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Factorial cumulants from short-range correlations and global baryon number conservation
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We calculate the baryon factorial cumulants assuming arbitrary short-range correlations and the global
baryon number conservation. The general factorial cumulant generating function is derived. Various re-
lations between factorial cumulants subjected to baryon number conservation and the factorial cumulants
without this constraint are presented. We observe that for nth factorial cumulant the short-range cor-
relations of more than n particles are suppressed with increasing number of particles. The recently
published [V. Vovchenko er al., Phys. Lett. B 811, 135868 (2020)] relations between the cumu-
lants in a finite acceptance with global baryon conservation and the grand-canonical susceptibilities are

reproduced.
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I. INTRODUCTION

The search for the predicted first-order phase transition
and the corresponding critical end point between hadronic
matter and quark-gluon plasma is one of the most important
challenges in high-energy physics [1-4]. Since fluctuations
of observables such as baryon number, electric charge, or
strangeness number are sensitive to the phase transitions, they
are broadly studied both theoretically and experimentally in
relativistic heavy-ion collisions [1,5-24].

Higher-order cumulants, «,, are commonly used to de-
scribe such fluctuations [10,25-32]. Nevertheless, the cumu-
lants mix the correlation functions of different orders and
also they may be dominated by the trivial average number
of particles. On the other hand, the factorial cumulants, C'n,
represent the integrated multiparticle correlation functions
[4,33-35] and their applications can be seen, e.g., in
Refs. [35-41]. However, one should be careful because var-
ious effects such as the impact parameter fluctuation or the
conservation laws may be reflected in the anomalies of facto-
rial cumulants or cumulants [26,30,39,41-49].

In our previous paper [50] we calculated the proton, an-
tiproton, and mixed proton-antiproton factorial cumulants,
assuming that the global baryon number conservation is the
only source of correlations. We assumed that the acceptance is
governed by the binomial distribution, which is correct if there
are no other sources of correlations. Recently, in Ref. [51], it

“michal.barej @fis.agh.edu.pl
fadam.bzdak @fis.agh.edu.pl

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by SCOAP.

2469-9985/2022/106(2)/024904(13)

024904-1

was argued that applying the binomial acceptance is not cor-
rect if, e.g., short-range correlations are present in the system.
Instead of the binomial acceptance, the subensemble accep-
tance method (SAM) was proposed. Using this approach, the
relation between cumulants in a finite acceptance with global
baryon conservation and the grand-canonical susceptibilities
(cumulants), measured, e.g., on the lattice, was derived. The
calculation presented in [51] assumes that the subvolume, in
which cumulants are calculated, is large enough to be close to
the thermodynamic limit.

In this paper we use SAM to study the factorial cumu-
lants for one species of particles subjected to short-range
correlations and the global baryon number conservation. In
particular, we derive the general factorial cuamulant generating
function and various relations between factorial cumulants
subjected to baryon number conservation and cumulants with-
out this constraint. We also observe that for nth factorial
cumulant the short-range correlations of more than n parti-
cles are suppressed with increasing total number of particles.
Finally, we reproduce the main results of Ref. [51].

In the next section, we present our derivation of the fac-
torial cumulant generating function. In Sec. III we discuss in
detail the case of two-particle short-range correlations, pro-
viding analytical formulas for the factorial cumulants up to the
sixth order. We analyze their dependencies on the correlation
strength and acceptance and propose certain approximations.
Then, in Sec. IV, we move to multiparticle correlations. This
is followed by a comparison of the cumulants obtained in
our computation with the outcome of Ref. [51]. Finally, we
present our comments and summary.

II. FACTORIAL CUMULANT GENERATING FUNCTION

Consider a system of a fixed volume and some number of
baryons of one species only, say protons. We divide it into
two subsystems which can exchange particles; see Fig. 1.
Let P;(n;) be the probability that there are n; baryons in the
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FIG. 1. The system divided into two subsystems with n; particles
in the first subvolume and n, particles in the second one. n; is inside
and n;, is outside of our acceptance.

first subsystem and P»(n;) be the probability that there are n,
baryons in the second one. Then, the probability that there are
n; particles in the first part and n, particles in the second one
is given by

P(ny,n) = Pi(n))Pr(n2), (1

if there are no correlations between the two subsystems. This
equation is also approximately true for the case of short-range
correlations, that is, if the correlation length is much shorter
than the system size. In this paper we assume that this is ex-
actly the case. We note that this is also one of the assumptions
of the analysis of Ref. [51].

Now we impose the global baryon number conservation
with a fixed total baryon number B. In this case

Pg(ni, ny) = A P(n1)P2(n2)8, 4n,,8 2)

where A is the normalization constant and §,,4n, p is the
Kronecker delta responsible for the conservation law, that is
ny + np = B. The probability that there are n; particles in the
first subvolume reads

Ps(m) =Y Py(mi, m), 3)

n2=0

where the subscript B indicates that the quantity is influenced
by the conservation law.

The probability generating function corresponding to
Pg(ny) is

Hap(2) =) Pg(nm)z", )

n1=0

where, here and in the following, the subscript (1, B) indicates
that the quantity from the first bin is influenced by the global

J

A df >
G,3(z) =In 31 2.8 P Z

k=1

A k
'So that we have (> = 4Gy (x)|,—1.

baryon number conservation. Using the integral representa-
tion of the Kronecker delta,

5 1 dx pr )
r= 5. —X s
P 2mi xl=1 X

where x is a complex variable, we obtain

A

dx
Hip(@) = 5 ylﬁ @, ©

where

Hi(z) =Y Pi(n)z",

n;=0

i=1,2, (N

is the probability generating function for the multiplicity
distribution P;(n;), i = 1, 2, free of the baryon number con-
servation.

The factorial cumulant generating function is given by (see,
e.g., [4]):

G(z) = In[H(2)], ®)

thus,

A dx
G(I,B)(Z) = 1n[H(1,B)(Z)] = 1n |:_ ﬁlzl W eGl(XZ)er(X):|’

2mi
€))
where G| and G, are the factorial cumulant generating func-
tions free of the baryon number conservation.
Using Cauchy’s differentiation formula,

fx)  2mi dBf(x)
a2 =2 , 10
ﬁl:l xxB“ B! dxB | _, (10)
we obtain
A d° G1(x2) ,Ga(x)
Ga.p(z) =1In [E ﬁ(e He )X_O]- (11)

We can express the factorial cumulant generating functions
G; by the series of their factorial cumulants C,E’ (i=1,2
denoting the subvolume number). For example'

[e.¢]

vk
G =Y uq@ (12)

!
— k!

This leads to

(xz — DFE" + (x — 1)ké;2>>
k!

:|. (13)
x=0

Note that (:’,El), C‘,Ez) are respectively the factorial cumulants
in the first and the second subsystems for the multiplicity
distributions free of the global baryon conservation. As ex-

(
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plained earlier, these factorial cumulants are sensitive to the
short-range correlations only.

Finally, using Faa di Bruno’s formula (for details see Ap-
pendix A) we obtain

A o (—DF
_ ¢5) 2)
G(],m(z)_ln[EBellB(Z - [EMz+C2 ],

k=0
[}
2 o
=0

1) 2, A@)
Ck+2z +Ck+2]

o0
1 2
> Claneen)) o

k=0

where A’ is a constant not relevant for further calculations, and
Belly is the Bth complete exponential Bell polynomial:

B
,Xp) = ZBCHB,I‘(XI,XL .

i=1

Bellg(x, x2, ... XB_it1)s

s5)

with Bellg ;(x;, x2, ..., xp_;y1) being the partial exponential
Bell polynomials.

The goal of this paper is to relate the factorial cumulants

¢ of Pg(my),

) (16)

z=1

d¥
——Ga.p @)

é(l.B)
k dz

through the factorial cumulants (ATIE]), CA',EZ) of the probability
distributions P;(n;) and P;(n;), respectively.

J

— ) (fz+ HIPPB[1Bar(f* + )]

In this paper we allow for the short-range correlations
only (besides the global baryon conservation which results
in the long- range correlation) and consequently the factorial
cumulants C (without baryon number conservation) of any
order k are proportlonal to the mean number of particles; see,

g., [4]. We have

C" = () = fIN)ay,

o = (1 = ) {N)ay,

where (N) = (n;) + (n) is the mean total number of particles
in the system, f is a fraction of particles in the first subvolume,
and oy describes the strength of k-particle short-range corre-
lation (o; = 1). If there are no short-range correlations in the
system, then o = O for k > 1. We note that (n;) is the mean
number of particles of P (n;), the distribution not affected by
the global baryon conservation (and analogously for (n;)).

In the following we will usually assume that (N) = B.
Introducing the global baryon number conservation further
requires that the total number of particles in every event equals
B. That is why the average number of baryons with the baryon
number conservation included also equals B.

. (17)
C® = (ny)

III. TWO-PARTICLE CORRELATIONS

Here we consider two-particle short-range correlations
only, thatis, ap # 0 and o = 0 for k > 3.

A. An analytic approach using Faa di Bruno’s formula and Bell
polynomials
We apply Egs. (17) to Eq. (14) with ox = 0 for k > 3, and
use some properties of the exponential Bell polynomials. The
detailed calculation is presented in Appendix B. The factorial
cumulant generating function reads

B—B,

1B
Gup(@) =In |:A

B 1
X 25 1,30—3;30—54-—,30—
where
B {B“_ 153 for B even, (19)
71217 B2 for B odd,

f: 1 —f, and 2F2(~--
function defined as

) is the generalized hypergeometric

o (@)™ (ay)™ 2"
Fy(ay, ar; by, by;2) = E D (h W Al 20
2B (ar, az; by, by 2) ~ (b)) (by)™ p) (20)
with I |
w _ TG+ b ifn=1,2,3,..,
) _{1 = 1)

being the rising factorial (Pochhammer symbol).

(B — By)!

—+1;— —
ol 202(f2 + 1)

2 7\2
B B(1 —a)*(fz+ f) )} (18)

(

Note that for even B the fourth argument of ,F; becomes 1
whereas for odd B the third argument becomes 1. Therefore,
»F, is in either case reduced to |F; (the confluent hyperge-
ometric function). Moreover, (By — B), the second argument
of ,F, is a negative integer, so (By — B)"™ = 0 starting from
n =B — By + 1. Therefore, the sum in ,F, is in fact finite
fromn = 0to B — By.2

2t is straightforward to show that, for the special case of oy = 0
(no short-range correlations, making the global baryon number con-
servation the only source of correlations), the factorial cumulant
generating function, Eq. (18), becomes G p)(2) = c + Bln(fz+
f ), where C= ln( B?) — B. Obviously the same result is obtained
assuming o = 0 for k > 2 already in Eq. (13). The resulting facto-
rial cumulants are C'® = (—1)"~'(n — 1)!f"B, consistent with the
approach presented in Ref. [50] but applied to one kind of particles.
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The factorial cumulants obtained from Eq. (18), see Eq. (16), read:

¢P = fB, (22)
C"P = B4 2fB — fﬂRl, (23)
CM =28 — 12/78 +6f ﬂle, @4
CMP = 31 B — 1221 - Tf)B — 3f2'6’/ [BYRY —4(1 — 4f)aRy — 2fy(B — By — DR, ], (25)
o
OB = 41758 4+ 2403(1 — 3f)ﬂ+60f PY [ByR: — 41 — 2f)asR) — 27y (B — By — DR, (26)
" f*ﬁy

¢ = 5'f6B+6Ofﬂ[ Py +4G1f2 = 17f + D] — 15 [2ﬁ2y2R§—6fﬁy2(B—Bo—1)R1R2

2

— 128y (1 — 6f)oR] + 2a3[191f> — 142f + 11 — Bo(3 + 2By) f*|R:
+ on 2B (203 — Sty +2)B — 2(0 — 4ay + 1)By — (402 — 1oy +4)]R,
+2fy(B— By — D[(7 = 4By — 67f)az — Bf (1 — 4az + a%)]Rz]» @7)

where the commonly appearing terms are defined as follows:

B = (B—Boy)f, (28)
y = B(l — ), (29)
. :gl?g(l—i-n,Bo—B—i-n;Bo—g—l-%—i-n,Bo—g—i-l—i-n;—%‘f)z) 0
! ZE(lvBO_B§BO_§+%’BO_§+1;_B_(12_032)2) ’
with
~ 2Fy(ay, az; by, by, 7)
2Fy(ar, az; by, by, 2) = T (o1 )T (o) (3D

being the regularized generalized hypergeometric function.

B. An approximate approach using the general Leibnitz formula

In the case of two-particle short-range correlations only, Eq. (13) reads

B! dxB

A dbf 1 1 _
Gup(z)=1In [ [GXp((xz — Df(N) + (x — 1)f(N))exp <§(xz — 1> f(N)o + E(x - 1)2f(N)0lz>]

i|, (32)
x=0
where «; is defined in Eq. (17).

Assuming o, to be small, we expand the second exponent in Eq. (32) into a series. Then, we calculate the Bth derivative of a
product of two functions using the general Leibnitz formula. For details see Appendix C, where the relevant factorial cumulant
generating function is given.

Using Eq. (16) we calculate C{!*®) and expand them into the Taylor series in &;. We obtain

eOB — fpB, (33)
R _ _B-—1 1)(B _ (B—1)(7B*=65B+1
CSJ‘”=_sz+ff(B—1)o¢z+3ffT Sff#ag—i-ff( )7 3365 +105) as 4.,
(34
_ 2 _
_6Fs? (B—1)(7B - 65B + 105) R (33)

024904-4



FACTORIAL CUMULANTS FROM SHORT-RANGE ... PHYSICAL REVIEW C 106, 024904 (2022)

. . - 2fB—15f -3 , FB2 — B(4f + 11) + 15(1 +2
CMP = 31 1*B436F 13 (B — 1)a2—6ff2(B—1)—f f o + 12ffA(B — 1)f ( f+B2)+ (d+2/) o3
_ 2fB> —21B*(3 — 15B(19 +7f) — 315(1
—672B -1t Skt 2R B3( =7/ ( +f)a§+..., (36)
. . _ 2fB—3f -3 . FB> — B(11 — 6 15
CMP =415 — 240F f4(B — 1) az + 120f f*(B — 1)—f Bf a3 — 24013 (B — 1)f ( = S+ o
_ 2fB> —1B*(9 — 7 5B(57 — 31f) — 105(3 —
. - - 2fB -3
CMP = =51 B+ 1800 f3(B — 1) a, — 1800 f*(B — 1)fT o?
_ —5F(5f + 1)B? 4 (—238f2 4+296f + 17)B + 15(14f> — 28f — 1 _
2f(2+3f)B® 4+ 5B*(47f% —45f — 9) — 25B(39f> — 47f — 5) + 10509/ — 13f - 1) ,
X 7 a5 + (38)
Here we expand up to 3, but higher orders can be easily obtained.’
Having factorial cumulants, one can easily calculate cumulants «,.* For example,
K](I,B) — 7B, 39)
_ B—1 (B—1)B—=23) (B — 1)(7B*> — 65B + 105)
1B =ff[B+(B— Do +3=0— e =5 a3 + i o+ } (40)
_ B—1 B—1)B-3 B — 1)(7B*> — 65B + 105
/cé]’B):ff(l—2f)[B+3(B—1)a2+9T a§—15$ a§+3( X = + )ag+ }
(41)
(LB _ 7 ; 7 B-1 ; »_ B-1
ky =S| BUA=67f)+ (B = DI7=36ffloz +3——[7=2ff2B + 15)le; — ——[35(B = 3)
_ B—1 _
— 12ff(B* 4+ 4B — 30)]a3 + ?[7(732 — 65B +105) — 6ff(2B* — 21(B> + 5B — 15))]a + - - } (42)

It is also useful to plot these factorial cumulants as func-
tions of f for fixed B and o, (we choose B = 300 and o =

C. Examples

To illustrate our results, in Fig. 2 we plot the factorial

cumulants for B = 300 and f = 0.2 as a function of «,. We
verified that the analytic results obtained using Fai di Bruno’s
formula and Bell polynomials, Egs. (22)—(27), are equivalent
to the exact computation obtained differentiating Eq. (32)
B =300 times. We compared them with approximate results
obtained using the ? neral Leibnitz formula, Egs. (33)-(38).
As seen in Fig. 2, @21‘3) and C’gl‘B) are very well approximated
already by a linear expansion in ;. This is not surprising. It
is clear from Eqs. (34) and (35) that higher powers of «, are
suppressed for large B. Quartic expansions of C il’B ) and C’;LB )
are in good agreement with exact results in the whole inves-
tigated range —0.5 < ap < 0.5, whereas quartic expansion of
C‘él’B) works in a narrower range of —0.3 < o, < 0.3, which
is acceptable since o, was assumed to be rather small.

0.25); see Fig. 3. For C‘él‘B), C‘él’B), and CA’A(‘]‘B) already a linear
expansion in o, is in good agreement with the exact results.
In the case of C’S(l’B ) and C’él’ ) significant deviations between
the linear o, expansion and the exact function are observed.
Including higher order terms up to o5 is sufficient to reproduce
the exact results.

IV. MULTIPARTICLE CORRELATIONS

In this section we calculate the factorial cumulants, taking
into account the multiparticle short-range correlations. The
generating function, Eq. (13), can be written as

30Obviously, in order to calculate more terms, one needs to take larger m,,,, in Eq. (C3), see Appendix C.

4Relations between cumulants and factorial cumulants read «, = (n) + Cs, 3 = (n) +3C> + 3, k4 = (n) + 7€, 4+ 6C5 + C4, x5 = (n) +
156, + 256‘3 + 106, + C’S, ke = (n) + 316, + 90@3 +65C, + 156'5 + C’(,, where mean (n) = €, = k. Details can be found, e.g., in Ap-
pendix A of Ref. [4].
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» A(1,B)
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FIG. 2. Factorial camulants C{"» (n =2, 3, ..

—80

e Ag+ 300 A

I | I

|
—0.4 —0.2 0.0 0.2 0.4
Qs
0f
—100F
—200F B =300, f=02
—300F
—400F  § 2
[ &
L~
L & 1
—500¢ 4
iy
Il
ron
_ 600t H I . | . I . I

., 6, assuming B = 300, f = 0.2, and o, = O for k

0.0
@

0.2 0.4

> 3) as a function of the two-particle

correlation strength, ;. The “exact” line in each plot represents the analytic result, Eqgs. (22)—(27). Other lines represent approximate power
series expansions, Egs. (33)-(38). For C‘él‘B ) and CS(I’B ) only linear terms are presented because higher powers of «, give practically identical

results.

B

B! dxP

A d
Gap(z)=1In {

where

Here we assumed that o # O for k < 5.

5 1V
Z((xz 1) FVyen +

Considering o to be small, we can limit our expansion to a linear term in V':

A d
Gap@ ~In| g

B

By evaluating the derivatives using the general Leibnitz formula, we obtain:

G(1.5)(2) ® In(A) — In(B!) — (N) + BIn((N)Y}) + In |:
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FIG. 3. Factorial cumulants C{"#) (n = 2,3, ..., 6, assuming B = 300, o, = 0.25, and &, = O for k > 3) as a function of a fraction of

particles in the first of the two subsystems, f. In each figure we show the “exact” line representing analytic results, Egs. (22)—(27), and
approximate expansions from Egs. (33)—(38). For readability, we present only linear and quartic functions.
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where
k
1 (k B! X;
Ap = ) (=DM e @7
K i) B =N
X =Y/(M)k, and Yy = f2F + f.
The factorial cuamulants are given by (here (N) = B and the calculated factorial cumulants are expanded in small o)
¢i? = fB, (48)
N - 1 1B—6 4B-3
(1,B) _ 2
G —_fB+ff(B—1)[“2—25053—570144-5?0!5}4-'”, (49)
N - 2f—1DB4+2(1 -8 3f—DB+2(1-5
1(1—2)B>+222f —7)B+24(1 — 4
4 1A= 20B + 2027 — B+ 24 f)aS}er, 50
2 B
A - 2f—1DB+2(1—-5
le’B)z—6f4B+ff(B—1)[36f2a2+12f(f ) ;f d=5/) 3
+Bz(3f2—3f+1)—B(105f2—51f+5)+6(45f2—15f—|—1)
o
B2
B2(12f% —9f +2) —2B(69f% — 36f +5)+ 12212 —9f + 1)
-2 5 os |+ -, (51)

Note that the o, terms are in agreement with the linear part of Eqs. (33)—(36). The higher order factorial cumulants can be also

readily derived.
In the limit of large B (and small o) the factorial cumulants read’

¢ = /B,

CSMP ~ fBI-f + faol,

CP ~ fBI2S? — 6f for + F(1 = 23],

CMP ~ fB[-31° 4+ 36f fPay — 12f (1 — 2f)az + F(1 = 3f f)aal,

C P ~fBIALFY — 2401 fay + 120£2F(1 — 2 f)as — 20£ F(1 = 3f Pawa + F(1 = 2£)(1 — 2f Pass],

P ~fBI-51F + 1800 f* o, — 1200£° F(1 — 2 )z + 3002 F(1 — 3f g — 30 F(1 — 2£)(1 — 2f fars

(52)
(33)
(54)
(55)

(56)

+ A =S5FF = fH)al.

One can observe that, for large B, C{""® is not influenced by
ay with k > n. For example, in C‘él’B ) only two- and three-
particle short-range correlations, represented by o, and o3,
are significant, and the higher-ordered ones are suppressed.
In this calculation we assumed that oy is small enough to
include in Eq. (43) only the linear term in V. It was checked
that our conclusion about the suppression of higher order o
is also true if higher powers of V are taken into account. To
demonstrate this point, in Appendix D we present results with
(1 +V +V?/2)instead of (1 + V) in Eq. (45).

SHere we present results up to C‘él’B) and thus we take o # 0 fork < 7.

(57)

V. AGREEMENT WITH REF. [51]

It would be interesting to test our technique and reproduce
the results presented in Ref. [51]. We take Egs. (52)-(55),
valid for large B, and known relations between cumulants and
factorial cumulants, and calculate the cumulants in the first
subsystem with short-range correlations and baryon number
conservation. We obtain

"~ FFBy + 1), (58)
" & FF(L = 2B+ 30 + a3), (59)
Kil,B) ~ FfBI(1 + Tas + 603 + ag)

—3ffQ2+ 1205 + 8oz + ay)]. (60)
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The global factorial cumulants, for both subsystems of
Fig. 1 combined, are given by CA’,(lG) = Bo,. These factorial
cumulants are defined before baryon number conserva-
tion is included [compare with Eq. (17)]. Using again
the relations between cumulants and factorial cumulants,
we obtain

4P = F0, @
K3(1,B) ~ f_-f(l _ 2f)K;G), (62)
kgD~ ff[® = 3FF (kO + 265D = k57)]. (63)
J

B

A
Gup(2) = In Bl 2:E

instead of Eq. (45). Next, we calculate K(l Bl (1 B in the large

B limit taking M = 1,2,3,.... We observed that for M > 2
the result is always given by

Kil,B)Kz(l,B) ~ f-zfz[Kia)KEG) 3ff(( (G)) 4 K(G) (G))]’
(65)
and thus the formula for the fourth cumulant reads

s o 7l 6 i@, @)
Ky ~ fflk, 3ffl kg7 + G , (66)
2

which is in agreement with Ref. [51].
In a similar way we also calculated the large B limit of
K;] Bl (1 B and K(] B)(/c(l 53 6 We found that K(] Bl (l B

> 2 and Kél B)(/cz(l B3 is not changmg for

not changrng forM >
M > 4. We obtain

o n (9O
K;')%ff(l—zf)[(l—sz)’fs() 10ff=3 O }

(67)
B~ TR = ST = FfTw®
KON 30O _ (1,2
+5f7f <3ff< (G)) — s .
L (@) 1 icl?
—2(1 —2f) 0 —31 =371 s }
(68)

also in agreement with Ref. [51].

VI. COMMENTS AND SUMMARY

In this paper we obtained the factorial cumulant generating
function in one of the two subsystems [Eqs. (13) and (14)]

(1-B>)3

®For the case of Kél’B)(KZ it was necessary to allow for o # 0.

_ ym
|:eXP[(xZ — Df{N) + (x = 1)f(N)](Z Wﬂ

where k(%) is the nth global cumulant in the whole system
originating from the short-range correlations but without the
conservation of baryon number. «!!"®) are the cumulants in
one subsystem with all sources of correlatrons

Equations for Kz(l B and K reproduce the relations
obtained in Ref. [51]. We note here that in deriving Egs. (61)—
(63) we considered only terms linear in o [we started with
generating function (45)]. We checked that taking h §her Vv
terms in Eq. (43) does not change K2 8) and K , and
thus this is the final result. However, the hrgher order V
terms change Kil’B), and to reach agreement with Ref. [51]
we take

M

m=0

} (64)
x=0
[

assuming global baryon number conservation and short-range
correlations. For simplicity, the case of one species of particles
was discussed. Using this function, we calculated the facto-
rial cuamulants assuming two-particle short-range correlations
[Egs. (22)—(27) and Egs. (33)—(38)]. We showed how they de-
pend on the correlation strength and acceptance and compared
the approximated formulas with the exact ones (Figs. 2 and 3).

Next, we obtained expressions for the factorial cumu-
lants assuming small multiparticle short-range correlations
[Egs. (48)—(51)], and we studied the limit of large baryon
number B [Egs. (52)—(57)]. It turns out that for the nth fac-
torial cumulant only short-range correlations of less or equal
to n particles are significant. Finally, we calculated cumulants
and checked that for large B they are in agreement with the
results presented in Ref. [51].

We emphasize that in our calculation we assumed one
species of particles only (baryons) and thus our results might
be applicable to low colliding energies, where the production
of antibaryons can be neglected. Moreover, all our results
are for baryons whereas in practice cumulants are measured
for proton (net-proton) number since neutrons are difficult or
impossible to measure. Baryon vs proton number is a usual
problem when interpreting experimental data, and here cer-
tain corrections can be made, as discussed in Refs. [44,52].
Another issue arising when interpreting experimental data
is coordinate vs momentum space. Theoretical calculations
are usually made in the coordinate space and measurements
are made in the momentum space. The presence of the
collective flow in heavy-ion collisions can reflect the coor-
dinate space correlations on the momentum space (see, €.g.,
Ref. [53]), although this is not straightforward, especially at
lower energies. In our calculations, we assume short-range
correlations between baryons and the division presented in
Fig. 1, and all our results could in principle be applied
to the momentum space if the correlations are short-range
in momentum.

There are many ways to broaden our study. First, it would
be interesting to calculate the next correction to the re-
sults from Ref. [51]; see, e.g., Eq. (66). These results take
the leading term in B, which is justified for large systems,
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and in our approach it is possible to obtain higher order
terms. Next, it would be interesting to expand our calcu-
lations to many species of particles. Finally, it is desired
to investigate the convolution of baryon number conserva-
tion with other long-range correlations. This might be rather
challenging.

APPENDIX A: FAA DI BRUNO’S FORMULA AND THE
COMPLETE EXPONENTIAL BELL POLYNOMIALS

The Faa di Bruno’s formula reads
B

d? .
T @) =D fV(800) Belly (g (x), ' (@),

i=1
g8 (),

.,Xp_i+1) are the partial exponential

(AD)

where Bellg ;(x, x2, ..
Bell polynomials.

ACKNOWLEDGMENTS Applying this to Eq. (13) with
We thank Volker Koch for useful discussions. This work f(g(x)) = 8, (A2)
was partially supported by the Ministry of Science and Higher * (xz — FCD 4 (x — 1) c®
Education, and by the National Science Centre, Grant No. gx) = Z k k_ (A3)
2018,/30/Q/ST2/00101. P k!
| we obtain
d" 2z = DG + (e — DY
a7 | P | 2 k!
k=1 x=0
B 00 k(L) kA (2) o k—1 A1) k—1/~(2)
(xz = DG + (x — DG kz(xz — 17 C7 + k(x — 1DCy
= Zexp (Z T Bellg ; Z I ,
i=1 k=1 k=1
.\ k(k — D)2z — 1} 2C0 4 k(k — D(x — DF2CP
k! ’
k=2
i k(k — 1)+ (k = B+ D[z8 7 (xg — DFBHIED 4 (x - 1)’<—B+i—lé,§2>]) (Ad)
k=B—i+1 k! x=0
After simplifications and evaluation at x = 0 we obtain
d® i oz — DA + (x — DECP
— | ex
dx® | P k!
k=1 x=0
$ = (=1 = (-1
— A(L) A(2) — A(l) 2 A(2)
=C ZBequi ( Z k! [Ck-HZ + Ck+1]’ Z k! [Ck+2Z + Ck+2]’
i=1 k=0 k= ’
o (=Df
— A(l) —i+1 A(2)
Z Xl [Cepin? ' + Ck+B—i+l]>' (AS)
k=0

Here C = exp[)_, -, %(C‘,ﬁ” + C’,Ez))] is a constant with respect to z, which is unimportant for calculations of the factorial
cumulants. Then by applying the relation between the complete and partial exponential Bell polynomials, see Eq. (15), and

denoting A" = AC, we obtain Eq. (14).

APPENDIX B: AN ANALYTIC APPROACH WITH TWO-PARTICLE CORRELATIONS

When substituting Eqgs. (17) into Eq. (14) with oz = 0 for k > 3, we see that only the first two arguments of the Bth complete

exponential Bell polynomial Bellg are non-zero; that is

G I 1(_1)kN ( F), (N 24 7).0,0,....0
a.3(z) =1In groells kz:; o (N1 (f 24 1), (Neao(f22+F), (:B:z;-w . (B1)
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Using Eq. (15) we can rewrite it as follows:’

A _ B—1 _ _
Gum(@) =1n {E [BeuB,B[(fz + DN = a)] + ZBeuB.i<<fz + )N = @), (F2+ F)iN)ea, 0.0, ..., o)] }
. S———

i=1 (B—i—1) zeros
(B2)
By definition, the partial exponential Bell polynomials are given by
B! X1\J1 /Xp\ ]2 XB—i+1 J-is1
Bellg (1120 ) = Y e (S () (e Y B3
mime) =)o () (5 B—i+ D) ®3)
where the sum is over the non-negative integers jj, ja, ..., jg—i+1 such that
Sttt iy =1,
B—i+1 (B4)

424335+ ...+(B—i+1)js_is1 =B.

However, in our case x3 = x4 = - - - = xg_;+; = 0, so we have nonzero terms in Eq. (B3) ifandonly if js = jy = -+ = jp_i11 =
0 (because 0" # 0 for r = 0 only). In this case, the constraints (B4) lead to j; = 2i — B, j, = B — i. Since both j; and j, have
to be greater than or equal to 0, meaning B/2 < i < B, we obtain®

AL B! 7 B -
Ga,p)(2) =In [E ;;0 Qi—BIGB - [(fz+ fHIN)A — )] [E(fZ +f)<N>012i| i|7 (BS)

where By is defined in Eq. (19). Taking (N) = B, we obtain Eq. (18).

APPENDIX C: AN APPROXIMATE APPROACH WITH TWO-PARTICLE CORRELATIONS

The general Leibnitz formula reads

dBuv) o~ (B)dPFudt
dxB ; (k) dxB—F dxk’ €D
In our case [see Eq. (32)],
u(x) = expl(xz — Df(N) + (x = D) fIN)], (C2)
v(x) = exp [1(xz — 1’ f(N)oz + 3(x — 1)’ F(N)er |
Mpax 1 B m
A~y =36z = P f(Nas + 5(x = 1) F(N)en ], (C3)
0 m:
d* _ _
ﬁ = [F(N) + £ 2(N)T expl(xz — DF(N) + (x — DF(N)], (C4)
k
jT: =0 for k > 2myqy. (C5)

Taking (N) = B, we obtain

B—1
G.5(z) = In(A) — In(B!) — B+ BIn(BY;) + In [1 + %B( X~ 1) @

( B! X} Bl X ., B X2+2_3>a2

1 p2
+ 4B 2 :

(B—4)! B* (19—3)!EJr (B—2)! B
Lop B! X_23_ B! )(_22+3 B! XX, +4)
o (B — 6)! B® (B—5)! B5 (B —4)! B*
B! 3X, +2 B! X,+4 3
—4 3 -5
B—3)! B B—2) B )“2

"Here the last (B — i — 1) arguments of Bellg; are zeros since Bellg, has (B — i + 1) arguments. In particular, Bellg 3_; has two arguments
and no zeros, Bellg 5_, has three arguments including one being zero, etc. For clarity we separate Bellg g because it has one argument only.
8This result naturally includes Bellz 5((fz + F)N)(1 — a2)) = ((fz + HHIN)(1 — az))5.
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il
(B—8)!B “(B-7)!B ' (B—6) BS
Bl X0X%+4) , Bl 3X%(6+8)+8

B! X% B! X} B! X*X,+6
+$ 4( 2 8 4 2(2+)

(B —5)! B> (B—4)! B*
B! 3X,+4 B! X,+6 4
_ —7 o, C6
B—3)! B B—-2) B )“2+ ] (€6)
where X, = Y, /(Y})* and ¥; = fz*¥ + f (in this formula only X, and Y; appear).
Note that for large B and very small o, we obtain a simple formula:
G5 (z) #In(A) —In(B!) — B+ BIn(BY;) + %(Xz — 1B as. (CT
APPENDIX D: MULTIPARTICLE FACTORIAL CUMULANTS FROM (1+V + %VZ )
Instead of Eq. (45), we use the following factorial cumulant generating function:
A db 1
Ga,p(z) ~ 1n expl(xz — 1)fB+ (x — DfBI[1+V + —y? , (D1)
B! dxB 2 0
where o # 0 for k£ < 7 and
X — 1)k
V= Z(( =D 8 )fBoek) (D2)
The factorial cuamulants in the limit of large B read
¢ =18, (D3)
A(1,B) F
G = fBl—f + faal, (D4)
CMP ~ fBI2F? = 6f for + F(1 = 2f e, (D5)
G~ fBI=31f + 36 fPan — 12f (1 = 2f)as + f(1 = 3f flas — 12/ fa5 + =3f fa3 — 12 faras]. (D6)
CMP ~ fBIAIf* = 2401 fon + 1202 F(1 = 2f)as = 201 f(1 = 3f s + f(1 = 2f)(1 = 2f Pas
+240f° fPa5 — 301 F2(1 — 4f)a5 — 60f (1 — 6/ )azas — 20 F2(1 = 2fyars — 10£ F2(1 = 2f)arzea], (D7)

CMD ~fB[-51f° + 1800 for, — 1200£° F(1 — 2f)ers + 300£2F(1 — 3f g — 30£F(1 — 2)(1 — 2 Flers
+ F(=5fF(1 = f)as — 3600 a3 — 90f F2(1 — 14f +34f)e3 — 10£F2(1 = 2f e}
+ 18002 F2(1 — 4f)azas — 120 F2(1 — 8F + 13 f)anory — 60f 22 — 12f + 17 )z
=30 f2(1 = 3f Pasas — 15f F2(1 = 3f fazas]. (D8)

We note that the V2 term is not affecting C‘fl’B), C‘S’B), and 6’3(1’3) whereas we have higher order terms in é£1,3)’ C‘S(I’B), and
C‘él’B ), Importantly, the observation that the o terms in C‘fl'*B) are suppressed where k > n is confirmed here. We also checked
upto (1+V + 4V + LV3 + 1V*) that this conclusion remains true.
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