table II except for K∗J/ψ .

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

K∗ + J/ψ → D+ + X 0 0.01 3 4.4 0.15 8.3 5 8.27 29.69
0.65 0.009 2.5 4.3 0.154 8.1 5.4 8.09 28.17
0.75 0.01 2.7 4 0.12 7.9 5.6 7.87 27.13
0.85 0.002 1.6 6.6 0.083 8.6 3.4 8.6 35.62
0.9 0.01 2.8 4.1 0.07 7.1 6.5 7.01 23.27
0.95 0.003 2 6 0.062 8.6 2.9 8.6 38.01

K∗ + J/ψ → D0 + X 0 0.1 6 3.4 0.41 11.3 4.3 10.43 40.86
0.65 0.01 1.8 5.6 0.39 8.3 4.3 8.3 31.44
0.75 0.01 1.9 4.8 0.31 8.2 4.2 8.2 31.32
0.85 0.01 2 5 0.22 8.1 4.1 8.1 31.17
0.9 0.03 3.1 3.9 0.17 7.2 7.1 7.05 22.83
0.95 0.004 1.5 8 0.14 7.4 3.1 7.4 32.23

K∗ + J/ψ → D+
s + X 0 0.02 4.3 4.1 0.07 8.2 6.5 7.7 26.61

0.65 0.005 2.3 4.2 0.073 6.9 4.9 6.88 25.64
0.75 0.007 3.2 3.5 0.057 7.8 4.3 7.62 29.76
0.85 0.001 2 5.5 0.046 8 3.4 8 33.55
0.9 0.004 2.6 5.1 0.031 6.9 5.3 6.85 24.6
0.95 0.006 3 4.8 0.024 6.6 6.8 6.38 21.52

K∗ + J/ψ → D∗+ + X 0 0.03 4.7 4.6 0.15 8.4 7.5 8.07 25.97
0.65 0.007 2.5 4.9 0.147 7.4 5.8 7.39 25.56
0.75 0.01 2.7 4.7 0.12 7.2 6.2 7.17 24.31
0.85 0.003 1.7 6.6 0.094 7.7 3.7 7.7 31.2
0.9 0.002 1.7 7.4 0.079 7.8 3 7.8 34.5
0.95 0.003 1.5 9.6 0.062 6.8 3 6.8 30.39
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TABLE IX. The same as Table II except for K∗ψ ′.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

K∗ + ψ ′ → D+ + X 0 0.01 2 5.1 0.31 8.4 3.5 8.4 34.78
0.65 0.2 5.2 8.9 0.7 9.6 5.2 8.87 32.91
0.75 0.1 4 9.5 0.6 7.5 8.1 7.36 22.91
0.85 0.02 3 11 0.28 6.7 6.8 6.69 22.01
0.9 0.002 2.2 11.2 0.164 6.9 4.8 6.9 25.4
0.95 0.01 6 3 0.09 8.6 2.9 8.28 37.66

K∗ + ψ ′ → D0 + X 0 0.1 2.9 4.2 0.78 7.5 6 7.42 25.53
0.65 0.08 3.5 24 1.91 7.5 6.3 7.5 25
0.75 0.2 3.8 9.8 1.6 7.1 8.7 7.01 21.46
0.85 0.1 3.3 9.5 0.8 6.9 8.5 6.86 21
0.9 0.01 3 10 0.44 7.5 4.4 7.5 28.21
0.95 0.001 1.2 7.7 0.229 7.3 3.2 7.3 31.38

K∗ + ψ ′ → D+
s + X 0 0.005 1.7 6 0.151 7.1 3.7 7.1 29.48

0.65 0.08 4 14 0.36 7 6.9 6.79 22.97
0.75 0.06 3.5 15.7 0.31 6.5 8.8 6.45 20.04
0.85 0.031 3.4 15.8 0.145 6.4 8.9 6.36 19.63
0.9 0.009 3.1 16.7 0.083 6.4 6.9 6.39 21.12
0.95 0.005 3.1 7.5 0.042 6.7 5.1 6.62 24.17

K∗ + ψ ′ → D∗+ + X 0 0.01 2 6.3 0.32 7.7 4.7 7.7 28.69
0.65 0.3 4.9 11.5 0.8 8 12.8 7.58 21.3
0.75 0.1 4.2 16.3 0.7 7.5 7.5 7.43 23.58
0.85 0.08 4 9 0.37 7.9 6.7 7.72 25.33
0.9 0.04 4 6 0.17 7.5 4.8 6.96 27.12
0.95 0.003 1.9 7.2 0.109 7.3 3 7.3 32.34

TABLE X. The same as Table II except for K∗χc.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

K∗ + χc → D+ + X 0 0.02 3 3.5 0.3 9.1 3.9 9.05 35.54
0.65 0.004 2 6.6 0.472 7.5 5.1 7.5 26.98
0.75 0.1 5.5 7.4 0.4 8.2 4.7 7.4 29.57
0.85 0.009 2.6 12.4 0.277 6.7 6 6.7 22.97
0.9 0.01 3 7.3 0.18 7.8 4.6 7.79 28.66
0.95 0.01 3.1 3.6 0.11 8.4 3.8 8.3 32.86

K∗ + χc → D0 + X 0 0.1 4.1 3.2 0.88 10.7 3.9 10.49 40.95
0.65 0.02 6.7 2.1 1.23 7.7 4.9 7.69 28.24
0.75 0.1 3.8 6.8 1.3 7.6 6.3 7.52 25.17
0.85 0.02 2.4 14.9 0.75 6.9 5.9 6.9 23.67
0.9 0.04 4.7 7.7 0.43 8 4 7.7 30.94
0.95 0.01 4 3 0.29 8.7 3.1 8.59 37.16

K∗ + χc → D+
s + X 0 0.02 3.3 3.8 0.14 8.1 4.2 7.9 31.22

0.65 0.01 5 3 0.24 6.3 5.7 6.27 22.62
0.75 0.04 4 10 0.25 6.9 6.1 6.64 23.57
0.85 0.018 3.1 17.5 0.152 6.3 7.7 6.29 20.25
0.9 0.02 3.4 11.2 0.08 6.4 9.6 6.28 19.09
0.95 0.006 3.1 9.4 0.048 6.6 5.3 6.55 23.54

K∗ + χc → D∗+ + X 0 0.01 2.7 5.2 0.31 8.6 4.3 8.6 32.64
0.65 0.1 4.8 13.7 0.95 12.9 4 12.9 47.98
0.75 0.1 4.7 10 0.5 8 5.9 7.56 26.9
0.85 0.04 3.5 9.8 0.337 7.1 6.3 7.04 23.71
0.9 0.02 3 6 0.19 6.7 5.9 6.63 22.97
0.95 0.01 2.8 4.1 0.12 7.8 3.2 7.73 33.26
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TABLE XI. The same as Table II except for πJ/ψ .

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

π + J/ψ → D+ + X 0 0.01 0.01 0.09 0.12 9.27 4.18 9.27 34.91
0.65 0.01 0.01 0.09 0.12 9.17 4.16 9.17 34.56
0.75 0.01 0.01 0.1 0.11 8.67 4.16 8.67 32.82
0.85 0.01 0.01 0.09 0.102 8.23 4.12 8.23 31.36
0.9 0.01 0.01 0.11 0.099 8.08 3.93 8.08 31.35
0.95 0.01 3.2 4.9 0.1 8.3 4.6 8.24 29.84

π + J/ψ → D0 + X 0 0.01 0.01 0.09 0.3 9.15 4.23 9.15 34.34
0.65 0.01 0.01 0.09 0.31 9.13 4.2 9.13 34.29
0.75 0.01 0.01 0.08 0.3 8.92 4.16 8.92 33.65
0.85 0.01 3.1 5.4 0.29 8.6 4.7 8.59 30.86
0.9 0.01 0.01 0.09 0.27 8.33 3.93 8.33 32.19
0.95 0.02 3 5 0.26 8.1 4.6 8.07 29.21

π + J/ψ → D+
s + X 0 0.01 0.01 0.1 0.06 7.98 4.41 7.98 30.1

0.65 0.01 0.01 0.1 0.06 7.87 4.24 7.87 30.11
0.75 0.01 4.5 5.1 0.06 9.5 4.5 9.14 34.41
0.85 0.01 4.1 5.4 0.05 8 6.2 7.67 26.13
0.9 0.01 4.2 5.7 0.05 8.7 5.2 8.36 29.88
0.95 0.006 3.5 6.3 0.044 7.6 5 7.46 26.88

π + J/ψ → D∗+ + X 0 0.01 0.01 0.1 0.12 8.58 5.01 8.58 30.48
0.65 0.01 0.01 0.09 0.12 8.3 4.85 8.3 29.89
0.75 0.01 3.6 5.9 0.12 7.9 6.7 7.84 25.35
0.85 0.02 4.5 4.8 0.13 9.4 5 9.09 32.49
0.9 0.01 3.5 4.9 0.12 8.3 4.4 8.21 30.6
0.95 0.01 3 5.1 0.11 7.8 4 7.74 29.96

TABLE XII. The same as Table II except for πψ ′.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

π + ψ ′ → D+ + X 0 0.01 0.01 0.08 0.17 8.07 4 8.07 31.53
0.65 0.01 0.01 0.03 0.25 6.97 7.64 6.97 21.93
0.75 0.03 4.2 13 0.246 8.2 6.9 8.15 25.82
0.85 0.017 3.8 11 0.172 7.7 6.5 7.66 24.86
0.9 0.05 4.9 6.4 0.17 10.6 6 10.21 33.48
0.95 0.01 3.7 5.1 0.12 8.5 4 8.38 32.3

π + ψ ′ → D0 + X 0 0.01 0.01 0.06 0.44 8.04 4.06 8.04 31.23
0.65 0.01 0.01 0.02 0.64 6.91 7.88 6.91 21.57
0.75 0.05 4 14 0.614 7.7 7.2 7.67 24.15
0.85 0.05 4 10 0.458 7.9 6.6 7.83 25.26
0.9 0.1 4.5 6.7 0.36 8.4 7.6 7.98 25.12
0.95 0.1 4.8 4.5 0.31 9.7 5.6 8.95 31.43

π + ψ ′ → D+
s + X 0 0.01 0.01 0.06 0.09 7.26 4.05 7.26 28.76

0.65 0.03 4.1 18.7 0.14 7.5 7.3 7.44 23.69
0.75 0.023 3.8 24 0.117 6.9 7.9 6.88 21.52
0.85 0.021 3.8 19.5 0.091 7.6 7.1 7.59 23.98
0.9 0.018 3.9 15.1 0.073 8.1 6.2 8.07 26.39
0.95 0.02 4.2 8.3 0.07 10.5 4.9 10.44 35.98

π + ψ ′ → D∗+ + X 0 0.01 0.01 0.01 0.19 8.13 4.8 8.13 29.61
0.65 0.09 5 16.7 0.82 14.2 5.7 14.2 44.98
0.75 0.095 4.9 14.5 0.732 14.3 5.7 14.3 45.15
0.85 0.031 3.9 13 0.202 7.7 6.7 7.65 24.64
0.9 0.03 3.8 7.7 0.16 7.7 6.1 7.52 25.28
0.95 0.03 4 4.9 0.15 9.8 3.8 9.52 37.49
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TABLE XIII. The same as Table II except for πχc.

Reaction T/Tc a1 b1 c1 a2 b2 c2 d0
√

sz

π + χc → D+ + X 0 0.01 0.01 0.1 0.17 8.86 3.72 8.86 35.27
0.65 0.01 0.01 0.06 0.21 7.83 5.29 7.83 27.41
0.75 0.05 5 7.2 0.21 8.8 6.9 8.32 27.27
0.85 0.02 4 10 0.18 8.2 6 8.14 26.97
0.9 0.03 4.4 6.7 0.15 9 5.6 8.71 29.79
0.95 0.01 3.8 5.8 0.13 8.8 3.8 8.71 34.07

π + χc → D0 + X 0 0.01 0.01 0.07 0.45 8.98 3.75 8.98 35.56
0.65 0.01 0.01 0.05 0.54 7.85 5.33 7.85 27.39
0.75 0.1 5 9 0.68 10.3 5 10.14 35.38
0.85 0.12 4.7 8 0.495 9.2 6.9 8.9 28.26
0.9 0.1 4.7 6.5 0.41 9.6 5.8 9.21 31.07
0.95 0.1 5 4.5 0.36 11 4.4 10.26 38.89

π + χc → D+
s + X 0 0.01 0.01 0.09 0.09 7.74 3.93 7.74 30.74

0.65 0.01 0.01 0.06 0.11 6.6 5.85 6.6 23.01
0.75 0.01 3.6 19 0.109 6.94 6.42 6.93 23.14
0.85 0.02 3.8 15 0.085 7.1 8.2 7.02 21.65
0.9 0.02 3.9 12.7 0.07 7.6 7.7 7.49 23.23
0.95 0.02 3.9 9.3 0.06 8 7.6 7.81 24.15

π + χc → D∗+ + X 0 0.01 0.01 0.08 0.17 8.09 4.64 8.09 29.88
0.65 0.01 0.01 0.07 0.23 7.96 5.92 7.96 26.77
0.75 0.08 5.3 9.8 0.377 12.5 5.2 12.45 41.48
0.85 0.027 3.8 11.6 0.199 7.5 6.9 7.44 23.87
0.9 0.03 3.9 7.9 0.17 8.2 5.3 8.04 28.11
0.95 0.03 4 5.1 0.15 9.4 3.8 9.08 36.1

is obvious. Compared to the peak cross sections obtained in
the effective meson approach and in the quark-interchange
approach at low

√
s, a similar scale of cross sections at high√

s has been obtained.

TABLE XIV. Values selected from references are peak cross
sections, and the four values in the last row are the cross sections
obtained in the present work at

√
s = 11 GeV and T = 0 GeV. The

cross sections are in units of mb.

Reference πJ/ψ ρJ/ψ KJ/ψ K∗J/ψ

[5] 2.5 0.9
[6] 3.7 2.9
[7] 6.2 3
[10] 1.56
[11] 0.83
[12] 3.8
[13] 7 2.7
[14] 0.5 1.7 0.36 1.2
[16] 7
[17] 0.9 5.7 0.8
[18] 1.41 10.4
[19] 0.37 2.12
[20] 0.6
[21] 1.05

0.82 1.28 0.76 1.11
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APPENDIX: THE COLOR WAVE FUNCTION
OF q1, q̄2, c, AND c̄

Based on Ref. [36], we provide a way to construct the
color wave functions of q1, q̄2, c, and c̄ that are produced in a
collision of mesons A and B. The three color wave functions
of a quark (an antiquark) are denoted by r, g, and b (r̄, ḡ, and
b̄), respectively. To apply a permutation group to obtain the
color wave function ϕq1q̄2cc̄color, we use 1, 2, 3, and 4 to label
q1, q̄2, c, and c̄, respectively. The numbers 1 and 2 form an S2

group, and the numbers 3 and 4 form another S2 group. The
direct product of the two permutation groups is the group that
has the following four elements:

R1 =
(

1 2 3 4
1 2 3 4

)
, R2 =

(
1 2 3 4
2 1 3 4

)
,

R3 =
(

1 2 3 4
1 2 4 3

)
, R4 =

(
1 2 3 4
2 1 4 3

)
.

Each group element forms a class, and the S2 × S2 group has
four classes. The class operator is defined as the sum of all
group elements in the class. The group has the following four
class operators:

C1 = R1, C2 = R2, C3 = R3, C4 = R4. (A1)

054901-17



PAN, SHI, XU, AND WEBER PHYSICAL REVIEW C 106, 054901 (2022)

In the class space, the class operators give

CiCj =
4∑

k=1

Dk j (Ci )Ck, (A2)

where Dk j (Ci ) form a matrix that defines a representation of
Ci as

D(C1) =

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎠, D(C2) =

⎛
⎜⎝

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎞
⎟⎠,

D(C3) =

⎛
⎜⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞
⎟⎠, D(C4) =

⎛
⎜⎝

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞
⎟⎠.

Let Q and λi individually stand for the eigenvector and the
eigenvalue of Ci in the class space, and Q is expressed as

Q =
4∑

j=1

q jCj, (A3)

where q j are determined by

CiQ = λiQ, (A4)

that is,⎡
⎢⎣D(Ci ) − λi

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎠
⎤
⎥⎦
⎛
⎜⎝

q1

q2

q3

q4

⎞
⎟⎠ = 0. (A5)

Solving the above equations, we get the projection operator
which differs from Q by a constant:

P = q4(C1 + C2 + C3 + C4). (A6)

Let P operate on the following six color wave functions:

ϕ1 = r(1)r(2)r̄(3)r̄(4), (A7)

ϕ2 = g(1)g(2)ḡ(3)ḡ(4), (A8)

ϕ3 = b(1)b(2)b̄(3)b̄(4), (A9)

ϕ4 = r(1)g(2)r̄(3)ḡ(4), (A10)

ϕ5 = g(1)b(2)ḡ(3)b̄(4), (A11)

ϕ6 = b(1)r(2)b̄(3)r̄(4), (A12)

and then add normalized Pϕ1, Pϕ2, Pϕ3, Pϕ4, Pϕ5, and Pϕ6

to give the color singlet of q1, q̄2, c, and c̄,

ϕq1q̄2cc̄color = 1√
6
{r(1)r(2)r̄(3)r̄(4) + g(1)g(2)ḡ(3)ḡ(4) + b(1)b(2)b̄(3)b̄(4)

+1

2
[r(1)g(2)r̄(3)ḡ(4) + r(2)g(1)r̄(3)ḡ(4) + r(1)g(2)r̄(4)ḡ(3)

+r(2)g(1)r̄(4)ḡ(3)] + 1

2
[g(1)b(2)ḡ(3)b̄(4) + g(2)b(1)ḡ(3)b̄(4)

+g(1)b(2)ḡ(4)b̄(3) + g(2)b(1)ḡ(4)b̄(3)] + 1

2
[b(1)r(2)b̄(3)r̄(4)

+b(2)r(1)b̄(3)r̄(4) + b(1)r(2)b̄(4)r̄(3) + b(2)r(1)b̄(4)r̄(3)]}. (A13)

It satisfies

(�λq1 + �λq̄2 + �λc + �λc̄)ϕq1q̄2cc̄color = 0. (A14)

Denote by φq1cm (φq̄2cm, φccm, φc̄cm) the color wave function of
q1 (q̄2, c, c̄). When m runs from 1 to 3, φq1cm and φccm are r,
g, and b, and φq̄2cm and φc̄cm are r̄, ḡ, and b̄, respectively. With

this notation the color singlet is given by the following short
expression,

ϕq1q̄2cc̄color = 1

2
√

6

3∑
m=1

3∑
n=1

(φq1cmφccnφq̄2cmφc̄cn

+ φq1cmφccnφq̄2cnφc̄cm). (A15)
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