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The isotopic systematics of Sn isotopes in the range A = 116124 were investigated by combining the nuclear
structure and reaction calculations for the analysis of #Sn(p, p) reactions at 295 MeV. The “Sn(p, p) reactions
were calculated employing the relativistic impulse approximation (RIA) with theoretical densities obtained for
the Sn isotopes from relativistic Hartree-Bogoliubov (RHB) calculations with the DD-ME?2 interaction and
nonrelativistic Skyrme Hartree-Fock-Bogoliubov (SHFB) calculations with the SKM* interaction. Calculation
using the DD-ME2 density reproduced the experimental data for '*>Sn(p, p) but overestimated the ''*Sn(p, p)
and "8Sn(p, p) cross sections at backward angles. In the isotopic analysis of the cross section ratio R(¢') of
12281 to 'Sn, a calculation using the SKM* density reproduced the peak amplitudes of R(o') obtained from
the experimental cross sections, whereas a calculation using the DD-ME2 density did not. The ratio R(c') was
found to be sensitive to the isotopic change of the neutron 3s,,, occupation through the isotopic difference of
the surface neutron density around r = 4-5 fm. Isotopic analysis indicated that a rapid increase of the 3s),,
occupation from 1%Sn to '?2Sn obtained by the DD-ME2 calculation is unlikely. This result derived from the
295 MeV “4Sn(p, p) cross section data [S. Terashima et al., Phys. Rev. C 77, 024317 (2008).] is consistent
with the direct measurement of the neutron occupations in Sn isotopes by neutron transfer and pickup reactions

[S. V. Szwec et al., Phys. Rev. C 104, 054308 (2021).
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I. INTRODUCTION

Proton elastic scattering is a useful tool for determin-
ing not only the neutron skin thickness of nuclei but also
the detailed neutron density profile—in particular, the sur-
face neutron density—as has been performed for various
nuclei [1-6]. In recent years, experiments on 295 MeV (p, p)
reactions [4—6] have been intensively performed to extract
the neutron density by reaction analysis using the relativistic
impulse approximation (RIA) with density-dependent effec-
tive NN interactions modified from the original Murdock and
Horowitz model [7-9], called the ddMH model in this paper.
The RIA+ddMH model [10] has successfully described the
295 MeV (p, p) reactions of various target nuclei, including
Sn [4], Pb [5], and Ca [6] isotopes.

(p, p) cross sections are useful not only to determine
the neutron radii, but also to extract information about the
structure properties such as neutron single-particle prop-
erties and nuclear deformations, through their effects on
the neutron density, which can be sensitively probed by
the proton scattering. In a previous paper [11], 295 MeV
Pb(p, p) reactions were analyzed, and it was demonstrated
that the cross sections were sensitive to the single-particle
occupation of the low-¢ orbit in the major shell, which
significantly contributes to the surface neutron density. A
detailed analysis was performed focusing on the isotopic sys-
tematics of the nuclear structure properties and the reaction
cross sections in a series of Pb isotopes. Isotopic analy-
sis was demonstrated to be useful to reduce the systematic
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uncertainty in the data and the model ambiguities in the reac-
tion analysis.

The present study aimed to extract the structure in-
formation on Sn isotopes from the experimental data of
ASn(p, p) cross sections at 295 MeV for A = 116-124 [4]
by isotopic analysis combining structure and reaction calcu-
lations. The structure of the Sn isotopes was calculated using
both relativistic Hartree-Bogoliubov (RHB) and nonrelativis-
tic Skyrme Hartree-Fock-Bogoliubov (SHFB) calculations.
Using the theoretical densities, the Sn(p, p) reactions were
calculated with the RIA+ddMH model in the same way as in
a previous study [11]. By comparing the calculated results and
the experimental data, the isotopic systematics of the structure
and reaction properties were investigated. Particular attention
was paid to the change of the 3s,,, neutron occupation from
11680 and '?2Sn, which can be sensitively probed by the iso-
topic systematics of the (p, p) cross sections through the effect
on the surface neutron density.

This paper is organized as follows. The structure and reac-
tion calculations are explained in Sec. II, and the calculated
results are presented in Sec. III. In Sec. IV, the isotopic anal-
ysis is performed. Finally, a summary is provided in Sec. V.

II. CALCULATIONS OF NUCLEAR STRUCTURE
AND PROTON ELASTIC SCATTERING

A. Structure calculations

The structure of even-even Sn isotopes with A = 114-124
was calculated by employing the spherical RHB and SHFB

©2022 American Physical Society
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calculations using the computational DIRHB code [12] and
HFBRAD code [13], respectively. In the RHB calculations,
the DD-ME2 [14] and DD-PC1 [15] interactions were used,
which are denoted as me2 and pcl, respectively, in this paper.
In the SHFB calculations, the SKM* [16] interaction with a
mixed-type pairing force was used. SHFB calculations with
the SLy4 [17] interaction were also performed; however, the
resulting densities of the Sn isotopes were similar to those
obtained using the SKM* interaction.

B. Calculations of proton elastic scattering reactions

The ASn(p, p) reactions at E, = 295 MeV were calculated
using the RIA4+ddMH model [10], in which real and imagi-
nary nucleon-nucleus potentials were obtained by folding the
target density with the effective NN interactions of the meson-
exchange model. The RIA+ddMH model was constructed by
introducing the density-dependent o- and w-meson masses
and coupling constants for the effective NN interactions in the
original Murdock and Horowitz model [7-9]. In the present
calculation, the latest version of the parametrization of the
RIA+ddMH model, which has been calibrated to fit the
58Ni(p, p) data at 295 MeV [5], was employed.

The RIA+ddMH calculation was performed using the the-
oretical densities of the Sn isotopes obtained by the RMF
and SHFB calculations. As structure inputs for calculating
proton-nucleus potentials, the theoretical neutron [p,(r)] and
proton [p,(7)] densities of the target nuclei were used for
the neutron and proton vector densities, while 0.96p,(r) and
0.96p0,(r) were used for the neutron and proton scalar densi-
ties, respectively, as performed in a previous study [11]. This
prescription is the same as that performed in the analysis of
the Sn(p, p) and Pb(p, p) reactions in Refs. [4,5].

III. RESULTS

A. Radii and densities of the Sn isotopes

The root-mean-square (rms) neutron (r,,) and proton (r,)
radii of the Sn isotopes using the RHB (me2 and pcl) and
SHFB (SKM*) calculations are presented in Fig. 1(a), to-
gether with the experimental data. In all calculations, the
theoretical r, values reproduce the experimental data quite
well. For r,,, the theoretical values are in reasonable agreement
Ygith the experimental data within the error bars except for

Sn.

The theoretical results of the neutron (p,) and proton (p,)
densities of ''®Sn and '*?Sn are presented in Fig. 2, together
with the experimental data from Ref. [4]. Comparing the me2,
pcl, and SKM* results, all calculations obtain approximately
consistent p, and reproduce the experimental proton density
reasonably well; however, the results for p, depend somewhat
on the structure models. As illustrated in Figs. 2(c) and 2(d),
the peak position of 4772 p,(r) shifts slightly to the right in
the pcl and SKM* results compared with the me2 results.

B. Sn(p, p) cross sections at 295 MeV

Figure 3 presents the Sn(p, p) cross sections at 295 MeV
obtained from the RIA+ddMH calculations using the the-
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FIG. 1. rms neutron (r,) and proton r, radii of Sn isotopes. The
theoretical values are the RHB (me2 and pc1) and the SHFB (SKM*)
calculations. The experimental r, values are those determined by
the (p, p) reactions at both 295 MeV[4] and 800 MeV [2], while
the experimental r, values are obtained from the rms charge radii
observed by isotope-shift measurements [18].

oretical densities, together with the experimental data. The
calculated cross sections at backward angles are sensitive to
the detailed profile of the surface neutron densities. Compared
with the experimental cross sections, the me2 density yields
cross sections that are in reasonable agreement with the data,
whereas the pcl and SKM* densities do not. In the results
calculated using the pcl and SKM* densities, the diffraction
pattern is shrunk, that is, the peak and dip positions at back-
ward angles shift to forward angles and deviate significantly
from the experimental data. This shrinkage of the diffraction
pattern is caused by the outward shift of the surface-peak posi-
tion of 4% p(r) in the pc1 and SKM* densities, as illustrated
previously in Figs. 2(c) and 2(d).

The me2 results are compared with the experimental cross
sections in detail below. Calculation with the me2 density
reproduces the '>2Sn(p, p) cross sections fairly well. For the
1680 (p, p) and "'8Sn(p, p) cross sections, calculation with
the me?2 density successfully reproduces the cross sections at
forward angles; however, the agreement at backward angles is
not satisfactory. Namely, the calculation somewhat overesti-
mates the experimental cross sections. This overestimation at
backward angles can be improved by a slight modification of
the me2 densities for ''Sn and !'8Sn.

For '2°Sn(p, p) and '**Sn(p, p) cross sections, all calcula-
tions overestimate the peak amplitude of the data by 20-30%
in the entire range of angles. In other words, the experimental
cross sections for '2°Sn(p, p) and '**Sn(p, p) seem unex-
pectedly small in the isotopic systematics. It is difficult to
understand this global deviation from the experimental data
because the peak amplitudes at forward angles 6., =~ 13°
are not sensitive to the detailed neutron density profile. The
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FIG. 2. Neutron (,ojl‘) and proton (pp) density distributions for
11681 and '*2Sn. (a) and (b) Neutron and proton density distributions
for 1'%Sn and '*’Sn, respectively, as obtained from the me2, pcl,
and SKM* calculations. (c) and (d) The corresponding values of
47 r? p. The experimental neutron and proton densities from Ref. [4]
are also presented (“Exp.fit”). The neutron density (error envelopes
surrounded by thin lines) was determined by proton elastic scattering
at 295 MeV, while the proton density (thin lines) was obtained from
the charge distribution determined by electron elastic scattering.

normalization of the '2°Sn(p, p) and '**Sn(p, p) data should
be verified In the following analysis, I exclude the '2°Sn(p, p)
and '**Sn(p, p) data and mainly use the '%Sn(p, p) and
1228n(p, p) data.

IV. ISOTOPIC ANALYSIS

Isotopic analysis using the systematics of the densities and
cross sections in isotope chains is a powerful tool to extract
structure information from the (p, p) data with less model un-
certainty, as reported in a previous study [11]. For the isotopic
analysis of ''°Sn(p, p) and '>*Sn(p, p), I define the isotopic

cross section ratio of '22Sn to ''°Sn as
do ("*2Sn)/d2
R0 0cyy) = 7L SN/ (1)
do("°Sn)/dQ2

where do (“Sn)/dS2 is the differential cross sections for the
ASn(p, p) reactions in the center-of-mass frame. For the ex-
perimental values of R(c'; 0. 1), | omitted the mass difference
in the transformation from the laboratory to center-of-mass
frames.

The isotopic cross section ratio R(c) at 295 MeV calcu-
lated using the me2 and SKM* densities are displayed in
Fig. 4, together with the experimental values. The ratio R(o")
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FIG. 3. Rutherford ratios of the Sn(p, p) cross sections at 295
MeV obtained from the RIA+ddMH calculations using the me2, pcl,
and SKM* densities, together with the experimental data [4].

exhibits an oscillatory behavior that corresponds to the slight
difference in the diffraction pattern of the cross sections be-
tween '°Sn and '?2Sn, i.e., the diffraction pattern of 12251
slightly shrinks due to the increase in 7, compared with ''°Sn.
In the isotopic analysis, the amplitude of the R(o) oscillation
is important because it is sensitive to the detailed profile of the
surface neutron density difference between 1165 and 1228,
whereas the interval of the oscillation of R(o) is less impor-
tant. The results obtained using the me2 density underestimate
the amplitude of the R(o ) oscillation of the experimental data,
particularly, at backward angles, whereas the calculation using
the SKM* density well reproduces the peak magnitude of
R(0), although the peak positions deviate somewhat from the
data. The main origin of this difference in the peak magnitude
between the two results is the single-particle occupation of
the neutron 3s;, orbit, which significantly affects the surface
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FIG. 4. Isotopic cross section ratio R(c) of *2Sn(p, p) to
16Sn(p, p) at 295 MeV. Theoretical results obtained by the
RIA+ddMH calculations using the me2 and SKM* densities are
compared with the experimental data [4].
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TABLE I. Occupation probabilities of the 3sy,2, 2d3/», and 15,2
orbits in '"®Sn and '2Sn obtained from the me2 and SKM* cal-
culations, together with the experimental data [19]. The isotopic
difference in occupations between '2Sn and ''°Sn is listed in
boldface.

ME2 SKM:* Expt.
351/2

1165 0.35 0.61 0.42(5)

1228 0.80 0.80 0.56(5)

diff. 0.46 0.20 0.14(7)
2d3/2

1165 0.37 0.30 0.15(5)

1228n 0.80 0.60 0.39(5)

diff. 0.43 0.30 0.24(7)
1hy, /2

1165 0.07 0.21 0.29(5)

1228n 0.30 0.43 0.54(5)

diff. 0.23 0.22 0.25(7)

neutron density. Table I lists the occupation probabilities of
neutron 3s2, 2d3/2, and 1hy/> in '*2Sn and ''®Sn obtained
by the me2 and SKM* calculations, in comparison with the
experimental data determined by neutron transfer and pickup
experiments [19]. For each orbit, the isotopic difference of
the occupations between '*2Sn and ''°Sn is also listed. The
isotopic difference of the 3s,, occupation is as large as 0.46
in the me2 results, which is three times larger than the ex-
perimental value of 0.15, whereas in the SKM* results it is
in reasonable agreement with the experimental value. In other
words, the me2 calculation yields a rapid increase of the 351/,
occupation from 168 to 1228n, which is inconsistent with the
modest change of the occupation in the experimental data and
the SKM results.

The neutron single-particle energies obtained by the me2
and SKM* calculations are presented in Fig. 5, together with
the experimental data, while the occupation probability of
neutron single-particle orbits in Sn isotopes is presented in
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FIG. 5. Neutron single-particle energies in ''®Sn and '*2Sn ob-
tained from the me2 and SKM* calculations compared with the
experimental data from Ref. [19].

o e
(@) oo
T

Occ. Probability
(=]
=

=
N
——

7

F 4

; o (a) me2
0 T | | | | | | |

114116118 120122124126 128

Occ. Probability
i .O o
S o)) o0

e
N
T

(b) SKM*

0 L ! ! ! !
114116118120122 124126 128
A

FIG. 6. Occupation probabilities of neutron single-particle or-
bits in the Sn isotopes obtained from the (a) me2 and (b) SKM*
calculations.

Fig. 6. In the me2 results, the 351, and 2d3/, are almost
degenerate, and they have an approximately 2 MeV energy
gap from the lower orbits (2ds,, and 1g7/2) (see Fig. 5). As a
result, the 3s;,> and 2d3/, occupation rapidly increases with
an increase in N in the me2 case [Fig. 6(a)]. In contrast, the
SKM* calculation obtains a lower 3s;/, orbit than the 2d3/,
orbit. In this case, the 35/, orbit is already half occupied in
114Sn, and the 3s;,2 occupation gradually changes with the
increase in N [Fig. 6(b)]. This 3sy,2-2d3,, level spacing in the
SKM* calculation is consistent with that of the experimental
single-particle energies and yields a modest N dependence of
the 351/, occupation, in contrast to the me2 results.

The failure in reproducing the peak magnitude of R(o)
of the (p, p) reaction, presented in Fig. 4, is caused by the
rapid increase of the 3s;,, occupation from '"°Sn to '*Sn
in the me?2 calculation through its contribution to the surface
neutron density. To demonstrate the sensitivity of R(o) to the
change of the 35/, occupation, I performed a model analysis
by changing the 3s;,, occupation in ''°Sn from the original
me2 result by hand. The model density of ''%Sn is given as

1
Prmoder () = (1 - N)p;“’m +os, (. @)
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FIG. 7. (a) Neutron densities of ''®Sn for the me2 and me2+3s
densities. For reference, the neutron density of '*?Sn is also pre-
sented. (b) Isotopic difference in the neutron density of '*2Sn from
1681 obtained for the me2, me2+3s, and SKM* densities. (c) Single-
particle densities p*?(r) of the 3s, 5, 2d3/, and 1k, orbits in 1208
obtained from the me2 calculation.

where ,0;’? '/Z(r) is the single-particle density of the neutron
3512 orbit. In this model (called the “me2+3s model”) the
density in '**Sn was unchanged, while the 3s;/, occupation
number in ''®Sn was increased by 1 from the original me2
density, corresponding to the increase of the 35/, occupation
probability by 0.5. After the increase, the 35/, occupation in
11650 became almost the same as that in '*2Sn. Figure 7(a)
compares the me2 and me2+3s neutron densities of ''®Sn,
together with those in '2°Sn, while Fig. 7(c) represents the
neutron single-particle densities of 3si/2, 2d3/, and 1hy ),
obtained by the me2 calculation for '2°Sn.

Due to the modification of the 3s;,, occupation in oGy
the surface neutron density around r = 4-5 fm decreases from
the original me2 density [see blue solid and magenta dashed
lines at the peak of 4772 in Fig. 7(a)]. To examine the isotopic
change of the neutron density more closely, I defined the
isotopic neutron density difference between !'°Sn and '*?Sn
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FIG. 8. (a) The “6Sn(p, p) cross sections at 295 MeV and
(b) isotopic cross section ratios R(c') of ?2Sn(p, p) to ''*Sn(p, p)
obtained by the RIA+ddMH calculations using the me2 and me2+-3s
densities, compared with the experimental data [4].

as
D(pn; 1) = pu(*Sn; 1) — p,(M1°Sn; ). 3

Figure 7(b) represents the values of 47 r2D(p,; r) obtained for
the me2, me2+3s, and SKM* densities. D(p,; r) of the me2
density is dominantly contributed by the major-shell orbits,
351/2, 2d3/2, and 1h11/2. D(pn;l’) around r = 4-5 fm is Sig—
nificantly larger in the me24-3s and SKM* densities than the
me?2 density due to the modest change of the 35/, occupation
from ''°Sn to '*2Sn. In contrast, D(p,; r) at the nuclear surface
is smaller because the rapid increase of the 3s;,, occupation
reduce the D(p,; r) in the r = 4-5 fm region.

Using the modified ''°Sn density of me2+3s, I calculated
the 1'%Sn(p, p) cross sections and the isotopic cross section ra-
tio R(o ). Figure 8 compares the results obtained by employing
the me24-3s and me2 densities. As expected, the me2+3s
density yields an improved result of the ''®Sn(p, p) cross
sections at backward angles [Fig. 7(a)]. Moreover, the result
of R(o) is significantly improved in the me2+3s calculation
and agrees well with the experimental data [Fig. 7(b)].

In general, R(o') of 295 MeV (p, p) reactions is a sensitive
probe of the occupation change of low-£ orbits, as discussed
in previous work [11]. I performed a similar analysis by
changing the neutron occupation numbers of 2d3 > and 141,
in ''°Sn and verified that the peak amplitudes of R(c) were
not as sensitive to the 2d3/, and 1Ay, occupations as to the
3512 occupation. It should be emphasized again that the peak
amplitude of R(c) of '*2Sn to ''°Sn at backward angles is
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sensitive to the isotopic neutron density difference D(p,; 1)
at the nuclear surface around r = 4-5 fm and is affected by
the isotopic change of the 3s;,, occupation. The conclusion
derived from the present analysis is that a rapid increase of
the 351/, occupation from 1165 to 1228n obtained in the me2
calculation is unlikely.

V. SUMMARY

The isotopic analysis of Sn isotopes in the range A =
116-124 was performed by combining the nuclear structure
and reaction calculations. ASn(p, p) reactions at 295 MeV
were calculated using the RIA4+-ddMH model with theoret-
ical densities for the Sn isotopes obtained from RHB and
SHFB calculations. The RIA4+ddMH calculations using the
theoretical density from the RHB calculations with the me2
interaction (i.e., DD-ME2 interaction) were in reasonable
agreement with the experimental cross sections; however, they
somewhat overestimated the backward cross sections of the
1680 (p, p) and "'8Sn(p, p) reactions.

A detailed analysis of the isotopic systematics was per-
formed by using the isotopic cross section ratios R(o) of
1228n to ''®Sn. Comparing the theoretical R(o') with the ex-
perimental values, the peak amplitudes of R(o) at backward
angles were significantly underestimated by the me2 density,
whereas they were well reproduced by the SKM* density.
The main cause of the underestimation of the me2 result was
found to be the 3s;,, neutron contribution. The 3s;,, occu-
pation probability rapidly increased with an increase in N in

the me?2 calculation; however, this was inconsistent with the
experimental observation of only a small increase from ''%Sn
to '22Sn.

To demonstrate the sensitivity of R(o) to the 35y, neu-
tron contribution, model analysis (me2+3s) was performed
by modifying the neutron 3s;,, occupation in 16Sn. It was
proved that the '°Sn(p, p) cross sections at backward angles
were sensitive to the 351/, neutron contribution. This signifies
that the peak amplitudes of R(c) of '?*Sn to !'%Sn serve as a
sensitive probe of the isotopic change of the neutron 3s;/, oc-
cupation through its effect on the isotopic difference D(p,; r)
of the surface neutron density in the r = 4-5 fm region. In
the model calculation using the me2+4-3s density, the peak
amplitudes of R(o") at backward angles were reproduced well.
The good reproduction of the experimental R(o ) indicates that
a rapid increase of the 3s;,, occupation from 1168 to 1228n
obtained by the me2 calculation is unlikely. This result derived
from the 295 MeV “4Sn(p, p) cross section data [4] is consis-
tent with the direct measurement of neutron occupations in Sn
isotopes by the neutron transfer and pickup reactions [19].
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