
PHYSICAL REVIEW C 106, 034913 (2022)

Free spectator nucleons in ultracentral relativistic heavy-ion collisions as a probe of neutron skin
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Besides the yield ratio of free spectator neutrons produced in ultracentral 96Zr+96Zr to 96Ru+96Ru collisions
[Liu et al., Phys. Lett. B 834, 137441 (2022)], we propose that the yield ratio Nn/Np of free spectator neutrons
to protons in a single collision system at the BNL Relativistic Heavy Ion Collider or the CERN Large Hadron
Collider can be a more sensitive probe of the neutron-skin thickness �rnp and the slope parameter L of the
symmetry energy. The idea is demonstrated based on the proton and neutron density distributions of colliding
nuclei obtained from Skyrme-Hartree-Fock-Bogolyubov calculations, and on a Glauber model that provides
information of spectator matter. The final spectator particles are produced from direct emission, clusterization
by a minimum spanning tree algorithm or a Wigner function approach, and deexcitation of heavy clusters by
GEMINI. A larger �rnp associated with a larger L value increases the isospin asymmetry of spectator matter and
thus leads to a larger Nn/Np, especially in ultracentral collisions where the multiplicity of free nucleons are
free from the uncertainties of cluster formation and deexcitation. We have further shown that the double ratio
of Nn/Np in isobaric collision systems or in collisions by isotopes helps to cancel the detecting efficiency for
protons. Effects from nuclear deformation and electromagnetic excitation are studied, and they are found to be
subdominant compared to the expected sensitivity to �rnp.

DOI: 10.1103/PhysRevC.106.034913

I. INTRODUCTION

Understanding the nuclear matter equation of state (EOS)
is one of the main goals in nuclear physics. Despite the ef-
forts in recent decades, considerable uncertainties still remain
in the isospin-dependent part of the EOS, i.e., the nuclear
symmetry energy Esym characterizing the energy difference
between neutron-rich and neutron-poor systems. The accu-
rate knowledge of Esym, particularly its density dependence,
is important in understanding properties of neutron-rich nu-
clei, dynamics of nuclear reactions induced by radioactive
beams, and phenomena in nuclear astrophysics [1–3], such
as gravitational waves from compact star mergers. Among
various probes of the nuclear symmetry energy, the neutron-
skin thickness �rnp, defined as the difference between the
neutron and proton root-mean-square (RMS) radii, is one of
the most robust probes in constraining the slope parameter
L = 3ρ0(dEsym/dρ)ρ0 of the symmetry energy around the
saturation density ρ0 [4–9]. In recent decades, the �rnp has
been measured experimentally through proton [10,11] and
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pion [12] scatterings, charge exchange reactions [13], coher-
ent pion photoproductions [14], and antiproton annihilations
[15–17], etc. More recently, experimental measurement of the
�rnp in 208Pb by parity-violating electron-nucleus scatterings
favors a large value of L [18]. Although such measurement
has less model dependence, there are still debates on the
experimental method [19], and the resulting large L value
differs from results based on other isovector observables, e.g.,
the electric dipole polarizability [20].

Heavy-ion collisions, in which the nucleon distribution de-
termines the initial condition, are a useful way to measure the
neutron-skin thickness as well. In low-energy heavy-ion col-
lisions where the dynamics is mostly dominated by nucleon
degree of freedom, the neutron/proton or triton/3He yield
ratio [21] and the average isospin asymmetry of fragments
[22] were proposed to be probes of the neutron-skin thickness
of colliding nuclei. However, such probes suffer from model
dependence of transport simulations [23] and uncertainties
of clusterization and fragmentation. In relativistic heavy-ion
collisions, observables at midrapidities are also proposed as
probes of the collective structure of colliding nuclei [24–27],
including their neutron skins [28]. For example, 96Ru + 96Ru
and 96Zr + 96Zr collisions at

√
sNN = 200 GeV were origi-

nally proposed to measure the chiral magnetic effect [29], but
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byproducts such collisions can also be used to measure the
neutron-skin thickness of colliding nuclei through the ratio of
midrapidity observables in the isobaric systems, such as that
of the multiplicity distribution and/or v2 [28,30], the mean
transverse momentum pT [31] and its fluctuations [32], and
vn-pT correlations [26,33,34]. Since the final observables in
relativistic heavy-ion collisions are affected by complicated
dynamics such as the relativistic hydrodynamics of the quark-
gluon plasma, the hadronization, and the hadronic evolution,
etc., these observables at midrapidities are also impacted by
uncertainties in the theoretical description of the above pro-
cesses as well.

In the present paper, we propose that the free spectator
nucleons in ultracentral relativistic heavy-ion collisions can
be used as a clean probe of the �rnp of colliding nuclei. The
free spectator neutrons can be measured by the zero-degree
calorimeters (ZDCs), and their distribution is mostly used to
estimate the event centrality or the reaction plane [35,36]. The
free spectator protons can also be measured by instrumenting
the forward region with dedicated detectors [37]. The advan-
tage of choosing spectator nucleons in relativistic heavy-ion
collisions as a probe is that the spectator matter passes by at
the speed of light so that there are almost no interaction be-
tween the spectator matter and the participant matter, different
from the situation in low-energy heavy-ion collisions. These
free spectator nucleons are from the direct production of initial
collisions and the deexcitation of heavy fragments. Generally,
one expects that there are uncertainties from the calculation
of the excitation energy of the fragments and also the deex-
citation process, while in ultracentral heavy-ion collisions we
will show that the results are insensitive to such uncertainties.
Since free spectator neutrons in ultracentral heavy-ion colli-
sions are mostly produced from the surface of the colliding
nuclei, their multiplicity is causally related to the neutron-skin
thickness, and a larger neutron skin intuitively leads to more
free spectator neutrons than protons. As already observed in
Ref. [38], in 96Zr + 96Zr and 96Ru + 96Ru collisions with the
same mass but different isospin asymmetries, taking the ratio
of the free spectator neutron yield in this isobaric system may
largely cancel the uncertainties of theoretical modeling. In
the present study, we will further show that the free spectator
neutron/proton yield ratio in 197Au + 197Au and 208Pb + 208Pb
collision systems at energies available at both the BNL Rel-
ativistic Heavy Ion Collider (RHIC) and the CERN Large
Hadron Collider (LHC) can be a useful probe of the �rnp

of colliding nuclei if both free spectator neutrons and pro-
tons can be accurately measured, providing a complementary
measurement of the �rnp in heavy nuclei compared to other
experiments, e.g., that for 208Pb by PREXII. Since the effi-
ciency of detecting protons, whose motion is affected by the
beam optics in the accelerator, is much lower than that of
detecting neutrons, we further propose that the double ratio
of free spectator neutron/proton yield ratio in 96Zr + 96Zr to
96Ru + 96Ru collision system as an alternative probe of �rnp

and L, where the uncertainties of proton detecting efficiency
are effectively canceled out.

The rest part of the paper is organized as follows. Section II
introduces the theoretical framework of the present study. We
then present and discuss the numerical results of 96Zr + 96Zr,

96Ru + 96Ru, 197Au + 197Au, and 208Pb + 208Pb collision sys-
tems at both RHIC and LHC energies in Sec. III. We conclude
and give an outlook in Sec. IV.

II. THEORETICAL FRAMEWORK

In the present study, we first employ the Skyrme-Hartree-
Fock (SHF) model to obtain the nucleon distributions of
colliding nuclei. Based on such initial spatial distributions,
the Glauber model is used to fit the charged particle mul-
tiplicity and to determine the spectator nucleons. We then
apply a minimum spanning tree algorithm to determine heavy
fragments and the direct production of free nucleons, and a
Wigner function approach to describe the production of light
clusters from the coalescence of free nucleons. With the exci-
tation energies of clusters calculated through the test-particle
method based on a simplified SHF energy-density functional,
the GEMINI model is then used to deexcite heavy fragments.
We also discuss the possible effect of the electromagnetic
field on the excitation energy of heavy fragments in spectator
matter.

A. Skyrme-Hartree-Fock model

In the standard SHF model, the effective interaction be-
tween two nucleons at the positions �r1 and �r2 is expressed as

v(�r1, �r2) = t0(1 + x0Pσ )δ(�r)

+ 1
2 t1(1 + x1Pσ )[�k′2δ(�r) + δ(�r)�k2]

+ t2(1 + x2Pσ )�k′ · δ(�r)�k
+ 1

6 t3(1 + x3Pσ )ρα ( �R)δ(�r)

+ iW0(�σ1 + �σ2)[�k′ × δ(�r)�k]. (1)

In the above, �r = �r1 − �r2 is the relative coordinate of the
two nucleons, �R = (�r1 + �r2)/2 is their central coordinate with
ρ( �R) being the nucleon density there, �k = (∇1 − ∇2)/2i is the
relative momentum operator and �k′ is its complex conjugate
acting on the left, and Pσ = (1 + �σ1 · �σ2)/2 is the spin ex-
change operator, with �σ1(2) being the Pauli matrices acting on
nucleon 1 (2). The nine parameters in the Skyrme interaction
t0, t1, t2, t3, x0, x1, x2, x3, and α can be expressed analytically
in terms of nine macroscopic quantities including the slope
parameter L of the symmetry energy. The model allows us to
vary L while keeping the other macroscopic quantities fixed at
their empirical values [39] that give a reasonable description
of global nuclear structure data. Based on the Skyrme interac-
tion, the energy-density functional can then be obtained using
the Hartree-Fock method, and the single-particle Hamiltonian
is obtained using the variational principle, with the Coulomb
interaction also explicitly included. Solving the Schrödinger
equation gives the wave functions of constituent neutrons and
protons and thus their density distributions ρτ (�r) with τ =
n, p being the isospin index. As an essential ingredient for the
description of open shell nuclei, the paring correlations have
also been incorporated in the above standard procedure, and
this is called the Skyrme-Hartree-Fock-Bogolyubov (SHFB)
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method. In the present study, we have used the open source
SHFB code in Ref. [40], where the effects of the axial sym-
metry deformation βλ are included by using the cylindrical
transformed deformed harmonic oscillator basis.

For a given spatial distribution of nucleons in a nucleus, the
neutron-skin thickness is defined as

�rnp =
√〈

r2
n

〉 − √〈
r2

p

〉
, (2)

where √〈
r2
τ

〉 =
(∫

ρτ (�r)r2d3r∫
ρτ (�r)d3r

)1/2

(3)

is the RMS radius for nucleons with isospin index τ .
The intrinsic multipole moments for nucleons with isospin

index τ in the case of axial symmetry can be calculated
from

Qλ,τ =
∫

ρτ (�r)rλYλ0(θ )d3r, (4)

where Yλ0(θ ) is reduced from the standard spherical harmon-
ics Yλμ(θ, φ) with magnetic quantum number μ = 0. The
corresponding deformation parameter βλ,τ is then given by
[41,42]

βλ,τ = 4πQλ,τ

3Nτ Rλ
, (5)

where R = r0A1/3 with r0 = 1.2 fm is the empirical radius of
a nucleus with total nucleon number A, and Nτ = ∫

ρτ (�r)d3r
is the total number of nucleons with isospin index τ . The
above definition is for the deformation of neutron or proton
distributions, and can be easily generalized to that of total
nucleons. In the deformed SHFB calculation [40], we can
get the constrained Qλ of the resulting density distribution by
the linear constraint method based on the approximation of
the random phase approximation matrix. An analysis of the
ratio of v2 and v3 in the isobaric collisions favors β2 = 0.16
for 96Ru and β2 = 0.06 and β3 = 0.2 for 96Zr [43]. For the
quadrupole deformation parameter of 197Au, we choose it to
be β2Au = −0.15 favored by the v2 data at RHIC energy from
colliding nuclei with different β2 [44], and also consistent
with theoretical calculations based on the finite-range droplet
macroscopic model [45]. For the double magic nucleus 208Pb,
it is a spherical one.

B. Glauber model

The nucleus-nucleus collisions are simulated using a
Monte Carlo Glauber model [46], which is well validated in
relativistic heavy-ion collisions. In each collision event, the
colliding nuclei are placed with a random impact parameter,
and their orientations with respect to the beam direction are
uniformly randomized. The spatial coordinates of neutrons
and protons are sampled according to the density distribu-
tions obtained from the SHFB calculation mentioned above,
while their momenta are sampled in the isospin-dependent
Fermi sphere according to the local density of neutrons or
protons. The momenta of spectator nucleons are kept un-
changed after the inelastic collisions for participant nucleons.
The nucleon-nucleon (NN) inelastic cross sections used in

TABLE I. Values of the NN inelastic cross section σNN used in
the Glauber model at various

√
sNN .

√
sNN 130 GeV 200 GeV 5.02 TeV

σNN 40 mb 42 mb 68 mb

this study at different collision energies are listed in Table I.
From the above information, the participant nucleons and
spectator nucleons are identified, and the quantities associated
with participant matter, such as the numbers of participating
nucleons Npart and NN binary collisions Ncoll, are calculated
for each event. With the distribution of Npart and Ncoll, the
measured distribution of charged-particle multiplicity Nch ac-
cording to the experimental procedure is fitted by using the
two-component Glauber model [47]. In this way, the quan-
tities associated with spectator matter can then be correlated
with Nch similar to the experiment.

In the two-component Glauber model [47], the number
of sources that produce charged particles in each nucleus-
nucleus collision event can be expressed as

Ns = (1 − x)
Npart

2
+ xNcoll, (6)

where the parameter x represents the relative contribution to
the charged-particle multiplicity Nch from hard processes. The
distribution of sources in the collision zone is described by the
standard Glauber model for various collision systems through
the distribution of Npart and Ncoll. The particle production n
from each source is assumed to follow a negative binomial
distribution (NBD)

pnbd(n; m, p) = (n + m − 1)!

(m − 1)!n!
pn(1 − p)m,

p = n̄

n̄ + m
, (7)

where the parameter n̄ (m) represents the average number of
particle in (not in) the acceptance, so p is the probability of
a particle falling into the acceptance. The distribution of total
charged-particle multiplicity is obtained as a superposition of
the NBD from all sources [48], i.e.,

p(Nch; Ns) = pnbd(n1; m, p) ⊗ pnbd(n2; m, p)

⊗ · · · ⊗ pnbd
(
nNs

; m, p
)

= pnbd(Nch; mNs, p), Nch ≡
Ns∑

i=1

ni, (8)

where the additive nature of the NBD for convolution is used.
Values of the parameters x, n̄, and m are adjusted to fit the Nch

distribution.

C. Clusterization algorithms

The spectator matter obtained from the Glauber model is
further grouped into charged clusters and free nucleons based
on a minimum spanning tree algorithm with respect to both
coordinate and momentum space. Nucleons close in phase
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space, i.e., with the distance �r < �rmax and relative mo-
mentum �p < �pmax, are assigned to the same cluster. Here
�rmax and �pmax represent the scale of maximum distance
and relative momentum between neighboring nucleons in the
clusters, respectively. In the present study, we set �rmax =
3 fm and �pmax = 300 MeV/c as in Ref. [49], which have
been shown to give the best description of the experimental
data of free spectator neutrons in ultracentral 197Au + 197Au
collisions at

√
sNN = 130 GeV [38].

The above method is used to identify heavy clusters with
A � 4. For spectator nucleons that do not form heavy clusters
(A � 4), they still have chance to coalesce into light clusters
with A � 3, i.e., deuterons, tritons, and 3He, and the formation
probabilities are calculated according to the following Wigner
functions [50,51] in their center-of-mass (C.M.) frame, i.e.,

fd = 8gd exp

(
−ρ2

σ 2
d

− p2
ρσ

2
d

)
, (9)

ft/3He = 82gt/3He exp

[
−

(
ρ2 + λ2

σ 2
t/3He

)
− (

p2
ρ + p2

λ

)
σ 2

t/3He

]
,

(10)

with �ρ = (�r1 − �r2)/
√

2, �pρ = ( �p1 − �p2)/
√

2, �λ = (�r1 + �r2 −
2�r3)/

√
6, and �pλ = ( �p1 + �p2 − 2 �p3)/

√
6 being the relative

coordinates and momenta. gd = 3/4 (gt/3He = 1/4) is the sta-
tistical factor for spin-1/2 proton and neutron to form a spin-1
deuteron (spin-1/2 triton or 3He). The width of the Wigner
function is chosen to be σd = 2.26 fm, σt = 1.59 fm, and
σ3He = 1.76 fm, according to the radius of deuterons, tritons,
and 3He [52], respectively. This approach has been shown to
describe well the production of light clusters in both low- [50]
and high-energy [53] heavy-ion collisions.

In the calculation, we consider all possible combinations of
neutrons and protons that can form light clusters. The numbers
of formed light clusters are counted according to Eqs. (9)
and (10), and the weights of neutrons and protons are cor-
respondingly subtracted. The total free spectator nucleons are
composed of the remaining neutrons and protons that have not
coalesced into light clusters, and those from the deexcitation
of heavy clusters. The total light clusters are composed of the
ones that are coalesced from directed produced neutrons and
protons described above, and also those from the deexcita-
tion of heavy clusters. The deexcitation of heavy clusters is
described by the GEMINI model as discussed in the following
subsection.

D. GEMINI model

GEMINI is a Monte Carlo model to calculate the de-
excitation of nuclear fragments, which allows all possible
binary decay modes including light-particle evaporation and
symmetric/asymmetric fission [54,55]. With the information
of a given primary fragment including its proton number Z ,
mass number A, excitation energy E∗, and spin JCN, GEMINI

deexcites the fragment by a series of sequential binary decays
until such decays are impossible due to the energy conser-
vation or improbable due to γ -ray competition. The γ -ray
emission is also included in GEMINI to correctly model the

termination of particle decay, since the partial decay widths
for particle and gamma decay can be comparable at very
low excitation energies. In the past few decades, GEMINI has
been much updated, and it is widely used in the calculation
of compound-nucleus (CN) decay. In dynamical simulations
of heavy-ion collisions, GEMINI has been used to deexcite
fragments based on the final phase-space information (see,
e.g., Refs. [22,56]), so that the experimental data relevant for
nuclear clusters can be successfully reproduced.

In GEMINI, the evaporation of light particles is treated with
the Hauser-Feshbach formalism [57] which explicitly takes
into account the spin degree of freedom. The partial decay
width of a compound nucleus of excitation energy E∗ and spin
JCN for the evaporation of particle i is expressed as

�i(E
∗, JCN) = 1

2πρCN(E∗, JCN)

∫
dε

∞∑
Jd =0

JCN+Jd∑
J=|JCN−Jd |

×
J+Si∑

�=|J−Si|
T�(ε)ρd (E∗ − Bi − ε, Jd ), (11)

where Jd is the spin of the daughter nucleus, Si, J , and � are the
spin, the total angular momentum, and the orbital angular mo-
menta of the evaporated particle, ε and Bi are respectively its
kinetic and separation energy, T� is its transmission coefficient
or barrier penetration factor, and ρd and ρCN are respectively
the level density of the daughter and compound nucleus.
The summations in Eq. (11) include all angular momentum
couplings between the initial and final states. In GEMINI, the
Hauser-Feshbach formalism is implemented for the n, p, d , t ,
3He, α, 6He, 6–8Li, and 7–10Be channels.

The description of intermediate-mass fragment emission
follows the Moretto formalism [58,59], which has been fur-
ther extended to the form of

�Z,A = 1

2πρCN(E∗, JCN)

×
∫

dερsad(E∗ − BZ,A(JCN) − ε, JCN ) (12)

in GEMINI. In the above, ρsad is the level density at the saddle
point, ε is the kinetic energy in the fission degree of freedom
at the saddle point, BZ,A(JCN) is the conditional barrier de-
pending on both the mass and charge asymmetries, and can be
estimated as

BZ,A(JCN) = BSierk
A (JCN) + �M + �ECoul − δW − δP, (13)

where �M and �ECoul are the mass and Coulomb corrections
that account for the different Z and A values of the two
fragments, δW and δP are the ground-state shell and pairing
corrections to the liquid drop barrier. Shell and pairing effects
at the conditional saddle point are assumed to be small. The
quantity BSierk

A is the interpolated Sierk barrier for the spec-
ified mass asymmetry. The total width requires summations
over both the Z and A values of the lightest fragment. For
the symmetric divisions in heavy nuclei, the Bohr-Wheeler
formalism [60] is used to predict the total symmetric fission
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yield

�BW = 1

2πρCN(E∗, JCN)

×
∫

dερsad(E∗ − B f (JCN) − ε, JCN ), (14)

where B f (JCN) is the spin-dependent fission barrier, which is
set to be the value from Sierk’s finite-range model after the
ground-state shell and pairing corrections, i.e.,

B f (JCN) = BSierk
f (JCN) − δW − δP. (15)

E. Calculation of the excitation energy

The deexcitation of heavy clusters with A � 4 are handled
by the GEMINI model [54,55], which requires as inputs the
angular momentum and the excitation energy of the cluster.
The angular momentum of the cluster is calculated by sum-
ming those from all nucleons with respective to their C.M.,
while the energy of the cluster is calculated by averaging
over NTP parallel events for the same impact parameter and
collision orientation based on a simplified SHF energy-density
functional, i.e.,

E = 1

NT P

∑
i

(√
m2 + p2

i − m
)

+
∫

d3r

[
a

2

(
ρ

ρ0

)2

+ b

σ + 1

(
ρ

ρ0

)σ+1]

+
∫

d3r Epot
sym

(
ρ

ρ0

)γ (ρn − ρp)2

ρ

+
∫

d3r

{
GS

2
(∇ρ)2 − GV

2
[∇(ρn − ρp)]2

}

+ e2

2

∫
d3rd3r′ ρp(�r)ρp(�r′)

|�r − �r′| − 3e2

4

∫
d3r

(
3ρp

π

)4/3

.

(16)

In the above, the first term represents the summation of the
kinetic energy of the ith nucleon with pi and m being its mo-
mentum and mass. The second term represents the isoscalar
potential energy with ρ(�r) = ρn(�r) + ρp(�r) being the local
nucleon number density at �r, ρ0 = 0.16 fm−3 being the satu-
ration density, and parameters a = −218 MeV, b = 164 MeV,
and σ = 4/3 chosen to reproduce empirical nuclear matter
properties. The third term represents the potential part of the
symmetry energy with Epot

sym = 18 MeV being its value at ρ0,
and γ = 0.3 is used to describe the density dependence of
the symmetry energy, which, however, has little effect on the
final result. The fourth term represents the surface potential
energy with empirical values of the isoscalar and isovector
density gradient coefficients chosen to be GS = 132 MeV fm5

and GV = 5 MeV fm5 [39]. The fifth and sixth terms rep-
resent respectively the direct and exchange contribution of
the Coulomb potential energy. The neutron and proton phase-
space information are obtained from the test-particle method
[61,62], i.e., calculated from averaging over parallel events
for the same impact parameter and collision orientation; this
method is widely used in Boltzmann transport simulations

of heavy-ion collisions [23]. Based on the same ground-state
nucleon phase-space information, the binding energies per nu-
cleon obtained from this method for most nuclei are found to
agree with those from the SHFB calculation within ±1 MeV,
therefore justifying this approach. The excitation energy is
then calculated by subtracting from the calculated cluster
energy the ground-state energy of known nuclei taken from
Ref. [63]. For clusters with compositions absent in Ref. [63],
an improved liquid-drop model [64] is employed to calculate
their ground-state energies.

F. Excitation energy due to electromagnetic field

In relativistic heavy-ion collisions, the spectator matter
is almost not affected by the participant matter, except that
protons in the spectator matter can be affected by the re-
tarded electromagnetic field generated by protons in another
colliding nucleus. The increasing kinetic energy of protons
is assumed to be dumped into total spectator matter, leading
to the increase of the average excitation energy per nucleon
there.

We use the Liénard-Wiechert formulas to calculate the
retarded electric and magnetic fields at the position �r and time
t , i.e.,

e �E (t, �r) = e2

4πε0

∑
i

Zi
1 − v2

i

(Ri − �Ri · �vi )3
( �Ri − Ri�vi ), (17)

e �B(t, �r) = e2

4πε0

∑
i

Zi
1 − v2

i

(Ri − �Ri · �vi )3
�vi × �Ri, (18)

where Zi = 1 (0) for protons (neutrons) is the charge number
of the ith nucleon, �Ri = �r − �ri is the relative position of the
field point �r to the source point �ri, and �ri is the location
of the ith nucleon with velocity �vi at the retarded time ti =
t − |�r − �ri|/c. The summations run over all charged particles
in the system. Although there are singularities at Ri = 0 in
Eqs. (17) and (18), they do not exist in our calculation, since
we only calculate the electromagnetic field for spectator pro-
tons generated by protons in another nucleus.

To calculate the electromagnetic field at moment t , we
need to know the full phase-space information of all charged
particles before t , and then calculate the retarded time ti for
each source particle through the relation ti = t − |�r − �ri|/c.
We set the moment when the target and the projectile nuclei
completely overlap as t = 0, and assume that all nucleons
are frozen in the rest frame of the nucleus, i.e., with their
Fermi motion neglected. In the collision frame, the velocity
and position of the ith nucleon can be expressed as

�vi = (0, 0,±
√

1 − (2mN/
√

sNN )2), (19)

�ri = �r0
i + �vit, (20)

with �r0
i = �ri(t = 0) = (xi, yi, 2mNzi/

√
sNN ) being the posi-

tion of the ith nucleon in the collision frame, given its
position (xi, yi, zi ) in the rest frame of the corresponding nu-
cleus. We collect the phase-space information starting from
t = −5 fm/c with the free propagating assumption of nu-
cleons described above, in order to calculate the retarded
electromagnetic field according to Eqs. (17) and (18). The
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results are not much changed if we start at an even earlier
time.

With the retarded electromagnetic field calculated accord-
ing to Eqs. (17) and (18) by the free propagating assumption
of nucleons described above, we calculate the time evolution
of the four-momentum pμ

i = (p0
i , �pi ) of the ith nucleon in the

collision frame under the electric and magnetic fields based
on the equations of motion as follows

dp0
i

dt
= eZi[ �E (t, �ri ) + �vi × �B(t, �ri )] · �vi, (21)

d �pi

dt
= eZi[ �E (t, �ri ) + �vi × �B(t, �ri )]. (22)

The initial (p0
i , �pi ) in the collision frame is Lorentz boosted

from that in the rest frame of the nucleus, while the final
(p0

i , �pi ) in the collision frame is obtained by integrating from
t = −5 fm/c to t = 5 fm/c. We then Lorentz boost back
(p0

i , �pi ) to the rest frame of the nucleus, and the increase of
the kinetic energy from the difference in the initial and final
�pi represents the excitation energy due to the electromagnetic
field.

We note that the above approach is valid when the change
of the momentum/energy of protons due to the electromag-
netic field is very small and thus only a perturbation to the
phase-space trajectory of source protons that generate the
electromagnetic field. For a more self-consistent simulation
of the particle motion and the electromagnetic field; see, e.g.,
Ref. [65].

III. RESULTS AND DISCUSSIONS

With the theoretical framework described in detail above,
we now discuss the relation between the free spectator nu-
cleons and the neutron-skin thickness of colliding nuclei
step by step, for the collision systems of 96Zr + 96Zr and
96Ru + 96Ru at

√
sNN = 200 GeV, 197Au + 197Au at

√
sNN =

130 and 200 GeV, and 208Pb + 208Pb at
√

sNN = 5.02 TeV. We
first give the density distributions of relevant nuclei used in
the present study. Then, we present the fitted Nch distributions
and the bulk properties of spectator matter using the Glauber
model. Particularly, we study the production of free spectator
nucleons and light clusters in different collision systems, and
discuss possible probes of the neutron-skin thickness that can
be measured experimentally. We also discuss the effect of
the electromagnetic field on the excitation energy of heavy
fragments and the possible impact on the relevant results.

A. Density and Nch distributions

The advantage of obtaining the nucleon density distribution
from SHFB calculations is that the resulting neutron-skin
thickness can be consistently calculated from a well-defined
energy-density functional with a given slope parameter L of
the symmetry energy, different from a parametrized density
distribution, e.g., a spherical or deformed Woods-Saxon form.
Figure 1 shows the density profiles for neutrons and protons in
96Zr, 96Ru, 197Au, and 208Pb from SHFB calculations with dif-
ferent L, where results for deformed nuclei are averaged over
orientations. One sees that the density distribution of neutrons
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FIG. 1. Density profiles for neutrons (n) and protons (p) in 96Zr,
96Ru, 197Au, and 208Pb from SHFB calculations using different slope
parameters L of the symmetry energy. Thick lines are from calcu-
lations based the assumption of spherical nuclei, and thin lines are
averaged profiles over orientations from calculations with β2 = 0.06
and β3 = 0.2 for 96Zr, β2 = 0.16 for 96Ru, and β2 = −0.15 for
197Au.

is more diffusive with a larger L, but this is opposite to that of
protons, resulting in a larger neutron-skin thickness �rnp with
a larger L, especially for a more neutron-rich nucleus. The
averaged density profiles over orientations for deformed 96Zr
and 96Ru are similar to those of a spherical shape. The �rnp

in different nuclei with different deformation parameters and
L are listed in Table II. We can see that �rnp can be varied by
only less than 8% for the same L with different deformation
parameters. For completeness, we also display the deformed
density contours for neutrons and protons in the r⊥-z plane
of 96Zr with β2 = 0.06 and β3 = 0.2, 96Ru with β2 = 0.16,
and 197Au with β2 = −0.15 from SHFB calculations using
different L in Fig. 2, where the z axis is the orientation of
the symmetric axis and r⊥ is perpendicular to z. The two-
dimensional density distributions are of course consistent with
the density profiles shown in Fig. 1 but including more infor-
mation, such as the density oscillations inside the nucleus and
the slightly different deformation for neutrons and protons.
We find that the deformation parameters β2 and β3 for the

TABLE II. Neutron-skin thicknesses �rnp and deformation pa-
rameters β2 and β3 for different nuclei using different slope
parameters L of the symmetry energy from SHFB calculations.

�rnp (fm)

Nucleus β2, β3 L = 30 MeV L = 120 MeV

96Zr 0, 0 0.147 0.231
0.06, 0.2 [43] 0.145 0.227

96Ru 0, 0 0.028 0.061
0.16, 0 [43] 0.026 0.058

197Au −0.15, 0 [44,45] 0.127 0.243
208Pb 0, 0 0.149 0.281
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FIG. 2. Density contours of neutrons and protons in the r⊥-z
plane for 96Zr with β2 = 0.06 and β3 = 0.2, 96Ru with β2 = 0.16,
and 197Au with β2 = −0.15, respectively, from deformed SHFB
calculations using L = 30 (left) and 120 (right) MeV. Dotted lines
are spherical curves for the comparison with deformed shapes.

distribution of neutrons can be different from that of protons
within about 10%.

With the density distributions presented above, we fit
the distributions of charged-particle multiplicity Nch in col-
lision systems of 96Zr + 96Zr and 96Ru + 96Ru at

√
sNN =

200 GeV, 197Au + 197Au at
√

sNN = 130 and 200 GeV, and
208Pb + 208Pb at

√
sNN = 5.02 TeV with the two-component

Glauber model, and the results are shown in Fig. 3, where
the corresponding experimental data are also plotted for com-
parison. Nch in Fig. 3(c) near the mid-pseudorapidity region
measured by the STAR Collaboration [66] is rescaled with a
different Nmax

ch so that comparable to the Nch range at large
pseudorapidities measured by the PHENIX Collaboration
[69]. The parameters of the two-component Glauber model
in Eqs. (6) and (7) for fitting the charged-particle distribution
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FIG. 3. Rescaled distributions of charged-particle multiplicity
Nch in different collision systems, where results from the two-
component Glauber model with the fitted parameters listed in
Table III are compared with experimental data [29,66–68]. The fitted
results by the two-component Glauber model are based on density
distributions for 96Zr with β2(3) = 0 (0) and 0.06 (0.2), 96Ru with
β2 = 0 and 0.16, 197Au with β2 = −0.15, and 208Pb with β2 = 0,
obtained from SHFB calculations.

in different collision systems are listed in Table III, and the
parameter values are almost the same for nucleon distributions
obtained with different L or deformation parameters from
SHFB calculations.

TABLE III. Values of parameters in the two-component Glauber
model for fitting the charged-particle multiplicity distribution in dif-
ferent collision systems.

√
sNN x n̄ m

96Zr + 96Zr 200 GeV 0.12 2.3 2.0
96Ru + 96Ru 200 GeV 0.12 2.3 2.2
197Au + 197Au 130 GeV 0 4.8 4.6
197Au + 197Au 200 GeV 0.10 5.8 2.3
208Pb + 208Pb 5.02 TeV 0.09 10.3 3.2
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as a function of Nch in different collision systems from the Glauber
model with density distributions from SHFB calculations using a
smaller or larger L and with β2(3) = 0 (0) and 0.06 (0.2) for 96Zr,
β2 = 0 and 0.16 96Ru, β2 = −0.15 for 197Au, and β2 = 0 for 208Pb.

B. Isospin properties of spectator matter

In the present study, the dynamics of the participant
matter is neglected, and we only consider the spectator mat-
ter from the Glauber model at different impact parameters,
or for different Nch as in the experimental analysis. The
spectator matter is expected to be more neutron rich for col-
liding nuclei with a larger overall isospin asymmetry or a
larger �rnp, especially at large Nch or Npart. The numbers of
spectator neutrons and protons as a function of Nch in the
collision systems of 96Zr + 96Zr and 96Ru + 96Ru at

√
sNN =

200 GeV, 197Au + 197Au at
√

sNN = 130 and 200 GeV, and
208Pb + 208Pb at

√
sNN = 5.02 TeV are shown in Fig. 4. Both

numbers decrease with increasing Nch, corresponding to less
spectator nucleons at smaller centralities. The difference be-
tween results from different deformation parameters are not
visible, while the symmetry energy effect is only visible in the
ultracentral collision (UCC) region with a large Nch, where the
number of neutrons (protons) is larger with a larger (smaller)
value of L.

To further demonstrate the isospin properties of the spec-
tator matter with different symmetry energies, we display
in Fig. 5 the overall isospin asymmetry δspectator = (N −
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FIG. 5. Isospin asymmetries of spectator matter as a function
of Nch in different collision systems from the Glauber model with
density distributions from SHFB calculations using a smaller or
larger L and with β2(3) = 0 (0) and 0.06 (0.2) for 96Zr, β2 = 0 and
0.16 96Ru, β2 = −0.15 for 197Au, and β2 = 0 for 208Pb.

Z )/(N + Z ) of the spectator matter as a function of Nch,
where N and Z are the total neutron and proton number in
the spectator matter, respectively. Due to the presence of the
neutron skin, the spectator matter becomes more neutron rich
in more central collisions, so that the results in the UCC region
are generally more sensitive to the neutron skin, thus serving
as a good probe of the �rnp and L. Inclusion of the nuclear
deformation reduces slightly δspectator, since the nuclear defor-
mation, combined with random collision orientation, smears
the radial distribution of the spectator protons and neutrons
and generates slightly more spectator nucleons than that in
the spherical case. But such effect is small compared to the
influence of L. We note that the results at large Nch is already
smeared, since there is a distribution of Nch for a given Npart

or impact parameter. If we plot the isospin asymmetry of
spectator matter as a function of Npart or impact parameter,
δspectator can be even larger in the UCC region.

C. Spectator particle yield

The isospin-dependent property of spectator matter may
manifest itself in the particle yield from the direct production
and fragmentation of the spectator matter. The left panels of
Fig. 6 display the numbers of final free particles of different
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FIG. 6. Left: Numbers of free spectator nucleons and light clusters from 96Zr + 96Zr at
√

sNN = 200 GeV, 96Ru + 96Ru at
√

sNN = 200
GeV, 197Au + 197Au at

√
sNN = 130 GeV, 197Au + 197Au at

√
sNN = 200 GeV, and 208Pb + 208Pb at

√
sNN = 5.02 TeV collision systems for L =

30 MeV and with different deformation parameters. Estimated spectator neutrons from experimental data measured by ZDC in the collisions
of 197Au + 197Au at

√
sNN = 130 GeV [69], 197Au + 197Au at

√
sNN = 200 GeV [70], and 208Pb + 208Pb at

√
sNN = 5.02 TeV [36,71] are

also plotted for comparison. Right: Yield ratios of free spectator neutrons and protons for L = 120 MeV to those for L = 30 MeV in the
corresponding systems as in the left panels. Bands represent the uncertainty of ±1 MeV per nucleon in calculating the excitation energy for
the deexcitation of heavy fragments by GEMINI.

species, including neutrons, protons, deuterons, tritons, 3He,
and α particles, in different collision systems and based on
initial density distributions obtained by SHFB calculations
using L = 30 MeV. For free spectator neutrons and protons,
they are composed of the residue ones from direct production
that have not coalesced into light clusters and those from the
deexcitation of heavy clusters by GEMINI. For spectator deu-
trons, tritons, and 3He, they are formed from the coalescence
of direct produced neutrons and protons as well as from the
deexcitation of heavy clusters by GEMINI. For α particles or
even heavier clusters, they are mostly produced from the deex-
citation of heavy clusters by GEMINI as well as the stable ones
from the clusterization algorithm. The bands in Fig. 6 repre-
sent the uncertainty of ±1 MeV per nucleon in calculating the
excitation energy for the deexcitation of heavy fragments by
GEMINI, estimated from the same degree of accuracy for cal-
culating the ground-state energy of the relevant nucleus from
the test-particle method compared to the SHFB calculation.

The uncertainties from the deexcitation process are seen to
be largely reduced, especially for neutrons and protons with
the largest multiplicities, in the UCC region where there are
very few heavy clusters. One observes a larger multiplicity
for free spectator neutrons than protons, particularly in a more
neutron-rich collision system (e.g., 96Zr + 96Zr) than in a less
neutron-rich collision system (e.g., 96Ru + 96Ru).

It is interesting to see that the multiplicities of most particle
species displayed here first increase and then decrease with
increasing Nch, different from the monotonic decreasing trend
of the total nucleon numbers in spectator matter observed in
Fig. 4. This is because in the ultraperipheral collision region,
more nucleons are bounded in stable heavy clusters rather than
existing as free nucleons or light clusters shown here. One
sees that the multiplicities for tritons, 3He, and α particles
are larger in 197Au + 197Au collisions compared to that in
96Zr + 96Zr and 96Ru + 96Ru collisions, likely due to more
nucleons in the heavier 197Au + 197Au collision system. On
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the other hand, although the multiplicities of different parti-
cle species are almost similar in 197Au + 197Au collisions at√

sNN = 130 and 200 GeV, there are fewer spectator tritons,
3He, and α particles at LHC energies compared to those at
RHIC energies. This is likely due to the similar NN cross
section at

√
sNN = 130 and 200 GeV, but a quite large NN

cross section at
√

sNN = 5.02 TeV, as shown in Table I.
The comparisons with the ZDC data in 197Au + 197Au and

208Pb + 208Pb collisions need some further discussions. Using
the clusterization parameter �rmax = 3 fm, we reproduce the
ZDC data in 197Au + 197Au collisions at

√
sNN = 130 GeV for

Nch > 700, while we underestimate the ZDC data at smaller
Nch in the same collision system, likely due to other mecha-
nisms at smaller centralities. Although the NN cross section at√

sNN = 200 GeV is only 2 mb larger than that at
√

sNN =
130 GeV as shown in Table I, which leads to almost the
same total spectator nucleon number in Au + Au collisions at√

sNN = 130 and 200 GeV as seen from Figs. 4(c) and 4(d),
we underestimate the ZDC data in ultracentral 197Au + 197Au
collisions at

√
sNN = 200 GeV based on the same approach.

In addition, as shown in Fig. 6(g), the total spectator nucleon
number obtained based on the Glauber model is seen to be
smaller than the ZDC data in ultracentral 208Pb + 208Pb colli-
sions at

√
sNN = 5.02 TeV. The apparent differences between

the experimental data and our predictions in the UCC region at
higher collision energies could point to possible background
particles from the interaction region that reach ZDC accep-
tance. A recent calculation by the abrasion-ablation Monte
Carlo model for colliders [72] also significantly underpredicts
the ZDC data for neutrons from the ALICE Collaboration
[73], suggesting background contributions in the UCC region.
We estimate the possible background contribution using the
widely used AMPT model [74]. Within the pseudorapidity
acceptance of ZDC, |η| > 5.9 for 197Au + 197Au collisions
at

√
sNN = 130 and 200 GeV in PHENIX and |η| > 8.3 for

208Pb + 208Pb collisions at
√

sNN = 5.02 TeV in ATLAS, we
observe considerable amounts of charge-neutral and long-
lived particles, such as π0, antineutrons, K long

0 , photons, and
also neutrons from the participant region. Even if the ener-
gies of these particles are transformed to equivalent neutron
numbers, which is closer to how ZDC works, the background
contribution is still not small. The impact of these particles
should be properly estimated and subtracted, before the ZDC
data can be directly compared to the theoretical results in the
present study.

We have also displayed the yield ratios of free spectator
neutrons and protons for L = 120 MeV to those for L =
30 MeV in the right panels of Fig. 6. The uncertainties of the
deexcitation process, represented by the bands in the left pan-
els, are more obviously seen in collision systems with heavier
nuclei, as a result of more heavy fragments. On the other hand,
the increasing (decreasing) trend of the yield ratio for neutrons
(protons) with increasing Nch is seen in all collision systems,
especially in more neutron-rich collision systems, consistent
with the larger δspectator for larger L and in more neutron-rich
systems shown in Fig. 5 in the UCC region. For the yield
ratios of other particles shown in the left panels of Fig. 6 for
L = 120 MeV to those for L = 30 MeV, we found that they

are closer to 1 and less sensitive to Nch, compared to those of
neutrons and protons.

D. Probing neutron-skin thickness

The number of free spectator particles presented above
suffer from the theoretical uncertainties, such as the cluster-
ization algorithm, the deexcitation process, etc., while taking
the ratio of particle yields generally reduces these uncertain-
ties, since the yields of different particle species are generally
underestimated or overestimated simultaneously due to the-
oretical or experimental uncertainties. The yield ratio of
neutrons to protons is one of the most sensitive probes of
the symmetry energy in low-energy heavy-ion collisions (see,
e.g., Ref. [49]), and we propose here the yield ratio of free
spectator neutrons to protons, Nn/Np, as a sensitive probe of
the neutron-skin thickness of the colliding nuclei. As shown
in the right panels of Fig. 6, the symmetry energy or the
neutron-skin thickness has opposite effects on Nn and Np,
so taking the yield ratio enhances the effect compared to
the yield of a single particle species. Figures 7 displays the
Nn/Np at small centralities in different collision systems and
in different scenarios. One sees that the overall ratio is larger
in more neutron-rich collision systems, consistent with the
total isospin asymmetry δspectator of spectator matter shown in
Fig. 5. The bands represent the uncertainty of ±1 MeV per nu-
cleon in calculating the excitation energy for the deexcitation
of heavy fragments by GEMINI as in Fig. 6. A higher excitation
energy generally leads to more free nucleons and a smaller
Nn/Np ratio, and the ratio at extremely large Nch is shown to
be independent of such uncertainties since the deexcitation
of heavy clusters is unimportant for the production of free
nucleons there. The difference of the Nn/Np ratio at extremely
large Nch is larger for a larger �rnp or L, and thus is a robust
probe for them. Considering the difference between L = 30
and 120 MeV, the Nn/Np ratio changes from about 2.9 to 3.7 in
ultracentral 208Pb + 208Pb collisions at

√
sNN = 5.02 TeV, and

from about 2.5 to 3 in ultracentral 197Au + 197Au collisions at
both

√
sNN = 200 and 130 GeV. Assuming both 96Zr and 96Ru

are spherical, the Nn/Np ratio changes from about 2.15 to 2.40
in ultracentral 96Zr + 96Zr collisions, and from about 1.35 to
1.40 in ultracentral 96Ru + 96Ru collisions, for L = 30 and
120 MeV, respectively. Considering the deformation of 96Zr
and 96Ru, the Nn/Np ratios are reduced by less than 0.05 in ul-
tracentral 96Zr + 96Zr and 96Ru + 96Ru collisions. The above
ratios are listed in Table IV. It is seen that the effect of L is
about 28% in 208Pb + 208Pb collisions, 20% in 197Au + 197Au
collisions, 12% in 96Zr + 96Zr collisions, and even smaller in
96Ru + 96Ru collisions. It is thus recommended to probe �rnp

or L from the Nn/Np ratio in a heavier and more neutron-rich
system, if both Nn and Np can be measured accurately in
a single collision system. The smaller Nn/Np ratios for the
deformed case are consistent with the smaller δspectator shown
in Fig. 5 and a little smaller �rnp shown in Table II, while the
deformation is just a secondary effect compared to that from
�rnp or L and controllable once the deformation parameters
of corresponding nuclei are known.

Taking the ratio of observables in isobaric collision sys-
tems is also an effective way of reducing uncertainties from
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FIG. 7. Yield ratio Nn/Np of free spectator neutrons to protons
for different scenarios and in different collision systems. Bands
represent the uncertainty of ±1 MeV per nucleon in calculating
the excitation energy for the deexcitation of heavy fragments by
GEMINI. For 197Au + 197Au collisions at

√
sNN = 130 and 200 GeV

and 208Pb + 208Pb collisions at
√

sNN = 5.02 TeV, results after con-
sidering the excitation by the electromagnetic field (EB) are also
plotted for comparison.

both theoretical and experimental sides. Motivated by a
significant enhancement of Nn in 96Zr + 96Zr collisions rel-
ative to 96Ru + 96Ru collisions measured by the ZDC shown
in the recent STAR paper [29], we propose that the ratio of Nn

in the isobaric collision systems is a useful probe of the �rnp

TABLE IV. Yield ratio Nn/Np of free spectator neutrons to pro-
tons in the UCC region of different collision systems and for different
slope parameters L (in MeV) of the symmetry energy.

Nn/Np

√
sNN β2, β3 L = 30 L = 120

96Zr + 96Zr 200 GeV 0, 0 2.15 2.40
0.06, 0.2 2.15 2.35

96Ru + 96Ru 200 GeV 0, 0 1.35 1.40
0.16, 0 1.35 1.40

197Au + 197Au 130 GeV −0.15, 0 2.5 3.0
197Au + 197Au 200 GeV −0.15, 0 2.5 3.0
208Pb + 208Pb 5.02 TeV 0, 0 2.9 3.7

FIG. 8. The ratio of Nn (upper) and Nn/Np (lower) in 96Zr + 96Zr
to 96Ru + 96Ru collisions at

√
sNN = 200 GeV based on density

distributions of 96Zr and 96Ru using different L and deformation
parameters from SHFB calculations. Bands represent the uncertainty
of ±1 MeV per nucleon in calculating the excitation energy for the
deexcitation of heavy fragments by GEMINI.

of colliding nuclei and the slope parameter L of the symmetry
energy [38]. As shown in the upper panel of Fig. 8, the ratio
of Nn in ultracentral collisions is free from the uncertainties of
the deexcitation process, with the latter indicated again by the
bands as in Figs. 6 and 7. Assuming that both 96Zr and 96Ru
are spherical, the Nn ratio in the UCC region increases from
about 1.27 to 1.31 when the value of L changes from 30 to
120 MeV, as a result of a larger �rnp and thus a larger δspectator

for a larger L. Considering the deformation of 96Zr and 96Ru,
the ratios in the UCC region from both L are increased by
about 0.01, so in this case the deformation effect is about
25% of the effect from L but still controllable. The detecting
efficiency for neutrons is about 100%, while that for protons
is generally smaller since protons can be affected by the mag-
netic field due to their electric charge [37]. Experimentally,
although one may try to measure the absolute multiplicity Np

of protons and thus the Nn/Np ratio by correcting the detecting
efficiency as in Fig. 7, it is easier and more accurate to mea-
sure the double ratio, i.e., the ratio of the Nn/Np ratio in the
isobaric systems, so that the detecting efficiency for protons is
effectively canceled out. A similar method has been applied in
low-energy collisions of different isotopes [75,76]. The lower
panel of Fig. 8 displays the double ratio of Nn/Np in isobaric
collisions. Assuming that both 96Zr and 96Ru are spherical,
the double ratio in the UCC region increases from about 1.6
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FIG. 9. Average energy excitation per spectator nucleon from
the electromagnetic field as a function of Nch in different collision
systems and with different L.

to 1.7 when the value of L changes from 30 to 120 MeV.
Considering the deformation of 96Zr and 96Ru, the double
ratios in the UCC region from both L are decreased by less
than 0.02. In this case the deformation effect is much smaller
compared to that of L. It is also interesting to see that the
effect of L on the double ratio of Nn/Np in Fig. 8(b) is about
6% compared to the about 3% effect of the Nn ratio shown in
Fig. 8(a). Although the sensitivity of the double ratio of Nn/Np

to L is reduced compared to the single Nn/Np ratio, it is more
easily measurable in experiments. The observables proposed
in Fig. 8 can be generalized to any two colliding systems with
similar mass number but different isospin asymmetries, such
as those along an isotopic chain, for which their sensitivity to
�rnp and L is expected to increase with increasing difference
in their isospin asymmetries.

E. Excitation from electromagnetic field

At last, we discuss the possible effect from the electro-
magnetic field on the excitation energy of heavy clusters in
spectator matter. As discussed in Sec. II F, we have calculated
the average increase of the excitation energy 〈�E �

EB〉 for each
spectator nucleon from the increase of the kinetic energy
of protons due to the retarded electromagnetic field, and its
dependence on Nch is shown in Fig. 9 for 197Au + 197Au
at

√
sNN = 130 and 200 GeV as well as for 208Pb + 208Pb

at
√

sNN = 5.02 TeV. One sees that 〈�E �
EB〉 increases with

increasing Nch, and the difference from different �rnp or L
is only visible at large Nch. The effects from the electromag-
netic field for 197Au + 197Au at

√
sNN = 130 and 200 GeV

are much smaller than the assumed uncertainty of ±1 MeV
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FIG. 10. Numbers of free spectator nucleons and light clusters as
a function of Nch with and without the electromagnetic excitation in
208Pb + 208Pb collisions at

√
sNN = 5.02 TeV for L = 30 MeV.

per nucleon in calculating the excitation energy of heavy
fragments. In contrast, the impact of electromagnetic field for
208Pb + 208Pb at

√
sNN = 5.02 TeV is nearly comparable to

the assumed uncertainty, and therefore should be investigated
more quantitatively.

The numbers of free spectator nucleons and light clus-
ters with and without the electromagnetic excitation in
208Pb + 208Pb collisions at

√
sNN = 5.02 TeV for L = 30

MeV are compared in Fig. 10. One sees that the numbers
of these particles are generally larger after considering the
electromagnetic excitation. This is understandable since the
excitation energy of heavy fragments becomes higher and they
have chances to deexcite into more free nucleons or light clus-
ters. Although the electromagnetic excitation is larger at larger
Nch, its effect on the particle multiplicities is negligible there,
since the deexcitation of heavy fragments is not important
in the UCC region. We have also compared the results with
the electromagnetic excitation for 197Au + 197Au collisions
at

√
sNN = 130 and 200 GeV as well as for 208Pb + 208Pb

at
√

sNN = 5.02 TeV in panels (c)–(e) of Fig. 7, respec-
tively. As expected from the small excitation correction in
197Au + 197Au collisions at

√
sNN = 130 and 200 GeV shown

in Fig. 9, the corresponding Nn/Np ratio is almost not affected.
On the other hand, the Nn/Np ratio in 208Pb + 208Pb at

√
sNN =

5.02 TeV is slightly smaller, as a result of more free nucleons
as shown in Fig. 10.

IV. SUMMARY AND OUTLOOK

We performed a detailed study of the production of
free spectator nucleons and light nuclei in 96Zr + 96Zr,
96Ru + 96Ru, 197Au + 197Au, and 208Pb + 208Pb collisions at
RHIC and LHC energies. Besides the previously-studied ra-
tio of free spectator neutrons in isobaric collisions [38], we
find that the yield ratio Nn/Np of free spectator neutrons to
protons in a single collision system is positively correlated to
the neutron-skin thickness �rnp of colliding nuclei and the
slope parameter L of the nuclear symmetry energy. There-
fore, a measurement of the Nn/Np in 208Pb + 208Pb collision
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at LHC energies could be used to probe the �rnp in 208Pb
and L and compare with results from the recent PREXII ex-
periment. Furthermore, the double ratio of Nn/Np in isobaric
systems is insensitive to the detecting efficiency for protons
and hence is a more reliable probe in future experiments. The
above study is based on a Glauber model for nucleus-nucleus
collisions, where proton and neutron distributions of the col-
liding nuclei are provided by the self-consistent spherical or
deformed Skyrme-Hartree-Fock-Bogolyubov calculation, and
final spectator particles are produced from direct production
of the collisions, clusterization from the minimum spanning
tree algorithm for heavy clusters and the Wigner function
approach for light clusters, and deexcitation of heavy clusters
by GEMINI in spectator matter. The proposed ratios in ultra-
central collisions are most robust probes since there are few
deexcitation processes there. The effect from the deformation
of colliding nuclei is found to be secondary and controllable
compared to the effect of �rnp or L on the observables. The
electromagnetic excitation on the spectator matter is negligi-
ble at RHIC energies, but may have some influence at LHC
energies.

In our theoretical study, the coalescence parameters for
the formation of heavy clusters are tuned to describe the
measured multiplicity of free spectator neutrons Nn in ultra-
central 197Au + 197Au collisions at

√
sNN = 130 GeV [38],

but we underestimate the data in ultracentral 197Au + 197Au
collisions at

√
sNN = 200 GeV and 208Pb + 208Pb collisions at√

sNN = 5.02 TeV within the same approach. This difference
could arise from excess neutral particles besides spectator
neutrons that may fall into the acceptance of the zero-degree
calorimeters. To make good use of the probes proposed in
the present study, this possible background contribution needs
further investigations.

ACKNOWLEDGMENTS

J.X. is supported by the National Natural Science Founda-
tion of China under Grant No. 11922514. J.J. and C.J.Z. are
supported by the U.S. Department of Energy under Contract
No. DEFG0287ER40331. G.X.P. and L.M.L. are supported
by the National Natural Science Foundation of China under
Grants No. 11875052, No. 11575190, and No. 11135011.

[1] A. W. Steiner, M. Prakash, J. M. Lattimer, and P. J. Ellis, Isospin
asymmetry in nuclei and neutron stars, Phys. Rep. 411, 325
(2005).

[2] J. M. Lattimer and M. Prakash, Neutron star observations:
prognosis for equation of state constraints, Phys. Rep. 442, 109
(2007).

[3] B.-A. Li, L.-W. Chen, and C. M. Ko, Recent progress and new
challenges in isospin physics with heavy-ion reactions, Phys.
Rep. 464, 113 (2008).

[4] C. J. Horowitz and J. Piekarewicz, Neutron Star Structure
and the Neutron Radius of 208Pb, Phys. Rev. Lett. 86, 5647
(2001).

[5] R. J. Furnstahl, Neutron radii in mean field models, Nucl. Phys.
A 706, 85 (2002).

[6] B. G. Todd-Rutel and J. Piekarewicz, Neutron-Rich Nuclei and
Neutron Stars: A New Accurately Calibrated Interaction for
the Study of Neutron-Rich Matter, Phys. Rev. Lett. 95, 122501
(2005).

[7] M. Centelles, X. Roca-Maza, X. Vinas, and M. Warda, Nuclear
Symmetry Energy Probed by Neutron Skin Thickness of Nu-
clei, Phys. Rev. Lett. 102, 122502 (2009).

[8] Z. Zhang and L.-W. Chen, Constraining the symmetry energy at
subsaturation densities using isotope binding energy difference
and neutron skin thickness, Phys. Lett. B 726, 234 (2013).

[9] J. Xu, W.-J. Xie, and B.-A. Li, Bayesian inference of nuclear
symmetry energy from measured and imagined neutron skin
thickness in 116,118,120,122,124,130,132Sn, 208Pb, and 48Ca, Phys.
Rev. C 102, 044316 (2020).

[10] J. Zenihiro et al., Neutron density distributions of 204,206,208Pb
deduced via proton elastic scattering at Ep = 295 MeV, Phys.
Rev. C 82, 044611 (2010).

[11] S. Terashima et al., Proton elastic scattering from tin isotopes
at 295 MeV and systematic change of neutron density distribu-
tions, Phys. Rev. C 77, 024317 (2008).

[12] E. Friedman, Neutron skins of 208Pb and 48Ca from pionic
probes, Nucl. Phys. A 896, 46 (2012).

[13] A. Krasznahorkay et al., Excitation of Isovector Spin-Dipole
Resonances and Neutron Skin of Nuclei, Phys. Rev. Lett. 82,
3216 (1999).

[14] C. M. Tarbert et al., Neutron skin of 208Pb from Coher-
ent Pion Photoproduction, Phys. Rev. Lett. 112, 242502
(2014).

[15] B. Kłos et al., Neutron density distributions from antiprotonic
208Pb and 209Bi atoms, Phys. Rev. C 76, 014311 (2007).

[16] B. A. Brown, G. Shen, G. C. Hillhouse, J. Meng, and A.
Trzcinska, Neutron skin deduced from antiprotonic atom data,
Phys. Rev. C 76, 034305 (2007).

[17] A. Trzcinska, J. Jastrzebski, P. Lubinski, F. J. Hartmann, R.
Schmidt, T. von Egidy, and B. Klos, Neutron Density Distribu-
tions Deduced from Antiprotonic Atoms, Phys. Rev. Lett. 87,
082501 (2001).

[18] B. T. Reed, F. J. Fattoyev, C. J. Horowitz, and J. Piekarewicz,
Implications of PREX-2 on the Equation of State of Neutron-
Rich Matter, Phys. Rev. Lett. 126, 172503 (2021).

[19] M. A. Corona, M. Cadeddu, N. Cargioli, P. Finelli, and M.
Vorabbi, Incorporating the weak mixing angle dependence to
reconcile the neutron skin measurement on 208Pb by PREX-II,
Phys. Rev. C 105, 055503 (2022).

[20] J. Piekarewicz, Implications of PREX-2 on the electric dipole
polarizability of neutron-rich nuclei, Phys. Rev. C 104, 024329
(2021).

[21] Z. T. Dai, D. Q. Fang, Y. G. Ma, X. G. Cao, and G. Q. Zhang,
Triton/3He ratio as an observable for neutron skin thickness,
Phys. Rev. C 89, 014613 (2014).

[22] Z. T. Dai, D. Q. Fang, Y. G. Ma, X. G. Cao, G. Q. Zhang,
and W. Q. Shen, Effect of neutron skin thickness on projectile
fragmentation, Phys. Rev. C 91, 034618 (2015).

[23] J. Xu, Transport approaches for the description of intermediate-
energy heavy-ion collisions, Prog. Part. Nucl. Phys. 106, 312
(2019).

[24] P. Filip, R. Lednicky, H. Masui, and N. Xu, Initial eccentric-
ity in deformed 197Au + 197Au and 238U + 238U collisions at

034913-13

https://doi.org/10.1016/j.physrep.2005.02.004
https://doi.org/10.1016/j.physrep.2007.02.003
https://doi.org/10.1016/j.physrep.2008.04.005
https://doi.org/10.1103/PhysRevLett.86.5647
https://doi.org/10.1016/S0375-9474(02)00867-9
https://doi.org/10.1103/PhysRevLett.95.122501
https://doi.org/10.1103/PhysRevLett.102.122502
https://doi.org/10.1016/j.physletb.2013.08.002
https://doi.org/10.1103/PhysRevC.102.044316
https://doi.org/10.1103/PhysRevC.82.044611
https://doi.org/10.1103/PhysRevC.77.024317
https://doi.org/10.1016/j.nuclphysa.2012.09.007
https://doi.org/10.1103/PhysRevLett.82.3216
https://doi.org/10.1103/PhysRevLett.112.242502
https://doi.org/10.1103/PhysRevC.76.014311
https://doi.org/10.1103/PhysRevC.76.034305
https://doi.org/10.1103/PhysRevLett.87.082501
https://doi.org/10.1103/PhysRevLett.126.172503
https://doi.org/10.1103/PhysRevC.105.055503
https://doi.org/10.1103/PhysRevC.104.024329
https://doi.org/10.1103/PhysRevC.89.014613
https://doi.org/10.1103/PhysRevC.91.034618
https://doi.org/10.1016/j.ppnp.2019.02.009


LIU, ZHANG, XU, JIA, AND PENG PHYSICAL REVIEW C 106, 034913 (2022)

√
sNN = 200 GeV at the BNL Relativistic Heavy Ion Collider,

Phys. Rev. C 80, 054903 (2009).
[25] Q. Y. Shou, Y. G. Ma, P. Sorensen, A. H. Tang, F. Videbæk,

and H. Wang, Parameterization of deformed nuclei for Glauber
modeling in relativistic heavy ion collisions, Phys. Lett. B 749,
215 (2015).

[26] G. Giacalone, Observing the Deformation of Nuclei with Rel-
ativistic Nuclear Collisions, Phys. Rev. Lett. 124, 202301
(2020).

[27] J. Jia, Shape of atomic nuclei in heavy ion collisions, Phys. Rev.
C 105, 014905 (2022).

[28] H. Li, H.-j. Xu, Y. Zhou, X. Wang, J. Zhao, L.-W. Chen, and F.
Wang, Probing the Neutron Skin with Ultrarelativistic Isobaric
Collisions, Phys. Rev. Lett. 125, 222301 (2020).

[29] M. Abdallah et al. (STAR Collaboration), Search for the chiral
magnetic effect with isobar collisions at

√
sNN = 200 GeV by

the STAR Collaboration at the BNL Relativistic Heavy Ion
Collider, Phys. Rev. C 105, 014901 (2022).

[30] J. Jia and C.-J. Zhang, Scaling approach to nuclear structure in
high-energy heavy-ion collisions, arXiv:2111.15559.

[31] H.-j. Xu, W. Zhao, H. Li, Y. Zhou, L.-W. Chen, and F. Wang,
Probing nuclear structure with mean transverse momentum in
relativistic isobar collisions, arXiv:2111.14812.

[32] J. Jia, Probing triaxial deformation of atomic nuclei in high-
energy heavy ion collisions, Phys. Rev. C 105, 044905
(2022).

[33] B. Bally, M. Bender, G. Giacalone, and V. Somà, Evidence of
the Triaxial Structure of 129Xe at the Large Hadron Collider,
Phys. Rev. Lett. 128, 082301 (2022).

[34] J. Jia, S. Huang, and C. Zhang, Probing nuclear quadrupole
deformation from correlation of elliptic flow and transverse
momentum in heavy ion collisions, Phys. Rev. C 105, 014906
(2022).

[35] K. Adcox et al. (PHENIX Collaboration), Centrality Depen-
dence of Charged Particle Multiplicity in Au-Au Collisions at√

sNN = 130 GeV, Phys. Rev. Lett. 86, 3500 (2001).
[36] B. Abelev et al. (ALICE Collaboration), Centrality determina-

tion of Pb-Pb collisions at
√

sNN = 2.76 TeV with ALICE, Phys.
Rev. C 88, 044909 (2013).

[37] S. Tarafdar, Z. Citron, and A. Milov, A centrality detector
concept, Nucl. Instrum. Methods Phys. Res., Sect. A 768, 170
(2014).

[38] L.-M. Liu, C.-J. Zhang, J. Zhou, J. Xu, J. Jia, and G.-X. Peng,
Probing neutron-skin thickness with free spectator neutrons in
ultracentral high-energy isobaric collisions, Phys. Lett. B 834,
137441 (2022).

[39] L.-W. Chen, C. M. Ko, B.-A. Li, and J. Xu, Density slope of
the nuclear symmetry energy from the neutron skin thickness
of heavy nuclei, Phys. Rev. C 82, 024321 (2010).

[40] M. V. Stoitsov, N. Schunck, M. Kortelainen, N. Michel, H.
Nam, E. Olsen, J. Sarich, and S. Wild, Axially deformed solu-
tion of the Skyrme-Hartree-Fock-Bogolyubov equations using
the transformed harmonic oscillator basis (II) HFBTHO v2.00c:
a new version of the program, Comput. Phys. Commun. 184,
1592 (2013).

[41] Y. K. Gambhir, P. Ring, and A. Thimet, Relativistic mean field
theory for finite nuclei, Ann. Phys. (NY) 198, 132 (1990).

[42] X.-Q. Wang, X.-X. Sun, and S.-G. Zhou, Microscopic study
of higher-order deformation effects on the ground states of
superheavy nuclei around 270Hs, Chinese Phys. C 46, 024107
(2022).

[43] C. Zhang and J. Jia, Evidence of Quadrupole and Octupole
Deformations in 96Zr + 96Zr and 96Ru + 96Ru Collisions at Ul-
trarelativistic Energies, Phys. Rev. Lett. 128, 022301 (2022).

[44] G. Giacalone, J. Jia, and C. Zhang, Impact of Nuclear De-
formation on Relativistic Heavy-Ion Collisions: Assessing
Consistency in Nuclear Physics across Energy Scales, Phys.
Rev. Lett. 127, 242301 (2021).

[45] P. Möller, A. J. Sierk, T. Ichikawa, and H. Sagawa, Nuclear
ground-state masses and deformations: FRDM(2012), At. Data
Nucl. Data Tables 109-110, 1 (2016).

[46] M. L. Miller, K. Reygers, S. J. Sanders, and P. Steinberg,
Glauber modeling in high energy nuclear collisions, Annu. Rev.
Nucl. Part. Sci. 57, 205 (2007).

[47] D. Kharzeev and M. Nardi, Hadron production in nuclear col-
lisions at RHIC and high density QCD, Phys. Lett. B 507, 121
(2001).

[48] M. Zhou and J. Jia, Centrality fluctuations in heavy-ion colli-
sions, Phys. Rev. C 98, 044903 (2018).

[49] B.-A. Li, C. M. Ko, and Z.-z. Ren, Equation of State of Asym-
metric Nuclear Matter and Collisions of Neutron-Rich Nuclei,
Phys. Rev. Lett. 78, 1644 (1997).

[50] L.-W. Chen, C. M. Ko, and B.-A. Li, Light cluster production
in intermediate-energy heavy ion collisions induced by neutron
rich nuclei, Nucl. Phys. A 729, 809 (2003).

[51] K.-J. Sun and L.-W. Chen, Analytical coalescence formula for
particle production in relativistic heavy-ion collisions, Phys.
Rev. C 95, 044905 (2017).

[52] G. Röpke, Light nuclei quasiparticle energy shift in hot and
dense nuclear matter, Phys. Rev. C 79, 014002 (2009).

[53] W. Zhao, C. Shen, C. M. Ko, Q. Liu, and H. Song, Beam-energy
dependence of the production of light nuclei in Au + Au colli-
sions, Phys. Rev. C 102, 044912 (2020).

[54] R. J. Charity et al., Systematics of complex fragment emission
in niobium-induced reactions, Nucl. Phys. A 483, 371 (1988).

[55] R. J. Charity, A Systematic description of evaporation spectra
for light and heavy compound nuclei, Phys. Rev. C 82, 014610
(2010).

[56] Z. Wu and L. Guo, Microscopic studies of production cross
sections in multinucleon transfer reaction 58Ni + 124Sn, Phys.
Rev. C 100, 014612 (2019).

[57] W. Hauser and H. Feshbach, The Inelastic Scattering of Neu-
trons, Phys. Rev. 87, 366 (1952).

[58] L. G. Moretto, Statistical emission of large fragments: A general
theoretical approach, Nucl. Phys. A 247, 211 (1975).

[59] L. G. Moretto and G. J. Wozniak, The role of the compound
nucleus in complex fragment emission at low and intermediate
energies, Prog. Part. Nucl. Phys. 21, 401 (1988).

[60] N. Bohr and J. A. Wheeler, The Mechanism of Nuclear Fission,
Phys. Rev. 56, 426 (1939).

[61] C.-Y. Wong, Dynamics of nuclear fluid. VIII. Time-dependent
Hartree-Fock approximation from a classical point of view,
Phys. Rev. C 25, 1460 (1982).

[62] G. F. Bertsch and S. Das Gupta, A Guide to microscopic models
for intermediate-energy heavy ion collisions, Phys. Rep. 160,
189 (1988).

[63] M. Wang, W. J. Huang, F. G. Kondev, G. Audi, and S. Naimi,
The AME 2020 atomic mass evaluation (II). Tables, graphs and
references, Chin. Phys. C 45, 030003 (2021).

[64] N. Wang, M. Liu, X. Wu, and J. Meng, Surface diffuseness
correction in global mass formula, Phys. Lett. B 734, 215
(2014).

034913-14

https://doi.org/10.1103/PhysRevC.80.054903
https://doi.org/10.1016/j.physletb.2015.07.078
https://doi.org/10.1103/PhysRevLett.124.202301
https://doi.org/10.1103/PhysRevC.105.014905
https://doi.org/10.1103/PhysRevLett.125.222301
https://doi.org/10.1103/PhysRevC.105.014901
http://arxiv.org/abs/arXiv:2111.15559
http://arxiv.org/abs/arXiv:2111.14812
https://doi.org/10.1103/PhysRevC.105.044905
https://doi.org/10.1103/PhysRevLett.128.082301
https://doi.org/10.1103/PhysRevC.105.014906
https://doi.org/10.1103/PhysRevLett.86.3500
https://doi.org/10.1103/PhysRevC.88.044909
https://doi.org/10.1016/j.nima.2014.09.060
https://doi.org/10.1016/j.physletb.2022.137441
https://doi.org/10.1103/PhysRevC.82.024321
https://doi.org/10.1016/j.cpc.2013.01.013
https://doi.org/10.1016/0003-4916(90)90330-Q
https://doi.org/10.1088/1674-1137/ac3904
https://doi.org/10.1103/PhysRevLett.128.022301
https://doi.org/10.1103/PhysRevLett.127.242301
https://doi.org/10.1016/j.adt.2015.10.002
https://doi.org/10.1146/annurev.nucl.57.090506.123020
https://doi.org/10.1016/S0370-2693(01)00457-9
https://doi.org/10.1103/PhysRevC.98.044903
https://doi.org/10.1103/PhysRevLett.78.1644
https://doi.org/10.1016/j.nuclphysa.2003.09.010
https://doi.org/10.1103/PhysRevC.95.044905
https://doi.org/10.1103/PhysRevC.79.014002
https://doi.org/10.1103/PhysRevC.102.044912
https://doi.org/10.1016/0375-9474(88)90542-8
https://doi.org/10.1103/PhysRevC.82.014610
https://doi.org/10.1103/PhysRevC.100.014612
https://doi.org/10.1103/PhysRev.87.366
https://doi.org/10.1016/0375-9474(75)90632-6
https://doi.org/10.1016/0146-6410(88)90036-1
https://doi.org/10.1103/PhysRev.56.426
https://doi.org/10.1103/PhysRevC.25.1460
https://doi.org/10.1016/0370-1573(88)90170-6
https://doi.org/10.1088/1674-1137/abddaf
https://doi.org/10.1016/j.physletb.2014.05.049


FREE SPECTATOR NUCLEONS IN ULTRACENTRAL … PHYSICAL REVIEW C 106, 034913 (2022)

[65] L. Ou and B.-A. Li, Magnetic effects in heavy-ion col-
lisions at intermediate energies, Phys. Rev. C 84, 064605
(2011).

[66] K. H. Ackermann et al. (STAR Collaboration), Elliptic Flow in
Au + Au Collisions at

√
sNN = 130 GeV, Phys. Rev. Lett. 86,

402 (2001).
[67] T. Nakamura, PHENIX focus: Beam-Beam Counter, https://

zenodo.org/record/4007995/files/focus_bbc.pdf (2002).
[68] ATLAS Collaboration, Correlations between flow and trans-

verse momentum in Xe+Xe and Pb+Pb collisions at the LHC
with the ATLAS detector: a probe of the heavy-ion initial state
and nuclear deformation, arXiv:2205.00039.

[69] M. Chu, PHENIX focus: Zero Degree Calorimeter, https://
zenodo.org/record/4008646/files/focus_zdc.pdf (2002).

[70] S. S. Adler et al. (PHENIX Collaboration), Identified charged
particle spectra and yields in Au+Au collisions at

√
sNN =

200 GeV, Phys. Rev. C 69, 034909 (2004).
[71] ATLAS Collaboration, A Radiation-Hard Zero Degree

Calorimeter for ATLAS in the HL-LHC era, Technical Report
(CERN, Geneva, 2021).

[72] R. Nepeivoda, A. Svetlichnyi, N. Kozyrev, and I. Pshenichnov,
Pre-equilibrium clustering in production of spectator frag-
ments in collisions of relativistic nuclei, Particles 5, 40
(2022).

[73] ALICE Collaboration, Data-Driven Model for the Emission of
Spectator Nucleons as a Function of Centrality in Pb-Pb Colli-
sions at LHC energies, https://cds.cern.ch/record/2712412

[74] Z.-W. Lin, C. M. Ko, B.-A. Li, B. Zhang, and S. Pal, A Multi-
phase transport model for relativistic heavy ion collisions, Phys.
Rev. C 72, 064901 (2005).

[75] B.-A. Li, L.-W. Chen, G.-C. Yong, and W. Zuo, Double neu-
tron/proton ratio of nucleon emissions in isotopic reaction
systems as a robust probe of nuclear symmetry energy, Phys.
Lett. B 634, 378 (2006).

[76] M. A. Famiano, T. Liu, W. G. Lynch, A. M. Rogers, M. B.
Tsang, M. S. Wallace, R. J. Charity, S. Komarov, D. G.
Sarantites, and L. G. Sobotka, Neutron and Proton Transverse
Emission Ratio Measurements and the Density Dependence of
the Asymmetry Term of the Nuclear Equation of State, Phys.
Rev. Lett. 97, 052701 (2006).

034913-15

https://doi.org/10.1103/PhysRevC.84.064605
https://doi.org/10.1103/PhysRevLett.86.402
https://zenodo.org/record/4007995/files/focus_bbc.pdf
http://arxiv.org/abs/arXiv:2205.00039
https://zenodo.org/record/4008646/files/focus_zdc.pdf
https://doi.org/10.1103/PhysRevC.69.034909
https://doi.org/10.3390/particles5010004
https://cds.cern.ch/record/2712412
https://doi.org/10.1103/PhysRevC.72.064901
https://doi.org/10.1016/j.physletb.2006.02.003
https://doi.org/10.1103/PhysRevLett.97.052701

