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We have studied nuclear fusion reactions from the Coulomb explosion of deuterium clusters induced by high-
intensity laser beams within a transport approach. By incorporating the D+D — 1 4 3He channel, where D
denotes deuterons, 2H, as inelastic collisions based on the stochastic method, we have calibrated the neutron
yield from the simulation in a box system with that from the reaction rate equation. After justifying the Coulomb
explosion of a single cluster by comparing results with available theoretical limits, we then investigated the
dynamics from Coulomb explosions of systems with different cluster numbers and different deuteron numbers
in clusters. We find that the kinetic energy spectrum of deuterons at the final stage is different from that when
neutrons are abundantly produced, corresponding to significantly different reaction rates. We also extrapolate the
neutron yield result from small systems to large systems based on an intuitive parameterized form and compare
with the available experimental result. The present framework can be extended by incorporating more channels,
and useful for further studies of nuclear fusion reactions in plasma systems at higher energies reached in more

recent experiments.
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I. INTRODUCTION

Nuclear fusion reactions on cluster targets induced by
high-intensity laser beams have been an active research field
for two decades [1,2]. Experimentally, cryogenically cooled
deuterium cluster targets or deuterated methane cluster targets
at around room temperature are irradiated by a high-intensity
femtosecond laser to drive fusion reactions. It has been shown
that this process can be well described by the Coulomb ex-
plosion model [3], where almost all electrons are stripped
off by the laser and removed from clusters in a short time,
during which the ions can be considered nearly stationary.
What remain in the cluster are ions at the liquid density, which
then explode by Coulomb repulsion and are accelerated to
high kinetic energies of a few keV, making fusion reactions
possible.

Fusion reactions on clusters induced by lasers first attracted
people’s attention because they have the potential to become
a stable new source of neutrons, which may have potentially
wide applications in other research fields, e.g., materials sci-
ence, etc. As shown in the pioneer study in Ref. [4], a laser
pulse generated by a desktop laser based on chirped pulse
amplification technology can be used to obtain neutrons by
irradiating deuterium clusters, with an efficiency of about
10° fusion neutrons per joule of the incident laser energy.
Later on, attempts were made to increase neutron yield by
investigating target clusters of different compositions (see,
e.g., Ref. [5]). The details of the fusion process, such as the
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relative contribution to the fusion yield from both beam target
and intrafilament fusions, were also investigated [6]. Besides
studies on the mechanism of fusions, the reaction products can
also be used as a probe of properties of the plasma produced
by irradiation with high-intensity laser beams; e.g., the ratio
of two different fusion products, i.e., neutrons and protons
from D(d, *He)n and *He(d, p)*He, can be used to probe
the temperature of the plasma [7]. In addition, such fusion
reactions can also be used to study those inside stars or during
the early evolution of the universe. Particularly, the products
of the fusion reactions were used to measure the S factor of the
SHe(d, p)*He reaction [8] at rather low center-of-mass (C.M.)
energies, an important quantity for understanding nucleosyn-
thesis.

Since fusion reactions induced by laser beams have been a
hot topic, as discussed above, a theoretical model is called
for to understand the dynamics of nuclear reactions in the
plasma. In the studies of Refs. [7,8], it is assumed that
the ions are in thermal equilibrium, and the reaction rate is
calculated by assuming that the particle velocities follow a
Maxwell-Boltzmann (MB) distribution. However, the lifetime
of the plasma is much shorter compared to the relaxation
time for thermal equilibrium under short-range Coulomb col-
lisions [3,9,10]. In the picture of Coulomb explosion, the
energy distribution of ions in the plasma is mostly driven by
the electrostatic field and is related to the size distribution
of clusters [3,4,11]. In such a nonequilibrium situation, it
is proper to study the dynamics of the plasma with trans-
port simulations. In the present framework, we employ the
EPOCH model, a typical particle-in-cell (PIC) transport ap-
proach, to simulate the Coulomb explosion of clusters with
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electrons completely stripped by laser beams. The nuclear
fusion reactions are incorporated by introducing inelastic scat-
tering channels between ions with the stochastic method. In
the simulation of Coulomb explosion, we set the deuteron
number density inside clusters to be 4.9 x 100 um’3, the
average deuteron number in each cluster to be about 10 000,
and the distance between deuterium clusters about 0.056 pm,
which can be achieved by the experiments as in Refs. [4,12].
We find that the kinetic energy spectrum of ions at the final
stage of the reaction, which depends on the cluster properties,
is different from that when fusion reactions actively occur,
corresponding to significantly different reaction rates. We also
find ways to extrapolate the neutron yield result from small
systems to large systems.

The rest part of the paper is organized as follows. Section II
gives the theoretical framework of the present study, with a
brief overview of the EPOCH model and the description of
method to incorporate nuclear fusion reactions. Section III
calibrates the neutron yield from simulations in a box system
by comparing results from the reaction rate equation, com-
pares simulation results of the Coulomb explosion of a single
cluster with theoretical limits, and then discusses simulation
results from Coulomb explosions of many deuterium clusters
in detail. We conclude and give an outlook in Sec. IV.

II. THEORETICAL FRAMEWORK

The PIC approach has been a tool widely used in the sim-
ulation of plasma physics since the 1970s. In recent years, the
PIC code has been continuously developed to include effects
such as collision, ionization, QED, etc. In the following, we
briefly remind the reader about the main features of the EPOCH
model, and mainly focus on how we incorporate the inelastic
nuclear reaction channels. For details of the EPOCH code, we
refer the reader to Ref. [13].

A. Framework of EPOCH

The dynamics in the EPOCH framework mainly contains
two parts, i.e., the collisionless part and the collision part.
The collisionless part consists of the propagation of charged
particles under the electromagnetic (EM) field [14], which
leads to electric currents [15,16], and the calculation of the
EM field by solving Maxwell’s equations based on the current
generated by the motions of charged particles on a fixed spa-
tial grid [17]. The particles in EPOCH only couple to the EM
field via current deposition, which ensures that V - E = Pq/ €0
is always satisfied, with E, pq» and € being respectively the
electric field, the charge density, and the dielectric constant,
if the initial conditions of the system are consistent with
Gauss’s law. Each simulation particle in EPOCH represents
a certain number of real particles, with this number called
the weight. In the present study, we set the weight of all
deuterons to be 1 in order to describe properly the Coulomb
explosion dynamics of clusters containing many deuterons,
while those of produced particles from fusion reactions are
much smaller than 1. Each simulation particle has a finite size
with its spatial distribution described by the shape function,
which can be adjusted artificially according to the problem
to be addressed. In the present study, a shape function with a

fifth-order B-spline method is used to avoid self-heating [13].
The relevant collision part in the present study is the Coulomb
collision based on the approach by Sentoku and Kemp [18],
where a particle can only collide with another particle in the
same cell, and the collision algorithm is executed in each
cell in the simulation area. This approach treats short-range
Coulomb collisions stochastically in momentum space, with
the energy conserved perfectly in each collision but momen-
tum conserved on average. For a recent improved treatment
on Coulomb collisions, see Ref. [19].

B. Incorporating nuclear reaction channel

We incorporate the inelastic D4+D — n + *He channel
based on the stochastic method commonly used in simulations
of heavy-ion collisions, where the probability of a 2 — 2
reaction in a time interval Az and box volume (Ax)? is [20]

b At 1
R VNSE ()

with
oy = SV = M+ MoPclls — M, — Mol

2E\E,

being the Mgller velocity in SI units, where s is the square
of the C.M. energy, M) and E() are the mass and en-
ergy of particle 1(2), and o is the cross section of the
D+D — n + 3He reaction. In the nonrelativistic limit, the
Mgiller velocity reduces to the relative velocity |9; — v,|, with
¥U1(2) being the velocity of particle 1(2). According to Eq. (1),
the collision number per unit time per unit volume is exactly
the reaction rate (vyoo), with (---) being the average in
local phase space. In principle, At and (Ax)? are required to
be as small as possible but still contain enough stimulation
particles, so that the Boltzmann limit of the collision rate
can be achieved [21]. We use Ar = 0.002 fs and (Ax)’ =
0.01 x 0.01 x 0.01 um? for evaluating the reaction probabil-
ity in simulating the dynamics of Coulomb explosions. The
momenta of produced particles, i.e., n and 3He, are sampled
isotropically in the C.M. frame of inelastic D+D — n +
3He collisions, and then Lorentz boosted to the calculational
frame. Both momentum and energy are conserved in the initial
and final state of D+D — n + *He collisions, according to the
treatment of inelastic collisions in Appendix B of Ref. [22].

Equation (1) is valid for collisions between microscopic
particles with weight equal to 1 as in the present study, and
can be generalized to incorporate other channels and weight
corrections. For a more general case, the collision probability
between particles with weight w; and w, is [23]

At
(Ax)*
The number of collisions per unit time per unit volume in the

system containing particle species 1 and 2 with their number
densities respectively p; and p, can then be expressed as [24]

cholI _ 1
dtdV - 1+4gn

with gj» = 1 for identical particles and g, = O otherwise.
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FIG. 1. Cross section of D+D — n + *He (upper) and the inte-
grated part of the reaction rate in Eq. (8) at different temperatures
(lower) as a function of the total kinetic energy of deuterons in their
C.M. frame.

ceexp(-e/k,T) (keV mb)

In the present study, we adopt the kinetic energy depen-
dence of o in Eq. (1) as [25]

S
"~ eexp(Bg//e)’

where Bg is the Gamov constant taken as 31.3970 +/keV for
D+D reactions, € is the total kinetic energy of two deuterons
in their C.M. frame, and S(¢) is the S factor parametrized as
[25]

S(e) = 5.3701 x 10* 4 3.3027 x 10 — 0.12706€>

+2.9327 x 107%€® — 2.5151 x 107%*, (6)

&)

with € in keV and S in keV mb. The dependence of o on € is
displayed in Fig. 1(a), where o is seen to increase exponen-
tially with increasing €.

The probability of D+D fusions is actually very low in the
situation considered here. As shown in Ref. [25], in the ther-
mal equilibrium condition with the temperature of deuterons
about 50 keV, the reaction rate (vyo0) of D+D — n + 3He
is about 1020 /un3fs_1, which is even higher than that in the
present study. With the probability of inelastic collisions given
by Eq. (1), it is possible to control the number of simulation
particles in the final state, i.e., n and *He, by choosing a proper
weight for them. Equivalently, we modify the probability of
inelastic collisions to P/Py with Py = 8.115 x 107! larger
than the maximum value of all possible P, so that the weight
of the produced particles (n or *He) is Py. In principle, we
should also incorporate the inverse channel, i.e., n + ‘He —
D+D, with the corresponding cross section determined by the
detailed balance condition. However, since the reaction rate is
very small and the numbers of n and *He are much smaller
than that of D, it is safe to neglect the inverse channel in the
simulation. The nuclear fusion reactions are just perturbation
to the dynamics of deuterons in the present study, different
from the situation in Ref. [23].

III. RESULTS AND DISCUSSIONS

In order to validate that we incorporate the nuclear fusion
reaction correctly, we first do simulation in a box system
with the periodic boundary condition, where the results can
be compared with the theoretical limit provided by the time
integral of the reaction rate. Next, we compare the dynamics
of the Coulomb explosion of a single deuterium cluster from
the EPOCH simulation with the theoretical limit. With the well
calibrated nuclear reaction treatment and the dynamics of
deuterons, we then simulate Coulomb explosions of many
deuterium clusters with the free boundary condition—i.e.,
particles are allowed to escape from the simulation region—
and study the production of neutrons in systems with different
numbers of clusters, in order to investigate the finite-size
effect and extrapolate the results to macroscopic systems. Typ-
ically, we try to understand the relation between the kinetic
energy spectrum of deuterons and the production of neutrons.
In the simulation of the Coulomb explosion, we have fixed
the average space distance between clusters and the deuteron
density inside clusters, while the average number as well as
the number distribution of deuterons in clusters are varied,
in order to vary the kinetic energy spectra of deuterons and
discuss the effect on the production power of neutrons. In both
simulations of the box system and the Coulomb explosion,
we take values of parameters by referencing the experimental
conditions in Refs. [4,12].

A. Fusion reaction in a box system

The simulation is carried out in a box with the volume
V =2 x 2 x 2 um?, the timescale about 100 fs, and at typ-
ical deuteron densities p and temperatures 7 when neutrons
are expected to be abundantly produced during the Coulomb
explosion. The box is divided into 20 x 20 x 20 cells, with
the grid length about 0.1 pum, the same as for evaluating
short-range Coulomb collisions and inelastic collisions. Since
the box system is uniform, the EM field does not play a role.
The velocities of deuterons are prepared in the MB distri-

L 3/2 2 . .
bution, i.e., f(v) = (27;"#) . ex.p( - 527 )s leth mp .belng
the deuteron mass, and the distribution 1s maintained in the
presence of short-range Coulomb collisions. Thus the neu-
tron yield from D+D — n + 3He reactions can be calculated

through
1
Nn - Evp2/<ovmol)dta (7)

where
(0 Vmat) = / Po1d020 (01, 5281 — Bl F o) f(02)

__4 1 00 =y
~ (2nmp)!/? (kBT)3/2/0 o (€)e exp (_kB_T) ¢
®)

is the thermal averaged reaction rate, with the integral over the
total kinetic energy € of two deuterons in their C.M. frame,
and the € dependence of the integrated function is shown in
Fig. 1(b), with the Boltzmann factors for different temper-
atures selecting the contribution of o at different € regions.
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FIG. 2. Neutron number as a function of time from the rate
equation [Eq. (7)] and from the simulation with the stochastic method
in a box system at different deuteron densities p and temperatures 7.

Neutron yields from both the reaction rate equation and box
simulation using the stochastic method at different densities
and temperatures are compared in Fig. 2, where the timescale
of about 100 fs is chosen to be the typical one for the duration
of the Coulomb explosion and nuclear reaction depending on
the cluster spacing used in the present study, to be discussed
later. It is seen that, in the density and temperature ranges
considered here, the linearly increasing neutron numbers from
the two methods are almost on the top of each other, justifying
the validity and accuracy of the stochastic method used for
incorporating fusion reactions.

B. Coulomb explosion of a single cluster

Before we simulate the fusion reactions from the deuteron-
deuteron collisions caused by Coulomb explosions of many
deuterium clusters, we first simulate the Coulomb explo-
sion of a single deuterium cluster, and compare the results
with available theoretical limits. The initial coordinates of
deuterons are uniformly generated within a sphere in each
cluster, while their initial momenta are negligibly small at
room temperature. According to the assumption of the pure
Coulomb explosion model, all electrons in deuterium clus-
ters are stripped off in one laser pulse duration. The local
number density of deuterium clusters is set to be pg = 4.9 x
10" ym=3 [12]. The numbers of deuterium atoms in each
cluster can vary from a few hundred to a few ten thousand,
and the radius of the cluster can vary from 1073 to 1072 ym.
In the default case, we set the deuteron number of N, = 11392
in each cluster particle in this simulation, so the radius of
each cluster is about Ry = 0.0038 um. The grid size for the
calculation of the EM field and short-range Coulomb colli-
sions is about 0.001 pum, so the radius of clusters is about
four times the grid size. We calculate the initial electrostatic
field distribution through Gauss’s law as the input for EPOCH,
to ensure that the motion of particles and the evolution of
electromagnetic fields are simulated in a consistent way.

20 : . . :
——Eq.(10)
15} - - - R =4xgrid .
| R =8xgrid
E 10 .

% ' 50 ' 100
t (fs)

FIG. 3. Comparison of the time evolution of the explosion dis-
tance from EPOCH simulations with different grid sizes to that from
Eq. (10).

According to the energy conservation law, the distance R
between the explosion surface and the center of the cluster
evolves with time ¢ according to the relation [3]

1 dR\* N (1 1 ©
2"°\ar ) T ameo\R, R/

The time evolution of R can be obtained by integrating the
above equation, i.e.,

JTG()mDR()
t= |——
2N, e?

x |:2,/R(R —Ro)+ Roln <2R —Ro +2VR(R _R‘)))}.

Ry

(10)

Figure 3 compares the time evolution of the explosion distance
R from Eq. (10) and from EPOCH simulations with different
grid sizes for the calculation of the electrostatic field. The
slightly different initial R values from different grid sizes are
due to the surface smearing in sampling deuterons coordinates
within a sphere by EPOCH. One sees that results from transport
simulations agree with that from Eq. (10) reasonably well.
The difference between the simulation result and that from
Eq. (10) can always be reduced with a smaller grid size.

For a single spherical charged cluster, the kinetic energy
spectrum of deuterons has an analytical solution, and at  —
oo the number density of deuterons at a particular kinetic
energy €p is proportional to ,/ep [11,26]. Following Eq. (9),
the kinetic energy for a deuteron at the initial radius r (0 <

r < Ry)is

2 3

e = 2% <r2 - r—>, (1)
360 ¢

where 7’ is the explosion distance at time ¢ for the shell with
the initial radius r. For r = Ry and ' = R, Eq. (11) reduces to
Eq. (9). By using the deuteron number dN = 472 pydr inside
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FIG. 4. Comparison of the deuteron kinetic energy spectra att =
50, 75, and 125 fs from EPOCH simulations with different grid sizes
to those from Eq. (12).

the shell of initial radius r and thickness dr, and taking the
derivation of Eq. (11) with respective to dr, we can get the
following relation:

dN 12megr

- = . 12
dep 62(2—35-1-&@) (12

r2 dr

The analytic solution of the kinetic energy spectrum from
the Coulomb explosion of a single cluster at arbitrary time
can be obtained by combining the above expression with
Eq. (11) and an r'(r,t) relation similar to Eq. (10). Since
the high-energy part is contributed from deuterons initially
inside a shell with a larger r, these deuterons expand and are
accelerated with time. Figure 4 compares the deuteron kinetic
energy spectra at different times from Eq. (12) and those from
EPOCH simulations with different grid sizes for the calculation
of the electrostatic field. One sees that the EPOCH simulation
reproduces well the kinetic energy spectra at the low-energy
part but not at the high-energy part, where the agreement can
always be improved by using a smaller grid size. This is due
to the sharp density distribution on the cluster surface. In the
more realistic case, the density density is diffusive on the
surface of clusters, and the agreement will be better.

C. Coulomb explosion of many clusters

In the simulation of many deuterium clusters, we set the
distance between neighboring clusters about 15 times the size
of the cluster, i.e., 0.056 um, so that the density after the
Coulomb explosion is reduced by 10°~10* compared to the
initial density of clusters. Due to the lacking of computa-
tional power, we simulate systems much smaller than those
in real experiments, while possible extrapolations to large

systems are discussed. Typically, systems consisting of 8§,
27, and 64 clusters are simulated, with the simulation area
set to be 260 x 260 x 260 cells, 320 x 320 x 320 cells, and
380 x 380 x 380 cells, respectively for each scenario. The
average number of simulation particles in each cell is about
0.013, and this means that inelastic collisions are unlikely to
take place, compared to the short-range Coulomb collisions.
Therefore, almost 1000 adjacent cells are formed into a big
cell artificially for the stochastic method of inelastic collisions
to be executed.

Figure 5 displays the intuitive picture of the density evolu-
tion from the Coulomb explosion of eight deuterium clusters
initially located at regular lattice positions. One sees that the
initial size of clusters is much smaller than the system size.
At ¢t = 30 fs the clusters expand to a much larger size, while
collisions between deuterons from different clusters, which
is the main source of neutron production, are still rare. At
t = 60 fs, overlaps from the expansion of different clusters
are observed and extensive collisions are expected to happen.
The density further drops at t+ = 90 fs. The above observa-
tions are of course consistent with the time evolution of the
surface explosion distance in Fig. 3, from which one expects
that significant interaction between neighboring cluster be-
gins around ¢t = 50 fs for R &~ 8R,, while the timescale of
the whole interaction between neighboring cluster is about
t =100 fs for R ~ 15R;, which is the same timescale for
the box calculation as shown in Fig. 2. Later on the system
becomes dilute and many deuterons escape from the system
of a limited simulation size with the free boundary condition.
The density of these deuterons is very dilute, and they move
in the same expanding direction, so they generally do not
collide and thus do not contribute to the neutron production.
This surface effect is expected to be less important with the
increasing size of the system. We note that Fig. 5 serves as an
illustration with clusters initiated at regular lattice positions,
while in real simulations the initial positions of clusters are
randomized in the system with the constraint that they do not
overlap.

Figure 6 displays the average neutron production rate per
cluster as a function of time from the Coulomb explosions
of 8, 27, and 64 deuterium clusters. In order to get better
statistics, we have generated ten simulation events for each
scenario. It is seen that the neutron production rate peaks
at around 75 fs. The neutron production rate per cluster in-
creases with the increasing system size, as a result of more
collisions between deuterons from the Coulomb explosions of
different clusters, while the surface deuterons that first leave
the simulation region do not contribute to nuclear reactions.
The increasing trend decreases with increasing size as the
surface effect becomes less important for large systems. The
result from 27 clusters but with a smaller N, = 8305 is also
compared. If the energy spectrum of deuterons are similar,
it is expected that the neutron yield is proportional to the
collision number and thus NCZ. However, the neutron yield
after integrating the production rate is much smaller with a
smaller N, i.e., (8305/11392)2 ~ 0.53 compared to about
1/10 from Fig. 6. This is due to the different energy spectra
of deuterons from different N,, to be shown later. We have
also compared results from 27 clusters but with N, following
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FIG. 5. Density distributions from the Coulomb explosion of eight deuterium clusters at # = 0 (a), 30 (b), 60 (c), and 90 (d) fs. Balls with
colors from black to white represent high to low deuteron densities in local cells as shown by the color scale in each panel, while cells with

very low densities (<5 x 107 um™3) are not displayed.

a log-normal distribution, i.e.,

_ L nn, — by
g(Ne) = 5 (nNe b)}, (13)

1
Vwan, " [
with a = 0.231 and b = 9.314. In this way, the average N,
is 11 392, the same as in the default calculation, while the
standard deviation is 2667. Even with the same total deuteron
number, it is seen from Fig. 6 that the neutron yield from the
case of a log-normal distribution with the same average N, is
much larger than that from the simulation with equal N, for
all clusters. This is again understandable since the released

——N=8, N 11392
—=—N=27, N =11392

- =-N=27,9(N ) as Eq.(13)1
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FIG. 6. Average neutron production rate per cluster dN, /Ndt as
a function of time from simulating Coulomb explosions of N = 8,
27, and 64 deuterium clusters and with different deuteron numbers
N. in each cluster.

energy from a Coulomb explosion of a deuterium cluster is not
proportional to N, but to Nf/ 3 [12]. Thus, clustering systems
with N, in the log-normal distribution on average lead to more
energetic deuterons and thus larger neutron yield, compared to
systems with a fixed N,, due to the nonlinear relation between
the energy release and N,. The dependence of neutron yield
on N, has been observed experimentally (see, e.g., Ref. [26]).

Figure 7 displays the average kinetic energy spectrum of
deuterons per cluster at different times in different scenarios.
Due to the Coulomb potential between different clusters, the
kinetic energy spectrum becomes broader compared to that
from the Coulomb explosion of a single cluster. As the time
evolves, the deuteron spectrum becomes stiffer, especially
with the increasing number of clusters. The broadening of
the kinetic energy spectrum is due to the long-range repul-
sive interaction from the electrostatic field rather than due
to short-range Coulomb collisions, with the latter having a
much longer relaxation time compared with the lifetime of
the system considered here [3,9,10]. The long-range Coulomb
potential is expected to further stiffen the kinetic energy
spectrum of deuterons at later times, while after r = 125 fs
some of deuterons escape from the system and are thus not
countable or not further accelerated by the electric field in
the simulation. With a smaller N,, the energy release from
the Coulomb explosion is much weaker, leading to a softer
energy spectrum, and thus a weaker production power of
neutrons. The opposite is observed for the case with a log-
normal distribution for N, as already discussed above. The
MB distribution with the same total deuteron number Np
and the same total energy as in the case of 64 clusters is
plotted in Fig. 7(c) for comparison, representing a thermal-
ized distribution at about kT = 2 keV. Although the kinetic
energy spectrum becomes closer to the MB distribution for
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FIG. 7. Average kinetic energy spectrum of deuterons per cluster
at different times from simulating Coulomb explosions of N = 8§, 27,
and 64 deuterium clusters and with different deuteron numbers N, in
each cluster.

a larger system, or for N, following a log-normal distribu-
tion as found in Refs. [6,11], the resulting reaction rates are
quite different. By replacing f(v) in Eq. (8) with the kinetic
energy distribution for N = 64 in Fig. 7(c), the resulting
(0 Umol) 18 about 1.359 x 10724 ;Lm3fs’1, compared to about
3.023 x 1072 pm3fs~! from the MB distribution shown in
Fig. 7(c). We note that the above values of the reaction rate are
just for reference, since in the simulation of nonequilibrated
dynamics the reaction rate depends not only on the momentum
distribution but also on the coordinate information as well
as its correlation with momentum. Although we can only do
simulations with a limited system size and evolution time,
due to the limit of the computational power in the present
study, it looks unlikely that the kinetic energy spectrum may
become a MB distribution in larger systems, especially for the
low-energy part.

The final kinetic energy spectrum of deuterons is generally
measured experimentally, in order to extract the temperature
of the system, which was compared to that extracted from
the produced particles by nuclear fusion reactions in Ref. [7].
However, one sees from Fig. 6 that neutrons are mostly pro-
duced at around t = 75 fs, while from Fig. 7 the stiffness
of the kinetic energy spectrum increases with time. With the
kinetic energy spectrum at t = 75 fs as in Fig. 7(b), we get the
reaction rate (0 vme) & 4.404 x 1072 um? fs~! for N = 64,
only about 1/3 of that at + = 125 fs. Figure 8 displays the
average fusion reaction rate per cluster as a function of the
total kinetic energy of colliding deuterons in their C.M. frame,
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FIG. 8. Average C.M. kinetic energy distribution of D+D —
n + *He per cluster during the whole time period from simulating
Coulomb explosions of N = 8, 27, and 64 deuterium clusters and
with different deuteron numbers N. in each cluster. The curve from a
MB distribution with k3T = 2 keV with proper normalization is also
plotted for comparison.

from counting reaction number over the whole time period.
Results from the MB distribution at kg7 = 2 keV by multiply-
ing a scaling constant is also plotted for comparison, similar
to the curves in Fig. 1(b) but in a linear scale, corresponding
to the Gamow window. Integrating the curves over the C.M.
kinetic energy € leads to the corresponding neutron yield in
each scenario. As is known, the peak of the distribution in
Fig. 8 selects the colliding deuterons from their kinetic energy
spectrum (also related to their spatial distribution) according
to the € dependence of the cross section. The distributions
from simulating Coulomb explosions peak around 3-5 keV,
while that from the MB distribution at k37T = 2 keV with a
large width peaks around 10 keV, simply because there are
more deuterons at higher kinetic energies from the MB dis-
tribution compared with the case from simulations, as shown
in Fig. 7(c). One expects that energetic deuterons inside the
system at around ¢ = 75 fs contribute more to Fig. 8, while
those at the surface of the system do not contribute even if
they have higher kinetic energies.

We now try to understand the neutron yield from systems
of different sizes and extrapolate the result to even larger sys-
tems according to Eq. (7). For clusters on regular positions in
the system as in Fig. 5, the system volume is V = NV, where
V. is the cubic volume for cluster lattice. The lifetime of the
system is approximated as (NV,)!/3/(v), with (v) being the
average velocity depending on the kinetic energy spectrum,
consistent with the trend observed in Fig. 6. In this way, the
neutron yield can be approximately expressed as

(NV)'?

vy
where p and (ovmo) now represent the average deuteron
density and the average reaction rate during the evolution of

1
N, ~ ENm-p%ovmol) (14)
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FIG. 9. Average neutron yield per cluster N, /N as a function of
cluster number N and fitted with an intuitive parameterized form.
Results with a fixed N, = 11392 and a log-normal distribution of N,
are compared.

the system. The above relation does not need the thermal equi-
librium condition, since (o vme) can be evaluated similarly to
Fig. 8. This is for the situation in which clusters are on regular
positions in the system, but we hope that the relation is ap-
proximately satisfied on average even for clusters at irregular
initial positions. In addition, the kinetic energy spectrum of
deuterons may also be different with different system sizes, as
shown in Figs. 7 and 8. To account for the possible deviation
from this relation, we fit the average neutron yield per cluster
with the parametrized form

N,/N = AN, (15)

where the coefficient A is related to the average reaction rate
(0 vmol), the average cluster volume V,, and the average veloc-
ity (v), etc., while the exponential constant B is expected to
be close to 1/3. With the simulation results of the neutron
yield from N = 23, 33, and 4%, we fit the N, for different
cluster numbers N in Fig. 9, where results for the same num-
ber of deuterons N, = 11392 in each cluster and those for a
log-normal distribution of N, i.e., g(N.) as in Eq. (13), are
compared. We found that such fit leads to B = 0.42 for both
results, slightly larger than 1/3, which can be largely due to
the stiffer kinetic energy spectrum and thus larger (o vyo)
with increasing system size. On the other hand, the A value
is about 9.2 x 10~!* for a fixed N, and about 13.4 x 10~!4
for a log-normal distribution of N,. The latter is consistent
with a larger average reaction rate (o vy ) for a log-normal
distribution of N, than for a fixed N.. One sees that the
parametrized form of Eq. (15) reproduces the neutron yield
from systems of different sizes quite well, and can be used to
extrapolate the results to larger systems. For example, with the
properties of the system similar to the experimental condition
in Ref. [4], our results can be extrapolated to the system as
large as 100°7 x 2000 um? [4]. With V, &~ 0.056° um?, there
are totally about N = 3.6 x 10" deuterium clusters. Based on
Eq. (15), the total neutron yield N, is about 2.6 x 10° for a
fixed N. and 4.0 x 103 for a log-normal distribution of N,.

They are of the similar magnitude but a few times smaller
compared to the neutron yield of about 10* in Ref. [4]. This
is likely due to the smaller average N, or narrower log-normal
distribution g(N.) used in the present study, the information
of which, however, is not available in the experimental condi-
tions as in Ref. [4].

IV. CONCLUSION AND OUTLOOK

By incorporating the inelastic collision channel of D+D —
n + SHe with the stochastic method, we have studied the nu-
clear fusion reactions from Coulomb explosions of deuterium
clusters based on the framework of the EPOCH model. The
simulations are justified by comparing the neutron yield in a
box system with results from the reaction rate equation, and by
comparing the Coulomb explosion results from a single clus-
ter with available theoretical limits. We find that the kinetic
energy spectrum of deuterons from the Coulomb explosion
depends on the average number and the number distribution
of deuterons in clusters, leading to different production pow-
ers of neutrons. On the other hand, the final kinetic energy
spectrum of deuterons, which is generally used to extract the
temperature of the system from experimental measurement, is
different from that when neutrons are abundantly produced,
and the two kinetic energy spectra correspond to significantly
different reaction rates. It is found that there are less deuterons
at high kinetic energies from transport simulations compared
with the kinetic energy spectrum from a thermalized distribu-
tion at the same total energy. We have further investigated the
dependence of the results on the cluster number, and extrap-
olated the neutron yield from small systems to large systems
with an intuitive parametrized form. In this way, the transport
approach developed in the present study has the prediction
power of neutron yield in real experiments, once detailed
information, e.g., the deuteron number in each cluster, etc.,
is available. Our study may improve understanding of the
nuclear fusion reactions in the nonequilibrated dynamics of
Coulomb explosions induced by high-intensity laser beams.

Our study can be further generalized to incorporate other
inelastic collision channels, i.e., D+D — p+4T (where T de-
notes *H) and D+ 3He — p + *He, etc. As shown in Ref. [7],
the yield ratio of different particles from fusion reactions can
be used to probe the temperature of the system, and this idea
needs further investigation within a transport approach with-
out the assumption of thermalization. In addition, different
reaction cross sections can be introduced to study the sensi-
tivity of the particle yield from fusion reactions to the S factor
in a particular reaction, following the idea of Refs. [8,27]. The
present study investigates the system at a relative low effective
temperature of about a few keV as in Ref. [4], while the effec-
tive temperature can be ten times higher, as reached in more
recent experiments [7,8,27], thanks to the rapid advancement
of laser technology. It is of great interest to study the dynamics
of the system at higher energies. Such studies are in progress.
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