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The half-lives of two-proton (2p) emitters 6Be, 12O, 16Ne, 19Mg, 45Fe, 48Ni, 54Zn, and 67Kr have been predicted
using the Coulomb and proximity potential model for deformed nuclei (CPPMDN) incorporating ground-state
deformation (β2) and orientation effect, and the predicted values are compared with experimental data. As
predicted values are in agreement with experimental data I extended my studies to 51 nuclei, whose decay
are energetically possible with released energy Q2p > 0 for which 2p radioactivity is not yet experimentally
detected, and the predicted half-life values are compared with other theoretical models/formulas. I hope the
future experimental investigations will be guided by these predictions. The new Geiger Nuttall plot connecting
log10[T1/2(s)] computed using the CPPMDN versus [Z0.8

d + �β ]Q−1/2
2p is found to be linear which shows the

reliability of my calculations. It is found for the first time that 2p radioactivity also obeys the linear nature of a
universal curve connecting log10[T1/2(s)] versus − ln P as that of the proton, α, and cluster radioactivity.

DOI: 10.1103/PhysRevC.106.054604

I. INTRODUCTION

The simultaneous emission of two protons from an ex-
otic nucleus near or beyond the proton drip line is known
as two-proton (2p) radioactivity. This phenomenon was first
predicted by Zel’dovich [1] and independently by Goldansky
[2,3] in 1960. The two-proton emission was experimentally
observed, only four decades after its first prediction. The de-
velopment of advanced detection technologies and radioactive
beam facilities led to the detection of true 2p radioactivity
(Q2p > 0 and Q1p < 0, where Q2p and Q1p are the en-
ergy released in 2p and 1p radioactivity, respectively) from
45Fe at GSI [4] and at GANIL [5]. Later 2p radioactivity
was detected from the nuclei 54Zn [6], 48Ni [7], 19Mg [8],
67Kr [9], and the extremely short-lived 2p radioactivity from
ground state was also reported from 6Be [10], 12O [11], and
16Ne [11].

A systematic theoretical investigation on 2p radioactivity
as a three-body problem was performed by Swan [12] in 1965.
Also many theoretical studies have been performed using
a relativistic mean-field plus state-dependent BCS approach
[13–18] and a macroscopic-microscopic approach with the
Nilsson-Strutinsky prescription [19,20]. The 2p radioactivity
can be classified into three types: (1) as a three-body emission,
(2) sequential emission, and (3) as a 2He cluster emission.
In three-body emission [21–24], the nuclear core and the two
protons separate simultaneously, and the two protons are only
relevant to the final correlation and emitted from the parent
nucleus. In the sequential emission [2,25], the initial nucleus
first decays to an intermediate state by emitting a proton,
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and then the intermediate state decays by emitting another
proton. In 2He cluster emission the strongly correlated two
protons constitute a quasibound state and after penetrating
through the barrier it separates into two protons. This category
includes the effective liquid drop model (ELDM) [26], the
Gamow-like model (GLM) [27], the generalized liquid drop
model (GLDM) [28], etc. Further four parameter empirical
formula (EF) by Sreeja and Balasubramaniam [29] and the
two-parameter new Geiger Nuttal law (GNL) by Liu et al.,
[30] were proposed.

The Coulomb and proximity potential model for de-
formed nuclei (CPPMDN) [31,32] was introduced to study
α and cluster radioactivity, which is an improved version
of Coulomb and proximity potential model (CPPM) [33,34],
including ground-state deformation and orientation effects.
Using the CPPMDN, 2p radioactivity of several even-Z nuclei
have been studied [35] and found that inclusion of deforma-
tion reduces the half-life and the predicted values are close
to the experimental values with least standard deviation, σ =
1.03. Most of the two-proton emitters considered in the paper
are deformed and in some cases (e.g., 67Kr) both shape and
structure change occur. The studies presented in Refs. [35,36]
show that the lifetime of 67Kr dramatically reduces as the
deformation and structure changes.

In this paper I first calculate half-lives of 2p radioactivity
using the CPPMDN for experimentally known nuclei, and
the predicted values are compared with experimental data
and other theoretical models/formulas. Then I extended my
studies to other 51 nuclei for which 2p radioactivity is not yet
experimentally detected. Section I of this paper deals with the
Introduction, Sec. II gives the methodology used for the paper,
Sec. III gives the results and discussion, and Sec. IV gives the
conclusion of the entire paper.
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II. THE METHODOLOGY

A. The model CPPMDN

In the CPPMDN the sum of the Coulomb potential for
deformed nuclei VC (r, θ ), the two-term proximity potential
for deformed nuclei VP2(r, θ ), and the centrifugal potential are
taken as the interacting potential for the postscission region. It
is given by

V = VC (r, θ ) + VP2(r, θ ) + h̄2�(� + 1)

2μr2
, (1)

where � represents the angular momentum and μ is the re-
duced mass.

The Coulomb potential for two deformed and oriented nu-
clei with higher multipole deformations [37,38] is taken from
Ref. [39] and is given as

VC (r, θ ) = Z1Z2e2

r
+ 3Z1Z2e2

∑
λ,i=1,2

1

2λ + 1

Rλ
0i

rλ+1
Y (0)

λ (αi )

×
[
βλi + 4

7
β2

λiY
(0)
λ (αi )δλ,2

]
. (2)

Here r = z + C1 + C2 is the distance between the fragment
centers. C1 and C2 are the Süsmann central radii of fragments,

Ri(αi ) = R0i

[
1 +

∑
λ

βλiY
(0)
λ (αi )

]
, (3)

where R0i = 1.28A1/3
i − 0.76 + 0.8A−1/3

i . Here αi is the angle
between the radius vector and the symmetry axis of the ith
nuclei, and it is to be noted that the quadrupole interaction
term proportional to β21β22 is neglected because of its short-
range character.

The two-term proximity potential for the interaction be-
tween a deformed and a spherical nucleus [40] given as

VP2(r, θ ) = 2π

[
R1(α)RC

R1(α) + RC + S

]1/2[ R2(α)RC

R2(α) + RC + S

]1/2

×
[[

ε0(S) + R1(α) + RC

2R1(α)RC
ε1(S)

]

×
[
ε0(S) + R2(α) + RC

2R2(α)RC
ε1(S)

]]1/2

, (4)

where R1(α) and R2(α) are the principal radii of curvature of
the daughter nuclei where the polar angle is α, RC is the radius
of the spherical cluster, S is the distance between the surfaces
along the straight line connecting the fragments, and ε0(S)
and ε1(S) are the one-dimensional slab-on-slab function. The
relation between α and θ in Eqs. (3) and (4) is given by the
equation (see Fig. 5 of Ref. [40]),

cos(θ − α)

RT (α)
+ sin(θ − α)

R′
T (α)

= 1

R
, (5)

where RT (α) is the radius of deformed nuclei in a direction
α from the symmetry axis, R′

T (α) = (dR/dα) and R is the
distance between the fragment centers,

V = a0(L − L0)n (6)

is the simple power-law interpolation [41] used for the internal
part or prescission (overlap) region of the barrier. Here L =
z + 2C1 + 2C2 is the overall separation of the fragments and
L0 = 2C is the diameter of the parent nuclei with C as the
Süsmann central radii of the parent nuclei. By equating the
two potentials at the touching point the value of the constants
a0 and n can be determined.

The penetrability P through the barrier is given by

P = exp

{
−2

h̄

∫ b

a

√
2μ(V − Q)dz

}
. (7)

Here μ is the reduced mass. The equation V (a) = V (b) = Q
provides the condition to determine the turning points “a” and
“b”, and Q is the energy released.

The barrier penetrability P of a cluster in a deformed
nucleus is different in different directions. The averaging of
penetrability over different directions is performed using the
equation,

P = 1

2

∫ π

0
P(Q, θ, �) sin(θ )dθ, (8)

where P(Q, θ, �) is the penetrability of a cluster in direction
θ from the symmetry axis for axially symmetric deformed
nuclei.

The decay half-life is given by

T1/2 =
(

ln 2

νP

)
. (9)

Here the assault frequency is ν = ( 2Ev

h ). The empirical vibra-
tion energy Ev is given as [42]

Ev = π h̄(2Q/μ)1/2

2(C1 + C2)
. (10)

Here Q is the released energy, μ is the reduced mass; and C1

and C2 are the Süsmann central radii of the fragments.
In the case of spherical nuclei, (in the CPPM), the interact-

ing barrier is given by

V = Z1Z2e2

r
+ Vp(z) + h̄2�(� + 1)

2μr2
for z > 0, (11)

where “z” is the distance between the near surfaces of the
fragments. VP is the proximity potential [43] given as

VP(z) = 4πγ b

[
C1C2

(C1 + C2)

]


( z

b

)
, (12)

with γ as the nuclear surface tension coefficient, and  as the
universal proximity potential [43].

Then the penetrability and half-lives can be determined
using Eqs. (7) and (9).

B. EF and GNL

The EF of Sreeja and Balasubramaniam [29] is given as

log10[T1/2(s)] = (a1� + b1)ξ + (c1�) + d1, (13)

where ξ = Z0.8
d Q−1/2

2p , Zd being the charge of the daughter
nucleus and the constants are given as a1 = 0.1578, b1 =
1.9474, c1 = −1.8795, and d1 = −24.847.
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TABLE I. Comparison of our predicted half-lives for 2p radioactivity from various nuclei with experimental data and other theoretical
models and/or formulas. The GLDM values are taken from Ref. [46]. Q values are computed using mass tables of Wang et al. [47].

log10[T1/2(s)]

Nuclei Q2p (MeV) Expt. Present GLDM GNL EF

6
4Be → 4

2He + 2p 1.372 −20.30 −21.98 −23.81 −21.95
12
8 O → 10

6 C + 2p 1.737 −21.10 −21.08 −20.37 −18.65
16
10Ne → 14

8 O + 2p 1.403 −20.38 −18.26 −17.78 −16.17
19
12Mg → 17

10Ne + 2p 0.763 −11.40 −12.22 −12.15 −10.78
45
26Fe → 43

24Cr + 2p 1.190a −2.42 −2.86 −3.28 −3.16 −2.16
48
28Ni → 46

26Fe + 2p 1.950a −2.08 −7.32 −7.73 −7.11 −5.95
54
30Zn → 52

28Ni + 2p 1.650a −2.43 −3.39 −4.40 −4.08 −3.05
67
36Kr → 65

34Se + 2p 1.520a −1.70 0.98 −0.46 0.85 1.68

aQ values are taken from Ref. [46].

The GNL of Liu et al. [30] is given as

log10[T1/2(s)] = a2
[
Z0.8

d + �β
]
Q−1/2

2p + b2. (14)

Here β reflects the effect of angular momentum on 2p radioac-
tivity, and its value is β = 0.25. The constants of the formula
are given as a2 = 2.032 and b2 = −26.832.

III. RESULTS AND DISCUSSION

The energy released in 2p radioactivity Q2p is given by

Q2p = �MP − (�M2p + �Md ) + k
(
Zε

P − Zε
d

)
. (15)

Here �MP, �M2p, and �Md are the mass excess of parent
nuclei, 2p system, and daughter nuclei, respectively. The mass
excess of the 2p system is equal to twice the mass excess of a
proton, i.e., �M2p = 2�Mp since 2p system is an unbound
system consisting of two protons. The electron screening
effect on the energy of emitted two protons is included by
using the term k(Zε

p−Zε
d ). The term kZε is the total binding

energy of Z electrons in the atom. For nuclei with Z � 60,
k = 8.7 eV, and ε = 2.517; for nuclei with Z < 60, k = 13.6
eV, and ε = 2.408 [44,45]. The Q2p value must be positive for
the 2p decay to occur.

Table I gives the predicted half-lives for 2p radioactivity
from various nuclei 6Be, 12O, 16Ne, 19Mg, 45Fe, 48Ni, 54Zn,
and 67Kr using the CPPMDN and their comparison with the
experimental data and other theoretical models and/or for-
mulas. It should be noted that the nuclei 6Be, 19Mg, and
45Fe are true 2p radioactive (Q2p > 0, Q1p < 0) nuclei on the
other hand 12O, 16Ne 48Ni, 54Zn, and 67Kr are the not true
2p radioactive (Q2p > 0, Q1p > 0) nuclei. The first column
represents the reaction, the second column gives the released
energy Q2p in MeV. The third–seventh columns represent
the experimental logarithm of half-lives, the predictions of
the present paper, the predictions of Wang et al. [46] us-
ing GLDM, values computed using the GNL [30], and that
computed using the EF [29], respectively. The Q2p values are
computed using mass excess taken from recent tables of Wang
et al. [47] and as the computed Q2p values for 45Fe, 48Ni, 54Zn,
and 67Kr deviates much from experimental values, Q2p values
for these nuclei are taken from Ref. [46] in which the values
are computed using mass excess taken from the table Koura
et al. [48]. In the present paper for the computation of half-
lives the ground-state quadrupole deformation (β2) values are
taken from the recent table Finite-range droplet macroscopic

TABLE II. Comparison of our predicted half-lives for various nuclei whose 2p radioactivity are energetically possible with other theoretical
models and/or formulas. The released energy Q2p and angular momentum � are taken from Ref. [26].

log10[T1/2(s)]

Nuclei Q2p (MeV) � Present ELDM [26] GLM [27] SEB [51] SHF [52] GNL [30] EF [29]

10
7 N 1.3 1 −18.02 −17.64 −17.36 −16.76 −18.59 −20.04
28
17Cl 1.965 2 −14.28 −12.95 −13.11 −11.78 −12.46 −14.52
32
19K 2.077 2 −13.66 −12.25 −12.49 −11.13 −11.55 −13.46
36
21Sc 1.993 0 −12.39 −11.74 −12.00 −10.79 −11.12 −11.66 −10.30
40
23V 1.842 0 −10.51 −9.85 −10.15 −8.97 −9.43 −9.73 −8.46
47
27Co 1.042 0 −1.01 −0.11 −0.42 −1.13 −0.97 −0.69 0.21
52
29Cu 0.772 4 8.04 9.36 8.94 8.74 8.62
56
31Ga 2.443 0 −9.40 −8.00 −8.57 −7.41 −7.51 −7.61 −6.42
57
31Ga 2.047 2 −6.59 −5.30 −5.91 −4.94 −4.14 −5.22
60
33As 3.492 4 −10.35 −8.68 −9.40 −7.88 −8.33 −10.84
61
33As 2.282 0 −7.44 −6.12 −6.76 −5.78 −6.07 −5.85 −4.74
62
33As 0.692 2 13.74 14.52 14.06 14.18 13.83
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TABLE III. Comparison of our predicted half-lives for various nuclei whose 2p radioactivity are energetically possible with other
theoretical models and/or formulas. The released energy Q2p and angular momentum � are taken from Ref. [53]. The UFM, GLDM, and
ELDM values are taken from Ref. [53].

Q2p log10[T1/2(s)]

Nuclei (MeV) � Present UFM GLDM ELDM GNL EF

14
9 F 0.05 1 12.62 12.22 12.31 25.36 17.93
22
14Si 1.58 0 −14.99 −14.61 −18.87 −14.15 −15.03 −13.54
24
15P 1.24 4 −10.24 −8.50 −9.41 −8.44 −10.05 −14.34
26
16S 2.36 0 −16.19 −16.09 −19.64 −15.15 −15.91 −14.38
28
17Cl 2.72 2 −16.35 −15.29 −15.66 −14.49 −14.61 −16.63
29
17Cl 0.10 0 29.62 28.91 29.44 29.25 28.90
30
18Ar 3.42 0 −17.35 −17.02 −19.66 −16.15 −16.73 −15.17
32
19K 2.74 2 −15.61 −14.44 −14.78 −13.68 −13.53 −15.42
34
20Ca 2.51 0 −14.65 −14.46 −14.78 −13.56 −13.88 −12.44
35
21Sc 4.98 3 −17.36 −16.10 16.63 −15.57 −16.03 −19.05
37
21Sc 0.38 3 9.72 10.92 10.10 −10.97 12.26 10.92
38
22Ti 3.24 0 −15.51 −15.18 −15.38 −14.30 −14.43 −12.96
39
22Ti 1.06 0 −5.44 −5.41 −5.55 −4.64 −5.15 −4.07
39
23V 4.21 0 −16.74 −16.34 −16.54 −15.49 −15.52 −14.01
40
23V 2.14 0 −11.87 −11.66 −11.80 −10.80 −10.97 −9.64
41
24Cr 3.33 0 −14.87 −14.53 −14.72 −13.66 −13.63 −12.19
42
24Cr 1.48 0 −7.60 −7.40 −7.56 −6.66 −7.03 −5.87
43
25Mn 2.48 2 −11.91 −10.65 −11.03 −10.16 −9.45 −10.95
44
25Mn 0.50 0 9.19 9.80 9.51 10.22 8.47 8.99
47
27Co 1.02 2 0.11 1.13 0.63 1.37 1.98 0.82
49
28Ni 1.08 0 −0.59 0.23 −0.08 0.67 −0.34 0.55
52
29Cu 1.13 4 1.54 3.45 2.70 3.34 2.57 1.51
55
30Zn 0.78 2 7.71 8.77 8.26 8.92 8.99 8.24
56
31Ga 2.82 0 −11.03 −10.30 −10.83 −9.14 −8.94 −7.70
57
31Ga 1.65 2 −3.73 −3.01 −3.81 −2.20 −1.56 −2.55
58
31Ga 0.51 2 18.27 18.71 17.88 19.33 18.63 18.26
58
32Ge 3.23 0 −12.00 −11.19 −11.73 −10.02 −9.65 −8.38
59
32Ge 1.60 0 −3.23 −2.73 −3.37 −1.76 −2.42 −1.45
60
33As 3.32 4 −9.83 −8.37 −9.34 −7.81 −7.86 −10.29
61
33As 1.98 0 −5.55 −4.95 −5.61 −3.97 −4.31 −3.26
62
33As 0.59 2 17.51 17.99 17.14 18.58 17.58 17.35
63
34Se 2.36 0 −7.26 −6.59 −7.22 −5.60 −5.67 −4.56
64
34Se 0.70 0 14.15 14.39 13.69 15.14 12.03 12.39
65
35Br 2.43 2 −6.42 −5.55 −6.37 −4.76 −3.91 −4.80
66
35Br 1.39 0 1.36 1.83 1.12 2.68 1.43 2.24
68
36Kr 1.46 0 1.34 1.83 1.13 2.65 1.41 2.22
81
42Mo 0.73 0 22.98 23.26 22.67 23.82 18.66 18.75
85
44Ru 1.13 0 13.67 14.08 13.76 14.66 11.19 11.59
108
54 Xe 1.01 0 26.64 27.07 26.37 27.47 20.87 20.87

and the folded-Yukawa single-particle microscopic nuclear-
structure model (FRDM) [49].

From Table I, it can be seen that my predictions agree
with experimental data except for the 2p emitter 48Ni. In
the case of 48Ni my prediction matches well with that of
GLDM and GNL but shows a difference of order 5 with the
experimental value. The reason for this difference is that the
Q value used in present paper is Q2p = 1.950 MeV (taken
from Ref. [46]) which is 45% higher than the measured max-
imum value (Q2p = 1.350 MeV [50]) and it is to be noted
that a small error in Q value (1%) increases the penetra-
bility by 40% which results in several orders of difference

in half-life. I would like to mention in my earlier work
[35], I have used the experimental Q value and obtained a
half-life value (log10[T1/2(s)] = −2.79) which matches well
with experimental value (log10[T1/2(s)] = −2.08).

The good agreement between computed half-life values
with experimental data and with other theoretical predictions,
I extended my studies to 12 other nuclei for which 2p radioac-
tivity is energetically possible with released energy, Q2p > 0.
The predicted half-life values using the CPPMDN and their
comparison with other theoretical models and formulas are
listed in Table II. In this table the first–third columns repre-
sent the nuclei, energy released Q2p, and angular momentum
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FIG. 1. The new Geiger Nuttall plot connecting log10[T1/2(s)]
computed using the CPPMDN versus [Z0.8

d + �β ]Q−1/2
2p .

� carried away by two emitted protons, respectively. The
Q2p values and angular momentum � values are taken from
Ref. [26]. The columns 4–11 represent the half-life values
predicted by the model CPPMDN, ELDM [26], GLM [27],
SEB [51], two-potential approach with SHF [52], GNL [30],
and EF [29], respectively. From the table it is clear that overall,
my prediction on half-life values match with other theoretical
predictions.

Half-lives are also predicted for 39 nuclei whose 2p ra-
dioactivity are energetically possible, and their comparison
with other theoretical models and/or formulas are given in
Table III. The energy released Q2p given in column 2 and
the angular momentum � given in column 3 are taken from
Ref. [53]. The logarithm of half-lives predicted using the
CPPMDN are given in column 4 and the UFM, GLDM,
and ELDM values given, respectively, in the fifth–seventh
columns are taken from Ref. [53]. Using the GNL of Liu et al.
[30] and using the EF of Sreeja and Balasubramaniam [29], I
have computed the logarithm of half-lives for these nuclei and
are given in columns 8 and 9, respectively. In Table III one
can see that the predictions on half-lives using the CPPMDN
are matching with other theoretical predictions.

I have studied the new Geiger Nuttall plot connecting
log10[T1/2(s)] computed using the CPPMDN versus [Z0.8

d +
�β]Q−1/2

2p given in Fig. 1, and it is found to be linear which
shows the reliability of my calculations. I have also studied
the universal curve connecting log10[T1/2(s)] versus − ln P

FIG. 2. The universal curve connecting log10[T1/2(s)] computed
using the CPPMDN versus − ln P.

given in Fig. 2 which also shows the linear nature with
slope = 0.4433 and intercept = −20.814 42. It is to be noted
that 2p radioactivity also obeys the universal curve connecting
log10[T1/2(s)] versus − ln P as in the case of proton radioac-
tivity [54], α, and cluster radioactivity [55,56].

IV. CONCLUSIONS

The 2p radioactivity from various nuclei 6Be, 12O, 16Ne,
19Mg, 45Fe, 48Ni, 54Zn, and 67Kr have been studied using
the CPPMDN, and the predicted half-life values are found
comparable with the experimental data and with other mod-
els/formulas. The prediction on half-lives of 51 two-proton
emitters, whose decays are energetically possible with re-
leased energy Q2p > 0, which are not yet experimentally
confirmed, will be a guide for future investigations. The new
Geiger Nuttall plot connecting log10[T1/2(s)] computed using
the CPPMDN with [Z0.8

d + �β]Q−1/2
2p and the universal curve

connecting log10[T1/2(s)] with − ln P are found linear which
emphasizes the reliability of my calculations. It is to be noted
that as in the case of proton radioactivity, α, and cluster
radioactivity, 2p radioactivity also obeys the universal curve.
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