
PHYSICAL REVIEW C 106, 044306 (2022)

Deformation and hyperon halo in hypernuclei
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The effects of deformation and the change of the nuclear core on the hyperon binding and halo structure in
single-� p-shell hypernuclei are studied for the C hyperisotopes and N = 6 hyperisotones in the framework of
the deformed Skyrme-Hartree-Fock approach with combinations of the NN interactions SIII, SGII, SkI4 and
the �N interactions LY1 and SLL4, respectively. Deformation causes more deeply bound states with smaller
extension of the density distributions and radii. The possibility of deformed halo structures of � 1p states in
hypernuclei up to a mass number A = 15 is found.
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I. INTRODUCTION

Since the observation of the neutron halo structure in 11Li
in 1985 [1], the halo phenomenon has been intensively studied
from both experimental and theoretical sides [2–4] in very
neutron-rich nuclei, which are far away from the valley of
stability, close to or at the neutron drip line. Compared to
their isobars, the neutron density distribution of halo nuclei
can extend far beyond the nuclear surface area and they have
an abnormally large matter radius. In addition, halo nuclei
can have strong soft electric dipole transition strengths [5].
Necessary conditions for forming a halo are that one or two
valence neutrons have (a) weak binding with typical sep-
aration energies Sn � 1 MeV [3,6], which are significantly
smaller than the canonical value of 8 MeV and (b) low orbital
angular momenta l = 0 or 1 [3]. The binding of one or two
valence neutrons is so loose that they can tunnel deeply into
the classical prohibited area and hence form an extensively
diffused halo surrounding the compact core of the nucleus [7].

Some neutron halo states have been discovered for sd-shell
neutron-rich nuclei, e.g., the Ne isotopes [8]. In these sys-
tems, structures with large quadrupole deformation β2 have
been observed [9,10]. One or two neutrons from the previ-
ously described nuclei will contribute to the formation of the
halo structure. For heavier nuclei, such as neutron-rich Ca
and Zr isotopes, a giant halo phenomenon was predicted in
Refs. [11,12], in which multiple neutrons participate in the
formation of halo structure.

Since the discovery of the first hyperfragment in an
emulsion exposed to cosmic rays in 1953 [13], hypernu-
clei have been investigated extensively both theoretically
and experimentally to understand the hyperon-nucleon (Y N)
and hyperon-hyperon (YY ) interactions. The � hypernucleus,
composed of ordinary nuclear core and the lightest hyperon
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�, provides a unique laboratory to study the �N interactions.
Because unrestricted by the Pauli exclusion principle, the �

hyperon can enter deeply into the nucleus and is a good probe
to study the nuclear structure and interaction that would be
more obscured in ordinary nuclei.

So far, numerous studies have been conducted on the in-
fluence of the hyperon in neutron-rich hypernuclei [14–19],
the exploration of the hyperon drip line [20,21], as well as the
feasibility of halo states in very light systems [22,23].

It is hence very interesting to investigate whether one or
few � hyperons could also form halo structures in heavier
� hypernuclei. In boron and carbon isotopes, the possibility
of forming a halo structure has recently been investigated in
the framework of the spherical Skyrme-Hartree-Fock (SHF)
model [24]. Halo structures with wave functions extending
beyond the nuclear surface were found in the � 1p states of
light B and C isotopes. However, deformation and NN pairing,
which both might have important effects on the halo structure,
were not taken into consideration in Ref. [24].

Within a deformed SHF (DSHF) approach, the � hyperon
has the possibility to occupy different 1p orbits, which leads to
different shapes. For example, the � occupying the two orbits
[101 1/2] and [101 3/2] can drive the nuclear core towards
an oblate deformation, while occupying the orbit [110 1/2]
favors a prolate shape [25,26]. Vice versa, also an eventual
hyperon halo structure in the different � 1p orbits will be
affected by core deformation and NN pairing.

Therefore, the main purpose of the present work is to
investigate the interplay between deformation and change of
the nuclear core and the hyperon halo structure in single-
� p-shell hypernuclei. Note that such detailed modeling of
hypernuclear structure will be required in the future for pre-
cise fitting of the �N interaction to weakly bound (halo)
� states, which depend very sensitively on details of the
nuclear core such as deformation and pairing. Accurate the-
oretical modeling is therefore necessary for comparison with
experimental data on weakly bound � states. This has been
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recently demonstrated for the equivalent case of �− hypernu-
clei [27,28].

We will employ the axially deformed SHF model [29,30],
which has been widely used to describe the gross character-
istics of nuclei over a wide range of the nuclear chart. The
Skyrme-type �N interaction proposed by Rayet in 1981 can
describe well the hypernuclei in the Skyrme model [31]. Many
Skyrme-type �N interactions have been postulated since then
based on a large amount of hypernuclear data [20,32–37], and
hypernuclear structure has been extensively studied employ-
ing these interactions [15,38,39]. For systematic calculations
of hyperisotopes and comparison with Ref. [24], we will adopt
the Skyrme-type �N interaction LY1 obtained by G-matrix
calculations from a one-boson-exchange potential without
�N spin-orbit (s.o.) force [34]. For discussing the dependence
of the � removal energy on the �N interaction, we will also
employ the global �N Skyrme interaction SLL4 [37,40], that
fits very accurately the complete data set of currently known
� hypernuclei.

The paper is organized as follows. In Sec. II, the for-
malism of the DSHF model and some numerical details are
introduced. The results are presented in Sec. III, and a brief
summary is given in Sec. IV.

II. FORMALISM

In the DSHF approach, the total energy of a hypernucleus
is given by [16,20,31]

E =
∫

d3r ε(r) , (1)

in which the energy functional is

ε = εN [ρn, ρp, τn, τp, Jn, J p] + ε�[ρn, ρp, ρ�, τ�] (2)

with εN and ε� as contributions from NN and �N in-
teractions, respectively. For the nucleonic energy-density
functional εN , we use the standard Skyrme forces SIII [41],
SGII [42], or SkI4 [43]. The energy-density functional due to
the presence of hyperons, ε�, reads [37]

ε� = τ�

2m�

+ a0ρ�ρN + a3ρ�ρ1+α
N + a′

3ρ�

(
ρ2

N + 2ρnρp
)

+ a1(ρ�τN + ρNτ�) − a2(ρ�	ρN + ρN	ρ�)/2

− a4(ρ�∇ · JN + ρN∇ · J�) , (3)

where the last term is the s.o. part [24,37,38] and two alter-
native parametrizations of nonlinear effects are indicated, i.e.,
the first one a3 derived from a G matrix [33,34,44] and the
second one a′

3 from a Y NN contact force [31,45]. The LY1
[34] and SLL4 [37,40] Y N forces used in this work employ
the first choice.

The one-body density ρq, kinetic density τq, and s.o. cur-
rent Jq read

[ρq, τq, Jq] =
Nq∑

k=1

nk
q

[∣∣φk
q

∣∣2
,

∣∣∇φk
q

∣∣2
, φk

q
∗(∇φk

q × σ
)/

i
]
,

(4)
where φk

q (k = 1, · · · , Nq ) are the single-particle (s.p.) wave
functions of the kth occupied states for the different particles

q = n, p,�. The occupation probabilities nk
q are calculated by

taking into account pairing within a BCS approximation for
nucleons only. The pairing interactions between nucleons are
taken as a density-dependent δ force [46]:

Vq(r1, r2) = V ′
q

[
1 − ρN ((r1 + r2)/2)

0.16 fm−3

]
δ(r1 − r2), (5)

where pairing strengths V ′
p = V ′

n = −410 MeV fm3 are used
for light nuclei [47]. A smooth energy cutoff is employed in
the BCS calculations [48]. In the odd-mass systems, the orbit
occupied by the unpaired nucleon is blocked as described in
Ref. [49]. The unknown �� pairing interaction is irrelevant
for this work regarding only single-� hypernuclei.

Through the variation of the total energy (1) one derives the
SHF Schrödinger equation for both nucleons and � hyperons,[
−∇ · 1

2m∗
q (r)

∇+ Vq(r) − iWq(r) · (∇× σ )

]
φk

q (r) = ek
qφ

k
q (r),

(6)

in which Vq(r) is the central part of the mean field depend-
ing on the densities, while Wq(r) is the s.o. interaction part
[29]. The �N s.o. interaction is very small [24] and will be
discussed later.

Each NN Skyrme force entails an approximate c.m. cor-
rection procedure that has been used for the parameter fitting.
The SIII and SGII forces require to replace the bare masses in
Eq. (6): 1/mq → 1/mq − 1/M, where M = (Nn + Np)mN +
N�m� is the total mass of the (hyper)nucleus. The SkI4 force
uses an empirical correction Ec.m. = −17.2 A−0.2 MeV. As the
removal energy

B� ≡ E (AZ) − E
(A+1

�
Z
)

(7)

of � halo states can be arbitrarily small, the approximate char-
acter of the c.m. corrections (amongst other approximations
for pairing, mean field, etc.) might represent a large relative
theoretical error. For example, the difference between the
above two procedures for C hyperisotopes is about 0.2 MeV.
That is why we perform calculations with combinations of
different NN and �N forces to ensure that our conclusions
are qualitatively correct.

In the calculations, the DSHF Schrödinger equation is
solved in cylindrical coordinates (r, z), under the assumption
of axial symmetry of the mean field [29,30]. The optimal
quadrupole deformation parameters

β
(q)
2 =

√
π

5

〈2z2 − r2〉q

〈z2 + r2〉q
(8)

are determined by minimizing the energy-density functional.

III. RESULTS AND DISCUSSION

In Ref. [24] the spherical SHF method has been applied
to study the halo structure of the � 1p state with the NN
interaction SIII and the �N interaction LY1, which yields
good predictions for the � 1s binding energies of single-�
hypernuclei. Here, we extend these calculations to deformed
hypernuclei, evaluating different NN interactions SIII, SGII,

044306-2



DEFORMATION AND HYPERON HALO IN HYPERNUCLEI PHYSICAL REVIEW C 106, 044306 (2022)

TABLE I. The lifetimes and dominant decay modes [electron
capture (EC), β− decay, or proton emission] of the nuclear cores.
The data are taken from NuDat [50].

Nucleus lifetime dominant decay mode

10C 19.3 s EC
12C Stable
14C 5700 yr β−
16C 0.747 s β−
18C 92 ms β−
20C 16.2 ms β−
22C 6.1 ms β−
9Li 178.3 ms β−
10Be 1.51 × 10+6 yr β−
11B Stable
13N 598 s EC
14O 70.6 s EC
15F 10−15 s p
16Ne 9 × 10−21 s 2p

and SkI4, as well as �N interactions LY1 or SLL4. We
perform systematic calculations for hyperisotopes with proton
number Z = 6 and hyperisotones with neutron number N = 6.

The lifetimes and dominant decay modes of all the nuclear
cores discussed in the article are listed in Table I. One can
see that only 15F and 16Ne decay via the strong interaction
by proton emission, whereas all others by weak decays (β
decay and electron capture). Thus most of the nuclei discussed
here are sufficiently long-lived to be experimentally relevant.
Indeed several experiments to study neutron-rich or proton-
rich hypernuclei are currently ongoing or planned [51–56].
Accurate total binding energies do exist in all cases and will be
used in the following to compare with theoretical predictions
of the various NN Skyrme forces.

The p-state hypernuclei built upon those nuclear cores are
expected to decay electromagnetically, but it has also been
conjectured [57] that the “nuclear Auger effect”, A+1

�p
Z →

A
�s

Z +n, might substantially broaden the � single-particle
states to several 100 keV, although so far this effect has never
been observed experimentally and the standard view of well-
defined narrow hyperon single-particle states [58,59] seems to
be well established. However, in particular for the � 1p states
of neutron-rich nuclei discussed in this work, the relevance
of the Auger effect might not be excluded and could in fact
allow a detailed study of this phenomenon in the future. For
the time being, the main interest of this work is in the � halo
properties of hypernuclei and their interplay with a deformed
core, assuming reasonably narrow � states.

A. Choice of interaction parameters

Figure 1 shows the total binding energies of the core nu-
clei 8–22C obtained with the NN interactions SIII, SGII, and
SkI4, respectively, in comparison with experimental data from
Ref. [50]. One can see that SIII provides the best reproduction
of the data, while SkI4 predicts a slight overbinding, which
worsens for the SGII force. (This interaction was not opti-
mized for fitting binding energies).

FIG. 1. Total binding energies of carbon isotopes with varying
mass number A calculated with different Skyrme NN interactions
SIII (solid red thick curve), SGII (dashed blue curve), and SkI4
(dash-dotted green curve), and with their modified variants SIIIr,
SGIIr, and SkI4r (thin curves), in which the s.o. interaction is reduced
to 60%. The experimental data [50] are also shown.

However, while the interaction SIII makes accurate pre-
dictions of total binding energies of C isotopes, it yields a
spherical ground state for 12C [15,25,65,66]. In Ref. [65]
it was pointed out that the s.o. splitting of the s.p. levels
around the Fermi surface plays an essential role for driving the
nuclear deformation. Therefore, in order to obtain correctly
deformed minima, the NN s.o. interactions are reduced to
60% of the original ones when calculating C (hyper)isotopes.
The total binding energies calculated with these modified
forces (labeled as “SIIIr”, “SGIIr”, and “SkI4r”) are also
shown in Fig. 1. One can see that due to the reduced s.o. inter-
action, all binding energies are also reduced. Now SkI4r gives
the best predictions for binding energies, while SIIIr provides
slight underbinding, but SGIIr still overbinds most isotopes.

Next, these renormalized NN interactions are used in
combination with the �N interactions LY1 or SLL4 to ex-
amine their predictions for the � 1s removal energy in C
hyperisotopes. The results are shown in Fig. 2, together
with available experimental data for 12,13,14

�C from (π+, K+)
[58], Emulsions1 [60], Emulsions2 [61], KEK-SKS [62], and
DANE-FINUDA [63,64].

One observes that results obtained with LY1 and SLL4 are
both consistent with the data within the current error bars,
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FIG. 2. Removal energies of the � 1s ground state of hyper-
nuclei A+1

� C obtained with SIIIr, SGIIr, SkI4r, NN , and LY1 (thick
curves) and SLL4 (thin curves) Y N interactions, respectively. The
experimental data (π+, K+) [58], Emulsions1 [60], Emulsions2 [61],
KEK-SKS [62], and DANE-FINUDA [63,64] are also shown.

SLL4 providing about 0.3 MeV more binding. Furthermore,
B� is almost independent of the NN interaction for 12 � A �
18, while in the proton-rich and neutron-rich regions SkI4r
predicts up to about 0.5 MeV less binding than SIIIr or SGIIr.
Therefore we will use SIIIr+LY1 as the default interaction in
the following analysis.

B. Deformations of carbon hyperisotopes

In Fig. 3, the potential energy surfaces of core nuclei AC
and � 1p hypernuclei A+1

�C obtained by self-consistent DSHF
calculations with SIIIr+LY1, SGIIr+LY1, and SkI4r+LY1
interactions are compared. For hypernuclei, the results with
the � in [101 1/2] and [110 1/2] orbits are given. All in-
teractions predict energy minima of the normal nuclei and
hypernuclei on the same deformation side. The energy minima
of 10C and 12C are oblate with β2 ≈ −0.32. 14C is a spherical
nucleus because of the neutron N = 8 closed-shell effect. The
energy minimum of 16C is on the prolate side. Two minima
with almost the same energies appear on the prolate and oblate
sides for 18C, and the deformation becomes oblate again
for 20C and 22C. The corresponding values of total energy
E , removal energy B�, as well as the deformations of the

hypernuclei β2 and the � hyperon density β
(�)
2 are summa-

rized in Table II.
As already evident in Figs. 1 and 2, one notes that there is

a quite big difference between SIIIr+LY1, SGIIr+LY1, and
SkI4r+LY1 results for the total energies of the (hyper)nuclei,
whereas the � 1p removal energies are almost independent
of the NN interaction, in line with the spherical SHF results
[24]. Since we mainly focus on the effect of deformation on
hyperon halo structure, the good description of the hypernu-
clear deformation and the robust prediction of the � removal
energy provide a reliable environment to investigate the �

halo structure in the following.

C. Interplay between deformation and hyperon halos

We now discuss the differences between the spherical and
axially deformed systems with a � 1p state. For this purpose,
quadrupole-constrained calculations were carried out in the
DSHF to obtain results with spherical shape. To guarantee
that the deformations of hypernuclei, cores, and hyperons are
all constrained to be spherical, the three � 1p orbits [101
1/2], [101 3/2], and [110 1/2] should be mixed with the same
occupation probability (labeled as “spherical”). The obtained
energies E and the induced � removal energies B� are also
given in Table II. One again observes that the three interac-
tions give similar results for β

(�)
2 .

For 11
�C, the � 1p states except [110 1/2] are unbound

with respect to the 10C +� threshold, since their removal
energies B� are negative. The � [110 1/2] state has a prolate
shape and thus tends to move the core deformation to the
prolate side, as can clearly be seen in Fig. 3. The deforma-
tions of 11

�C and � are 0.47/0.48/0.46 and 0.77/0.78/0.77
with SIIIr/SGIIr/SkI4r forces, respectively. Because B� of
the [110 1/2] state is only slightly larger than the typical
weak binding energy 1 MeV [3], 11

�C possibly has a prolately
deformed halo structure in this state, which the spherical SHF
calculation in Ref. [24] could not evidence.

For 13
�C, almost all � 1p states, except [110 1/2] with

SkI4r+LY1, are bound with respect to the 12C +� threshold.
The removal energy of the spherical state is substantially less
than those of the two deformed states [101 1/2] and [110 1/2],
indicating that deformation has a considerable influence on
the bound state of hypernuclei. B� values of both spherical
and prolate [110 1/2] states are smaller than the typical weak
binding energy 1 MeV, indicating a possible halo structure in
both cases. However, the true ground state is the oblate [101
1/2] and this thus counteracts the formation of a � [110 1/2]
halo. In fact B� of the prolately deformed 15

�C is of the same
size as for the oblate 13

�C. For 17
�C and heavier isotopes the �

is always stronger bound and no further halos appear.
Since the various weakly bound � 1p states depend very

delicately on the interactions employed, we study this in more
detail in Table III, which lists also results obtained with the
SLL4 �N force for comparison. The differences between
LY1 and SLL4 results are generally very small. In nearly all
cases the deformed states are more bound than the spheri-
cal states. However, the theoretical B� values differ by the
order of 1 MeV in the differently deformed states, which is
important for future precise fits of the �N interaction. For
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FIG. 3. Potential energy surfaces of C (hyper)isotopes obtained by self-consistent DSHF calculations with SIIIr/SGIIr/SkI4r+LY1
interactions. The solid curves represent the potential energy surface of nuclei without � and the dashed and dotted curves hypernuclei with �

[101 1/2] and [110 1/2] p states, respectively.
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TABLE II. Deformations β2 and β
(�)
2 of hypernucleus and � hyperon individually, total energies E (in MeV), and � removal energies B�

(in MeV) of C hyperisotopes with different � 1p states calculated by DSHF using SIIIr/SGIIr/SkI4r+LY1 interactions. For spherical results
the three � 1p orbits [101 1/2], [101 3/2], and [110 1/2] are mixed with the same occupation probability in the calculations. The ‘*’ indicates
the deformed state with minimum energy.

deformed spherical

[101 1/2] [110 1/2] mixed

hypernucleus β2 β
(�)
2 −E B� β2 β

(�)
2 −E B� −E B�

11
�C −0.30 −0.37 54.9 −0.27 0.47 0.77 56.2* 1.10 53.7 −1.14

13
�C −0.34 −0.40 84.9* 1.49 0.26 0.70 84.1 0.62 83.0 0.25

15
�C −0.07 −0.33 104.8 1.70 0.13 0.66 105.0* 1.89 104.7 1.63

SIIIr+LY1 17
�C −0.24 −0.38 109.3 2.79 0.39 0.79 110.9* 4.43 108.1 2.75

19
�C −0.31 −0.41 114.0 4.08 0.40 0.78 115.6* 5.68 111.0 3.46

21
�C −0.34 −0.43 118.7* 5.46 0.29 0.75 116.0 2.75 113.7 4.20

23
�C −0.22 −0.40 117.3* 5.72 0.14 0.70 117.0 5.39 116.3 4.79

11
�C −0.32 −0.38 63.1 −0.20 0.48 0.78 64.6* 1.28 61.7 −1.15

13
�C −0.35 −0.40 93.1* 1.53 0.27 0.71 92.0 0.34 90.8 0.19

15
�C −0.07 −0.33 114.1 1.66 0.13 0.66 114.3* 1.87 114.0 1.57

SGIIr+LY1 17
�C −0.24 −0.38 121.0 2.71 0.40 0.79 122.7* 4.47 119.5 2.55

19
�C −0.32 −0.42 128.6 4.39 0.41 0.79 130.0* 5.73 125.1 3.42

21
�C −0.36 −0.44 136.6* 5.50 0.37 0.37 133.7 2.60 130.9 4.18

23
�C −0.28 −0.41 138.8* 5.99 0.19 0.71 137.7 4.90 136.8 4.80

11
�C −0.32 −0.38 57.7 −0.30 0.46 0.77 59.3* 1.34 56.0 −1.15

13
�C −0.35 −0.40 89.2* 1.54 0.27 0.71 87.6 −0.13 86.3 0.19

15
�C −0.06 −0.33 109.5 1.62 0.11 0.65 109.7* 1.79 109.4 1.56

SkI4r+LY1 17
�C −0.23 −0.38 113.2 2.37 0.40 0.78 115.1* 4.28 111.8 2.48

19
�C −0.31 −0.41 117.7 4.25 0.41 0.78 118.8* 5.38 114.3 3.15

21
�C −0.35 −0.43 122.5* 5.22 0.36 0.77 120.2 2.94 117.0 3.84

23
�C −0.26 −0.41 122.3* 5.66 0.20 0.73 121.0 4.37 119.9 4.47

example, both LY1 and SLL4 parameters (and actually all
current �N Skyrme forces) were obtained from theoretical
calculations without taking into account deformation, and
this is one of the issues to be addressed in the future for
more precise parameter fits. As it stands, for both SLL4 and
LY1 the B� of the deformed states agree better than those
of the spherical state with the known experimental data for
13
�C.

We also verify in Table III (last two ‘Theory’ columns) that
the removal energies of � spherical states computed with the
unrenormalized SIII+LY1 force are very close to the equiva-

lent ones of Ref. [24], and that the difference to the SIIIr+LY1
results is very small.

To illustrate the mechanism that lowers the p-state energies
in the differently deformed states, we plot in Fig. 4 the � mean
field V� (upper panels) and the density distribution ρ� (lower
panels) in the spherical and deformed hypernuclei 11,13

�C. One
sees that for the prolately deformed 11

�C, which contains a �

[110 1/2] state, the potential well in the r = 0 plane (thick
dotted blue curve) is deeper by several MeV in the region
around z ≈ 2.0 fm, where a major part of the prolate [110
1/2] wave function resides. This leads to an energy gain of the

TABLE III. � removal energies B� (in MeV) of C hyperisotopes with different � 1p states calculated by DSHF with different NN+�N
interactions. Experimental data are also shown.

Theory Experiment

[101 1/2] [110 1/2] Spherical Ref. [24] Ref. [59]

SIIIr + SLL4 SIIIr + LY1 SIIIr + SLL4 SIIIr + LY1 SIIIr + SLL4 SIII + SLL4 SIIIr + LY1 SIII + LY1 SIII + LY1 (π+, K+) Emulsion

11
�C −0.50 −0.27 1.01 1.10 −1.42 −1.50 −1.14 −1.23 − − −

13
�C 1.37 1.49 0.48 0.62 0.00 −0.08 0.25 0.18 0.19 1.1(2) 0.8(3)

15
�C 1.53 1.70 1.75 1.89 1.45 1.41 1.63 1.60 1.61 − −

17
�C 2.69 2.79 4.41 4.43 2.59 2.43 2.75 2.60 2.58 − −

19
�C 4.03 4.08 5.71 5.68 3.31 3.35 3.46 3.51 3.50 − −

21
�C 5.45 5.46 2.77 2.75 4.07 4.24 4.20 4.37 4.38 − −

23
�C 5.70 5.72 5.35 5.39 4.65 4.71 4.79 4.87 4.88 − −
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FIG. 4. The � mean field V� (upper panels) and density distri-
bution ρ� (lower panels) in the spherical and deformed hypernuclei
11,13

�C, obtained with SIIIr+LY1 forces. The results for r = 0 (thick
curves) and z = 0 (thin curves) of the � [101 1/2] state (dashed red
curves) and the � [110 1/2] state (dotted blue curves) are shown.
The solid black curves show the results of the spherical calculation.

order of 1 MeV for the binding of the � compared to the [101
1/2] state. Similarly, the potential well of the [101 1/2] state
in the z = 0 plane (thin dashed red curve) causes an energy
gain of about 1 MeV compared to the spherical state (solid
black curve). This explains the B� values listed in Table II.

For the oblately deformed 13
�C, the potential wells in the

r = 0/z = 0 plane of the [110 1/2]/[101 1/2] states are very
similar in the region of maximum prolate/oblate wave func-
tions. As discussed in detail in Ref. [27], oblate deformation
of the nuclear core 12C favors the binding of an oblate � 1p
orbital, because of the improved geometrical overlap of wave
function and embedding potential, such that this state be-
comes more bound than in spherical approximation or prolate
deformation.

The prolate and oblate energy minima of 15,17,19
�C and

21,23
�C, respectively, are explained in the same manner. Al-

together, it can be stated that the depth of the hyperon
potential and the geometrical overlap of the wave function
of hyperon and the nuclear core play roles in the binding of
hypernuclei, and that the two mechanisms may compete.

D. Effects of core on hyperon halo

In order to investigate now the effect of deformation on
the hyperon halo structure in more detail, density contours
of different � 1p states are drawn in Fig. 5. The densities of
the � [101 1/2] ([110 1/2]) states are symmetric in the r (z)
direction. We find results in line with the B� values in Table II,
namely weakly bound states extend further out than strongly

bound ones, in particular the spherical and [110 1/2] states
extend up to about 15 fm (using ρ = 10−8 fm−3 as a density
threshold) for the 11,13,15

�C isotopes, which is beyond the core
nucleus densities plotted in the last column for comparison,
whereas for heavier isotopes the � is fully embedded in the
core.

In fact the corresponding one-dimensional density distri-
butions plotted in Fig. 6 show that the � density for 11,13,15

�C
exceeds the neutron density by about two orders of magnitude
at r ≈ 10 fm, for all types of deformation, and thus constitutes
a proper � ‘halo’, even for 15

�C with B� � 1 MeV. On the
contrary, in 17

�C and heavier isotopes the � density behaves as
the neutron density and a � halo is not present any more (or
merges with the neutron halo).

These features are also confirmed by the root-mean-square
(rms) radii of protons, neutrons, and � that are indicated
by arrows in Fig. 6. One sees that larger B� causes smaller
� radii, also consistent with the results of spherical SHF in
Ref. [24]. In particular, the � radii in spherical states are
larger than those in deformed states due to the weaker binding.
Comparing with the density contours in Fig. 5, the greater ge-
ometrical weight in r direction should be taken into account,
and therefore an extended halo in z direction ([110 1/2] state)
might not be adequately reflected by the rms radius, see, e.g.,
11,13

�C. In any case, for the light isotopes the � radii are always
substantially larger than the nucleonic ones, confirming the �

halo structure.
Thus, different � 1p orbits drive hypernuclei towards dif-

ferent deformations and thereby affect the density distribution
of the � as well as their halo structure. The results obtained
for light C hyperisotopes have shown that hyperons occupy-
ing 1p orbits may be in weakly bound states and diffuse in
space with very small density and thus form hyperon halos.
With increasing mass number the � becomes more bound
and the halo disappears. We therefore study in Table IV and
Fig. 7 the same effect in N = 6 hyperisotones (with the com-
mon nucleus 13

�C) with the SIIIr+LY1 interaction. Due to
the isoscalar �N interaction, the effects found here are very
similar to those for the hyperisotopes: up to a mass number
A ≈ 15, the hyperon is unbound or forms a halo state with
large rms radius r�, in particular for the [101 1/2] orbit. For
these light nuclei, the � occupies a halo outside the nuclear
core, as seen in Fig. 7, while with increasing mass number
it is gradually absorbed into the nuclear core. 17

�Ne does not
exhibit a halo anymore, just like 17

�C before. Equivalent results
were obtained in spherical SHF [24].

As for C hyperisotopes, the � [101 1/2]/[110 1/2] state
has oblate/prolate shape and thus tends to move the core
deformation to the oblate/prolate side, by the mechanism that
lowers the p-state energies in the differently deformed states
discussed with Fig. 4. The theoretical B� values are different
in the oblate and prolate states by up to about 2 MeV. Almost
all energy minima of N = 6 hyperisotones are on the prolate
side, only 13

�C is oblate. Regarding 14
�N and 15

�O, because of
the spherical core shape and the proton closed-shell effect, the
depth of the � [101 1/2] and [110 1/2] potential wells and
the related removal energies are very similar.

Concerning experimental data, although the ground-state
� removal energy of 14

�N has not been observed, it might
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FIG. 5. The density distributions of spherical and deformed [101 1/2] and [110 1/2] � 1p states in C hyperisotopes compared to the
nuclear density distributions in the core nuclei, calculated by DSHF with the SIIIr+LY1 interaction. In the spherical calculations, the three
� 1p orbits [101 1/2], [101 3/2], and [110 1/2] are mixed with the same occupation probabilities. Neutrons in the core nucleus 22C are
unbound.
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FIG. 6. The density distributions of spherical and deformed � 1p states in C hyperisotopes compared to the density distributions of neutron
and proton, calculated by DSHF with the SIIIr+LY1 interaction. Arrows indicate the rms radii.

be approximated by the one for the mirror nucleus 14
�C,

B�s = 12.17 ± 0.33 MeV [60]. Making this assumption, in
Ref. [67] the difference between the � 1s and 1p states for
14
�N was determined to be about 10.5 MeV. The resulting

B�p ≈ 1.67 MeV compares fairly well with our theoretical
values in Table IV.

E. �N spin-orbit splitting in 13
�C

The � 1p halo states discussed in the previous sections
are weakly bound by less than 1 MeV, which is comparable
to the finer effects of the �N interaction, such as the s.o.
splitting, for which experimental data are available for the 13

�C
hypernucleus. The dominant component of the two negative-

TABLE IV. � removal energies (in MeV), rms radii (in fm), and deformations of N = 6 hyperisotones for the � [101 1/2] and [110 1/2]
states calculated by DSHF using the SIIIr+LY1 interaction. The ‘*’ indicates the deformed state with minimum energy. The 17

�Ne core nucleus
is unbound.

core nucleus [101 1/2] [110 1/2]

−E rN β2 B� r� β2 B� r� β2

10
�Li 44.70 2.44 −0.20 −1.24 4.03 −0.26 −0.24* 3.52 0.38

11
�Be 59.56 2.44 −0.23 −0.30 3.54 −0.30 1.02* 3.26 0.47

12
�B 71.61 2.48 −0.28 0.64 3.35 −0.33 0.92* 3.23 0.35

13
�C 83.44 2.53 −0.32 1.49* 3.25 −0.34 0.62 3.21 0.26

14
�N 90.10 2.51 0 1.31 3.23 −0.19 1.50* 3.20 0.17

15
�O 97.05 2.57 0 1.69 3.23 −0.06 1.88* 3.18 0.13

16
�F 94.84 2.74 0.21 1.67 3.23 −0.12 3.23* 3.15 0.27

17
�Ne 93.65 2.85 0.34 2.45 3.17 −0.25 4.35* 3.19 0.41
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FIG. 7. Same as Fig. 6, but for N = 6 hyperisotones. A proton in spherical 17
�Ne is unbound.

parity states 1/2− and 3/2− in 13
�C is the 12Cg.s.(0+) ⊗

�1p configuration. In Refs. [68,69] the s.o. splitting was
measured as E (1/2−) − E (3/2−) = 0.152 ± 0.054(stat) ±
0.036(syst) MeV in the reaction 13C(K−, π−γ ) 13

�C via the
substitutional transition (p1/2)n → (p?/2)� on the ordinary
oblately deformed core nucleus 13C. The excitation energies
of the 1/2− and 3/2− states were determined as 10.98 and
10.83 MeV, respectively, by analyzing the different angular
distributions of the reaction for the two channels.

In the spherical SHF calculation [24], these experimental
data correspond to the � 1p1/2 and 1p3/2 states and they
were reproduced with a s.o. force strength a4 = W �

0 /2 =
2.35 MeV fm5 in Eq. (3). As the initial 13C core nucleus is
oblately deformed, in our two-dimensional model they corre-
spond thus to the oblately deformed � states [101 1/2] and
[101 3/2], which are degenerate without an additional � s.o.
force (a4 = 0). In this work with the SIIIr+LY1/SLL4 inter-
actions, the splitting of the [101 1/2] and [101 3/2] states may
be adjusted to the experimental data of 13

�C with a value a4 =
W �

0 /2 = 2.65 MeV fm5, as is illustrated in Fig. 8, with the
corresponding excitation energies E1/2 = 9.84(10.29) MeV
and E3/2 = 9.69(10.14) MeV for the SIIIr+LY1(SLL4)
interaction.

Instead, the prolate [110 1/2] state remains at a higher
energy. It would be very difficult to observe this state ex-
perimentally, as it requires a collective configuration change
from the oblate true 13C ground state to the excited prolate
one, which is supposedly very short-lived. Also, theoretically
a beyond-mean-field approach [70–72] would be appropriate
for a more realistic modeling of this phenomenon.

These results confirm that the combined treatment of de-
formation and details of the �N interaction such as a s.o.
force is necessary for a precise fitting and understanding of
experimental data, as motivated in the Introduction.

In this regard, the small �N spin-orbit force also provides
small additional binding for the � 1s orbits, of about 0.1 MeV
for the C hyperisotopes. However, this is a spurious effect, as
the parameters of both LY1 and SLL4 forces were determined
with a4 = 0, and would have to be refitted when including the
s.o. force (and other improvements of the formalism such as
deformation discussed here).

IV. SUMMARY

The mutual interplay between nuclear core deformation
and hyperon halo structure in single-� p-shell C hyper-
isotopes and N = 6 hyperisotones has been studied in the
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FIG. 8. Self-consistent DSHF results of different � 1p states in
13
�C using the SIIIr+LY1 interaction with a4 = 2.65 MeV fm5.

DSHF framework with the interactions SIIIr/SGIIr/SkI4r +
LY1/SLL4. We found � halo states characterized by weak
� binding � 1 MeV and extended density distributions up
to mass number A = 15. With the increase of the nucleon

number the halo state gradually disappears, until the � is
absorbed completely into the nuclear core.

Generally deformation causes more deeply bound � states
with smaller diffusion of the density distributions and related
radii. In any case the difference between � removal energies
in the differently deformed states is of the order of 1 MeV,
depending somewhat on the choice of the interactions. This
is comparable to the magnitude of the �N s.o. splitting, for
example.

Therefore these kind of results will be important for future
precise fits of the �N interaction, in particular for weakly
bound � s.p. states, where deformation is important and has
to be necessarily considered for precise calculations of the
� removal energies to be compared with experimental val-
ues. This work is a first step in that direction. In particular,
a beyond-mean-field treatment [70–72] and inclusion of the
decay widths might also be required for a more realistic mod-
eling in the future.
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[61] M. Jurič et al., Nucl. Phys. B 52, 1 (1973).
[62] E. Botta, T. Bressani, and A. Feliciello, Nucl. Phys. A 960, 165

(2017).
[63] M. Agnello et al., Phys. Lett. B 622, 35 (2005).
[64] M. Agnello et al., Phys. Lett. B 698, 219 (2011).
[65] H. Sagawa, X. R. Zhou, X. Z. Zhang, and T. Suzuki, Phys. Rev.

C 70, 054316 (2004).
[66] H.-J. Schulze, M. Thi Win, K. Hagino, and H. Sagawa, Prog.

Theor. Phys. 123, 569 (2010).
[67] M. May et al., Phys. Rev. Lett. 47, 1106 (1981).
[68] S. Ajimura et al., Phys. Rev. Lett. 86, 4255 (2001).
[69] H. Kohri et al., Phys. Rev. C 65, 034607 (2002).
[70] J. W. Cui, X. R. Zhou, L. X. Guo, and H.-J. Schulze, Phys. Rev.

C 95, 024323 (2017).
[71] W. Y. Li, J. W. Cui, and X. R. Zhou, Phys. Rev. C 97, 034302

(2018).
[72] H. Mei, K. Hagino, J. M. Yao, and T. Motoba, Phys. Rev. C 97,

064318 (2018).

044306-12

https://doi.org/10.1103/PhysRevC.87.014333
https://doi.org/10.1063/1.5118377
https://doi.org/10.1016/0375-9474(75)90338-3
https://doi.org/10.1016/0375-9474(81)90741-7
https://doi.org/10.1016/0375-9474(94)00770-N
https://doi.org/10.1016/j.nuclphysa.2012.05.005
https://doi.org/10.1016/0003-4916(76)90262-1
https://doi.org/10.1016/0375-9474(93)90456-8
https://doi.org/10.1103/PhysRevC.68.014317
https://doi.org/10.1007/s10050-000-4504-z
https://www.nndc.bnl.gov/nudat3/
https://doi.org/10.1103/PhysRevC.94.044616
https://doi.org/10.1103/PhysRevC.94.054615
https://doi.org/10.1016/j.nimb.2020.02.026
https://doi.org/10.1016/j.nima.2018.10.206
https://doi.org/10.1016/j.nimb.2013.08.046
https://doi.org/10.1016/j.ppnp.2020.103773
https://doi.org/10.1007/BF01290752
https://doi.org/10.1016/j.ppnp.2005.07.001
https://doi.org/10.1103/RevModPhys.88.035004
https://doi.org/10.1016/j.nuclphysa.2005.01.002
https://doi.org/10.1016/0550-3213(73)90084-9
https://doi.org/10.1016/j.nuclphysa.2017.02.005
https://doi.org/10.1016/j.physletb.2005.07.002
https://doi.org/10.1016/j.physletb.2011.02.060
https://doi.org/10.1103/PhysRevC.70.054316
https://doi.org/10.1143/PTP.123.569
https://doi.org/10.1103/PhysRevLett.47.1106
https://doi.org/10.1103/PhysRevLett.86.4255
https://doi.org/10.1103/PhysRevC.65.034607
https://doi.org/10.1103/PhysRevC.95.024323
https://doi.org/10.1103/PhysRevC.97.034302
https://doi.org/10.1103/PhysRevC.97.064318

