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Fission channels for fragment isotopes from 298Fl with magic nucleon numbers
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Short-lived systems such as superheavy nuclei decay mainly by α emission. However, fission fragment
emission is also probable, as theoretical calculations prove it. 298Fl dynamics decay is studied with a specialized
binary macroscopic-microscopic method combined with the mass inertia tensor. The multidimensional WKB
tunneling method is used to obtain the penetrabilities and half-lives. The calculations are applied to fission
channels around the isotopes of two presumably favored fragments, Pb and Sn. The choice is due to their proton
magicity shell correction favorable fission valleys.
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I. INTRODUCTION

The dynamics of the spontaneous fission process is ac-
cepted as being a mostly adiabatic motion. In this respect,
one mainly considers two major steps when approaching the
phenomena: the statical part, which involves the calculation
of the deformation energy and the dynamical one, which
presumes the mass inertia tensor and half-life calculations,
supposing a tunneling action takes place. A considerable
amount of work has been devoted to the subject. Some of
them will be recalled here. Recently, the efforts have been
directed towards possible fission of superheavy elements, as
a complement to α decay. The most utilized method is still
the macroscopic-microscopic one. Under this picture, the fis-
sion takes place as the Coulomb repulsion overcomes the
nuclear surface tension forces. In addition, the shell effects
generated by the transition of the levels schemes from one
parent towards separated wells come into play. This algorithm
of calculation has been used by many groups at the time,
mostly considering only one-center shell potential submitted
to various deformations until the exit point is reached. In
Ref. [1], the macroscopic-microscopic method is used, with
the Yukawa-plus-exponential model for the macroscopic part
and, alternatively, a simplified two-center oscillator or a gen-
eralized Woods-Saxon as the single-particle potentials. The
dynamics is completed by the irrotational flow inertia tensor
or cranking approximation. Spontaneous fission half-lives are
calculated by considering the fission barrier penetration in a
multidimensional deformation space {βλ} for axial symmetry
[2]. The potential energy is calculated by the macroscopic-
microscopic method. The cranking inertia is used as the mass
tensor. The barrier is formed here by the variation of the
β parameters within a single nucleus potential. Heavy and
superheavy nuclei (Z = 92–110) are studied. The usual WKB
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approximation is used to obtain the penetrabilities. The fis-
sion trajectory is obtained this way, with no fission channel
mentioned, but within a very large space of deformation. The
analysis becomes more complex as the space of deformation
is larger. To this end, the fission dynamics is treated in a
multidimensional space with axial deformation [3]. The defor-
mation energy is obtained from the macroscopic-microscopic
approach, with the Yukawa-plus-exponential model for the
macroscopic part and the Strutinsky shell corrections based on
the Woods-Saxon single-particle potential for the microscopic
part. All possible paths are calculated within a multidimen-
sional grid and the one corresponding to the lowest value
is chosen as the fission path. The same method, using the
same potentials, has been used to provide the fission barrier
for superheavy nuclei [4]. Conclusions are drawn here from
the height of the barrier for different superheavy fissioning
nuclei. Another successful method proved to be the stochastic
Langevin approach. The set of Langevin equations provide
the possibility to calculate the fission probability and mul-
tiplicities of evaporating prescission particles, as well as the
fragment mass distribution. The dynamics of the fission pro-
cess is treated in a review [5] also within this method and
the formation of fission fragment mass, energy, charge, and
angular distributions is stressed within solving the Langevin
equations. It also provides the dynamics of uranium and pluto-
nium, together with the macroscopic-microscopic energy and
irrotational mass tensor [6]. This work is somehow related
to the actual results presented here, since it gives the possi-
bility to discern from different charge asymmetries, besides
the mass ones. A more complex macroscopic-microscopic
method has been employed recently, providing the potential
energy surfaces for even-even superheavy nuclei [7]. An ef-
fective liquid drop mass formula determines the macroscopic
part and the Strutinsky shell corrections completes the stati-
cal term. The dynamics follows with the WKB penetrability
calculation. The mass parameter is taken as a phenomenolog-
ical collective inertia and the usual formula for spontaneous
fission half-life is used. The already well-known quantum
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mechanical fragmentation theory (QMFT) from Ref. [8] is
applied to study the fission of the lighter 76Sr, in Ref. [9].
The model uses the usual macroscopic terms, the nuclear
and Coulomb ones. The shell effects are accounted for as
in Ref. [10]. Following the experimental binding energies
entering in the potential, the model accounts for certain frag-
mentation channels. It is also a reason why this work is related
to the present calculations. The reduced mass is used to com-
plete the fission dynamics. The same QMFT approach is used
in Ref. [11], where the total deformation energy consists in
the sum of the ground-state binding energies, the Coulomb
and the nuclear proximity potential. The tunneling probability
is split here in the internal region, up to the Süssmann radius,
the second one up to the second turning point. As for the mass
inertia, the reduced mass is used again as a simplification in
the WKB procedure. A largely used method is the generalized
liquid drop model for the calculation of the fission barriers
[12]. Penetrabilities are obtained using the reduced mass as
the inertia tensor. The same approach using more elaborate
shapes such as elliptic lemniscatoids is presented in Ref. [13].
A somehow modified generalized liquid drop model is em-
ployed to study the decay of superheavy nuclei in the range
104 � Z � 118 in Ref. [14]. Shell effects are considered from
Ref. [15]. The dynamics is finalized with the mass inertia
calculated for the rigid body approximation [16]. Again, the
WKB tunneling formula provides the penetrability and further
more, the fission half-life. Coulomb and proximity potentials
are used again in the macroscopic-microscopic algorithm for
deformed nuclei [17]. A new shell-effect-dependent formula
is used for the fission half-lives. The dynamics is simplified by
taking the reduced mass as the inertia tensor. This kind of ap-
proach gives a good estimation for the α-decay lifetimes from
superheavy elements [18]. A reasonable reduced mass re-
places here again the mass tensor, taking into account the α di-
mensions against the superheavy one. The decay half-lives are
also calculated in the formalism of a nucleus-nucleus potential
obtained by folding the densities of interacting fragments
within the DDM3Y effective nuclear interaction [19]. In the
tunneling probability framework, the reduced mass is once
more used as a simplified alternative to the inertia tensor. Even
though the shell corrections are phenomenologically taken
into account, the results describe the experimental data in a
satisfactory way. Dissipation is added to the dynamical evolu-
tion of nuclear fission in Ref. [20]. The tensors are calculated
for a large variety of nuclear shapes with the Werner-Wheeler
approximation for incompressible flow. As it is generally the
case, calculations are made for axially symmetric shapes,
in cylindrical coordinates. Real-time fission dynamics from
low-energy to high excitations in 240Pu is studied within the
time-dependent Hartree-Fock + BCS method [21]. The fis-
sion yields can be divided here into two asymmetric scission
channels: an average mass of AH ≈ 135 and 138.7, as being
the distribution of mass asymmetry, a little far from AH = 132
as double magic. Finally, a different approach for the decay
problem is presented by a universal decay law [22]. The elec-
trostatic interaction, asymmetry, and angular momentum are
utilized in the dynamics to estimate the half-lives of α decay.

These works have been mentioned especially due to
their link to the dynamics of the fission process. Different

approaches are able to give information about the stability
of nuclei against fission, barriers, and half-lives. The present
work explores the probability of a certain fission channel,
characterized by both charge and mass asymmetry at the same
time. Calculations are applied to possible favored fission re-
actions from 298Fl. Sections II and III present the theoretical
background of the calculations, whereas Sec. IV is devoted to
the results and discussions, followed by conclusions.

II. BINARY MACROSCOPIC-MICROSCOPIC METHOD

A highly specialized macroscopic-microscopic method has
been established to account for the binary character of the
fission process. The model provides the possibility to follow a
certain fission channel, mass, and charge given asymmetry at
the same time, from the initial parent nucleus, going through
the overlapping part, up to two totally separated nuclei. The
statical part, namely the fission barrier, is built from the two
well-known parts: the charged liquid drop deformation en-
ergy, as the macroscopic one, and the shell corrections as
the microscopic effect of the discrete level schemes. The first
term must bear the binary character of the process, so inter-
acting energy terms will be added to the macroscopic part,
as being geometry and charge density dependent. The last
one is generated by the configuration of the interacting pro-
ton and neutron level schemes, from the compound nucleus
single potential, through two partially interacting up to finally
separated deformed potential wells. The proton and neutron
level schemes thus calculated will be input data for the shell
correction computation.

The dynamical part comprises first the introduction of
the inertia tensor as a totally deformation-dependent quan-
tity. Then the final step consists in the calculation of the
fission penetrability of a given exit channel followed by the
half-lives. Each of these steps is presented in the following
sections.

A. Binary deformed charged liquid drop energy

The macroscopic term is built as the energy of a charged
liquid drop with finite range nuclear forces on the nuclear
surface. The Yukawa-plus-exponential model will be partic-
ularized to binary configuration. Such features will describe
each region of the intersected fragment configuration sepa-
rately, plus the term responsible for the interaction between
them. The only deformation-dependent macroscopic terms are
the Coulomb EC and the nuclear surface tension energy EY E ,
of the Yukawa-plus-exponential type. Thus, the deformation
macroscopic energy reads:

Emac = (
EC − E (0)

C

) + (
EY E − E (0)

Y E

)
. (1)

The macroscopic barrier will rise when the nuclear sur-
face term exceeds the electrostatic one. The two terms will
be adapted to the binary configuration. The electrostatic
Coulomb energy is calculated as:

EC = 2π

3

(
ρ2

eH FCH + ρ2
eLFCL + 2ρeHρeLFCHL

)
. (2)

The first two terms account for the heavy and light frag-
ment regions, as the last one is introduced as the electrostatic

034611-2



FISSION CHANNELS FOR FRAGMENT ISOTOPES FROM … PHYSICAL REVIEW C 106, 034611 (2022)

interaction between the first two. ρeH and ρeL are the charge
densities. In order to follow the pass from the parent to the
final fragments values, a law of variation is introduced as:

ρeH = Z1X (VH )
4π
3 aH b2

H

ρeL = Z2X (VL )
4π
3 aLb2

L

(3)

in electric charge units, and where VH and VL are the inter-
mediary heavy and light volumes of the fission configuration,
and:

ZHx(VH ) = VH

V0 − VH0

[
(VH − VH0)

Z0

V0
+ (V0 − VH )

ZH0

VH0

]
(4)

and for the light fragment:

ZLx(VL ) = VL

V0 − VL0

[
(VL − VL0)

Z0

V0
+ (V0 − VL )

ZL0

VL0

]
. (5)

Here V0, VH0, and VL0 are the separated volumes of the parent,
heavy, and light fragment nuclei. VH and VL are the volumes
of the partially overlapped fragments. At the beginning, the
charge densities equal the compound nucleus value. As the
splitting advances (the distance between centers R increases),
both heavy and light fragment approach their final values,
corresponding to the separated configuration. Consequently,
the charge densities follow the same trend, according to the
above law of variation: when VH = VH0, the intermediary
atomic number ZHx = ZH , as the final value, whereas at the
start of the fission process one has: VH = V0. The same is
valid for the light fragment. Of course, the two equations
are related through the nuclear volume conservation. In this
way, the charge densities will change according to the shape
configuration from the parent nucleus (≈ Z0/A0) up to the
final ρeH0 and ρeL0, for separated fragments. In this way, one
imposes the binary character of the process upon the Coulomb
term. FCH , FCL, and FCHL are integrals, which depend only on
the geometry of the shape:

FCH =
∫ zs

−a1

dz
∫ zs

−a1

dz′GH (z, z′)

FCL =
∫ R+a2

zs

dz
∫ R+a2

zs

dz′GL(z, z′)

FCHL =
∫ zs

−a1

dz
∫ R+a2

zs

dz′GHL(z, z′). (6)

The limits are a1, a2, the spheroids semiaxes along the
symmetry axis, zs is the separation point, and R is the dis-
tance between centers. The integrands are rather complicated
expressions, depending on first and second degree elliptic
integrals [23]. For the initial spherical shape, the Coulomb
term is

EC0 = 3Z2e2

5r0A1/3
. (7)

The finite-range nuclear forces produce the Yukawa-plus-
exponential energy EY E . Again, one will introduce the binary
characteristic term of the interaction [24]:

EY E = 1

4πr2
0

[csH DYH + csLDYL + 2(csH csL )1/2DYHL ]. (8)

The last term is responsible for the nuclear tension interaction
between the emerging fragments. The involved expressions
are [25]

DYH =
∫ 2π

0

∫ zs

−a1

∫ zs

−a1

E (1)
YH

E (1)
YL

Q(1)dφdzdz′ (9)

DYL =
∫ 2π

0

∫ R+a2

zs

∫ R+a2

zs

E (2)
YH

E (2)
YL

Q(2)dφdzdz′ (10)

DYHL =
∫ 2π

0

∫ zs

−a1

∫ R+a2

zs

E (12)
YH

E (12)
YL

Q(12)dφdzdz′. (11)

The Y + E integrands are only shape dependent:

E (i)
YH

= ρ2
i (z) − ρi(z)ρi(z

′) cos φ − 0.5(z − z′)
dρ2

i (z)

dz

E (i)
YL

= ρ2
i (z′) − ρi(z)ρi(z

′) cos φ + 0.5(z − z′)
dρ2

i (z′)
dz′

Q(i) = 2 −
[(

σi

a

)2

+ 2
σi

a
− 2

]
e− σi

a · 1

σ 4
i

(12)

with i = H, L, and a ≈ 0.68 fm is the range of the nuclear
force. A similar expression is valid for the light fragment.
ρi(z) is the nuclear surface equation in cylindrical coordinates.
The σ function depend on geometry:

σi = [
ρ2

i (z) + ρ2
i (z′) − 2ρi(z)ρi(z

′) cos φ + (z − z′)2
]1/2

.

(13)
The term ensuring the Y + E interaction between the heavy
(H) and light (L) fragments in the overlapping region reads:

E (HL)
YH

= ρ2
H (z) − ρH (z)ρL(z′) cos φ − 0.5(z − z′)

dρ2
H (z)

dz

E (HL)
YL

= ρ2
L (z′) − ρH (z)ρL(z′) cos φ + 0.5(z − z′)

dρ2
L(z′)

dz′

Q(HL) = 2 −
[(

σHL

a

)2

+ 2
σHL

a
− 2

]
e− σHL

a · 1

σ 4
HL

. (14)

For the spherical Y + E term E0
Y E :

E (0)
Y =

{
1 − 3

(
a

R0

)2

+
(

R0

a
+ 1

)[
2 + 3

a

R0

+ 3

(
a

R0

)2]
e− 2R0

a

}
E (0)

S . (15)

In this way, the macroscopic part is particularized for bi-
nary shapes, typically of fission configurations.

B. Deformed two-center shell model

The fission configuration is microscopically defined by two
deformed proton and two neutron level schemes, partially
overlapped. The two potential wells in interaction generate
the necessary energy levels for the computation of the shell
corrections. Such demands are fulfilled by the deformed two-
center shell model (DTCSM) [26]. The main ingredients of
the model are based on two intersected Nilsson-type poten-
tials. The core of the two-well potential model, VDTCSM (ρ, z)
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consists in two deformed interacting oscillators, defined by
two partially overlapped spheroids. The residual interactions
of spin-orbit Vl̂ŝ and squared angular momentum Vl̂2 poten-
tials are added for the more realistic behavior. The total

Hamiltonian of the model reads:

HDTCSM = h̄2

2m0
	 + VDTCSM (ρ, z) + Vl̂ŝ(ρ, z) + Vl̂2 (ρ, z),

(16)

where:

VDTCSM (ρ, z) =
{

VH (ρ, z) = 1
2 m0ω

2
ρH

ρ2 + 1
2 m0ω

2
zH

(z + zH )2, for AH − region

VL(ρ, z) = 1
2 m0ω

2
ρL

ρ2 + 1
2 m0ω

2
zL

(z − zL )2, for AL − region
(17)

Vl̂ŝ =
⎧⎨
⎩

−{
h̄

m0ω0H
κH (ρ, z), (∇VDTCSM × p̂)ŝ

}
, AH − region

−{
h̄

m0ω0L
κL(ρ, z), (∇VDTCSM × p̂)ŝ

}
, AL − region

and:

Vl̂2 =

⎧⎪⎨
⎪⎩

−
{

h̄
m2

0ω
3
0H

κHμH (ρ, z), (∇VDTCSM × p̂)2
}
, AH − region

−
{

h̄
m2

0ω
3
0L

κLμL(ρ, z), (∇VDTCSM × p̂)2
}
, AL − region

.

The binary character of the process is included in the involved quantities: the four frequencies in VDTCSM depend on the spheroidal
deformation, by assuming the same value of potential on the nuclear surface: 0.5m0ω

2
ρi

a2
i η

2
i = 0.5m0ω

2
zi

a2
i a2

i = V0 (sphere),
which is roughly ≈27.25 MeV. η is the semiaxis ratio of each spheroidal fragment.

The anticommutator is used for the residual interactions since the strengths of the spin-orbit κ (z) and l̂2 potential, μ(z) are
region dependent. To this end, a geometrical law has been imposed for the pass from the parent nucleus to the final heavy and
light fragment strength values, and anticommutator is necessary to make the Vl̂ŝ and Vl̂2 operators self-adjoint.

The basis is obtained for the two-center oscillators:

m(φ) = 1√
2π

exp (imφ)

R|m|
nρ

(ρ) =
√

2�(nρ + 1)α2
1

�(nρ + |m| + 1)
exp

(
−α2

1ρ
2

2

)(
α2

1ρ
2
) |m|

2 L|m|
nρ

(
α2

1ρ
2
)

Zν (z) =
⎧⎨
⎩

Cν1 exp
[
−α2

1 (z+z1 )2

2

]
Hν1 [−α1(z + z1)], z < 0

Cν2 exp
[
−α2

2 (z−z2 )2

2

]
Hν2 [α2(z − z2)], z � 0

. (18)

Finally the energy levels are calculated by diagonalization of
the residual potential matrix. The proton and neutron level
schemes, obtained in this way will carry the influence of
the shape configuration on every step along the elongation
process.

C. Shell corrections

The shell corrections make the existence of superheavy
nuclei possible. The macroscopic barrier is almost nonexistent
due to the strong Coulomb repulsion. Negative shell correc-
tions generate a first minimum in the total energy value, which
accommodates the ground state of the superheavy system.
Once the energy levels are obtained, the shell corrections
Esh are separately calculated for protons Eshp and neutrons
Eshn. The Strutinsky main idea is to subtract from the sum
of the level energies, protons, and neutrons, an averaged term
obtained when a smoothed level distribution is supposed:

Eshp,n =
n∑

ν=1

2Eνp,n − Ũp,n. (19)

The two corrections are added to get the total energy Esh:

Esh = Eshp + Eshn. (20)

The main quantity here is Ũ , the smoothed distribution energy.
One needs first the smoothed-level density g̃(ε) at every step
of the splitting, obtained by an averaging procedure:

g̃(ε) =
∫ ∞

−∞
ζ

(
ε − ε′

γ

)
g(ε′) = 1

γ

∑
i

ζ

(
ε − εi

γ

)
(21)

over an energy range γ ≈ h̄ω0, and {εi} are the discrete energy
levels. The smoothing function:

ζ (x) = 1√
π

e−x2
m∑

k=0

a2kH2k(x) (22)

smears every level under a Gaussian, so that finally one gets
an almost continuous distribution over the energy levels. Here
Hj (x) are the Hermite functions. The smoothed energy goes
up to the smoothed Fermi level λ̃, a limit obtained from the
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nucleon number conservation:

Np = 2
∫ λ̃

∞
g̃(ε)dε. (23)

The final term Ũ is calculated:

Ũp,n = 2
∫ λ̃p,n

−∞
g̃p,n(ε)εdε. (24)

One has to underline the binary influence on the shell
corrections: the proton and neutron levels bear the frag-
ment intrinsical deformation and the degree of splitting
within the discrete energy schemes. The involved quantities
are functions of the fission shape configuration through the
(aH , bH ; aL, bL; R) set, at every step along the distance be-
tween centers R.

The final fission barrier Eb is calculated as the total sum
of the charged liquid drop and shell correction energies, along
the whole range of elongation from parent up to two separated
fragments:

Eb = Emac + Esh. (25)

III. DYNAMICS

The fission such as nuclear shape distortion is governed by
the least-action trajectory in the space of deformation coordi-
nates. This reasoning leads to the Wentzel-Kramers-Brillouin
procedure, where the mass tensor connection to the general
form of the kinetic energy, thence to the action integral, is
compulsory. In this work the mass tensor is calculated with
a binary Werner-Wheeler algorithm, appropriated to the two-
center model fission trajectory. The cranking approximation
can also be used, but it has been shown that the cranking and
the hydrodynamical masses give similar results for heavier
nuclei [27]. Within the irrotational flow of an incompressible,
nonviscous fluid, the kinetic energy reads:

T = 1

2

∑
i, j

Bi j α̇iα̇ j (26)

with the tensor defined as:

Bi j = πσm

∫ zM

zm

Ti j (z; q1, . . . , qN )dz, (27)

where one follows the Wheeler assumption:

Ti j (z; q) = ρ2
s (z; q)

[
Xi(z)Xj (z) + 1

8
ρ2

s (z; q)
∂Xi

∂z

∂Xj

∂z

]
. (28)

σm is the mass density and q is the set of free defor-
mation coordinates (aH , bH ; aL, bL; R). One has to stress
that the semiaxes of the two spheroids are free parameters
along the fission trajectory, except for the initial and sepa-
rated fragment configurations. For binary configurations one

reads [28]:

X (H )
i (z) = 1

ρ2
s (z; q)

∂

∂qi

∫ zM

z
ρ2

s (z′; q)dz′

X (L)
i (z) = − 1

ρ2
s (z; q)

∂

∂qi

∫ z

zm

ρ2
s (z′; q)dz′ (29)

and the final value comes out adding the two:

Xi = X (H )
i + H (L)

i , (30)

where ρs(z, q) is the binary surface shape equation in cylin-
drical coordinates, due to axial symmetry. The binary mass
tensor term calculated from the center of the heavy fragment
is B′

i j :

B′
i j =

∫ zM

zm

Ti j (z; q)dz =
∫ zc

−a1

T (−)
i j (z′)dz′

+
∫ R+a2

zc

T (+)
i j (z′)dz′. (31)

Since the Wheeler assumption is valid in the center of mass,
but the shape is described from the center of the heavy frag-
ment (z = −zH ), a correction term Bc

i j must be added to the
Bi j values:

Bc
i j = σ 2

mπ2

M

{[∫ zM

zm

ρ2
s (z)Xi(z)dz

][∫ zM

zm

ρ2
s (z′)Xj (z

′)dz′
]}

.

(32)

Bc
i j corrects the total value for the displacement of the mass

center in B′
i j . Finally, the components of the inertia mass

tensor are calculated as:

Bi j = B′
i j − Bc

i j . (33)

In order to calculate the final action integral, the tensor
components are contracted along the center of mass distance
between centers R. This is done by imposing an R-dependent
law of variation for the three free coordinates:

bL = bL(b0, bL0; R) (34)

χH = χH0 + (χ0 − χH0) exp

[
−

(R − R f

R − Rt
ξχH

)2]
(35)

χL = χL0 + (χL f − χL20) exp

[
−

(R − R f

R − Rt
ξχL

)2]
, (36)

where the semiaxis ratios are χH,L = bH,L/aH,L. ξH,L is a free
parameter. These laws do by no means restrict the independent
variation of the shape along the partially overlapping region,
since ξH,L can have any value [29]. One obtains the total
(contracted) mass inertia tensor B(R) involving all coordinate
couplings:

BbL,χH ,χL (R) = BbLbL

(
dbL

dR

)2

+ 2BbLχH

dbL

dR

dχH

dR

+ 2BbLχL

dbL

dR

dχL

dR
+ 2BbLR

dbL

dR

+ BχH χH

(
dχH

dR

)2

+ 2BχH χL

dχH

dR

dχL

dR
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+ 2BχH R
dχH

dR
+ BχLχL

(
dχL

dR

)2

+ 2BχLR
dχL

dR
+ BRR. (37)

These calculations allow us finally to obtain the value of the
nuclear mass inertia for intersected spheroids, a typical shape
for fission such as binary configuration.

The action integral Kf is, hence the WKB penetrability Pf is

is now ready to be calculated:

Pf is = exp[−Kf is(bl , χH , χL; R)], (38)

where:

Kf is(bl , χL, χH ; R)

= 2

h̄

∫
( f is)

[
2BbL,χH ,χL (R)(R)Eb(R)bL,χH ,χL

]1/2
dR. (39)

Finally, the half-life can be calculated with the well-known
formula:

lg(Ts f ) = −20.54 + lg[1

+ exp(2Kf is(bl , χL, χH ; R)] − lg(2Ezp). (40)

Ezp is the zero point vibration energy in the fission evolved
direction (symmetry axis).

The dynamical trajectory of the fission path is taken as
the least action integral value. The numerical minimization
takes place within the multidimensional space of deforma-
tion (bL, χH , χL; R), with the distance between centers as the
principal coordinate. The action integral is calculated along
every segment of the multidimensional grid. The sequence of
this mesh points, which provides the minimal Kf is value, is
the final fission trajectory. One has to keep in mind that here
the procedure is fulfilled for every fission channel considered
from the beginning with (AH , ZH ; AL, ZL) fixed.

IV. RESULTS AND DISCUSSION

The superheavy nucleus 298Fl has been chosen as it is con-
sidered a possible double-magic (Z = 114, N = 184) system
with a greater chance for stability. Two fission valleys have
been taken under scrutiny, Sn and Pb, due to their proton shell
closures. One verifies the veracity of the idea that negative
shell corrections will induce a barrier lowering during the
overlapping region. The influence of the intermediary con-
figuration upon the intersected level schemes, as well as on
the mass inertia should determine the final fission barrier and
consequently the half-life of every reaction channel.

A. Pb fission valley

The strong double shell closures (ZPb = 82, NPb = 126)
fragment is chosen as the center of the heavy fragment
mass range of the reaction partners. The first energy term,
the macroscopic Yukawa-plus-exponential one, has been
calculated for a wide range of Pb neutron number (100 �
NPb � 158). Some of the macroscopic evolution curves are
displayed in Fig. 1, as a function of the reduced distance be-
tween centers. The general trend is evident: as the Pb neutron

FIG. 1. Macroscopic barriers for Pb-accompanied fission chan-
nels from 298Fl as a function of the reduced distance between centers.

number increases, so does the height and the width of the
charged liquid drop barrier. The 182Pb reaction has practically
no macroscopic barrier (0.233 MeV height) and a very narrow
width. As one goes towards greater mass asymmetry, the
macroscopic barriers increases considerably.

The reactions have been taken with an increase of four-
mass units step for Pb and Ge starting with 182Pb. The trend
in increasing the inertia tensor and decreasing the subsequent
logarithm of the penetrability is the same for the reactions,
which have been skipped, but the figures are clearer with a
larger mass number step. The fact that one takes a six-mass
units from 90Ge to 96Ge is due to the necessity of plotting the
double-magic 208Pb reaction.

The shell corrections for Pb reactions make all the dif-
ference for the fissioning system, as one can see in Fig. 2.
No matter what reaction channel is chosen, a first negative
minimum is always present, opening the possibility of a qua-
sistable ground state. An almost −10 MeV shell corrections
value is reached for the parent nucleus 298Fl in all cases.
The first part of reactions, neutron-poor Pb one (left-hand
plot) display a second minimum, clearly generating a double-
humped final barrier. The neutron-richer reactions (right-hand
plot) have higher values for the total shell corrections. Also
the second minimum disappeared or takes place beyond the
scission point. So far, for the neutron-richer Pb partner the
binary shell corrections are not favorable to fission.

The final values for the heights of macroscopic Y + E type
(Emac) and total fission barriers (Eb) are drawn in Fig. 3.
The neutron-poor Pb reactions have close to zero Y + E bar-
riers, but go up to about 8.4 MeV height when the shell
corrections are added. The fission barrier height increases
drastically as the Pb neutron number NPb is larger. Even the
NPb = 126 has no major influence on the trend. This is due to
the fact that overlapping level schemes do not bear the
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FIG. 2. Shell corrections for Pb-fragment isotopes fission channels from from 298Fl, double-humped (left-hand plot) and single-humped
(right-hand plot) evolution, against the reduced distance between centers.

peculiarities of the separated ones. Moreover, it is clear from
this statical behavior that the fissioning system displays the
largest reduction of the barrier with the tendency towards
more symmetrical mass division.

The dynamics is completed with the mass tensor calcu-
lation. The inertial parameters are decisive for the possible
change of the barrier and for any effect on the fission proba-
bility. The influence of the mass tensor is such that the system
can be driven towards a higher deformation energy values,
should that lower the total action integral. The evolution of

FIG. 3. Macroscopic (full triangle) and final (full diamond) fis-
sion barrier heights as function of the Pb neutron number NPb, for
Pb-fission channels from 298Fl. The difference emphasize the shell
correction influence.

all the components of the mass tensor, together with the total
value B in units of nucleon mass m0, is presented in Fig. 4
for the most symmetric Pb-channel reaction (182Pb + 116Ge).
All the ten possible couplings between the free coordinates
vary from the parent value up to the final touching config-
uration one. The final value for the total, contracted inertia
B is of course equal to reduced mass of the 182Pb + 116Ge
reaction. This picture gives a first understanding of the dif-
ference against the constant reduced mass type of calculation
in the WKB method. A comparison between all the mass
tensor values for the Pb-valley reactions is presented in Fig. 5,
as functions of the reduced distance between centers. There
is a clear sudden increase at the beginning of the process,
especially for more mass symmetric reactions. This behav-
ior is known as being the most abrupt change of inertia
when disrupting the parent shape. A maximum in the over-
all increasing behavior is always present. The exception is
interesting: the only monotonous evolution takes place for
216Pb + 82Ge, where besides the ZPb = 82 proton closure,
there is the Ge-neutron closure, NGe = 50, so the reaction
is double magic. The final value, at the touching point, is
obviously equal to the reduced mass of each reaction.

With the deformation energy and the mass tensor evo-
lution along the splitting process, one calculates the action
integral K( f is) over the whole space of deformation. As
the result of minimization through the grid of coordinates,
the WKB penetrability P( f is) is obtained. The logarithms
of the penetrabilities with the binary Werner-Wheeler in-
ertia, lgPWW , together with the ones calculated with the
reduced mass lgPμ, are presented in Fig. 6, for all pos-
sible Pb-accompanied fission reactions from 298Fl. All
Werner-Wheeler-type penetrabilities are higher than the ones
where one considers only the reduced mass. This trend is clear
along the whole splitting process, from parent, through over-
lapping and finally separated fragments: penetrabilities are
larger when mass tensor components are introduced against
the reduced mass.
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FIG. 4. Inertia tensor coupling components Bi j and total mass inertia B after contraction along the distance between centers R, for 298Fl →
182Pb + 116Ge reaction.

FIG. 5. Comparison between the evolution of the mass inertia tensors for the Pb-accompanied fission channels from 298Fl with the reduced
distance between centers. One remarks the smooth behavior for the proton double-magic reaction 216Pb + 82Ge.

034611-8



FISSION CHANNELS FOR FRAGMENT ISOTOPES FROM … PHYSICAL REVIEW C 106, 034611 (2022)

FIG. 6. Comparison between penetrability logarithm evolution calculated with the Werner-Wheeler mass tensor inertia (full line) and with
the reduced mass (dotted line), for the Pb-fission channels from 298Fl, as a function of the reduced elongation. The highest value is obtained
for the most symmetric channel 192Pb.

FIG. 7. Evolution of the WKB penetrabilities for all Pb-accompanied fission channels from the superheavy 298Fl. The shortest path involves
also the highest penetrability value (182Pb + 116Ge), and the fastest exit point.
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FIG. 8. Comparison between Werner-Wheeler (full circle) and
reduced mass (full square) penetrability logarithms, against the Pb-
fragment neutron number NPb. The highest value corresponds to
182Pb-fragment reaction.

A comparison between the penetrabilities for all the fission
channels with Pb as the heavy partner from 298Fl is shown in
Fig. 7. The left-hand plot contains the more mass-symmetrical
reactions. The 182Pb-channel final penetrability value is the
largest. Moreover, the fission path is the shortest for this

FIG. 9. Comparison between Werner-Wheeler (full circle) and
reduced mass (full square) half-life logarithms for Pb-reactions
fission channels. The lowest values corresponds to the most mass-
symmetric reactions.

FIG. 10. Comparison between the macroscopic (full triangle)
and total deformation (full diamonds) fission barrier heights for Sn-
fragment fission channels, as functions of the Sn neutron number NSn.
The differences reveal the shell correction influence.

reaction. One can see that the final point ends way before the
total splitting takes place. The situation is the same for the
majority of these channels. This is a well-known effect for
superheavy elements, observed even in one-center-type calcu-
lations, within a large {βλ} deformation space. As the mass
asymmetry increases, the penetrability decreases. At the same
time (left-hand plot) the system is still under the barrier when
it gets closer to the scission point, so the width of the barrier
also increases for an increase of reaction mass asymmetry.

The differences between the final values of penetrabilities
calculated with the Werner-Wheeler mass tensor and with the
reduced mass, are more clearly seen in Fig. 8, plotted against
the Pb neutron number NPb. The highest value corresponds
to the most mass-symmetrical reaction, 182Pb + 116Ge. The
penetrability decrease is abrupt, almost proportional with the
increase in mass asymmetry. A very low value (lgP ≈ −59.1)
corresponds to 220Pb-fission channel. This reaction has also
the largest barrier width. One has to mention that the 208Pb
double-magic reaction produces no maximum in penetrabil-
ity, hence there is no advantage from the final negative shell
corrections of the proton and neutron shell closures. The fol-
lowing reactions have higher penetrabilities, still large values
compared to the more symmetric ones. These differences
come from the macroscopic energy, but also from the differ-
ences in shell corrections. The penetrabilities calculated only
with the reduced mass are obviously underestimated.

The penetrability influence on the half-life values is plotted
in Fig. 9, where their logarithms of Werner-Wheeler type lgTs f

are displayed (full circles) together with the values calculated
with the reduced mass (full squares). All the Pb-fission chan-
nels have a shorter lifetime when calculated with the mass
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TABLE I. Fission barrier heights, logarithms of penetrabilities,
and half-lives for the Pb-fragment fission channels from 298Fl.

Reaction Eb(MeV ) lgPμ lgPWW lgTμ lgTWW

182Pb + 116Ge 8.443 −14.136 −10.177 −6.404 −10.363
186Pb + 112Ge 9.290 −17.553 −12.745 −3.007 −7.795
190Pb + 108Ge 10.544 −22.083 −16.243 1.543 −4.297
194Pb + 104Ge 12.606 −26.640 −19.764 6.1 −0.776
198Pb + 100Ge 14.122 −29.463 −22.154 8.923 1.614
202Pb + 96Ge 15.461 −31.764 −24.228 11.224 3.688
208Pb + 90Ge 17.333 −38.027 −30.286 17.487 9.743
212Pb + 86Ge 19.816 −49.350 −39.239 28.810 18.699
216Pb + 82Ge 22.591 −56.906 −40.749 36.366 20.209
220Pb + 78Ge 26.706 −59.233 −47.018 38.693 26.478
224Pb + 74Ge 23.915 −47.497 −39.302 26.957 18.762
228Pb + 70Ge 25.863 −46.825 −38.693 26.285 18.153
232Pb + 66Ge 29.533 −50.892 −42.302 30.352 21.762
236Pb + 62Ge 31.454 −48.031 −40.145 27.491 19.605
240Pb + 58Ge 33.462 −45.311 −38.320 24.771 17.780

tensor. The most probable channel to be detected is the most
mass symmetrical one, 182Pb + 116Ge. There is no evident in-
fluence coming from the double-magic 208Pb partner as being
advantaged by double magicity.

Table I presents the fission barrier heights Eb, logarithms
of penetrability for mass tensor lgPWW and reduced mass
lgPμ, and the logarithms for the corresponding half-lives
lgTWW and lgTμ for all Pb channels. As expected, the lowest
barrier (with also the narrowest width), produces the highest
penetrability, hence the shortest half-life (lgTWW = −10.363).
The corresponding value calculated with the reduced mass is
also the lowest. Also, short values are evident for 186–198Pb,
as belonging to the quasisymmetrical mass domain of frag-
mentation. One would affirm that 182–190Pb channels have the
best chances to be detected in this fragment mass region. The
less probable Pb-channel reaction is 220Pb, with the largest
lifetime and lowest penetrability value. After that, a decrease
in half-life value is observed for the last three channels, but
the values are also high, having a low fission probability.
The main conclusion to be drawn is that the system prefers
symmetric mass fragmentation, not being influenced by shell
closures of the final fragments.

B. Sn fission valley

The same procedure is applied for the channels containing
Sn isotopes. Their range has been somehow centered around
the double-magic 132Sn (range 198–142Sn). One has to mention

FIG. 11. Tensor components for all coupling coordinates within the Werner-Wheeler calculation, Bi j and the total contracted mass inertia
value B for the most symmetric Sn-accompanied reaction 142Sn + 156Gd.
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FIG. 12. The mass inertia tensor evolution against the reduced
distance between centers for all Sn-fragment isotopes reactions from
298Fl. The maximum corresponds to closing the exit point of the
barrier. The irregular smooth increase belong to the double-magic
reaction 108Sn + 190Gd.

that the binary configurations within this group tend towards
mass symmetry as the Sn neutron number increases, so the
opposite from the Pb cases. The consequence from this trend
upon the fission barriers can be observed in Fig. 10, where
the heights of the Sn-reaction deformation energies have been
plotted. The Sn-channel barriers have a reversed behavior
with respect to the increase of the Sn neutron number NSn.
Poor neutron Sn channels have both a higher macroscopic
Y + E type (full triangle) and total fission barrier height (full
diamonds). As NSn increases, the system becomes more sym-

FIG. 13. Comparison between WKB penetrabilities calculated
with the reduced mass (dotted line) and Werner-Wheeler mass tensor
(full line). The largest values are obtained for the most mass sym-
metrical reaction channels 142Sn + 156Gd. All penetrability values are
higher for the Werner-Wheeler-type calculation.

FIG. 14. The penetrability evolution along the reduced distance
between centers for the Sn-accompanied fission channels from 298Fl.
The highest value corresponds to the mass symmetric reaction
142Sn + 156Gd. The same reaction has the shortest exit point from
the barrier.

metric in mass fragmentation, though the charge asymmetry
is the same. One can see that two double-magic fragments,
100Sn and 132Sn, have no influence in the almost monotonous
decrease of the barrier heights. The heights follow more or
less the macroscopic behavior. Evidently, the differences are
due to the shell effects.

To complete the dynamics, the Werner-Wheeler mass ten-
sor has been computed for this group of reactions. The
behavior for all the coordinate coupling components Bi j

(i, j = bL, χH , χL, R) and the total value B of the tensor after
contraction along R coordinate, is plotted in Fig. 11, for the
most mass symmetric reaction 142Sn + 156Gd. The last value
B takes, at the touching point configuration, the reduced mass
one, the rest are beneath it. This evolution suggest a more
favorable penetrability than the one using only the reduced
mass μ. A comparison between the mass inertia evolutions
with the reduced distance between centers for all Sn channels
is drawn in Fig. 12. The increasing behavior up to 0.5 of the
reduced distance is common status. After a second minimum
at Rn ≈ 0.75, the inertia increases again. One has to mention
that the second minimum corresponds more or less to the
scission point of the barriers. A somewhat different trend can
be observed for 108Sn + 190Gd, with an absolute monotonous
increase. Again, this reaction is a double-magic one, with a
neutron closure at N = 126 for Gd fragment, similarly with
the Pb case.

The difference between the reduced mass (lgPμ) and the
Werner-Wheeler inertia tensor (lgPWW ) calculations of the
WKB penetrabilities is plotted in Fig. 13 for the Sn channels,
as functions of the reduced distance between centers. One
can see the highest values corresponding to the more mass
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FIG. 15. Penetrability logarithms for reduced mass (full square)
and Werner-Wheeler calculation (full circle) for the Sn-fission chan-
nels against the Sn neutron number NSn. One has higher values when
the mass inertia tensor is taken into account. The highest penetrabil-
ity value yields for the neutron-richest Sn isotope.

symmetric reactions. As the system advances through tunnel-
ing, elongation increases and penetrability decreases. In all
cases, the mass inertia penetrability is higher than the one cal-
culated with the reduced mass. The penetrability evolution for
the Sn group is plotted for comparison as a function of elon-
gation in Fig. 14. The lowest values correspond to the most
asymmetric reactions (98–108Sn), and the highest ones are ob-
tained for the quasisymmetric ones (140–142Sn). Not only these
latter reactions are favored, but also their exit points from the
barrier are shorter. The scission (R = Rt ) is not reached and
the tunneling process ends at (R − Ri )/(Rt − Ri ) ≈ 0.7. One
can state that a certain fission channel is decided before the
total fragment separation. The values of the penetrabilities
lgP for the Sn-fission channels are plotted in Fig. 15, for
reduced mass (full square) and Werner-Wheeler (full circle)
mass inertia. There is no influence from the double magicity of
100,132Sn. The values increase only as the Sn neutron number
(NSn) increases. The amount of the increase is highly influ-
enced by the shell corrections, especially for the cases when
the macroscopic barrier is almost zero. One can see that pen-
etrabilities are always higher for Werner-Wheeler inertia-type
calculations.

The corresponding logarithms of half-lives are drawn in
Fig. 16. There are orders of magnitude difference between
the two types of calculations. The rigid reduced mass cannot
properly describe the dynamic evolution of the deformation
coordinate couplings. The influence of these couplings is re-
flected in this plot by the much lower values of the lifetimes.
One emphasize that these characteristics apply to certain,

FIG. 16. Logarithms of the spontaneous fission half-lives for
reduced mass (full squares) and Werner-Wheeler (full circles) calcu-
lations, for Sn-isotope channels against the Sn neutron number NSn.
The group with the shortest half-life lies around NSn ≈ 82–92.

established fission channels. The lowest half-life values cor-
respond to 132–142Sn channels.

The values of the barrier heights, logarithm of penetrability
and of the corresponding half-life are presented in Table II for
Werner-Wheeler inertia and reduced mass calculation, for the
Sn-fragment isotope group. The highest penetrability, hence
the shortest lifetime is seen for 136Sn, belonging to the last
four most mass quasisymmetrical reactions (136–142Sn). The
lifetimes differences are very small for this group, but very
large compared to 98–124Sn one. One can affirm that for the
quasisymmetrical group the differences are influenced mainly
by the shell corrections, as can be seen in Fig. 10 and reflected
in Table II.

TABLE II. Y+E maximum E (max)
mac , fission barrier height Eb and

their position on the reduced distance Rn between centers for Sn-
channel reactions.

Reaction Eb(MeV ) lgPμ lgPWW lgTμ lgTWW

98Sn + 200Gd 24.94 −41.05 −30.81 20.51 10.27
100Sn + 198Gd 26.54 −40.61 −30.57 20.07 10.03
108Sn + 190Gd 24.82 −42.38 −32.52 21.84 11.98
116Sn + 182Gd 18.30 −39.57 −29.10 19.03 8.56
124Sn + 174Gd 14.93 −31.79 −22.37 11.25 1.83
132Sn + 166Gd 13.44 −28.20 −19.45 7.66 −1.09
136Sn + 162Gd 13.13 −28.13 −19.28 7.58 −1.26
138Sn + 160Gd 12.96 −28.49 −19.48 7.95 −1.06
140Sn + 158Gd 12.81 −28.52 −19.42 7.98 −1.12
142Sn + 156Gd 12.57 −29.31 −19.95 8.77 −0.59
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V. CONCLUSIONS

A binary macroscopic-microscopic based on the two-
center shell model plus dynamics method has been established
in order to study particular fission channels. The method has
been applied to two groups of fission valleys, for Pb and Sn
isotopes as main fragments. Since the macroscopic barrier
part is very low, the shell corrections dominate the barrier
behavior. The dynamics has been completed with the binary
Werner-Wheeler inertia tensor. For Pb isotopes, the poor neu-
tron Pb partners are favored, with the shortest lifetime for
182Pb of value lgT182Pb = −6.404, followed by 186Pb with
−3.007. As the neutron number increases, the penetrabilities
are smaller and fission probability decreases. At the same
time, the system becomes more mass asymmetric.

The second fission valley has been chosen for Sn-isotopes
partners, due to their possible double magicity around
NSn = 50, 82. It turns out that these neutron closures have
no influence upon lowering the barrier, but it influences the

shape of the total deformation energy, hence the penetrabil-
ity. The overlapping region does not feel any influence from
the separated fragment magicity. Contrary to the Pb group,
the penetrability increases with increasing the Sn neutron
number within the Sn valley, generating a lifetime of mini-
mum lgT136Sn = −1.26, followed closely by its neighbor 140Sn
with −1.12. This trend correspond to the tendency towards
a more symmetrical mass fragmentation, similar to the Pb
group. The decay reactions 182Pb + 116Ge, 186Pb + 112Ge, and
136Sn + 162Gd and 140Sn + 158Gd are favored fission channels
from the superheavy compound nucleus 298Fl.
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