
PHYSICAL REVIEW C 106, 034906 (2022)

Radiative hadronization: Photon emission at hadronization from quark-gluon plasma
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We investigate photon emission at the hadronization stage from a quark-gluon plasma created in relativistic
heavy-ion collisions. A recombination-model picture suggests that a quark and an antiquark bind into a meson
state in hadronization, which would apparently violate the energy conservation if there is nothing else involved.
We consider here a hadronization process where the recombination accompanies a photon emission. This is an
analog of the “radiative recombination” known in plasma physics, such as e− + p+ → H0 + γ , which occurs
when an electromagnetic plasma goes back to a neutral atomic gas. The “radiative hadronization” picture will
bring about (i) an enhancement of the photon yield, (ii) significant flow of photons similar to that of hadrons,
and (iii) the photon transverse momentum (pT ) distribution with a thermal profile whose effective temperature
is given by the blue-shifted temperature of quarks. Here as a simplest and phenomenological realization of
the radiative hadronization, we modify the recombination model to involve a photon emission and evaluate the
photon yield with this modified model. Adding this contribution to the direct photon yield along with the thermal
photon contribution calculated with a hydrodynamic model and a parametrized contribution of prompt photons,
we study the pT spectrum and elliptic flow of the photons produced in heavy-ion collisions at energies available
at the BNL Relativistic Heavy Ion Collider and CERN Large Hadron Collider.
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I. INTRODUCTION

Direct photon production is of special importance in rel-
ativistic heavy-ion collisions (for reviews, see [1,2]). Since
photons couple with the quark-gluon plasma (QGP) only
through the electromagnetic interaction, their mean free path
is much longer than the dimension of the reaction zone and
they can escape from it carrying information on the QGP
at the instance of their emission. These photons are called
thermal photons, whose observation is regarded as indirect
evidence of the formation of hot thermalized states of quarks
and gluons in relativistic heavy-ion collisions [3,4]. There are
still other various photon sources over the time evolution in
a heavy-ion collision event in addition to thermal photons
from the QGP phase. For example, at the very initial stage,
partonic hard collisions (such as the gluon Compton scattering
gq → γ q and quark annihilation qq̄ → γ g) produce photons,
which are called prompt photons [5–7]. At the late stage
after hadronization, scattering processes between hadrons also
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produce photons [4,8]. Thus, identifying and quantifying
photon sources become a vital issue for extracting direct in-
formation on QGP from the photon observation.

Measurements of the photons in relativistic heavy-ion col-
lisions have been performed at both the BNL Relativistic
Heavy Ion Collider (RHIC) and the CERN Large Hadron
Collider (LHC), and the results of transverse momentum (pT )
distributions dNγ /d p2

⊥dy and elliptic flow coefficients (vγ

2 )
at midrapidity y ≈ 0 have been reported [9–12] (see also
[13] for a recent experimental review). From the exponen-
tial slopes of the pT distributions, “effective temperatures”
of produced photons at RHIC (

√
sNN = 200 GeV) and LHC

(
√

sNN = 2.76 TeV) are found to be Teff ≈ 230 MeV and
Teff ≈ 300 MeV, respectively. Very interestingly, the elliptic
flow v

γ

2 of the direct photon distribution is found be as large
as that of hadrons. Notice that although the “decay pho-
tons” produced in hadron decays (mainly due to π0 → 2γ )
have been subtracted from the total yield to obtain the direct
photon yield, it is still a mixture of photons from various
sources. Despite many theoretical attempts to reproduce these
experimental results, any theoretical model so far seems to
be incapable of explaining the photon data adequately. For
example, hydrodynamic models, which explain the hadronic
spectra and anisotropic flow very well, tend to underpredict
the amplitude of photon elliptic flow (e.g., see [14]). In par-
ticular, even an up-to-date hydrodynamic model calculation
with various possible effects included still underestimates the
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photon yield [15,16]. Other model calculations such as the
blast-wave type fireball model and the ideal hydrodynamic
model also give rise to smaller thermal photon yield and
elliptic flow than the experimental data by PHENIX and
ALICE [17]. Furthermore, the parton-hadron-string dynamics
(PHSD) model shares the same tendency in direct photon
yield and elliptic flow [18]. Meanwhile, the preequilibrium
glasma stage is discussed in Refs. [19,20] as a possible photon
production source, but its contribution is also likely to sup-
press the elliptic flow.

This situation is referred to as the “direct photon puzzle.”
The difficulty comes from two seemingly contradictory as-
pects of the photon data: large yields and strong collective
flow. The large yield could be attributed to the early stage
of the evolution with higher temperatures, while the strong
collective flow prefers large photon emission at the later
stage when momentum anisotropy of QGP is well developed.
Therefore, it is not easy to explain these two points within a
single theoretical model. However, we should note that there
is a reservation about the experimental results because the
large yield of photons measured by PHENIX has not been
confirmed by STAR.

Given this situation, it should be very worthwhile to ex-
amine another source of photons which has been overlooked
so far and is inherent to late stages of the QGP time evo-
lution. This brought us to think of a possibility of photon
radiation at hadronization of QGP, which is, in fact, natural
from the viewpoint of ordinary electromagnetic plasmas. It is
well known that an electromagnetic plasma radiates numerous
photons when it goes back to an atomic gas. This process is
called the “radiative recombination” and is seen in various
astrophysical situations (for an overview see [21,22]. This is
natural because photon emission is advantageous for satis-
fying energy conservation in the formation of bound states
(electrically neutral atoms). We can expect similar phenom-
ena to occur in the hadronization processes, where valence
quarks and antiquarks form bound states. In the present pa-
per, we formulate photon production at the hadronization
stage in analogy with the radiative recombination in electro-
magnetic plasmas and investigate properties of the produced
photons. Photon production during the QCD phase transition
and hadronization has been attracting much attention indeed,
and has been discussed in different frameworks, for example
in [17,23,24].

The present paper is organized as follows. In the next
section, we explain the radiative recombination in ordinary
electromagnetic plasma and comment on similarities to and
differences from the QGP. Then in Sec. III, we provide the
basic theoretical framework for radiative recombination ap-
plied to hadronization. Numerical results are presented in
Sec. IV, where we include the thermal photon contributions
obtained by a hydrodynamic simulation to compare the results
to the observed data. Discussions and a summary are given in
Sec. V.

In Appendix A, we present photon production formulas
in our radiative recombination model. In Appendix B, we
give a brief description of thermal photon calculation in a
hydrodynamic model [25]. The model parameter dependence
of our results is discussed in Appendix C.

II. RADIATIVE RECOMBINATION IN
ELECTROMAGNETIC PLASMAS

In this section, we explain what is known about radia-
tive recombination in ordinary plasmas and in other relevant
processes, which are helpful to understand how the radiative
recombination in QGP could be formulated. The primary
and simplest example is that of an electromagnetic plasma
made of electrons and protons. When the temperature is
decreased, the plasma decays and neutralizes into a hydro-
gen gas through the microscopic mechanism of the radiative
recombination e− + p+ → H0 + γ . Emission of a photon
compensates for the energy difference between the initial
continuum state and the final bound state. The ordinary
plasma flashes when it decays. This process is well known
in plasma physics and is also called “free-bound transition”
[26]. The secondary example is the glow discharge which
is seen as a typical picture of a plasma. The third exam-
ple is radiative recombination in the early universe: There
was a “recombination era” and without treating the radiative
recombination we would not be able to accurately evaluate
the “recombination temperature” which is essential for un-
derstanding the cosmic microwave background (CMB) data
[27]. The fourth example is gas nebulae, such as the Orion
Nebula, which have beautiful radiations containing contin-
uum spectra due to the radiative recombination [28]. Lastly,
in addition to these examples induced by the electromag-
netic interaction, we also have examples in nuclear reactions.
We know that in the sun there are two important processes
called the “pp chain” and the “CNO cycle,” both of which
include formation of bound states accompanied by a pho-
ton emission (such as D + p → 3He +γ in the pp chain
and p + 12C → 13N +γ in the CNO cycle) [29]. All these
examples indicate that radiation is naturally inherent to the
formation of bound states, which suggests the possibility of
photon emissions at hadronization, provided that hadroniza-
tion can be modeled as a coalescence process of valence
partons.

There are two key equations for the description of radia-
tive recombination in electromagnetic plasmas [27,30]. One
is the Kramers-Milne relation which relates recombination
cross section to that of its inverse process (photoionization
γ + A → e− + A+) and corresponds to the detailed balance
relation in thermal equilibrium states. The other is the Saha
equation which gives the ionization ratio X = nion/(nion +
natom ) between the atom and ion numbers, natom, nion, as a
function of a temperature when the electrons, ions, and atoms
are in thermal equilibrium. The Kramers-Milne relation is
useful because the photoionization rate is easily measured by
experiments, and the Saha equation applies to an ordinary
plasma because one can control the lifetime of a plasma
much longer than the microscopic timescale of radiation
reaction. These relations are, unfortunately, not suitable to
the hadronization from QGP in heavy-ion collisions since it
should be treated as a nonequilibrium process. Hadronization
occurs in a small lump of QGP at the timescale of the strong
interaction, and therefore the photons are just emitted without
reabsorption. To this situation we cannot use the relations
which assume a system in bulk equilibrium.
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When the density of an electromagnetic plasma is rela-
tively high, another type of recombination will be possible.
It is the “three-body recombination” 2e− + A+ → e− + A,
where the energy conservation is satisfied by the spectator
electron. If one defines the effective photon emission rate at
some density, it will be reduced by the presence of the three-
body or, in general, multibody recombination. We may expect
similar phenomena in the hadronization process. Formation of
bound states without photon emission will be possible if the
valence partons interact with other particles in the medium.
We will be able to absorb this kind of effects into an effective
recombination rate including density dependence. In fact, as
we will discuss later, since we treat the recombination rate as
a parameter, we expect that such kind of effects are included
in the overall normalization parameter, which is determined
to fit the experimental data. Alternatively, effects of multibody
recombination without a photon emission will be described by
“off-shell” valence partons. However, within our framework
in the present analysis, it is not easy to define off-shell partons
in QGP.

Lastly, we comment on a very similar process in e+e−
collisions. Recall that the e+e− collisions have been used
to discover new particles by changing the invariant mass.
Pronounced resonances such as ρ, ω, φ, and J/ψ mesons
are measured with energies below the invariant mass of the
e+e− system. This is called the radiative return, and is quite
important for the analysis of the R ratio around threshold and
(g − 2) of leptons (for reviews, see [31,32]). Notice that the
formation of a resonance below the e+e− invariant mass is
accompanied by photon emissions and the typical radiative
return is represented as e+ + e− → hadrons + nγ , where the
number n of emitted photons is not necessarily one, n � 1. In
particular, a clean process with a single meson and a single
photon e+ + e− → meson + γ is experimentally measured.
For example, J/ψ production was observed at BaBar [33],
and more recently χc and ηc at BESIII [34,35]. The counter-
part in a purely QED case such as e+e− → μ+μ−γ can be
perturbatively calculated (though quite tedious), and one can
study interplay between the initial state radiation and the final
state radiation. On the other hand, hadron production suffers
from ambiguity related to the coupling between the virtual
photon and a composite hadron. For example, e+ + e− →
γ ∗ → meson + γ includes the transition of a virtual photon
into a meson, which may be phenomenologically described
by the vector meson dominance. Heavy quarkonium produc-
tion will have less ambiguity, but the nonrelativistic QCD
formalism developed for the calculation of heavy-quarkonium
production involves nonperturbative matrix elements (see for
example, [36,37]).

There are Monte Carlo generators for the radiative return
called PHOKHARA (for real photon emission) and EKHARA (for
virtual photon emission) [38]. These generators treat radiation
by the vertices like meson∗ → meson + γ (or γ ∗) which are
given by effective Lagrangian [39]. Here, meson∗ could be a
virtual (or off-shell) meson. This kind of picture will be useful
in our problem. Another lesson from the radiative return is
that the final state could involve several hadrons, typically
light mesons such as pions and kaons. For example, final
states with four mesons like π+π−K+K− were extensively

studied [31]. We expect similar multiple hadron production
in the radiative hadronization. As we will discuss in the next
section, we will adopt the “recombination model” and modify
it so that it allows photon emission. This recombination model
provides the number of produced mesons by the overlapping
between a qq̄ state and a meson state, and implicitly assumes
a single meson production from a qq̄ state. However, the mul-
tiple hadron production seen in the e+e− collisions suggests
that the one-to-one correspondence between a qq̄ state and
a meson should not exactly hold. Still, we may be able to
effectively absorb such effects into the recombination rate.
We should be aware that the overall recombination rate could
contain many different physical effects. Having said all these
suggestions and caveats, we are now ready for the problem
of how to formulate the radiative recombination at hadroniza-
tion.

III. RADIATIVE HADRONIZATION: FORMULATION

Hadronization is a nonperturbative process because it takes
place around the critical temperature T ≈ Tc and the typ-
ical strong coupling αs(T ≈ Tc) is not small. It is also a
nonequilibrium phenomenon in the sense mentioned in the
previous section. One of the possible frameworks to describe
the hadronization will be to work in an effective theory that
includes both hadronic and constituent-quark degrees of free-
dom (see [24] for an analysis in the quark-meson coupling
theory). Within this framework, one can compute the hadron
production cross sections similarly to the radiation return. We
will, however, take an alternative approach. In fact, as already
commented before, we know a simple and phenomenologi-
cally successful model for hadronization which is based on the
coalescence of constituent quark degrees of freedom. It is the
recombination model and we utilize it to describe the radiative
hadronization. Below we first explain briefly the basic strategy
of the recombination model, and then discuss how to modify
it to include the photon emission.

A. Recombination model

The recombination/coalescence models provide a phe-
nomenological description of hadronization for hadron pro-
duction in the intermediate pT region (2 � pT � 5 GeV/c)
and give a natural explanation for intriguing phenomena such
as the anomalous baryon/meson ratio and constituent quark
number (CQN) scaling of the elliptic flow [40–43] (for a re-
view, see [44]). There are several recombination/coalescence
models with some differences [45–47], and we will adopt the
ReCo model that was developed by the Duke group [45].

The ReCo model starts by defining the number of hadrons
that one can find in the quark/antiquark distributions. For
example, the total number of mesons is defined as an overlap
between the meson state |M; P〉 and the reduced two-body
density matrix ρ̂ab which represents the partonic system with
partons, a and b, undergoing hadronization:

NM =
∑

ab

∫
d3P

(2π )3
〈M; P| ρ̂ab |M; P〉, (1)
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where summation is taken over all the possible combinations
of partons a, b that have nonzero overlap with a mesonic state.
In this sense, the ReCo model simply projects the partonic
picture of the QGP onto the hadron picture, and does not
describe dynamical processes of hadron formation. However,
since the formula includes matrix elements like 〈M; P|r1, r2〉
with |r1, r2〉 being a state having a quark at r1 and an antiquark
at r2, it allows for an intuitive understanding of coalescence
processes1 like qq̄ → M(meson) and qqq → B(baryon).

After some manipulations (see [45] for details), one obtains
the momentum distribution of mesons made of partons a and
b as

E
dNM

d3P
= CM

∫
�

P · u(R)

(2π )3

∫ 1

0
dx wa(R; xP) |φM (x)|2

× wb(R; (1 − x)P), (2)

where Pμ = (E , P) is the four-momentum of the meson M,
R is a four-vector specifying a point on the hypersurface �

where the hadronization takes place, and uμ(R) is a unit vector
orthogonal to the hypersurface � at R. The function φM (x)
is the light-cone wave function of a meson with x being the
momentum fraction of one of the two quarks, and wa(R; xP)
is a one-particle phase space distribution of parton a,

We assume the longitudinal boost-invariant expansion
(Bjorken expansion) of the QGP so that the hadronization
hypersurface � has a constant longitudinal proper time τ =√

t2 − z2 = const and a point Rμ on it is specified as

Rμ = (t, x, y, z) = (τ cosh η, ρ cos φ, ρ sin φ, τ sinh η)

with the space-time rapidity η, the transverse radial coordinate
ρ, and the azimuthal angle φ. Then the forward normal vector
uμ(R) orthogonal to the hypersurface u · dR|τ=const. = 0 is
given by uμ(R) = (cosh η, 0, 0, sinh η).

Regarding φM (x), we expect that our results are insensi-
tive to its details and take |φM (x)|2 = δ(x − 1/2) for analytic
evaluation and φM (x) = √

30 x(1 − x) for numerical evalua-
tion. Notice that both examples of the wave function have
a peak at x = 1/2, and therefore wa(R, 1

2 P)wb(R, 1
2 P) ∼

e−P/T gives rise to the dominant configuration in the x
integration. The overall factor CM counts state degener-
acy. The corresponding formula for baryon production has
the factor CB and the wave functions of the three-quark
state should have a peak around x = 1/3, and therefore
wa(R, 1

3 P)wb(R, 1
3 P)wc(R, 1

3 P) ∼ e−P/T . Thus, this model
predicts that the ratio of the proton to the pion yield at the
common PT at midrapidity, Rp/π ≡ dNp

d2PT dy /
dN

π0

d2PT dy , is essen-
tially given by a ratio CB/CM , which amounts to ≈2. This is
indeed consistent with the experimental result known as the
anomalous baryon/meson ratio, which is in contrast to the ex-
pectation from parton fragmentation processes in perturbative
QCD, Rp/π ≈ 0.2.

For wa(R; xP), we assume that at the onset of hadronization
the quarks/antiquarks are in local thermal equilibrium with a

1Note, however, that this matrix element will be interpreted as a
quark-antiquark component of a meson wave function.

fluid flow velocity v̄μ(R), which we parametrize as

v̄μ(R) = (cosh ηL cosh ηT , sinh ηT cos φ,

sinh ηT sin φ, sinh ηL cosh ηT ), (3)

where ηL and ηT are longitudinal and transverse flow rapidi-
ties, respectively. This four-velocity is normalized as v̄μv̄μ =
1. In the Bjorken expansion, which we assume in this work,
the longitudinal flow rapidity ηL is identified with the space-
time rapidity η, i.e., ηL = η, and the longitudinal flow velocity
is vL = tanh η = z/t . On the other hand, the transverse rapid-

ity ηT is related to the transverse flow velocity vT =
√

v2
x + v2

y

by

vT = tanh ηT , (4)

at midrapidity (cosh ηL = 1). We assume that vT is indepen-
dent of the transverse radius ρ for computational simplicity.

By using this flow velocity v̄μ(R), we take the one-body
phase space distribution of parton a as

wa(R; p) = γa e−p·v̄(R)/T e−η2/2�2
f (ρ, φ), (5)

where γa is the fugacity factor of parton a. The fac-
tor e−η2/2�2

f (ρ, φ) describes the spatial profile of the hot
medium. For central collisions, one may simply assume a con-
stant profile f (ρ, φ) = θ (ρ0 − ρ) within the transverse radius
ρ0 of the fireball at the recombination time τ . In more general
cases, the transverse profile will be adjusted to reproduce
the collision-centrality dependence of observed meson yields.
Meanwhile, the η dependence may be ignored as far as the
midrapidity region is concerned. These approximations will
be used in analytic evaluations of the ReCo model below.

We have assumed that the quark momentum distribution in
wa has the thermal profile e−p·v̄(R)/T of temperature T , boosted
by the collective flow v̄(R). We introduce elliptic anisotropy
in this momentum distribution by a weak modulation of the
transverse flow rapidity ηT around the mean ηT :

ηT (φ; pT ) = ηT (1 − h(pT ) cos 2φ). (6)

The modulation amplitude h(pT ) is assumed to be pT depen-
dent:

h(pT ) = α

1 + (pT /p0)a
(7)

with α = (1 − r)/(1 + r) fixed by the transverse aspect ratio
r of the almond-shape collision zone, and with a and p0 the
constant parameters controlling the momentum dependence.
We then calculate the parton distribution (5), to find the ellip-
tic flow coefficient va

2 (pT ) of parton a defined by

wa(R; p) = wa(R; p)
(
1 + 2va

2 (pT ) cos 2φ
)
, (8)

where wa(R; p) is the part independent of the azimuthal angle
φ. Inserting this distribution into the formula (2), we can
compute the elliptic flow coefficient for a meson transverse
momentum (PT ) distribution at midrapidity:

vM
2 (PT ) ≡ 〈cos 2�〉PL=0 =

∫
d� cos 2�

( dNM
d2PT dPL

∣∣
PL=0

)
∫

d�
( dNM

d2PT dPL

∣∣
PL=0

) , (9)
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where � is the azimuthal angle of the produced meson mo-
mentum. If we adopt the δ-function approximation for the
light-cone wave function |φM (x)|2 = δ(x − 1/2) and assume
a universal elliptic flow coefficient for all quark flavors,
v

q
2 (pT ) ≡ va

2 (pT ), then the elliptic flow of the meson momen-
tum distribution is analytically evaluated as

vM
2 (PT ) = 2 v

q
2

(
1
2 PT

)
1 + 2 v

q
2

(
1
2 PT

)2 , (10)

which simplifies further for v
q
2 (pT ) � 1 to

vM
2 (PT ) � 2v

q
2 (PT /2). (11)

Similarly, for baryons one finds

vB
2 (PT ) � 3v

q
2 (PT /3). (12)

Therefore, the elliptic flow coefficient of a hadron with n
constituents satisfies the following scaling:

vh
2 (PT ) � nv

q
2 (PT /n). (13)

If we plot vh
2 (PT )/n as a function of PT /n for various hadrons,

the results will collapse into a single curve which is deter-
mined by the quark elliptic flow coefficient v

q
2 . This “CQN

scaling” is indeed observed in experimental data, and is re-
garded as one of the evidences for the quark recombination
in hadronization and also for formation of a thermalized QGP
in relativistic heavy-ion collision experiments. Nevertheless,
as is obvious from the above derivation of the scaling, it
appears only in an idealized situation and a certain deviation is
expected from the scaling limit even when the recombination
mechanism dominates in hadronization. Such deviations will
have different sources, from which we can extract physical
information on hadronization.

As we emphasized before, the recombination model de-
scribes the meson (baryon) formation as a 2-to-1 (3-to-1)
process. If we take this literally, it implies that the model
violates the energy conservation law because the invariant
mass of the initial state with two (three) partons cannot be
the same as the energy of a bound state. In Ref. [45], it is
argued that the energy conservation would be preserved by
the effects of interactions with the medium (which generates
a width in parton dispersion) and that omission of explicit
treatment of such effects would not significantly affect the
bulk features of hadron production. The medium effect on the
recombination reminds us of the three-body recombination
in electromagnetic plasmas, where one of the three is just a
spectator to keep the energy conservation.

But, at the same time, we notice another process which sat-
isfies the energy conservation law in electromagnetic plasmas.
It is the radiative recombination. The counterpart process in
hadronization should be also possible.2 In the next subsection

2While it is possible to make energy be conserved within a dynam-
ical model including the effects of resonances as developed in [48],
we will present a different picture.

we will discuss how to modify the ReCo model so that it
describes the radiative hadronization.

B. Radiative hadronization model

We modify the ReCo model so as to allow for photon emis-
sion, calling it the radiative ReCo model. Then, the meson
formation process becomes a 2-to-2 process,

q + q̄ → M + γ , (14)

which fulfills the energy conservation law. A similar modifi-
cation for baryon formation with a photon emission, qqq →
B + γ , should be also possible.

In our radiative ReCo model, we reinterpret the original
ReCo model [45] as a tool for picking up a “preformed state”
consisting of two partons and assume the preformed state
emits a photon to form a bound state (see Fig. 1). Notice
that we do not consider this preformed state as any physical
resonance but just as an intermediate state in radiative meson
production.

The preformed state consisting of two partons with mo-
menta pμ

1 = (E1, p1) and pμ
2 = (E2, p2) has the invariant mass

M∗ and momentum P determined by

E ≡
√

M2∗ + P2 =
√

m2
1 + p2

1 +
√

m2
2 + p2

2, (15)

P = p1 + p2, (16)

where m1 and m2 are the constituent quark masses. The invari-
ant mass M∗ is a function of p1 and p2 and is evidently larger
than m1 + m2:

M∗ � m1 + m2.

On the other hand, in the constituent quark picture, the mass
of the bound state M should be smaller than m1 + m2 by
the binding energy: M < m1 + m2. The surplus energy of
M∗ − M > 0 should be carried away by a photon emission
here. Then, the number of the photons emitted in the forma-
tion of a meson M reads

Eγ

dNγ

d3k
= κ

∫
dM∗ �(M∗)

∫
d3P

(
dNM∗

d3P

)

×
(

Eγ

dnγ (k; M∗, P)

d3k

)
, (17)

which means that it is given by the product of the number of
preformed states and the photon distribution emitted from a
preformed state. We explain each ingredient below.

First of all, dNM∗/d3P is the number of the preformed
states, which is characterized by momentum P and invariant
mass M∗. We evaluate this part by the original ReCo model.
Although we do not know the light-cone wave function of the
preformed state, we expect that the results are insensitive to
its details as we already commented concerning the original
ReCo model. We use the same light-cone wave functions as in
the original ReCo model.

Next, Eγ dnγ (k; M∗, P)/d3k corresponds to the photon dis-
tribution emitted from the preformed state moving with the
momentum P. We adopt a tree picture M∗ → M + γ which
is the leading order with respect to QED coupling αem. We
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FIG. 1. Radiative ReCo model with a photon emission.

assume no specific polarization of the preformed states, and
the photon distribution is treated as isotropic in the rest frame
of the preformed state. More explicitly, we use the following
photon distribution:

Eγ

dnγ

d3k
= 1

4πk0
δ
(
EγCM − k0

) = M∗
4πk0

δ(k · P − k0M∗),

(18)

where EγCM is the photon energy and k0 ≡ (M2
∗ − M2)/(2M∗)

is the momentum magnitude of the photon and the meson
in the center-of-mass (CM) frame of the preformed state
(M∗-rest frame) with M being the mass of the accompanying
meson. The photon distribution is normalized as

∫
dnγ = 1.

We also introduced �(M∗) to represent an invariant mass
distribution of the preformed states of two partons. It should
have a support for M∗ � m1 + m2. Considering the thermal
distributions of quarks and antiquarks, we expect that the
number of preformed states will rapidly decrease with in-
creasing M∗. Therefore, we will replace it with the threshold
contribution, i.e., �(M∗) = δ(M∗ − (m1 + m2)) in this paper.

Finally and importantly, we comment on the overall factor
κ which is introduced to reflect other possible effects on
radiative hadronization. Consider the recombination process
mediated by a preformed state q + q̄ → M∗ → X , where X
stands for any physical final states, including the radiative
hadronization X = M + γ . In general, however, X can be
multiple hadron states (with photons), as we discussed pre-
viously in relation to the radiation return in e+e− collisions.
Once we compute all possible diagrams for the decay of M∗,
we are able to define the “branching ratio” for the radiative
hadronization which corresponds to the factor κ . Since the
transition probability for M∗ → M + γ would be proportional
to the QED coupling αem = 1/137, one may naively expect
that κ would be of the order of αem. On the other hand, we
also know empirically that the CQN scaling works very well
up to several GeV of meson momentum pT . This fact suggests
that a single meson formation would be the dominant process
over multiple meson production. If so, the single photon emis-
sion attached to this dominant process may have a different
value of κ from the naive expectation. Therefore, we leave

the overall factor κ as a parameter to be determined by the
experimental data.3

We remark here that the number of mesons is given by the
same formula as Eq. (17), with the last factor replaced by the
meson distribution emitted from the preformed state:

EM
dN radReCo

M

d3K
= κ

∫
dM∗ �(M∗)

∫
d3P

(
dNM∗

d3P

)

×
(

EM
dnM (K ; M∗, P)

d3K

)
, (19)

where Kμ is a momentum of the produced meson, satisfying
Pμ = Kμ + kγ

μ . The distribution dnM/d3K can be defined in a
similar way to the photon case.

Recall that the original ReCo model naturally explains the
CQN scaling. In our modified ReCo model, on the other hand,
the scaling should appear at the level of the distribution of
preformed states M∗ in the integrand of Eq. (19), and the me-
son production accompanying a photon emission may violate
the CQN scaling to some extent. We check this point both
analytically and numerically in this paper. But we emphasize
here that the main contribution to hadron yield at around 2
GeV is given by the original ReCo model, and the radiative
hadronization (19) is a subdominant process of order κ at
most. Moreover, since the photon carries away a fraction of
the preformed-state momentum, the meson spectrum of the
radiative hadronization is shifted to the lower momentum re-
gion and therefore at a given momentum pT its yield is more
suppressed than the value simply expected by the factor κ .
However, we stress here that the radiative hadronization can
give a significant contribution to photon production.

C. Characteristics of the radiative hadronization

In order to understand characteristics of the radiative
hadronization, let us evaluate the momentum distributions of
photons (17) and mesons (19) under certain approximations.

3One can consider gluon radiation, M + g, but the gluons are
strongly interacting and will be reabsorbed into the medium.
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1. Distribution of the preformed states

We compute the number of preformed states by using the
formula (2) of the original ReCo model [45] and we recap
the formulas of ReCo model here. The transverse momentum
spectrum of the preformed state at mid rapidity η = 0 is given
by [45]

EM∗
dNM∗

d3P

∣∣∣∣
η=0

∼ CM∗M∗T
τAT

(2π )3
2γaγbI0

(
PT sinh ηT

Treco

)

×
∫ 1

0
dx|φM∗ (x)|2kM∗ (x, PT ) (20)

with

kM∗ (x, PT ) ≡ K1

(
cosh ηT

Treco

{√
m2

a + x2P2
T

+
√

m2
b + (1 − x)2P2

T

})
, (21)

where M∗T =
√

P2
T + M2∗ is the transverse mass, AT is the

transverse area of the parton system at hadronization, rep-
resenting the collision geometry, and I0(x) and K1(x) are
the modified Bessel functions. The parameter Treco is the
recombination temperature at which quark recombination
q + q̄ → M∗ occurs. For analytic evaluation, we simply take
|φM∗ (x)|2 = δ(x − 1/2) and perform the integration over x for
pion production:∫ 1

0
dx|φM∗ (x)|2kM∗ (x, PT ) � K1

(
cosh ηT

Treco
M∗T

)
,

where M∗T appears in the argument because we have taken
ma = mb = m and M∗ = 2m [recall that we adopt �(M∗) =
δ(M∗ − (m1 + m2))]. By using the asymptotic forms of the
modified Bessel functions I0(z) ∼ ez/

√
2πz and K1(z) ∼√

π/2z e−z for large z 
 1 and large PT approximation
M∗T � PT , we find the following approximate form for the
PT distribution:

EM∗
dNM∗

d3P

∣∣∣∣
η=0

∼ e−PT /T ∗
eff , (22)

where T ∗
eff is the effective temperature for the preformed state

defined by

T ∗
eff = Treco eηT = Treco

√
1 + vT

1 − vT

. (23)

The recombination temperature Treco is identified with the
hadronization temperature in the original ReCo model. The
multiplicative factor eηT > 1 reflects the effect of the nonzero
transverse flow of the quarks, which blueshifts the inverse
slope parameter of the preformed state distribution from Treco

to T ∗
eff . For example, this factor T ∗

eff/Treco amounts to ≈1.7 for
vT = 0.5 and 2 for vT = 0.6.

2. Transverse momentum distributions of photons and mesons

Given the distribution of the preformed states, let us discuss
the photon distribution (17) at midrapidity kL = 0. We can

perform the integration over � in Eq. (17) with the δ function
in the photon distribution (18) in the laboratory frame,

Eγ

dnγ

d2kT dkL
= M∗

4πk0
δ(kE∗ − kT PT cos(� − φ) − k0M∗),

(24)

where � (φ) is the azimuthal angle of the preformed state
(photon) from the reaction plane, as shown in Fig. 2. Then
we obtain

Eγ

dNγ

d2kT dkL

∣∣∣∣
kL=0

=
∫ PLmax

−PLmax

dPL

×
∫ PT max

PT min

dPT
dN∗

d2PT dPL

1

4πk0

2M∗
kT | sin θ | ,

(25)

where

cos θ = cos(� − φ) = kEM∗ − k0M∗
kT PT

. (26)

The integration ranges of the longitudinal and transverse
momenta, ±PLmax and PT min,max, of the preformed state are
determined by decay kinematics (see Appendix A).

We derive here approximate formulas valid for large pho-
ton momentum kT 
 M∗. The distribution of the preformed
states (22) is a steeply falling function of PT for large PT 

T ∗

eff , and therefore the dominant contribution to the integral
comes from the lower end of the PT integration with PL � 0.
In other words, it comes from the configurations in which P is
almost parallel to k, i.e., cos θ ≈ 1 and PL � 0. In this config-
uration, the momentum kT is simply related to the CM-frame
momentum k0 by the transverse boost along PT = M∗ sinh y∗

T
via

kT = k0 cosh y∗
T + k0 sinh y∗

T ∼ 2k0
PT

M∗
=

(
1 − M2

M2∗

)
PT

(27)

as cosh y∗
T ∼ sinh y∗

T = PT /M∗. The momentum deficit is
carried by the accompanying meson emitted in the op-
posite direction in the M∗-rest frame: KT = −k0 cosh y∗

T +√
M2 + k2

0 sinh y∗
T ∼ (M2/M2

∗ )PT , and kT + KT = PT holds
as it should (Fig. 2 top right).

Since the number of the radiated photons is proportional to
that of preformed states, the photon distribution should behave
as (see Appendix A for more details)

Eγ

dNγ

d2kT dkL

∣∣∣∣
kL=0

∼ exp

(
− PT

T ∗
eff (M∗)

)
∼ exp

(
− kT

T γ

eff (M∗)

)
(28)

with

T γ

eff (M∗) =
(

1 − M2

M2∗

)
T ∗

eff . (29)

Thus we find that the effective temperature of the photon T γ

eff
becomes lower than T ∗

eff .
On the other hand, the main contributions for the meson

production by the radiative ReCo model come from the con-
figuration in which the meson momentum is parallel to PT in
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FIG. 2. Left: Kinematics of the photon emission from the preformed state, P → k + K. Right: Momentum boost from the CM to the
laboratory frame for the photon momentum parallel (top) and antiparallel (bottom) to P.

the M∗-rest frame (see the bottom-right panel in Fig. 2); the
same calculation yields

KT = k0 cosh y∗
T +

√
M2 + k2

0 sinh y∗
T ∼ PT , (30)

and the accompanied photon has nearly zero energy and mo-
mentum kT ≈ 0 due to its massless nature. Accordingly, we
find

EM
dNM

d2KT dKL

∣∣∣∣
KL=0

∼ exp

(
− KT

T meson
eff (M∗)

)
(31)

with

T meson
eff (M∗) = T ∗

eff . (32)

The meson has the same effective temperature as the pre-
formed state, up to some corrections.

The radiative hadronization predicts that there is an or-
dering in the effective temperatures of photons, mesons, and
preformed states:

T γ

eff (M∗) < T meson
eff (M∗) ∼ T ∗

eff . (33)

Note that the thermal exponential form of the photon and me-
son distributions reflects the shape of the parton distributions
and thus the origin of higher effective temperatures of photons
and mesons than the hadronization temperature Treco can be
attributed to the partonic collective flow built up during the
QGP evolution.

3. v2 of photons and mesons

Within the same approximations, we can evaluate the ellip-
tic flow coefficient for the photons, v

γ

2 (kT ), defined by

v
γ

2 (kT ) ≡
∫

dφ cos 2φ
(
k dNγ

d2kT dkL

∣∣
kL=0

)
∫

dφ
(
k dNγ

d2kT dkL

∣∣
kL=0

) . (34)

The distribution of the preformed state is computed with the
original ReCo model,

dN∗
d2PT dPL

= dN∗
d2PT dPL

(1 + 2v∗
2 (PT ) cos 2�), (35)

where dN∗/d2PT dPL is �-independent part of the spectrum
and the nonzero elliptic flow v∗

2 (PT ) is inherited from the
quark/antiquark elliptic flow. Then, in place of Eq. (25), the
integration over � with the δ function yields

k
dNγ

d2kT dkL

∣∣∣∣
kL=0

=
∫ PLmax

−PLmax

dPL

∫ PT max

PT min

dPT
dN∗

d2PT dPL

× [1 + 2v∗
2 (PT ) cos 2φ cos 2θ ]

× 1

4πk0

2M∗
kT | sin θ | , (36)

where we have used
∑

i=± cos 2�i = 2 cos 2φ cos 2θ with
�± = φ ± θ . We insert Eq. (36) into the definition (34),
and evaluate the momentum integral approximately with its
threshold value near PT ∼ PT min and PL ≈ 0, where we can
put cos 2θ ≈ 1. Thus we find that, after the φ integration,
the elliptic flow coefficient is unchanged but its momentum
argument is replaced with kT = (1 − M2/M2

∗ )PT :

v
γ

2 (kT ) ∼ v∗
2

(
kT

1 − M2/M2∗

)
. (37)

In the same manner, we find the coefficient for the meson
distribution in radiative ReCo model as

vmeson
2 (KT ) ∼ v∗

2 (KT ). (38)

We emphasize here that the elliptic flow coefficients v2 of
the photons and mesons are both given by v∗

2 of the pre-
formed states, which approximately satisfies the CQN scaling,
v∗

2 (PT ) ∼ 2v
q
2 (PT /2) [see Eq. (13)].

We have shown that the effective temperature and the el-
liptic flow coefficient of the meson distribution are the same
as those of the preformed-state distribution, while for the
photon distribution these parameters are estimated in a similar
manner but with a simple momentum shift (27). This means
that even if the contributions of the radiative hadronization
are added, not only does the meson elliptic flow still follow
the CQN scaling, but also the photon elliptic flow does so
approximately.
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TABLE I. Model parameters.

Treco (MeV) vT τ (fm) ρ0 (fm) γu,d γū,d̄ Mud (MeV) p0 (GeV) a

RHIC 155 0.6 8.0 12.5 1 0.9 260 1.0 2.5
LHC 155 0.65 15.0 20.0 1 1 260 1.1 2.5

IV. NUMERICAL RESULTS

For our numerical study we employ a two-dimensional
(2D) model, neglecting the longitudinal momentum of the
preformed state M∗ (PL = 0), since we have seen that the PL

integration plays only a minor role in the modification of the
photon and meson distributions from that of the preformed
state.

The photon distribution of the 2D radiative ReCo model
reads

k
dNγ

d2kT dkL

∣∣∣∣
kL=0

= κ

∫ PT max

PT min

dPT

∑
i=±

dNM∗

d2PT dPL
(PT ,�i, 0)

× 1

2π

M∗
kT | sin θ | , (39)

where �± = φ ± θ with θ defined in Eq. (26). We generate
the distribution of the preformed states of mass M∗, using
the original ReCo model [40,45]. But we change the recom-
bination temperature Treco to 155 MeV, which is within the
range of the pseudocritical temperature obtained in lattice
QCD calculations [49,50]. Accordingly the transverse flow at
hadronization is set to vT = 0.6 to reproduce the pT distribu-
tion of the mesons, and the freeze-out time τ and the fireball
radius ρ0 are also adjusted adequately (see Table I). We set
M∗ = 2Mud for the preformed state based on the constituent
quark model picture.

A. Model characteristics

First let us numerically test the characteristics of particle
distributions of our radiative ReCo model, which was dis-
cussed in the previous section. Note that in this subsection
we set the normalization factor κ = 1 of the radiative ReCo
model to study the model characteristics, while in the next
subsections we will adjust the parameter κ so that the model
reproduces the observed photon distributions.

1. Transverse momentum spectrum

We show pT distributions of the pions and photons pro-
duced by the radiative ReCo model at

√
sNN = 200 GeV in

Fig. 3 (left), along with the distribution of the preformed
states. At a given momentum, yields of the pions and photons
are much lower than that of the preformed state because each
of them shares a fraction of the momentum of the preformed
state, and therefore their distributions are shifted to the lower
pT region. But their pT slopes are similar to each other in the
relevant momentum region.

We define the effective temperature Teff here by fitting
each of the pT distributions with an exponential function

exp(−pT /Teff ) in the momentum range 2 < pT < 5 GeV.4 In
Fig. 3 (right) we check the M∗ dependence of these effective
temperatures, T π

eff of pions and T γ

eff of photons produced in the
radiative ReCo model. They follow the ordering (33) derived
in the previous section. T π

eff = T ∗
eff is predicted by Eq. (32),

and the difference between T π
eff and T ∗

eff may be understood as
a correction due to subleading pT dependence of the distribu-
tions. On the other hand, T γ

eff of photons is lower than T ∗
eff and

approaching it with increasing M∗, as predicted by Eq. (29).
Our model restricts the invariant mass of the preformed

state to M∗ = 2Mud = 520 MeV for pion production, but
in more general treatments the preformed states with M∗ �
2Mud may well contribute to the pion production. However,
from Fig. 3 (right), the slope parameter Teff of the photons and
pions from the radiative ReCo model seem rather insensitive
to the M∗ value, as long as M∗ is much larger than the meson
mass M.

We show the results for kaon production with M∗ = Ms +
Mud and Ms = 460 MeV in Fig. 4, where the particle yields
become smaller at pT � 2 GeV than the pion case due to the
mass effect. Moreover, the pT slope of the photon distribution
is much steeper than those of the kaon and preformed state
distributions, because, unlike the pion mass, the kaon mass
MK = 495 MeV is comparable to M∗ = 720 MeV here [see
Eq. (29)]. We see that the photon yield associated with radia-
tive hadronization of the kaons is small compared with that of
the pions, and we neglect it in this work.

2. Elliptic flow v2

We introduce an azimuthal angle dependence of the
quark/antiquark flow vT (pT ) by the modulation amplitude
h(pT ) of the transverse flow rapidity ηT (φ; pT ) as in Eq. (6).
The magnitude of h(pT ) is determined by the aspect ratio
of the initial collision zone. In Fig. 5 we show the result of
the elliptic flow coefficients v2 of the pions (cyan thin) and
photons (green bold) as well as that of the preformed states
(black dashed), after dividing by the constituent quark number
nq = 2. The quark/antiquark elliptic flow coefficient vq

2 is also
shown (purple dotted) for comparison.

We find that all these v2 have the same magnitude, which
is taken over from the quark/antiquark flow through the ra-
diative recombination. We also note that the flow coefficient
vπ

2 of the pions exactly follows that of the preformed state
v∗

2 (pT ) at pT � 1 GeV, while the photon v
γ

2 (pT ) lies slightly
below them. Indeed, we have confirmed that, when plotted
in the shifted momentum p̄T = pT /(1 − M2/M2

∗ ), the photon

4The slope parameter Teff is centralityindependent in this model
since the quark distribution (5) depends on collision centrality only
by the weak modulation of the transverse flow (6) and by the overall
factor of the hot-zone size f (r, φ).
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FIG. 3. Left: Comparison of transverse momentum distributions d2N/(2π pT d pT dy) of the photons (green bold solid), pions (blue thin
solid), and preformed state (black dashed) in the radiative ReCo model (M∗ = 2Mud , κ = 1 with b = 5.5 fm at

√
sNN = 200 GeV). Right: M∗

dependence of the slope parameters of the photons T γ

eff (green circle), of pions T π
eff (blue triangle), and of preformed states T ∗

eff (black square).
The parameter T is determined by fitting the function ∝ e−pT /T to the pT distributions in the momentum range 2 < pT < 5 GeV.

v
γ

2 (pT ) curve overlaps with that of the preformed states at
larger pT , as shown in Eq. (37).

B. RHIC

Next we study the contributions of radiative hadronization
to the photon production in Au + Au collisions at

√
sNN =

200 GeV. In order to make a comparison of the photon yield
to the direct photon data at RHIC [51], we include the ther-
mal photon contributions evaluated with a three-dimensional
viscous hydrodynamic model with the kinetic freezeout tem-
perature Tfo = 116 MeV [25] (see Appendix B for a concise
model description). For calculating the particle distributions in
the original and radiative ReCo models, we assign the impact
parameter b = 3.0, 5.5, 7.5 and 9.0 fm in our model for the
centrality classes, 0–10%, 10–20%, 20–30%, and 30–40%
of the collision events, respectively, based on the Glauber
model estimate [52], while the hydrodynamic model treatment
includes the event-by-event fluctuations in selecting the cen-
trality classes.

In Fig. 6 we compare the pT distributions of π0 obtained
by the ReCo (black solid) and radiative ReCo (cyan dashed)
models to PHENIX data at different centralities [51]. The

FIG. 4. The same plot as in Fig. 3 (right), but associated with
kaon production (Ms = 460 MeV).

parameter κ = 0.2 of the radiative ReCo model is determined
so that the sum of the photons from radiative hadronization,
the thermal photons, and the prompt photons reproduces the
observed photon yield (see Fig. 7 below). We are reassured
here that the original ReCo model reproduces the pion pT

distributions for different centrality classes, in the pT range
from 2 to 4 GeV, where the quark recombination is regarded as
the dominant hadronization mechanism. Outside this region,
other production mechanisms, hydrodynamic processes at the
lower pT and parton fragmentations at the higher pT , are im-
portant. In contrast, the contribution from the radiative ReCo
model takes only a small fraction of the pion yield (less than
10% of the original ReCo model) at a given momentum pT ,
and it does not obstruct the success of the original ReCo model
in describing meson production in this momentum region
[40,45].

Next in Fig. 7 we show the pT distributions of the photons
emitted in radiative pion production (green dashed) for b =
5.5 fm (left panel) and b = 9.0 fm (right panel), together with

FIG. 5. Rescaled elliptic flow coefficients v2(pT /nq )/nq of the
pions (blue thin solid), photons (green thick solid), and preformed
state (black dashed) at b = 5.5 fm with nq = 2. The flow coefficient
v2(pT ) of the quarks (purple dotted) is shown for comparison. Pa-
rameters are the same as in Fig. 3.
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FIG. 6. Transverse momentum distributions of π 0 computed with ReCo model (black solid) and radiative ReCo model (cyan dashed) for
impact parameter b = 3, 5.5, 7.5, and 9 fm in Au + Au collisions at

√
sNN = 200 GeV. The π 0 data set of 0–10%, 10–20%, 20–30%, and

30–40% centrality classes is adopted from [51].

FIG. 7. Transverse momentum distributions of direct photons computed with the radiative ReCo model (green dashed) for impact parameter
b = 5.5 (left) and 9 fm (right) in Au + Au collisions at

√
sNN = 200 GeV. The thermal photon distribution obtained by a viscous hydrodynamic

model (purple dotted), rescaled prompt photons (black dot-dashed), and their sum (red solid) are also shown. The data are adopted from [9],
and the parameter κ = 0.2 is determined to fit the data.
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FIG. 8. Pion elliptic flow coefficient v2 from the ReCo model (black solid) and the radiative ReCo model (blue dashed) as a function of
PT for b = 5.5 fm (left) and b = 9.0 fm (right) in Au + Au collisions at

√
sNN = 200 GeV. Data for π 0 (blue circles) are taken from PHENIX

[53].

those of the thermal photons (purple dotted) and the prompt
photons (black dot-dashed), and the total (red solid). For
thermal photon production, we adopt the thermal photon rates
of QGP in [54] and that of the hadronic phase in [8,55,56],
and integrate these rates over the evolution profile obtained
by a 3D viscous hydrodynamic simulation (See Appendix B
for a concise model description). Our estimate of the thermal
photon contribution is consistent with other model studies
[57]. Regarding prompt photon production in AA collisions,
which dominates the total photon distribution at higher pT ,
we use the empirical fit of the photon distribution in pp
collisions, a1(1 + p2

T /a2)a3 (a1,2,3 are constants), scaled with
the number of nucleon collisions for AA collisions, as is done
by PHENIX [9]. The experimental data of the direct photons
in the 0–20% (for b = 5.5 fm) and 20–40% (for b = 9.0 fm)
centrality classes are taken from PHENIX [9].5

We set the normalization of the radiative ReCo model
to κ = 0.2 so that the sum of the three photon contribu-
tions, thermal radiation, radiative hadronization, and prompt
production, reproduces the observed photon yield for pT <

3 GeV. Indeed, the photon pT distributions for two cen-
trality classes 0–20 % and 20–40 % are reproduced fairly
well with the same normalization κ = 0.2. We notice that
the photon yield from the radiative ReCo model is esti-
mated to be several times larger than that from the thermal
radiation and that the pT slope of the resultant photon
distribution is mostly determined by the contribution from

5A new data analysis was published in Ref. [58] and is consistent
with that in Ref. [9].

the radiative ReCo model for 1.5 < pT < 3 GeV and is
consistent with the data. Notice that the prompt photon
contributions become non-negligible only for the higher
pT � 3 GeV.

Next we study the elliptic flows of the pion and photon
distributions. We present in Fig. 8 the elliptic flow coefficient
v2(pT ) of the pion distribution obtained by the ReCo model
(solid line) as well as that of the radiative ReCo model (dashed
line), separately, despite knowing that the latter’s contribution
to pion production is very small. We find that the two curves
overlap for pT � 1 GeV.

Concerning the photon v
γ

2 in our model, we recall that
there are three different sources of the photons, i.e., the ther-
mal radiation, the radiative hadronization, and the prompt
production. In Fig. 9 we show the flow coefficient v

γ

2 (pT )
(red solid) of the total photon distribution as well as those
of the thermal photon contribution (purple dotted) and of
the radiative ReCo model contribution (green dashed), sep-
arately. In addition, we presumed the prompt photons have
no collective flow (black dot-dashed). The thermal photons
have a nonzero v

γ

2 but its value is systematically below the
observed values [9]. On the other hand, the photons from
the radiative ReCo model have v

γ

2 as large as the pion v2,
and its pT dependence is almost the same as that of the
pions. Since the photon yield of the radiative ReCo model is
estimated to be several times larger than the thermal photon
yield, the resultant v

γ

2 (pT ) of the total photons is close to
that of the radiative ReCo model component and is consistent
with the data for pT � 2 GeV, albeit with a large uncertainty.
At larger pT , the prompt photons dominate and the flow is
suppressed.
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FIG. 9. Elliptic flow coefficient v
γ

2 of the direct photons (red solid) for impact parameter b = 5.5 (left) and 9 fm (right) in Au + Au
collisions at

√
sNN = 200 GeV. The v

γ

2 of the photons from a viscous hydrodynamic model and v
γ

2 of the photons from the radiative ReCo
model are shown in purple dotted and green dashed curves, respectively. The normalization κ = 0.2 for the radiative ReCo model is adopted.
Data for direct photons (blue solid stars) are adopted from [10].

C. LHC

We perform the same analysis for photon production in
heavy-ion collisions at the LHC energy,

√
sNN = 2.76 TeV.

In this calculation we use the same recombination temper-
ature Treco = 155 MeV, but with a stronger transverse flow
vT = 0.65 of the quarks at the hadronization. We also assume
full equilibration of ū and d̄ quarks and set the fugacity factors
γū = γd̄ = 1. See Table I for other parameters. We adopt here
the following correspondence between the impact parameter
b and the centrality classes: b = 4.0 fm for 0–10%, 6.0 fm
for 10–20%, 7.8 fm for 20–30%, and 9.2 fm for 30–40%
centrality class [59].

In Fig. 10 shown are the pT distributions of the pions for
several centrality classes. The original ReCo model (black
solid) describes the pT spectra of the pions in the region
1 < pT < 3 GeV at different centralities.6 With the normal-
ization κ = 0.05, which we determine so as to reproduce the
photon yield below, the radiative ReCo model (cyan dashed)
gives only a few percent of the pion yields in the relevant
momentum region. Hence the success of the original ReCo
model is unaltered by the contribution of the radiative ReCo
model.

In Fig. 11 we compare the photon pT distribution of our
model at b = 6.0 (9.2) fm with the experimental data [61]
at 0–20% (20–40%) centrality. Unlike in the RHIC case, the

6Note that hydrodynamic processes and jet fragmentations con-
tribute to the pion production at pT < 1 GeV and pT > 4 GeV,
respectively.

thermal photon yield (purple dotted) is not far off the observed
data in the momentum region 1 < pT < 2 GeV, and we can
reasonably fit the data in the region pT � 2 GeV by adding the
photons from the radiative ReCo model (green dashed) with
the normalization factor κ = 0.05, both in central and mid-
central collisions. Since prompt photon data in pp collisions
is unavailable in this low pT region, and theory calculations
for pT � 2 GeV have a large ambiguity, we decided here to
use the same model of photon distribution a1(1 + p2

T /a2)a3

as adopted by PHENIX [9], setting a2 = 4 GeV2 and tuning
the parameters a1 = 1.2 × 10−2 GeV−2 and a3 = −2.7 to fit
the available pp-collision data around pT ≈ 10 GeV at

√
s =

8 TeV [62]. The parameter a2 may be regarded as an infrared
cutoff of the prompt photon model. We estimate the prompt
photons in AA collisions by rescaling this model [9]. We note
here that the normalization parameter κ is not very sensitive to
the choice of a2 as long as it is of order O(1 GeV2). Although
we obtained a reasonable fit of the data in this low pT region
with κ = 0.05, we do not have a clear explanation for the
decrease of the κ value from the RHIC case. (We will come
back to this point in the next section. See also Appendix C for
κ dependence.)

Next we study the elliptic flow coefficient v2 of the pions
and photons. We use the parameters p0 = 1.1 GeV and a =
2.5 for the quark elliptic flow v2(pT ) [see Eq. (7)]. Figure 12
shows the pion elliptic flow v2 for b = 6.0 (left) and 9.2 fm
(right) along with ALICE data [11]. We find that the pion v2

is well described by the original ReCo model and the situation
is unaltered by the addition of the radiative hadronization
contribution.

Figure 13 shows the photon elliptic flow coefficient v
γ

2 for
b = 6.0 (left) and 9.2 fm (right). Since in 1 < pT < 2 GeV
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FIG. 10. Centrality dependence of transverse momentum distributions of π in
√

sNN = 2.76 TeV Pb + Pb collisions at the LHC. Data
points for π 0 in the 0–10%, 10–20%, and 20–40% centrality classes [60] and π+ in the 20–30% centrality class [61] are adopted from ALICE.

FIG. 11. Transverse momentum distributions of direct photons (red solid) for b = 6 fm (left) and b = 9.2 fm (right). The photon yields
from the hydrodynamic model and the radiative ReCo model are shown in purple dotted and green dashed curves, respectively. The data in the
corresponding centrality classes (gray circles) are adopted from [11].

034906-14



RADIATIVE HADRONIZATION: PHOTON EMISSION … PHYSICAL REVIEW C 106, 034906 (2022)

FIG. 12. Elliptic flow v2 of the pions of ReCo model (black solid) and of radiative ReCo model (cyan dashed) for b = 6.0 (left) and
9.2 fm (right), corresponding to centralities 0–20% and 20–40%, respectively. Note that centralities of data (blue circles) are 10–20% (left)
and 30–40% (right) [63], respectively.

the thermal radiation and radiative hadronization contribute
almost equally to the photon yield, the elliptic flow coefficient
v

γ

2 of the total photon yield becomes an average of the two
sources and lies just in between v

γ

2 of the thermal photon

(purple dotted) and v
γ

2 of radiative ReCo photons (green
dashed) at lower pT . Indeed, this is consistent with the fact
that the photon v

γ

2 is somewhat smaller than the pion v2 in the
observed data at the LHC energy. At higher pT , it is dominated

FIG. 13. Elliptic flow v2 of direct photons (red solid) for b = 6.0 (left) and 9.2 fm (right). Data (gray circles) are adopted from [12]. Other
notations are the same as in Fig. 9.
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by the prompt photon contribution, which we assume has zero
elliptic flow.

V. SUMMARY AND DISCUSSIONS

In QED plasma physics, radiative recombination is one
of the fundamental processes which occur when a plasma is
deionized. In analogy with it, we have proposed here “radia-
tive hadronization” [64] as an additional photon source which
had not been taken seriously so far in heavy-ion collision
physics.

In this paper, we have embodied the radiative hadronization
process as a two-step model, that is, picking up a preformed
state of quarks, which we describe by the original ReCo model
[40,45], and its radiative decay to a photon and a hadron. We
call this model the “radiative ReCo” model. Those particles
produced by the radiative ReCo model inherit collective flows
from the quark fluid. We can thus expect that those photons
fill up the deficit of the direct photon sources to reproduce the
observed yield and that they give rise to the strong collective
flow of photons. We derived approximate formulas for the
effective temperatures, T π

eff and T γ

eff , and elliptic flows of pions
and photons, vπ

2 and v
γ

2 , in this model, and found that their
elliptic flow coefficients still satisfy the CQN scaling relation
approximately (Fig. 5).

For numerical study of direct photons, we considered three
kinds of photon sources: prompt photons, thermal photons
and photons from the radiative hadronization. Photon produc-
tion from the radiative hadronization was evaluated with the
two-dimensional radiative ReCo model, while thermal pho-
ton yield was obtained by integrating the rate formulas over
hydrodynamic-model event profiles and a simple parametriza-
tion was used for prompt photon yield.

We have shown that the radiative ReCo model can account
for a significant fraction of the total photon yield, while it
produces only a small fraction of the total pion yield, to which
the original ReCo gives a dominant contribution at around
pT ≈ 2 GeV. Indeed, by adding the photon contribution from
the radiative ReCo model with the overall factor κ = 0.2
to the thermal and prompt photon contributions, we can fit
simultaneously the large direct photon yield and the strong
elliptic flow observed at RHIC. For the LHC data, the same
procedure resulted in a reasonable fit of the pT distribution
and the elliptic flow v

γ

2 (pT ) of photons in 1 < pT < 4 GeV,
but with the smaller value of κ = 0.05. The apparent reason
for this decrease of κ is the fact that the estimated ther-
mal photon yield is not far off the observed direct photon
yield compared to the RHIC case. The origin of this change
and the large values of κ as well is unclear at present, but
we expect that it would contain important information about
hadronization processes, which clearly deserves further inves-
tigations.

Hadronization from QGP is a nonperturbative and nonequi-
librium process in high-energy heavy-ion collisions. The
empirical success of the recombination models seems to sug-
gest that complexity of hadronization is involved to some
extent in these models. The overall factor κ of the radiative
ReCo model may be interpreted as a ratio of the radiative
recombination to the original recombination. The obtained

values κ = 0.2 for RHIC and 0.05 for the LHC data are
indeed small, but still larger than the naive expectation of
O(αem ) = 1/137. (In Appendix C, as a reference, we studied
the sensitivity of the photon pT spectrum and elliptic flow
v

γ

2 to the κ parameter for the RHIC data.) These κ values
should reflect various dynamical effects in hadronization. For
example, there would be quark recombination process with
gluon radiation which turns an octet quark pair into a sin-
glet one, which is parametrically of order O(αs). But, of
course, the colored gluons cannot come out from the collision
zone. On the other hand, the photons are penetrating from
the zone.

Concerning the preformed states in our model, it is
admittedly unclear whether we can assign any resonance
interpretation to them, and we intentionally avoid such an
interpretation due to the lack of our understanding of the
hadronization mechanism. In this work, we have assumed
that the invariant mass distribution of the preformed state,
or a quark pair in simple terms, is peaked at M∗ = 2m, and
replaced it with a delta function. If we relax this restriction,
we will have

k
dNγ

d2kγ
T dkL

∣∣∣∣
kL=0

∼
∫ ∞

2m
dM∗ �(M∗) exp

(
− kγ

T

T γ

eff (M∗)

)
(40)

with T γ

eff (M∗) being the same as in Eq. (29). The M∗ distri-
bution �(M∗) should modify our estimate of the photon yield,
but part of the modification may be effectively absorbed in the
adjustable overall factor κ .

Incidentally, the pion production in radiative hadronization
implies that the preformed state with spin 1 decays to the
pseudoscalar state with a photon emission, but our radiative
ReCo model does not specify the spin quantum number of the
preformed state. The parameter κ may include this kind of
uncertainties, too.

We have studied direct photon production in an ad hoc
way by simply adding three sources—prompt photons, ther-
mal photons, and photons from the radiative hadronization
of pions—evaluated with different models. The radiative
hadronization of heavier hadrons give much smaller contribu-
tion to the photon yield at pT ≈ 2 GeV (Fig. 4). But there are
other possible photon sources. Just to name a few examples,
jet fragmentation produces photons at relatively higher pT ,
and an initial preequilibrium evolution called the glasma stage
also contributes to the photon yield though its elliptic flow will
be small [19,20]. In this sense, we should keep in mind that
our estimate for κ may be regarded as an upper bound for the
radiative hadronization contribution.

Photon production is a unique penetrating probe, along
with the dilepton production. The so-called “direct photon
puzzle” has been an important challenge in understanding
the evolution of heavy-ion collisions, QGP formation, and its
decay. A unified model for describing the collision events is
strongly desired and we believe that the radiative hadroniza-
tion occupies a crucial position in understanding the photon
production in heavy ion collision physics.
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APPENDIX A: MOMENTUM DISTRIBUTION
OF THE DECAY PARTICLE

We consider generically the decay process of a particle of
mass M to two particles of masses m1 and m2: M → m1 + m2.
The momentum distribution of the produced particle m (being
m1 or m2) with transverse momentum kT at midrapidity kL =
0 is expressed as

ε
dNm

d2kT dkL

∣∣∣∣
kL=0

=
∫

d2PT dPL

E
E

dNM

d2PT dPL
ε

dnm

d2kT dkL
,

(A1)

where ε =
√

m2 + k2 and E =
√

M2 + P2 with P = (PT , PL )
the three-momentum of the particle M. We assume the pro-
duced particle distribution is isotropic in the M-rest frame,

εCM

dnm

d3kCM

= 1

4πk0
δ(εCM − ε0), (A2)

where ε0 is the energy of the produced particle in the M-rest
frame:

ε0 =
√

m2 + k2
0 ,

k0 =
√

[M2 − (m1 + m2)2][M2 − (m1 − m2)2] /2M. (A3)

When one of the produced particles is a photon, M → m + γ ,
we set one of m1,2 to zero.

In order to evaluate the integral (A1), it is convenient to
parametrize the momentum of the particle M with two succes-
sive boosts from the M-rest frame: a longitudinal boost with
rapidity parameter yL and then a transverse one with yT ,7

(M, 0, 0, 0)
yL−→ (M cosh yL, 0, 0, M sinh yL )
yT−→ (ML cosh yT , ML sinh yT cos �,

ML sinh yT sin �, M sinh yL ) ≡ (E , PT , PL ).
(A4)

Here ML ≡
√

M2 + P2
L = M cosh yL, and � is the azimuthal

angle of the transverse momentum PT . Let us take the frame
in which � = 0 so that the transverse boost is along the
positive x. By the two successive boosts, the momentum kμ

CM
≡

(ε0, kCMx, kCMy, kCML ) of the particle m in the M-rest frame is
transformed as

(ε0, kCMx, kCMy, kCML )
yL−→ (ε′, kCMx, kCMy, k′

L )
yT−→ (ε, kx, ky = kCMy, kL = k′

L ) (A5)

7Note that yL is different from the standard longitudinal rapidity y,
which is defined by tanh y = PL/E .

with

ε′ = ε0 cosh yL + kCML sinh yL,

k′
L = kCML cosh yL + ε0 sinh yL,

ε = ε′ cosh yT + kCMx sinh yT ,

kx = kCMx cosh yT + ε′ sinh yT . (A6)

Here a prime (′) denotes the quantities in the frame boosted
by yL from the CM frame.

Now let us determine the range of the momentum in-
tegration in (A1). First, the condition kL = 0 fixes the
parameter yL as tan yL = −kCML/ε0. This |yL| takes its max-
imum tan yLmax = k0/ε0 when the particle momentum kCM is
along the beam axis, kCML = ±k0, in the M-rest frame. Thus
the integration range of PL of the particle M is found to be
−PLmax < pL < PLmax with

PLmax ≡ M sinh yLmax = M
k0

m
. (A7)

For photon production m = 0, it becomes PLmax = ∞.
Next, consider the transverse boost with yT , which maps

the transverse momentum kCMT on the circle in the primed
frame to kT on an ellipsoid in the laboratory frame [Fig. 14
(top)]:

k2
CMT = k2

CMx + k2
CMy =

(
kx − ε′ sinh yT

cosh yT

)2

+ k2
y . (A8)

This yT -boost transformation is concisely expressed as

ym = y′
m + yT (A9)

in terms of the transverse rapidities of the particle, defined as
y′

m = 1
2 ln(ε′ + kCMx )/(ε′ − kCMx ) and ym = 1

2 ln(ε + kx )/(ε −
kx ) in the primed and laboratory frames, respectively. For a
given kT in the laboratory frame, the boost rapidity yT takes
its smallest value when kCMT is parallel to kT as shown in
Fig. 14 (bottom). Indeed, the magnitude of the boost rapidity
lies within the range

yT min ≡ ∣∣ymMAX − y′
mMAX

∣∣ < yT < yT max ≡ ymMAX + y′
mMAX

(A10)

with

ymMAX = 1

2
ln

ε + kT

ε − kT
, y′

mMAX
= 1

2
ln

ε′ + kCMT

ε′ − kCMT
. (A11)

This determines the upper and lower limits of the integration
over PT = ML sinh yT for given momenta kT and kCMT of the
particle. For production of a photon m1 = 0 at kL = 0, the
relations ε = kT and ε′ = kCMT hold and the integration range
becomes ∣∣∣∣ ln

kT

kCMT

∣∣∣∣ � yT � ∞. (A12)

Now that we have determined the integration range of (A1)
in terms of the rapidities yL and yT of the particle M, we can
write the formula (A1) more explicitly using these variables.
First, we restore the azimuthal angle � of the momentum P,
and perform the � integration in (A1) using the δ-function
constraint. In terms of the laboratory-frame momenta, P =
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FIG. 14. The particle momentum kCMT in the CM frame is boosted by the transverse rapidity yT of the parent particle M (P = M sinh yT )
to form an ellipsoid in the laboratory frame (kCML = 0 for simplicity). With a strong enough boost a massive particle is made to move along
the boost direction (top left), but a massless photon moving in the opposite direction only becomes soft without changing its moving direction
(top right). On the other hand, for a fixed kT , the momentum of its parent particle PT becomes smallest when PT and kCMT are parallel:
PT min = kT + k2T with k2T being the momentum of the accompanying particle. k2T becomes nearly zero for large-kT photon production (bottom
left), while it gets close to (m2/M2)PT min for large-kT particle production (bottom right).

(PT cos �, PT sin �, PL ) and k = (kT cos φ, kT sin φ, 0), the
constraint is written as

δ(εCM − ε0) = δ

(
k · P

M
− ε0

)

= M

kT PT
δ( cos(� − φ) − cos θ ), (A13)

where cos θ is defined as

cos θ ≡ εE − ε0M

kT PT
= ε cosh yT cosh yL − ε0

kT sinh yT cosh yL

= ε cosh yT − ε′

kT sinh yT
. (A14)

The � integration with the delta function yields

ε
dNm

d2kT dkL

∣∣∣∣
kL=0

=
∫ Pmax

L

−Pmax
L

dPL

∫ yT max

yT min

dyT

∑
i=±

E
dNM

d2PT dPL
(PT ,�i, PL )

× 1

4πk0

M

kT | sin θ | (A15)

with �± − φ = ±θ . Note that y = yT min when PT and kT are
parallel to each other (cos θ = 1).

In a 2D model, we remove the PL integration and use the 2D
decay distribution, εdnm/d2kT = (1/2π )δ(εCM − ε0), instead.
The momentum distribution of the particle m in the 2D model

simplifies to

ε
dNm

d2kT
=

∫ yT max

yT min

dyT

∑
i=±

E
dNM

d2PT dPL
(PT ,�i, PL = 0)

× 1

2π

M

kT | sin θ | . (A16)

APPENDIX B: THERMAL PHOTONS FROM THE
HYDRODYNAMIC MODEL

Here we give a brief explanation of the hydrodynamic
model which we employ for calculating thermal photon pro-
duction (see Figs. 7 and 11). We set the initial time of
hydrodynamic expansion to τ0 = 0.6 fm/c, assuming that
local thermal equilibrium is achieved by then. A parametric
initial condition model, TRENTO [65,66], is used to prepare
the initial entropy density profile. The parameter values are
listed in Table II. We have re-tuned a normalization parameter
N and another parameter p in TRENTO from comparison with
experimental data, while keeping other parameters the same as
those adopted in Ref. [67]. (The parameter p interpolates be-
tween the IP-GLASMA model p = 0 and the wounded nucleon
model p = 1.)

We numerically solve the relativistic viscous hydrody-
namic equation with a newly developed algorithm [68–70].
Since we focus on heavy-ion collisions at RHIC’s highest and
LHC energies, where the baryon number density in the created
hot medium is close to zero, we utilize a parametrized equa-
tion of state based on lattice QCD calculations and hadron

TABLE II. Parameters of 3D relativistic viscous hydrodynamic
model.

N p k w μ0 σ0 γ0 J (η/s)min c1 c2 b

RHIC 47 0.4 2.0 0.59 0.0 2.0 7.3 0.77 0.08 10 0.7 10
LHC 103 0.2 2.0 0.59 0.0 2.7 7.3 0.74 0.08 10 0.7 10
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FIG. 15. Parameter κ dependence of (a) photon pT spectrum and (b) elliptic flow coefficient v
γ

2 . The solid curves represent the total
photon spectrum and elliptic flow coefficient for κ = 0.01, 0.05, and 0.2, respectively, from bottom to top. Thermal photon (dotted) and
prompt photon (dash-dotted) contributions and their sum (dashed) are also shown. In panel (b), the elliptic flow coefficient v

γ

2 of radiative
hadronization photons is shown by the green long-dashed line.

resonance gas at zero baryon density [71]. We allow for tem-
perature dependence of shear and bulk viscosities, which we
parametrize as [72,73]

η

s
(T ) =

(η

s

)
min

+ c1(Tc − T )θ (Tc − T )

+c2(T − Tc)θ (T − Tc), (B1)

ζ

s
(T ) = b

η

s
(T )

(
1

3
− c2

s

)2

, (B2)

where Tc is the pseudocritical temperature set to Tc = 167
MeV [71] and cs is the sound velocity. The value of (η/s)min is
0.08, which is inferred from the AdS/CFT argument [74]. The
parameters c1, c2, and b are determined in Ref. [67] so as to re-
produce experimental data at the LHC. Note that the value of
b is smaller than that of Ref. [67] because we phenomenolog-
ically include here the shear and bulk viscosity corrections on
particle distributions in the “particlization” procedure with the
Cooper-Frye formula [75]. We switch the simulation scheme
from a hydrodynamic model to a hadronic cascade model
(we use URQMD [76]) at temperature, TSW = 150 MeV, for
studying the hadronic observables. On the other hand, when
we evaluate thermal photon production, we continue our hy-
drodynamic model simulation in the hadronic phase down to
the kinetic freeze-out temperature, Tfo = 116 MeV, in order to
obtain the temperature evolution profile, which is needed for
the rate calculation.

We assign the centrality class to the events based on ini-
tial entropy densities. First we produce a certain number
of minimum-bias events with initial conditions generated by
TRENTO, and then we arrange these events in decreasing order
of magnitude of entropy dS/dy|y=0. For the centrality class
0–10%, for example, we pick up the top 10% of the events
with large entropy in the entire sample set. In the current
calculation of thermal photon production with the relativistic

viscous hydrodynamic model, we prepared 4000 minimum-
bias events each for RHIC and the LHC.

Thermal photons are emitted from QGP and hot hadronic
matter phases during hydrodynamic expansion. We evaluate
two contributions by adopting the following smooth interpo-
lation formula,

ε
dRγ

th

d3k
= 1

2

(
1 − tanh

T − T0

�T

)
ε

dRγ

had

d3k

+ 1

2

(
1 + tanh

T − T0

�T

)
ε

dRγ

QGP

d3k
, (B3)

where the interpolation parameters T0 is set to T0 = 170 MeV
and �T = 0.1T0 [20]. We use the photon emission rate of
QGP which parametrizes the result of the complete leading-
order perturbative QCD calculation in the strong coupling
constant gs [54], and the thermal photon emission rate in
hadronic matter consisting of π , ρ, and ω mesons, which is
given in Refs. [8,55,56].

APPENDIX C: COMPARATIVE STUDY OF PHOTON pT

SPECTRUM AND v
γ

2 WITH κ PARAMETER

In the main text, we showed that the photon pT spectrum
and elliptic flow coefficient v

γ

2 can be reproduced simulta-
neously by including the photons from the radiative ReCo
model. By the fitting, we obtained the value of the κ pa-
rameter, which determines the size of the radiative ReCo
contribution, to be κ = 0.2 and 0.05 for the RHIC and LHC
data, respectively. These values are unnaturally large from
the perspective of the small QED coupling constant αem =
1/137, which may suggest some dynamical enhancement for
radiative hadronization or existence of other unknown photon
source, among other possibilities.
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Instead of fixing κ parameter by the fitting to the data, we
vary κ here to show how these observables depend on it. In
Fig. 15, we plot (a) the photon pT spectrum and (b) elliptic
flow v

γ

2 (pT ) for κ = 0.01, 0.05, and 0.2 (from bottom to top
in red solid lines), together with the case without the radiative
hadronization contribution κ = 0, i.e., thermal + prompt pho-
tons (blue dashed line), for two centrality classes at the RHIC
energy. Note that the case 0.01 ∼ O(αem ) corresponds to the
naive expectation.

In panel (a) we find that an additional photon contribution
is needed to fill the gap between the thermal + prompt photon
spectrum and the observed data, of size κ = 0.2 in the case
of the radiative ReCo model. The value κ = 0.05 is insuffi-
cient to make up for this deficit, and κ = 0.01 yields only

a negligible photon contribution compared to the thermal +
prompt spectrum. From panel (b) we also see that the flow
coefficient v

γ

2 (pT ) of the thermal + prompt photons is much
smaller than the observed data, and we need a flow component
of the photons almost as strong as the pion flow. Again the
radiative hadronization component with κ = 0.2 gives rise to
a reasonable contribution to make v

γ

2 (pT ) consistent with the
data at the RHIC energy, while those with κ = 0.01 and 0.05
are insufficient. At higher pT the prompt photon contribution
dominates to suppress the v

γ

2 values.
It would be worthwhile to investigate a physical mecha-

nism for the large κ value in our model, with keeping one’s
eyes open for any possibilities such as nonequilibrium dynam-
ical effects, viscous corrections to thermal contributions, and
yet unknown photon sources.
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