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In this work we address the question of how well the chiral crossover transition can be understood in terms
of a noninteracting hadron resonance gas model. Using the latest results on the variation of hadron masses as a
function of the pion mass from lattice quantum chromodynamics, we study the temperature dependence of the
renormalized chiral condensate in 2 + 1 flavor QCD. Furthermore, we suggest a better criterion to estimate of
the pseudocritical temperature, which gives 7, = 161.2 & 1.7 MeV, which is much improved compared to all
the earlier results within the hadron resonance gas model or chiral perturbation theory. For the curvature of the
pseudocritical line we find x; = 0.0203(7), which is in very good agreement with continuum extrapolated lattice

results.
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I. INTRODUCTION

The breaking of chiral symmetry is one of the key fea-
tures of quantum chromodynamics (QCD) underlying much
of our understanding of hadron physics. The breaking of
this symmetry is signaled by the nonzero value of the quark
(chiral) condensate, () # 0. It is well known that at
high temperature the chiral symmetry is restored, and this
restoration happens as an analytic crossover at a temperature
T. = 156.5 = 1.5 MeV [1]. The chiral condensate rapidly de-
creases at and above 7. Below the crossover temperature, it
is expected that the thermodynamics of QCD matter can be
understood in terms of hadronic degrees of freedom. There is
a wide belief that the description of QCD matter as a gas of
hadrons is valid up to the crossover temperature, 7T;.. This be-
lief is the basis of our current understanding of the freeze-out
condition in heavy-ion collisions [2-8]. These considerations
also implicitly assume that for T < T, the decrease in the
chiral condensate can be understood in terms of a hadron gas.
Therefore, an important question to clarify is to what extent
we can understand the decrease of the chiral condensate for
T < T, in terms of hadronic degrees of freedom. This question
is also important for our understanding of the QCD phase dia-
gram at large values of baryon density. Recent studies suggest
that lattice QCD calculations based on Taylor expansion in
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chemical potential or analytic continuation may only work for
baryon chemical potential g < 2.5T, [9-12] though another
study claims that lattice QCD calculations may be useful
for baryon chemical potential as high as 3.57 [13]. In any
case, the study of the temperature dependence of the chiral
condensate at large values of pp is of great interest and can be
performed within the framework of a hadron gas.

The hadron resonance gas (HRG) model turned out to be
very successful in describing QCD thermodynamics below
the crossover temperature. The main idea of the HRG model
is that the interacting gas of hadrons can be replaced by a
noninteracting gas of hadrons and hadron resonances, i.e.,
all interactions between hadrons can be approximated by the
creation of additional hadronic resonances. This approach can
be justified in terms of relativistic virial expansion, where
interactions between hadrons are expressed in terms of phase
shifts [14]. Using experimentally known phase shifts within
this approach, it has been shown that the nonresonant part
of the phase shifts largely cancel out in the QCD pressure,
and indeed the interacting part of the pressure can be well
described by the contribution of resonances treated as stable
hadrons [15].

There has been an extensive effort to test the valid-
ity of the HRG model by comparison to the lattice QCD
results. Early works in this direction were presented in
Refs. [16-19] and confirmed the validity of HRG approach.
Recent continuum extrapolated lattice QCD results on the
equation of state show that HRG works reasonably well below
T. if all known resonances from the Particle Data Group
(PDG) are included [20-22]. A precision lattice study of
the second derivatives of the pressure with respect to the
chemical potentials again confirmed the validity of the HRG
model [23]. However for the quantities involving strangeness,
for example, strangeness—baryon-number correlations, in-
cluding additional resonances not listed by the PDG but
predicted by QCD (or QCD inspired models) turned out to be
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necessary [23,24]. The need for additional resonances to de-
scribe the baryon-strangeness correlations was also confirmed
using relativistic virial expansion with state-of-the-art par-
tial wave analysis of the phase shifts [25]. Furthermore, the
baryon-charm correlation calculated on the lattice requires
taking into account resonances not listed by the PDG [26].
For higher-order derivatives of the pressure with respect to
the chemical potential the HRG model does not work as well.
It has been argued that repulsive baryon-baryon interactions
play an important role in this case and the contribution of these
repulsive interactions increases with the order of the deriva-
tive. Including these interactions in some phenomenological
way improves the agreement between the lattice results and
HRG model [27-30].

The temperature dependence of the chiral condensate has
also been studied in the HRG model [20,31-34] and within the
chiral perturbation theory [35,36]. These calculations show
a significant change in the chiral condensate in the vicinity
of the crossover temperature. The pseudocritical temperature
extracted from the point where the chiral condensate of a pion
gas within the next-to-next-to-leading order (NNLO) chiral
perturbation theory falls to zero is about 2250 MeV, which
is lowered to about 190 MeV when additional hadrons are in-
cluded [35]. However, the uncertainty in the HRG calculations
of the chiral condensate is difficult to quantify. This is due to
the fact that, in order to obtain the chiral condensate in the
HRG model one has to know the precise dependence of the
hadron masses on the light quark mass. Except for the few
lowest-lying hadron states this dependence is not well known.
The main goal of this paper is to revisit the temperature
dependence of the chiral condensate in the HRG model and
quantify the uncertainties related to the poorly known quark
mass dependence of hadron masses. We will show that with
systematic improvements in the procedure we can make a
much more precise estimate of the 7, within the HRG model.

The paper is organized as follows: In the next section,
we discuss the general formalism and the relevant observ-
ables. In particular, we focus on two renormalized definitions
of subtracted chiral condensate, which we calculate within
the HRG model. We show how much contribution to these
observables comes from different ground state mesons and
baryons as well as their higher excited states in Sec. III.
We find that the dominant contribution to the renormalized
chiral contribution at small baryon densities comes from the
mesons, in particular, the ground state pseudoscalar and vector
mesons. We have extracted the pseudocritical temperature
T. =161.2+£ 1.7 MeV and a curvature of the pseudocriti-
cal line x; = 0.0203(7) corresponding to the chiral crossover
transition, which not only is in very good agreement with the
latest lattice QCD result but can be obtained with considerably
less computational effort. Furthermore, our estimates of the
pseudocritical temperature are much improved compared to
the corresponding calculations within the chiral perturbation
theory. Though pseudoscalars dominantly contribute to the
chiral condensate, extending this formalism to the chiral limit
has its own limitations. We discuss this in detail, showing
how we could improve from the previous works in Ref. [35].
We conclude by discussing the important implications of our
work, in particular, the possible extension of these calcula-

tions to understand the QCD phase diagram at finite baryon
densities where lattice QCD calculations are severely limited
due to the infamous sign problem; see e.g. Ref. [37] for a
recent review.

II. CHIRAL CONDENSATE IN THE HADRON
RESONANCE GAS MODEL

A. Renormalized definitions of chiral condensate

The total pressure due to a noninteracting ensemble of
several species of hadron labeled by «, enclosed within a
volume V and at an ambient temperature 7', is given as,

& T

P=4
22
o

/ pPdp In{l £ exp[—(E, — 1o)/T1},
0
(1

Here, + (—) corresponds to baryons (mesons) respectively.
The degeneracy factor and the energy of each particle o
are denoted by g, and E,, respectively. Furthermore, E, =
V/P? + M2 with p, M,, being the magnitude of the particle mo-
mentum and its mass respectively. We consider here a grand
canonical ensemble with each species of hadron denoted by
a chemical potential w, = Bypp + Qultg + Se s, Which de-
pends on the quantum numbers B,, Q,, and S, denoting the
conserved quantum numbers baryon number, electric charge,
and strangeness respectively. Within this model the interac-
tions between hadrons are taken care of by inclusion of hadron
resonances as free stable particles [14,15], i.e., the sum in
Eq. [1] also includes resonances. The light quark condensate,
also called the chiral condensate, at nonzero temperature is
defined as
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where m; is the light quark mass. We consider the case of
two degenerate light quarks, m, = my; = m;. The zero tem-
perature light quark condensate (/); o can be thought of as
the derivative of the vacuum pressure with respect to my;, and it
contains all the multiplicative as well as additive divergences
(for m; # 0 case). To have a finite observable which is also
renormalization group invariant we consider the following
combination:

oP

—mg[(Y ) — (T Y)iol = My (3)
my

where mj; is the strange quark mass. A definition of the
renormalized chiral condensate that has been discussed
in the literature [20] constructed out of the quantity defined
in the Eq. [3] but with a different normalization factor, is

(G = —%[ww — (G0l )

Another, possibly a more natural way to define a dimension-
less chiral condensate at nonzero quark mass [38] is

Ap=d +mrl[(F¥)ir — (G0l Q)

where the parameter r; is derived from the static quark po-
tential [39] and d = ri‘ms(limmﬁo(l/m/f)lyo)’e. This definition
takes advantage of the fact that, in the chiral limit, the light
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quark condensate has only a multiplicative renormalization.
The superscript R denotes the renormalized quantity. Taking
into account that (lim,,, .o (¥ ¥);.0)¥ = 2% and using the val-
ues of the low energy constant of SU(2) chiral perturbation
theory (xPT), =173 =272(5) MeV and m,; = 92.2(1.0) MeV
in the MS scheme at i = 2 GeV from the FLAG 2022 review
for the 2 + 1 flavor case [40], as well as r; = 0.3106 fm [41],
we obtain the value of d = 0.022791.

In our calculations we have included all hadron resonances
predicted from the quark models [42,43] in addition to those
mentioned in the Particle Data Group 2016 lists, as tabulated
in Ref. [44]. The HRG model constructed out of this aug-
mented hadron list is called the QMHRG, and it turned out
to be successful in describing the temperature dependence of
cumulants of different conserved charges obtained from lat-
tice QCD for T < 150 MeV [44-47]. Recently, the HotQCD
Collaboration constructed a HRG model with a similar list of
states for their recent comparative study [23] on the second-
order fluctuations of net baryon number, strangeness, and
electric charge and their correlations. We have also verified
that the HRG model used in this work can reproduce the
results from Ref. [23] with a very good precision.

It is clear that one of the most important ingredients needed
for the calculation of the chiral condensate is the dependence
of the hadron masses, including those of the resonances, on
the light quark mass my;. Although this variation is well under-
stood only for a few primary hadrons, more specifically the
ground states, we will discuss in this work the detailed sys-
tematics for the resonance states. In the following subsections,
we will separately discuss the contributions of the pseudo-
Goldstone modes, i.e., those of pions and kaons, and of all
other heavier hadrons and resonances to the chiral condensate.

B. Contributions from pions and kaons

We first consider the contribution of pions and kaons to
the chiral condensate. The contribution of pions and kaons to
mg(0P/dm;) can be written as

oP my & % 5 1 AM?
s d Ey)— o
" omy my a;}( 22 ./o PP )2Ea i omy

(6)

Here np is the Bose-Einstein distribution. Extensive lattice
studies of the quark mass dependence of the pseudoscalar
meson masses found excellent agreement with SU(2) xPT,
whereas the agreement with the SU(3) x PT is not so great. For
more comprehensive reviews, we refer to Refs. [48-53]. Ev-
idence from lattice studies suggests that an extended version
of the SU(2) xPT, considering the strange quarks as heavier
degrees of freedom [48,54] can be useful in understanding the
quark mass dependence of the kaon mass and decay constant.
We will henceforth refer to the two-flavor xPT results for
the pion mass from Ref. [55] and its extended version from
Ref. [48] for the kaon mass. The dependence of the pion
and kaon masses on light and strange quark masses my, m;
described in terms of SU(2) low energy constants F, B, L, F,

are given as
M2 = M? 1—l§i+0(;2) ;——M2
™ 2° " SR 2)E
Ar(myg) + Ay (my)
M12< = BK(ms)ms[l + %MZ}
M? =2Bm;, B=X/F%. (7

The xPT relations for the pseudoscalar mesons are for the
two-degenerate flavor case m, = my; = m;, where most lattice
QCD calculations exist in the continuum limit. The bag con-
stant Bk (m;) and the NLO low energy constants A (m;) in
the kaon mass can be expressed in terms of the SU(3) low
energy constants Ly, Ls, Lg, Lg, By, Fy as [48]

1 —21n ()

3A2
i (my) = L 4 320Lg — Ly),
1(my) T2 +32(2Ls — L4)
21 (4Bym, 1 1. (4Bym,
My, = F¢ N §ln(31‘{§ ) = zIn( 3X§ )
2V = D By, 42
+ 8(2Ls — Ls) — 32Ls,
2B0m§
BK(ms) = BO 1+ F2 (32L6 - 16L4 + 16L8 - 8L5)
0
ZBomS 4Boms
1 . 8
T n( A2 )} ®)

We have set the scale appearing in the above formulas
A, =770 MeV, i.e., at the p meson mass. We have taken
the values of the different y PT low energy constants from
the latest FLAG review [40]. In particular we use the value
» 173 = 272(5) MeV for 2 + 1 flavor QCD. The other SU(2)
low energy constant F is obtained from the relation F;, /F =
1.062(7), where F, = 92.2(1) MeV. The various SU(3) low
energy constants that appear in the the expression of the
kaon mass squared for 2 + 1 flavor QCD are Eé/ - 245(8)
MeV, Fy=80.3+£6.0 MeV, and By = X /Foz. Further-
more, Ly = —0.02(56) x 1073, Ls = 0.95(41) x 1073, Lg =
0.01(34) x 1073, Lg = 0.43(28) x 1073. Even though these
quantities are not very precisely determined, they account for
a tiny contribution to Mz through the bag constant By (m;)
and the combination A;(m;) 4+ A2(m;). For example, in the
expression for A;(my) the dominant term is FO2 /(2m;By), and
for Aj(my) it is the logarithmic term. Hence the errors on
L4—Lg have little effect for the final error on M,z(. We also took
the latest value of m; = 3.381(40) MeV from the same review.
We then calculated the derivative of the pseudoscalar meson
masses in Eq. (7) with respect to m;. These derivatives were
evaluated at the physical point as well as for the vanishing
light quark mass. The latter are needed for the subsequent
discussions in Sec. II D. Lattice QCD studies show that, at the
physical point, m;dM, /om; = M, /2 to a very good approxi-
mation [56]. This is equivalent to the assumption that, close to
the physical point, M2 = 2Bm;, and hence the error on the m;
derivative of M, can be estimated by propagating the errors
on B and my; as quoted in the FLAG review.
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TABLE I. Sigma terms of baryon octet and decuplet ground states used in this work taken from Ref. [61].

Baryon states N A z

8 A ¥

&)

* Q-

OBaryon(MeV) 44(3)(3) 31(DH©2) 25(1)(1)

15(1)(1)

29(93) 18(6)(2) 10(3)(2) 5(D(D)

C. Contributions from heavier hadrons

To obtain the contribution from heavier hadrons to the
chiral condensate we can write

oP my Lu *° 2 M,
Sa — A_> d o EO( W Yas 9
o mI;an/(; PP n(Ba) 0w, (9)

with n, being the Bose-Einstein distribution for @ = mesons
and the Fermi-Dirac distribution for o = baryons. Here we
introduce the so-called o terms:

oM,

o ) M,
= my{a|iu + dd|a)=M
Bm,

m[=mfhy° " 8M72r M,,=M};"Y‘.
(10

For the ground state baryons, the o terms are known from
the fits of the low energy data of masses within the chiral
effective theory and the lattice. These are summarized in Ta-
ble I. For other hadrons we will use the lattice results on the
pion mass dependence of the hadron mass for constant strange
quark mass set to its physical value, to evaluate M,zt gg‘;’g A
summary of these evaluations is given in Table II and the
corresponding details are given in Appendix A.

For the ground state pseudoscalar meson 1 and vector
mesons p(770) and K*(892), we have collected the lattice
data for the variation of these masses as a function of the pion
mass from Refs. [57-59] and have extracted the correspond-
ing o terms, details of which are discussed in Appendix A.

Apart from the vector and pseudoscalar mesons, we have
categorized the other meson resonances in three groups ac-
cording to their quantum numbers as shown in Table II.
Contribution to the chiral condensate from mesons with the
same quantum numbers as p (like a, b, and higher excited
states of p) have been included considering their o values
similar to p(770), whereas the contribution from higher ex-
cited states of K and K* have been included considering their
o terms to be the same as K*(892). The o terms for the
isoscalar mesons and their excited states in our calculations
are kept identical to those of the corresponding ground states
mesons (1, w, ¢). We have also included the contribution of
the 1’ to the renormalized chiral condensate separately, con-
sidering its o term, details of which are again mentioned in
Appendix A. The contribution of the scalar meson f,(500) is
not considered, as it was observed earlier that the pole due

Oy =m;

to attractive interactions between them in the / = 0 sector are
exactly canceled by the repulsive interactions [60].

Following the same procedure as for the mesons, we have
carefully categorized the higher excited states for the baryons
as well. For the nucleon and A resonances we have checked
that their o terms, extracted from the lattice data [62] are
within 1o with the corresponding ground state values. Excited
strange baryons with strangeness content S = 1,2, 3 have
been included by setting their corresponding o term same
as the ground state baryons X*, E*, and Q™ respectively.
We end this section by summarizing the o terms used in our
calculations for the ground states and higher excitations in the
various quantum number channels for baryons and mesons in
Table II.

D. The condensate in the chiral limit

In QCD with two light quark flavors, the crossover transi-
tion goes over to a real phase transition in the chiral limit. This
happens because the critical fluctuations in the free energy
start dominating over the regular (analytic in the light quark
mass) terms towards the chiral limit. Within a HRG model, the
information about critical fluctuations may be entirely missing
in the absence of additional inputs about the thermal widths,
particularly of the pseudo-Goldstone partners 7, fy. Unlike in
QCD, the (¥ v)7 within the HRG model will not be zero at
the critical temperature T.°.

In order to calculate the chiral condensate we need to cal-
culate the derivatives of the square of the hadron masses with
respect to the light quark mass, but now in the limit m; — 0.
These derivatives for the pion and kaon mass squared can be
calculated using Eq. (7), which for the m; — 0 case read

M2
Bml -

M2 A1 (mg A (1my
2B, —K _ ZBBK(ms)msM-

am, F2

an

From the latest FLAG review [40], the value of B = X /F 2=
2.76 GeV, where F and ¥ are the pion decay constant and
light quark condensate respectively measured in the chiral
limit of SU(2) xPT. Since pions are the Goldstone modes
of QCD with two massless flavors, they will have zero mass.
The kaon and n meson masses decrease only slightly in the

TABLE II. A summary of the o terms for various meson and baryon channels used in this work.

Mesons

Meson o term (MeV)

Pseudoscalar [ (135), K(495)]

n(547), n'(957), p(770), K*(892)
Resonances |S| =0, |I| =1 («, p, a, b)
Resonances |S| # 0 (K, K*)
Resonances |S| =0, |I| =0 (¢, n, f)

Refs. [57-59]
Similar to p(770)
Similar to K*

NLO xPT, Refs. [48,56]

Similar to ground states (1, ', @, ¢)

Baryons Baryon o term (MeV)
Octet (N, A, 2, E) Table 1
Decuplet (A, £*, %, Q7) Table 1

Excited states of N and A
Excited states labeled as A, X, X*

—

Excited states labeled as &, E*, Q

Similar to oy and op
Similar to ¥*
Similar to E* and Q
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chiral limit as their masses are determined primarily by the
strange quark mass. We then calculate the chiral condensate
defined in Eq. (2) in the limit m; — 0 and normalize by its
zero temperature value.

Except for the pions and kaons the remaining hadrons and
resonances have been included in the definition of renormal-
ized chiral condensate by rearranging Eq. (3) such that it could
be generalized easily to the chiral limit. This is done through
the relation

oP, 0Py OMy OM?
I = 1 ™
m 20 L~ Im; m/linOXa: oM, OM2 am
2B oP,
_ " 12
Mgphys Xa: My ’ 12

Here we have used the same definition of the o term as
introduced for the baryons in Eq. (10) and hence we had to
normalize the right-hand side of Eq. (12) by the square of the
physical pion mass. The derivative term lim,,, .o aMﬁ Jom; =
2B and the sum in Eq. (12) is over all the hadron species
except for the pions and kaons. In the Eq. (12), we have
used the masses of the ground states of the baryon octet
and decuplet which were extracted in the chiral limit from
Ref. [61]. For the p meson, the fit to its mass data as a function
of M2, as shown in Appendix A, yielded M, = 690(18) MeV
in the chiral limit, which is about 10% lower than its physical
mass. However, we could not find any data for the masses of
most other resonances in the chiral limit, but instead took their
physical masses. To estimate the systematic uncertainty due to
this approximation, we varied the mass of these resonances by
10% but found a ~1% change in the value of the temperature
at which the chiral condensate vanishes. We thus anticipate
that the effect of the mass modification of these resonances
will be tiny in the chiral limit.

E. Estimating the errors in our results

The major source of error in the calculation of the renor-
malized chiral condensate comes from the errors in estimating
the o terms. In this work, we have improved upon the errors
considerably by estimating the o terms from the lattice QCD
data for the p, K* and the n, ” mesons and the excited states
of pions. For the baryon sector, the o terms for the octet and
decuplet ground states have been extracted to a very good
precision [61]. However, large uncertainty exists about the
values of the o terms of the excited baryon states. We show
in Appendix A how extraction of the o term of the excited
nucleon state is prone to larger errors due to uncertainty in
calculating the masses of these states. Although we have as-
sumed that the higher mass resonances have a similar value of
o term as their ground states hadrons, various studies hint that
their o terms may deviate from those of their corresponding
ground states [63,64]. To reliably account for this uncertainty,
we have taken the relative errors in the o terms of all the
excited states of the baryons to be 50%. We have found that
this variation does not result in a significant change in the
renormalized chiral condensate. Due to their relatively heavier
masses, the condensate is mainly dominated by the ground
state hadrons in the temperature region till 155 MeV. Although

the resonances have a significant cumulative contribution to
the condensate, the uncertainties in their o terms effect the
estimates of 7, by less than 1%.

The largest sources of error are still due to the uncertainties
in the derivatives of the pion and kaon mass with respect to
my, which we have estimated within the yPT. For example,
the relative error for the m; derivative of the pion mass is
almost 6%, which arises mainly due to the uncertainty in the
low energy constant B. For kaons, the error is even higher,
~23%, when we use Eq. (7). This is because the low energy
constants in SU(3) xPT are not very precisely determined, and
the majority, 2 18%, of the error arises from the uncertainty in
Eé/ ? MeV and F that appear explicitly in the m; derivative of
kaon mass. The errors due to these two SU(3) xPT low energy
constants also contribute to the error that comes from the
term A (my) + A2(my), which accounts for the remaining 5%
contribution to the error on the m; derivative of the kaon mass
squared. As the ground state pseudoscalar mesons dominantly
contribute in the chiral condensate at 7 ~ 156 MeV, these
errors also dominate the total error of the renormalized chiral
condensate and hence the estimation of 7.

III. RESULTS

A. Comparing the HRG model results for the renormalized
chiral condensate with lattice QCD

We compare our HRG model calculations with the con-
tinuum extrapolated lattice QCD results for (), from
Ref. [20]. The lattice results were calculated for 2 + 1 flavor
QCD with staggered discretization for quarks with one-link
stout improvement and physical quark masses such that
mg/m; = 28.15. To compare our HRG model calculation to
the lattice data we have accordingly set the ratio of quark
masses to the same value in the model as well.

We show the comparison of the renormalized chiral con-
densate as defined in Eq. (4) calculated in lattice QCD [20]
and the HRG model in Fig. 1 (left). This quantity shows a
smooth analytic rise as a function of temperature, as is evident
from the continuum extrapolated lattice results from Ref. [20],
gradually saturating at 7 =~ 200 MeV. Since there is no real
phase transition for physical quark masses, we do not observe
any sharp jump at the chiral crossover transition tempera-
ture 7. Our results calculated within the noninteracting HRG
model agree well with the lattice results below 7' = 140 MeV.
Above this temperature, the HRG model results show a rapid
rise with temperature, a trend similarly visible within the con-
tinuum extrapolated lattice data; however, the HRG estimates
are lower than the lattice QCD results. As will be discussed
later, while for T > 140 MeV pion and kaons provide the
dominant contribution to the renormalized chiral condensate,
the relative contributions of the vector mesons and baryons
start to increase near the chiral crossover, thus influencing
the location of the corresponding pseudocritical temperature.
The () g calculated from HRG shows a diverging behavior
at high temperatures 7 ~ 170 MeV, which is similar to the
singularity in the Hagedorn spectrum [65], due to the density
of states increasing exponentially with temperature. This is
primarily driven due to a large number of excited states of
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FIG. 1. Left: Renormalized chiral condensate (yy/)z = —::—4’[(1/;11/),_7 — (¥ )10] calculated within QMHRG is compared to the con-

tinuum extrapolated lattice data from Ref. [20]. Right: The relative contribution to the subtracted light quark condensate, —m[ (V) 7 —
(¥¥)10]/T*, due to different meson and baryon channels is shown and the resultant total contribution within QMHRG (orange band) is

compared to the lattice data from Ref. [20].

different spin-parity channels in the baryon sector. There is
no sign of saturation of () in the HRG model at high
temperatures unlike on the lattice.

We have also compared our results with the calculations
from NLO chiral perturbation theory in the two-loop ap-
proximation in the presence of a pion heat bath taken from
Refs. [66,67]. The xPT results agree with our HRG results
at T < 100 MeV, beyond which the latter increases more
strongly with temperature leading to a larger difference be-
tween the two.

A similar comparison of lattice QCD data with the HRG
model predictions was shown in Ref. [20]. However, the
uncertainty in the HRG predictions have been reduced by
an order of magnitude in our results. This is possible now
because of a more precise determination of o terms for the
ground state baryons [61]. Furthermore, with a significant
improvement in the calculation of p meson mass on the lattice
as a function of the pion mass [68], we could extract the
corresponding o term more precisely. Similar improvement
of the o terms of the pseudoscalar isosinglet meson excited
states has also led to a more accurate HRG model estimate of
the renormalized chiral condensate.

To check the robustness of our predictions we have also
calculated a different definition of the renormalized chiral
condensate —mg[ (V)7 — (¥r)0]/T*, shown in the right
panel of Fig. 1. The temperature dependence of this quan-
tity is similar to that of the trace anomaly calculated in
Ref. [22], and it is also useful in order to understand the
relative importance of different hadron species contributing
to the chiral condensate. As one can observe from Fig. 1, the
heavier hadrons become important for 7 > 150 MeV. These
are the states which are responsible for the increase of this
observable as a function of temperature, since the contribution
from the pseudoscalar states monotonically decreases beyond
T =~ 100 MeV. We can also see that the contributions of the

higher-lying baryon and meson resonances are important for
T > 150 MeV and become comparable in magnitude to the
individual contributions due to octet and decuplet baryons
and vector mesons. The quark mass dependence of these
excited hadron resonances are not very well constrained by
lattice QCD calculations, and the errors on the corresponding
o terms are comparatively large. Hence the error band for
this observable also increases with temperature. Based on the
discussion in Appendix A we assign a generous 50% relative
error for the o terms of these higher-lying meson and baryon
resonances. In Appendix B we further scrutinize the relative
contribution of these resonances to the chiral observables.

In the left panel of Fig. 2, we show the temperature de-
pendence of another definition of the renormalized chiral
condensate, Aﬁe as calculated from the HRG model and com-
pared with the lattice data. This quantity is related to the
above definition of the chiral condensate through AL = d —
(mg/my)(rymz )* () g. The study of Aﬁe is motivated by our
desire to extract the pseudocritical temperature correspond-
ing to the chiral crossover transition, within our HRG model
calculations. A comparison with the lattice QCD data for AL
leads to similar conclusions as earlier, namely for 7 < 140
MeV the difference between the lattice and HRG model result
is small, while for 140 < T < 160 MeV the HRG model
results for Al drop slower than the lattice QCD results. At
still higher temperatures the lattice results for AL flattens off
signaling a change in the degrees of freedom, while the HRG
model data keep decreasing.

Let us now discuss the technique of determination of the
pseudocritical temperature. In lattice calculations, the pseud-
ocritical temperature is defined as an inflection point of the
renormalized chiral condensate or the peak of the chiral sus-
ceptibility as a function of temperature. Due to the breaking
of the exact chiral symmetry due to a finite quark mass,
the value of the pseudocritical temperature will depend on
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FIG. 2. Left: AL, as defined in Ref. [38], AL =d + myrt[(Yr)1r — (YY)l is compared to the lattice data taken from Ref. [20]. We
have used d = 0.022791 and (r;m, )* = 2.23 x 1073 following [38]. The dotted line denotes the half value of Afe compared to its magnitude
at the lowest temperatures, which is used as a criterion to determine T.. Right: A% has been plotted for different values of baryon chemical
potentials up/T < 2. In both the figures an estimate of 7. is obtained from where the magnitude of Ak falls to half its zero-temperature value.

the quantity used to define it, including the normalization
of the corresponding quantity [69]. In a recent lattice QCD
study with highly improved staggered quark discretization, it
was found that the spread of the pseudocritical temperature
obtained from chiral observables is surprisingly small, ~1.5
MeV. A somewhat larger spread was obtained in another study
with stout-improved staggered fermions [20]. Here the spread
was about 8 MeV when results from the chiral susceptibility
were taken into account. The main difference is due to a
different normalization of the chiral susceptibility suggested
in Ref. [20].

The HRG model results on the renormalized chiral suscep-
tibility, on the other hand, do not have an inflection point.
This is obvious from Fig. 2. Therefore, one cannot define a
pseudocritical temperature from the HRG model results alone.
However, as mentioned in the Introduction, the breaking of
the chiral symmetry plays a crucial role in hadron physics.
If at some temperature the renormalized chiral condensate
becomes small compared to its vacuum value, the hadronic
matter should gradually melt to a new state. We do not know
a priori how small the chiral condensate should be for this
to happen because of the inherent nonperturbative nature.
Lattice QCD calculations show that around the pseudocritical
temperature the value of the chiral condensate AF is around
half of its vacuum value [38,70]. Motivated from this insight
from QCD, we therefore set the same criterion to estimate
T. within the HRG model calculations. With this procedure
we estimate the pseudocritical temperature 7, = 161.2 + 1.7
MeV, which is only 20 away from the recent high precision
lattice QCD results on 7, in the continuum limit [1,71]. This
is not completely surprising as the temperature dependence of
the renormalized chiral condensate in the HRG model and in
lattice QCD is similar, and the obtained estimate of 7. is not
completely independent of the lattice determination. However,
this analysis represents a marked improvement over earlier

estimates 7, obtained from the HRG model [31-33] or from
xPT [35,36], where the central values are more than 100 away
from the latest lattice result.

It is more interesting to extend the above analysis to
nonzero baryon chemical potential and see how the tran-
sition temperature defined within the HRG model depends
on baryon density. For that purpose, we calculate the tem-
perature dependence of Aﬁe for different values the baryon
chemical potential 0 < upg/T < 2. The corresponding results
are shown in Fig. 2 (right). At finite net-baryon densities the
contribution from baryon states and resonances is expected
to become more decisive, which results in the A% decreasing
faster with increasing temperature compared to the pup =0
case, as can be seen from Fig. 2 (right). In turn, this leads to
a decrease in the pseudocritical temperature with increasing
baryon density as expected. However, with the increase in net-
baryon density, repulsive interactions between baryons will
be more probable and hence this simple noninteracting HRG
model will cease to effectively describe the QCD medium.
The effect of repulsive interactions on the pseudocritical
temperature will be discussed in detail in our forthcoming
publication [72].

B. Curvature of the chiral crossover line from the HRG model

As the next step we will investigate the dependence of
the chiral crossover line as function of the baryon chemical
potential pp within the HRG framework. As discussed in
the previous sub-section we expect that the chiral crossover
temperature will decrease with increasing up. We define the
pseudocritical temperature at nonzero g again, as the tem-
perature where the renormalized chiral condensate drops by
factor of 2, since we do not expect qualitative change in the
chiral crossover unless pp is too large. At moderately large
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chiral condensate at a finite temperature to its zero temperature value, compared between our calculation within QMHRG (orange band) and
three-loop xpr results up to O(T°) from Ref. [35], which are augmented by the contribution of heavier hadrons with the spectrum that has

been used in our work (shown as the gray band).
values of up the pseudocritical temperature can be written as

2 4
e I
_“<n£J _“(néﬂ +0(ip)- (13)

The lattice calculations of the curvature k, and its higher
order corrections k4 are quite challenging [73]. For several
years k, measured using different lattice discretizations and
systematics did not agree with each other [74,75], which was
recently understood to be due to the fact that the continuum
limit needs to be taken carefully [76]. Presently all continuum
extrapolated lattice measurements of k, from different groups
using Taylor expansion [1] or from imaginary chemical po-
tential techniques [71,76] agree quite well with each other.
However, the extraction of k4 remains a challenge since it
involves delicate cancellation between noisy operators, due to
which the signal-to-noise ratio in this observable is extremely
low [1,71].

In this context, we will study how well we can calcu-
late the curvature terms «, and k4 within the HRG model.
For that, we first extract the pseudocritical temperature as a
function of the baryon chemical potential ng. We have then
fitted the T-up crossover curve with the ansatz in Eq. (13)
for values of ug/T < 1. The resultant fits yielded a «, =
0.0203 £+ 0.0007 within the HRG model which also is in a
good agreement with the «, = 0.0150(35) extracted from the
continuum extrapolated (subtracted) chiral condensate calcu-
lated in lattice QCD [73]. However, our extracted value of
k4 = —3(2) x 107* is again quite noisy, consistent with the
findings from lattice QCD [1,71]. At small baryon densities,
the curvature of the pseudocritical line is mainly determined
by k,, which makes the extraction of k4 so difficult. To ex-
tract higher-order curvature coefficients one needs to extend
our analysis to up/T > 2, where it is anticipated that this
simple noninteracting HRG approximation may break down

To(up) |
T.(0)

due to repulsive baryon interactions. We summarize our main
findings on the curvature coefficients in the left panel of Fig. 3.

C. Temperature dependence of the chiral condensate
in the massless limit

The chiral transition in the limit when m; — 0 becomes a
second-order phase transition with O(4) or a U(2), x U(2)g
critical behavior depending on whether or not the anomalous
U4 (1) part of the chiral symmetry remains broken substan-
tially [77-83]. A high precision lattice QCD calculation of the
chiral phase transition temperature with highly improved stag-
gered quarks gives a T) = 132J_rg MeV [84]. More recently
there is a lattice QCD calculation using Wilson fermions [85]
reporting a 7.0 = 134’:2 MeV, which in good agreement with
the earlier estimate. The T, estimated in 2 + 1 flavor QCD
within the functional renormalization group method yields
a slightly higher value of 7.0 ~ 142 MeV [86] but is rea-
sonably close to the lattice calculation. Even though pions
will contribute dominantly to the condensate in the chiral
limit, extracting the TCO is not possible within the conven-
tional QMHRG models which do not have the information of
the precise critical universality class [87,88]. It was recently
shown within linear sigma models with O(4) universality or in
U(3) xPT that it is necessary to include finite temperature cor-
rections to the f,(500) spectral function to accurately account
for the temperature dependence of the scalar susceptibility
near the transition [89].

The earliest effort towards extracting the chiral transition
temperature from (/)7 = 0 within a purely hadronic model,
the three-loop xPT at finite temperature, gave a 7.° ~ 190
MeV [35]. This large disagreement with the latest lattice es-
timates of 7.0 can be understood from the fact that the chiral
condensate due to an interacting pion gas calculated at three
loops, i.e., O(T®), is reduced to half by T = 150 MeV [35],
thus limiting the validity of the calculations beyond this tem-
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perature. Nonetheless the authors in Ref. [35] extended their
calculations to higher temperatures, also including the effects
of a dilute gas of heavier hadrons that the pions increasingly
encounter. The presence of heavier hadrons reduces the chiral
condensate to zero at a lower temperature, ~170 MeV, com-
pared to a pure self-interacting pion gas. Since in this work
we have a substantially improved the procedure for inclusion
of heavier hadrons and resonances, we included the effect of
these states on the chiral condensate in addition to the three-
loop pion gas contribution. The corresponding ratio of chiral
condensates ()7 /(¥ )o is shown as a gray band in Fig. 3.
We observe that the chiral condensate reduces to zero at a
temperature 162 MeV, which is about 8 MeV lower compared
to the earlier observed TC0 in Ref. [35]. If we extend our earlier
calculation of the chiral condensate within QMHRG model
but now in the chiral limit, following the procedure outlined in
Sec. II D, we observe it to fall to zero at a comparatively higher
temperature ~168 MeV. This can be understood from the fact
that only the attractive resonant interactions between pions
are included in our QMHRG model. With this analysis, we
conclude that extending the existing x PT calculation beyond
three loops and carefully including the contributions of heav-
ier hadrons may reduce the estimated TL.O, but this estimate will
be still far from the lattice QCD result.

IV. SUMMARY AND OUTLOOK

Motivated from several pieces of evidence of a reasonably
good representation of QCD thermodynamics at temperatures
T < 0.9T. by a noninteracting gas of hadrons and resonances,
we revisit its validity for chiral observables in this study. We
provide an updated analysis of the renormalized chiral con-
densate mainly using extensive lattice data available for the
masses of several hadrons and resonances as a function of the
pion mass, and some recent updates of the so-called o terms
for ground state baryons. Furthermore, we include the effects
of additional resonances, mainly strange baryon resonances,
which are not yet measured experimentally but predicted from
quark model and lattice studies. With the systematic inclusion
of these effects we observe that a noninteracting HRG de-
scription for the renormalized chiral condensate is adequate to
describe QCD data from first-principles lattice studies, up to
T < 140 MeV. However, using the fact that the lattice studies
observe a drop in the value of renormalized chiral condensate

to half its zero temperature value at the chiral crossover transi-
tion, we made an estimate of the pseudocritical temperature 7
within this simple noninteracting HRG model. The extracted
T. = 161.2 £ 1.7 MeV is in good agreement with the latest
continuum extrapolated lattice QCD result, although this de-
termination requires insights from lattice studies.

Encouraged by this effort we further estimate the curvature
of the critical line at vanishingly small baryon density, yield-
ing ko = 0.0203(7), which is in excellent agreement with the
lattice results, which is highly nontrivial. Furthermore, with
the more precise knowledge of the hadron o terms, we could
achieve about 8 MeV reduction in the earlier estimation of the
chiral transition temperature in a system comprising a self-
interacting pion gas at three loops and a gas of noninteracting
heavier hadrons [35]. However, from our study we conclude
that extracting the chiral transition temperature in this model
would require further inclusion of higher order interactions
between pions. Nonetheless our study has a deeper impli-
cation, since it allows us to carry forward our calculations
within the HRG model with physical masses at higher baryon
densities up/T > 3.5, which is currently out of bounds of the
lattice calculations, and calculations are in progress in this
direction [72].
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APPENDIX A: SIGMA TERMS FOR MESONS
AND BARYONS

As discussed in the main paper, the m; derivative of the
masses of the ground state pions and kaons, could be very well
described within the x PT framework. However, the o terms
of other mesons are not known very precisely. This is true
for the o terms for some ground state mesons like the vector
mesons and 7, 7’ mesons. The o terms for excited baryon
states are also not very well known. This fact contributes to
the uncertainty in the estimation of the chiral condensate. In

640 1080
534(44)+545(401)x10°OM2 917(35)+0.00050(25)M2 —7 880 | 690(18)+1.4(2)x10® M2

620 1040 i
~ 600 - + [ 840}
s S 1000 s
= 580 =3 =3
=3 < 960 1 = 800 |

560 +

760 |
540 920
520 880 720
004 006 008 01 012 0.14 0.06 0.12 0.18 0.24 0.04 0.08 0.12 0.16
M2 (GeV?) M2 (GeV?) M2 (GeV?)

FIG. 4. The left panel shows the fit to the mass of n meson as a function of the square of the pion mass, with data taken from Ref. [56].
The middle and the right panels show the analogous fits for the ', p mesons with the data taken from Refs. [90] and [68] respectively. All fit

results are in units of MeV.
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FIG. 5. The fits to the mass of the K* meson (left) for 2 + 1 flavor QCD shown as a function of square of the pion mass. The data were
taken from Ref. [57]. The middle and right panels shows the fit to the mass of the excited states of the isoscalar 7 and 1 mesons as a function
of the square of the pion mass, using the data from Ref. [64]. All fit results are in units of MeV.

this section we will evaluate the o terms with as much pre-
cision as possible using the most recent values of the hadron
masses available from extensive lattice QCD studies. We have
collected the most precise values of the hadron masses as
available in the literature, as a function of the pion mass
along the lines of constant and physical strange quark mass.
We then fit these data to the ansatz M, (M, ) = mo® + b, M},
and extract its slope b, corresponding to each hadron species
labeled by «. Since we need the o term at the physical point,
we have taken the product of the slope b, extracted after
performing the fit with the square of the average physical pion
mass M2 = 138 MeV.

We first compile the dependence of the mass of the ground
states of the isoscalar JP¢ =0~* and vector J’¢ =17~
mesons on the pion mass. The n meson mass data were taken
from Ref. [56], and the results for " and p meson masses
were compiled from Refs. [68,90], respectively. From the
fit shown in Fig. 4, we extract 0 = 10 £ 7 MeV for the 7
meson, and a similar value of the o term for the n" meson,
i.e.,, 0 =9.54+4.5 MeV. For the p mesons we could ex-
tract 0 = 27 £4 MeV with very good precision, which has
enabled us to better constrain the 7. from the HRG model.
The mass of K* meson as a function of M2 is shown in the
left panel of Fig. 5; the lattice data are from Ref. [57] and
the line corresponds to the linear fit. From the fit, we extract
ox = 10 &= 1 MeV. We also determined the o terms for the w
and ¢ mesons using the lattice data from Ref. [64], where the
mass spectrum was calculated in 2 + 1 flavor QCD for two
pion mass values M, = 391, 524 MeV respectively, again
along the lines of constant my set to its physical value. We
used the same procedure as above. The results are shown in
Table. III.

We next extract the o terms of the excited meson states.
For the isotriplet excited states, we could again use the lattice
data from Ref. [64]. Since there are only two data points in
the fit, in order to estimate the goodness of the fit we have
taken the experimentally determined masses as the intercept.
This is a reasonable guess since we expect that the reduction
of the mass of these excited states in the chiral limit will
be very small, within ~5-10% of its physical value and not
as dramatic as the pseudo-Goldstone pion modes. We also
performed the fit without constraining the intercept in order to
estimate the systematic uncertainty in the results of the o term.
The results of the fits are shown in the middle panel of Fig. 5.
We find that the o terms corresponding to the first excited state
of the pion are o = 26(3), 16 MeV for the one- and two-term
fits respectively. We see that the different estimates agree with
each other if we assume the error on the constrained fit is
50% of its central value. We have done a similar study for
the first excited state of the n meson using the lattice data
from Ref. [64]. The results are shown in the right panel of
Fig. 5. We again observe that the o term obtained from the
unconstrained fit lies within a variation of 50% of the value of
o = 15(3) MeV obtained from the constrained fit.

In our fit estimates we could not observe any significant
difference of the o term of the excited states of mesons in dif-
ferent spin, parity sectors from their ground state values within
error. For example the excited states of both strange and
nonstrange isoscalars have o = 10(3), 33(5) MeV, also con-
sistent with the values corresponding to their ground states.
Hence we have taken the o terms of the excited states to
be the same as the ground state mesons in different spin,
parity sectors but with a 50% error to take into account the
systematic uncertainties.

TABLE III. Table summarizing the o terms for the ground state and excited states of several mesons and the nucleon from the fits to the

lattice data we performed.

Hadron state b4 n n P w ¢ K* N
Ground state o (MeV) 107 9.5+4.5 27+4 12+2 03+0.3 10+1
First excited state o (MeV) 26 +3 15+3 33+5 10+3 68 £ 27

045203-10



CHIRAL CONDENSATE FROM A HADRON RESONANCE ...

PHYSICAL REVIEW C 106, 045203 (2022)

7200 | 870+0.0014(1)M2 —— |
2 —
6000 | 1640+0.0019(3)M> |
— 916(6)+0.00187(8)M2
> 4800 | ; ]
s 1686-+0.0036(14)M2
z 3600 | ]
=
2400 | = =
1200 | oo 2 g
0 0.1 0.2 0.3 0.4 05

M2 (GeV?)

FIG. 6. The fits to the mass of the ground state (shades of red)
and the first excited state (shades of blue) nucleon as a function
of the square of the pion mass, using the 2 4 1 flavor data (open
symbols) from Ref. [91] and 2 + 1 + 1 flavor data (closed symbols)
from Ref. [92]. All fit results are in units of MeV.

In the baryon sector, we could find the data for the mass
of the ground and excited states as a function of the pion
mass only for the nucleon (octet) both for 2 + 1 [91] and
24+ 1+ 1 flavor [92] QCD, which are shown in Fig. 6. For
the 2 4+ 1 4 1 flavor data which correspond to pion masses of
313,225.9,135.6 MeV respectively a fit to the ground state
yields o = 36(2) MeV, whereas for the excited state the data
are available only for the first and last values of the pion
mass stated above, which gives a ¢ = 68(27) MeV. For the
2 + 1 flavor data, a fit to the positive parity nucleon mass data
and its first excited state gives 0 = 27 £2 and 36 £ 6 MeV,
respectively, which are quite close to each other. For the
2 41 flavor fits we assumed that the ground state mass of
the nucleon is reduced by 70 MeV in the chiral limit, and
the difference of its mass with the first excited state remains
similar, &770 MeV, as seen in Ref. [61]. A more sophisticated
fit strategy discussed in Ref. [61] gives a ground state octet

o ~ 44 MeV, which we use in our paper. We nevertheless
performed these simple fits to understand how much the o
terms of the excited state deviate from the ground state of the
baryon octet. We find that the central value varies at most by
1.5 times from the ground state estimates but agree with each
other within errors. We summarize our findings of our fits in
the Table III.

We have also roughly estimated the o terms for the higher
spin excited states of the baryon octet and decuplet using the
data from [62]. Here again we have the mass data for the
excited states for two different pion masses 396 and 524 MeV,
respectively. For the spin 1 %, %, and % first excited nucleon
states we have o = 37, 51, 51, and 51 MeV, respectively by
performing a two-term unconstrained fit. For the first excited
state of A we have o = 40, 39, and 38 MeV, for spins L %,
and % respectively. Since there are only two data points in
each fit, we could not estimate the errors of the o terms but
they all lie within 1o error of the ground state estimates [61].
Henceforth in this work the o terms for these excited states
of baryons are also taken to be the same as their ground
states. Similarly to our prescription for the excited states of
mesons, we have considered a 50% variation of the central
values of these o terms when estimating the error on the chiral
condensate.

APPENDIX B: RELATIVE CONTRIBUTIONS TO THE
RENORMALIZED CONDENSATE FROM MESONS
AND BARYONS

We discuss here the relative contributions of the mesons
and baryons with different quantum numbers to the renor-
malized chiral condensate as a function of temperature.
The relative contributions of different hadrons are shown in
Fig. 7. Within the meson sector, we find that the largest
relative contribution to the renormalized chiral condensate
near the crossover transition temperature comes from the
ground state pions and kaons followed by the vector me-
son. The combined relative contribution from the excited
states of both strange and nonstrange mesons is only 1/3
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FIG. 7. The right panel shows that the relative contribution to the renormalized chiral condensate comes from mesons (80%) followed by
baryons (20%). The left and central panels show the relative contribution to the meson and baryon sectors respectively due to different states.
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of the total ground state contributions. The overall meson
contributions to the renormalized chiral condensate is almost
75% at a temperature 7 = 160 MeV. The remaining contri-

butions come from the baryon sector, dominantly from the
ground state octet and the excited states, primarily those of the
nucleons.
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