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In this paper, the two-photon-exchange (TPE) effect in ep — enz™ at small — is discussed. In the previous
work, the TPE contribution with one 7 intermediate state is estimated numerically within a hadronic model under
the pion-dominance approximation. Here we extend the discussion to include one p intermediate state. The TPE
contribution can be described by one scalar function in the limit m, — 0, the dispersion relation (DR) satisfied by
this scalar function is analyzed. The analytic expressions for the imaginary parts of the TPE contributions from
one 7 or one p intermediate state are given within the hadronic model. Combining these analytic expressions
and the DR, the corresponding real parts of the TPE contributions can be estimated easily at any available
region. This can help the further experimental analysis to include the TPE contributions in a convenient way.
The numeric results show that the TPE correction with one p intermediate state is much smaller than that with
one 7 intermediate state in the current energy region. These results suggest that the TPE contribution with an
elastic state is the main TPE contribution in ep — enz™ at small —¢.
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I. INTRODUCTION

The two-photon-exchange (TPE) effect plays an important
role to extract the the electromagnetic (EM) form factors
(FFs) of the proton from the unpolarized ep scattering and
has been widely studied by many theoretical methods, such
as the hadronic model [1], the generalized parton distribu-
tions method [2], perturbative QCD calculation [3], dispersion
relation (DR) approach [4,5], soft collinear effective the-
ory method [6], chiral perturbative theory (ChpT) [7], and
phenomenological parametrization [8]. Recently many exper-
imental measurements were developed to test these theoretical
estimations and to deepen our understanding on the TPE con-
tribution [9-12].

Comparing with the proton case, the discussions on how to
extract the EM FF of 7 precisely are relatively few. Experi-
mentally, the EM form factor of 7 is usually extracted via the
process ep — enmtt [13-17]. Theoretically, such extraction
of the pion’s FF is much more complex than that of the
proton’s FFs via the elastic ep scattering. The corresponding
theoretical analysis on the experimental data sets should be
performed more carefully. Up to now, the discussions on the
TPE effect in ep — enm™ are limited [18,19]. In the previous
work [19], the TPE contributions with an elastic intermediate
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state are discussed, and in this paper we extend the discussion
to include one p meson intermediate state. Furthermore, the
DR for the TPE contributions and the analytic expressions for
the imaginary parts are both given.

We organize the paper as follows. In Sec. II we describe
the basic frame of our discussion under the pion-dominance
approximation, in Sec. III we show some analytic properties
of the TPE contributions and the DR relation they satisfied.
In Sec. IV we present some numerical results for the TPE
corrections and give our conclusion.

II. BASIC FRAME FOR THE TPE CONTRIBUTIONS
INep — ennt

Under the one-photon exchange (OPE) approximation, the
process ep — enmw™ can be described by Fig. 1 where we
label the momenta of initial electron, initial proton, final
electron, final pion, and final neutron as p;_s. For simplicity
we define the following five independent Lorentz invariant
variables s = (p1 + p2)’s Q* =—¢* = —(p1 —p3)’, W =
V(pa+ps):t = (pa— ps)’,and v = (p1 + p3)2ps + p3 —

p1)-
When we discuss the TPE effect, the contribution from

the corresponding TPE diagram shown in Fig. 2 should be
considered.

Physically, the dynamics of the subprocesses y*p — nrt
and y*y*p — nmw™ are very complex. On the small energy
scale, one can expect that the ChpT works well for these
two subprocesses. For example, in the leading order of ChpT
the Feynman diagrams for y*p — nx™ can be described by
Fig. 3 where the notations 0 and 1 refer to the power of the
momenta in the corresponding vertices. Since the power of the
momentum in the pion’s propagator is —2 and the power of
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FIG. 1. ep — enm™ with one-photon exchange.

momentum in the proton’s propagator is —1, the contributions
from Figs. 3(a) and 3(b) are on the same order.

When the energy scales —¢, Q2, and W increase, one can
expect that ChpT is not valid anymore and the contributions
beyond ChpT, such as the diagrams with p meson exchange
and with N* intermediate states shown as Fig. 4 should be
considered.

When —¢ is kept small, W is a little far away from the
masses of the narrow resonances, and only 0? increases, the
contribution from one pion-exchange diagrams where only a
pion interacts with nucleon is still dominant among all these
contributions although ChpT is not valid. The reasons are due
to two facts: (1) the mass of pion is close to zero which
results in a strong enhancement from the pion propagator,
(2) the couplings of y*pp, y*pN* decrease much fast than
the coupling y*m 7 when Q? increases. These properties mean

J

€(p1): :€(p3)
W+(p4),
p(p2) ” n(ps)

FIG. 2. ep — enm* with two-photon exchange.

the pion dominance is a good approximation when ¢ — 0 and
W is a little far away from the narrow resonances. This also
greatly simplifies the dynamics of the process y*y*p — nm*
in this region. In this paper, we limit our discussion on the
TPE contributions under this approximation. In the practical
calculation, one can combine the contributions beyond the
pion dominance under the OPE approximation and the TPE
contributions together since their contributions are indepen-
dent.

Under the pion-dominance approximation, the correspond-
ing TPE contributions can be described as Figs. 5(a)-5(c)
where the contributions from Figs. 6(a)-6(c) are neglected
since they are much smaller.

In the previous work [19], the TPE contributions from an
elastic state w shown in Fig. 7 are discussed in the region
0% C[1,2.45] GeV?2. At higher 0?2, the similar contributions
with one p meson intermediate state shown as Fig. 8§ maybe
gives some considerable contributions.

Taking the Feynman gauge, one has

M) = —iite(p3)(—iey™ Jue(p1) Tn(ps)Tsp(p2)T" (Pas PSz (PODyw(p1 = p3),

d*k
M) = —ip* / w[ae@»(—iewsp(pl — ki) (—iey" ue(p1) y(ps)Tsup(p)IT*[(p1 — ki — p3, pi + k1)

x Sy (pr + k)T ki, —pr — k1)1Sz (p)Dyo(p1 — ki — p3)Dyu (K1),

d*k
M(zl;,),p = —ip* / —— L[t (p3)(—iey™)Sp(p1 — ki) (—ieyMu (pr1) ity (ps)Tsup(p)IT (k1 pa — ki)

@2m)y!

x 8y (ps — kDT (p1 — ki — p3, ki — pa)ISz(P)D,u(p1 — ki — p3)Dyu(ky), (1

with & as the introduced energy scale, d = 4 — 2¢ as the
dimension, p; = p3 + ps — p1, and

i(k+m,)

Sp(k) = L)
r&) k2 —m? +ie
i
Sy(k) = ———,
= (k) k> —m2 + ie
. kiks
SV (k)z_l(g)‘o-_ kz)
ho k2 —m2 4 ie ’
—i
D, (k) = ——g.u, 2
v (K) 2 e (2

[
and
T*(py, pi) = ie{[1 + (KK 1(ps + pi)*
— fU3)(p} — p7)K"}, 3)
T (ky, ky) = i€gpmy /MpFynp (K )€unrak ki
where e = —|e|, k = py — pi, k,, v are the incoming momenta

of the photon and p meson, f(k*) describes the EM form
factor of pion which is defined as [20]

(P10 pi) = Fyer K*)pi + Py
Fyun(K*) = 1 + K2 f(K7), )
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FIG. 3. Diagrams for y*p — nz in the leading order of ChpT with (a) the pion exchange diagram and (b) the elastic s-channel diagram.

with J, =) ei%yu Y, Y, as the quark fields, i as the flavor
indexes of the quarks, and e; as the corresponding electric

charges of quarks(—1 for the electron). F, p(k}z,) is the tran-

sition FF of y*m — p [21]. The similar expressions M(za’by’f)

corresponding to Figs. 7(a)-7(c) can be found in Ref. [1’9].
In the practical calculation, one can find that the relative TPE
corrections are not dependent on the form of I's (pseudoscalar
form or pseudovector form) since it appears both in the tree
diagram and in the TPE diagrams. So we do not present its
form here.

Generally, the amplitudes with one-pion exchange can be
written as the following simple form:

My, = M =V My + M,

ly
Moy 7 = M50 = O My + S OM,, (5)

+b +b +b
My, = METD = "M+ S M,

with

M = iu(ps, m)2ps + p3 — pru(pr, me)
X ”_l(pSv mn)FSM(p27 mp)v (6)
My = iiu(p3, mu(pr, me) i(ps, my,)Usu(ps, mp).

The coefficients cilg )

pressed as

can be easily obtained which are ex-

) 4 Fr (q)

b Qz(t - mjzr) ’
g =0, ()
with o, = €2 /47.
ol L. T
- - r -
Apt
p > " > n

II1. SOME ANALYTIC PROPERTIES OF THE TPE
CONTRIBUTIONS IN ep — enn™

A. General properties due to the symmetry

When taking the limit m, — 0, the QED interaction will
not flip the helicity of the electron. Then one has the following
exact property:

(a+b)

ST SHD 0. (8)

E) Cqu

Furthermore, due to the crossing symmetry of the diagram
Fig. 7(c), one has

() _
Clp = 0.

In literature, the approximation m, = 0 is often used before
the loop integration since m, is much smaller than the other
scales in the experimental region. In the elastic ep scattering
and elastic exr scattering cases, one can find that such an
approach works well since the full TPE contributions are not
dependent on m, at the leading order of m,. In ep — ennm ™,
we find that such an approach is good for c(l‘f:b) but not good

for cﬁ“;rb). This is very different from the ep or exr cases and
beyond the naive estimation. The detailed analytic calculation
shows that there is a term, such as Inm, in ¢\** ?) when taking
m, — O after the loop calculation. Such a term means that
the result by applying Taylor series expansion before the loop
integration is different from the result by applying Taylor se-
ries expansion after the loop integration. This is natural since
the loop integration and the Taylor series expansion are not
commutated in some cases. Our numerical results also show
such a property and such a logarithm enhancement should be
dealt carefully.

To keep this term, in the following calculation we at first
take m, as nonzero to perform loop integration and then
expand the results on m,. The packages FEYNCALC [22],

*
v T

FIG. 4. Examples of diagrams for y*p — nz™ beyond ChpT with (a) p meson exchange and (b) N* contribution.
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FIG. 5. Diagrams for ep — enm™ with two-photon exchange under the pion-dominance approximation: (a) is the box diagram, (b) is the

crossed-box diagram, and (c) is the contact diagram.

PACKAGE-X v3.00 [23], and LOOPTOOLS [24] are used in the
practical calculations.

Under the pion-dominance approximation, although the
cross sections are dependent on five variables, but the TPE
contributions cﬁ’f;f;)l, , are only dependent on three variables
t, Q% and v. Due to the crossing symmetry, one has the
following general relation when Q” and ¢ are fixed in the
physical region:

2 b 2
o, 0T Q) ==l (—vF 0%, ©)

where vT = v 4+ i0T.

1,(a,b)

(1) There are no kinematic poles in ¢y " .

(2) When ¢ and Q? are fixed as physical values, the branch cuts of ¢

I,(a)

B. TPE contributions in the pointlike particle case

To show the analytic properties of the TPE contribution in
a clear form, at first we take the pointlike interaction as an
example. In this case, one has
I 2 1 2
Fok)=F, (k)=1, (10)

yap
where we have used index I to refer to the pointlike inter-
action. The same index is used for other quantities in the
following expressions.

After the loop integration, we find the following analytic
properties:

I,(a,b)

|71, ON v are shown as Fig. 9.

(3) The asymptotic behaviors of ¢y 7, are expressed as follows:

2
Re[cll”(j;)(v’L, 0 1] it Lt) |:1n2 v— (

1 4m(m2 — 1)’ 2
RN A U ) S RPN |

Qz(mjzr Q4
2o 1 4m?(m2 — t)z,a2
L@/ + N2 V=0 e e\""'n IR -1
Im[clﬁn (l) ,Q,t] —> m[—z lnv+<%+lnT +0(U ) s (11)
and
V—>00 az
Re[c; v+, 0% 1] =% — 2 [2In*v— (4 In Q> +3+41n2)In v+ 00",
P 8ml2) (m% — t)
1 V—>00 ”aggzn
Im[c; P, 0% 1] == — [~4Ilnv+@In Q*+3+4In2)+ 00 )], (12)
° Sm% (m% — t)
6(2@ _ € (p3) €(PQ _ € (p3)
p(p2) n(ps) p(p2) n(ps) p(p2) n(ps)

(a)

FIG. 6. Diagrams for ep — enm™ with two-photon exchange beyond the pion-dominance approximation.

()
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FIG. 7. Diagrams for ep — ens™ with two-photon exchange and one 7w meson intermediate state: (a) is the box diagram, (b) is the crossed
diagram, and (c) is the contact diagram.

where ji1r is the IR scale, and

1 1
— =——ye+1Indm.
€IR €IR
The asymptotical behaviors of 611’,(:;)1, , in the limit v — —o0 can be obtained easily via Eq. (9).
Based on the properties of the asymptotic behaviors and the position of the branch cut, one can get the once-subtracted DR,
L(a) 2
VvV —V] o [ 1 1 ( Q ’ t)] —
Re[cih , (0. 0% 1)] = Re[c ) (v, 0% 1)] = TRC[/ o dv |,

prer (V—v —i€)(V — vy — i€)

()

where v, = mjz, + 4m,m,; — Q* —1t, vt(hp ) = 2m mjzr + dmem, — 0% —1. Similarly one has
_ e 1,(b) 2
— w” Im[c ot 0% )]
Re[c? (v, 0%, 1)] — Re[c vy, Q% t =Y sze/ “lritp dv |.
[lnl,o( Q )] [lﬂlp(ZQ )] T o (V—v+l€)(U—U2+l€)
Taking v, as —v; and using the property Eq. (9), one has vy ® /oo [ 11(7;1)1 p(‘) 02, t)] -
Re[e;'th (v, 0%, 0)] + Re[c}'?) (v, 0%, 1)] E oo @+ Vi) — v +ie) |
v+ v - Im[cy) l(b) ,0", 0 nl .
= Re = —dv Combing these two results, finally one gets the unsubtracted
T oo (v—v+te)(v+v1 + i€) . . .
dispersion relation,

_ o I,(a) —t 2
_v+V1Re[/ o Im[e Claa, (V7 0% 0] d:|
—00

T W —v+ie)V+ v +ie) Re [ Lath) (), 92 t)]

lnlp

_ _v+lee|:/oo [Cll(:)lp(i_ Q2 t)] d_j| _ 2_vRe|:/°° Im[ I(;)lp( Qz’l‘)]dvi|. (13)

T @ (V+v4ie)(v—v +i€) g

ymo) v — 2 —je

e(ps)

FIG. 8. Diagrams for ep — enw™ with two-photon exchange and one p meson intermediate state: (a) is the box diagram, and (b) is the
crossed-box diagram.
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FIG. 9. The branch cuts of ¢!, (v, 0%, 1) on the complex plane of v at fixed physical Q? and . (a) is for @ (v, 0%, 1) and (b) is for

1w:1,p

Lm;lp

® (v, Q% 1) where v =m? +dmem, — Q* —t, v = 2m? — m + 4m,m, — Q* — t, and vy, is the minimum physical v.

Claslp

.The manifest expressions for Im[cll’,(;;)l’ p(er, 0%, 1)] are
written as

Im[c}' Pt 0%, 1]

me—0
2ol
= ————60(x; — 4m,m
Q2(m72, —l) ( 1 rr)
1 dm?(m% —t 22
x| — + In e( 7'[2 ) /'LIR
€IR X7 o*
2 2x,0?

b2 g, 200 } (14)

Q0 +y1  xix3
and
I[P 0", Q% 0],
2
Ta
= ze—fzy’”’e(m — 4memy)
n, (mn - t)
X4[3x1x2x3 — 2m§(2x1x2 + 2xx3 — x1x3)]
8x1x%x3
X (v —2m2) + 2m2t +2m*  2x,02
_ 2( p) _ 7 ? In 0 . (15)
2(x20% +y1) X1X3
with

x1=Q2+t+v—m7zT,

=0 +t+v+m,
X3 =0 —t+v+m, (16)
X4=x2—2mf),

yi=mb +m2(Q* = 2t)+ (t —v)(Q* +1 +v).

By the expressions of these imaginary parts and the DR, one
can easily reproduce the real parts of cﬁ’ﬁ?jﬁg(u, Q?,t) via the
numerical integration.

We want to emphasize a general property that
Im[c(]‘f;(v*, Q?,1)] has IR divergence and is dependent
on the IR scale fijg. This is natural since the DR Eq. (13)
means that Re[cg‘”b)(v, 0%, 1)] is totally determined by

,TT

Im[cf; (vF, 0%, 1)] and the former has IR divergence. The IR

divergence in Re[cﬁ‘f: h)(v, 0%, 1)] is canceled with that from
the real radiative correction only at the cross-section level.
This property hints that Im[cﬁf’i(w*, Q?,1)] itself is not a
physical observable. This is very different from the case in the
forward angle limit where the imaginary part is corresponding
to the physical total inclusive cross section via optical
theorem. Some detailed discussion on the IR divergence of

Re[ci‘f:h)(v, 0%, 1)] can be found in Ref. [19].

C. TPE contributions with EM FFs

Physically, the EM FFs F,;, and F,,, are not constants
and the momentum dependence of the EM FFs should be
considered when Q7 increases. In the practical calculation, for
simplicity the following monopole form FF is used [20,25].

2

—A
o2y pll 2
Foa(q)=F, ()= Pl

- )

After the loop integration with this FF as inputs, we find
the properties on the kinematic poles and the branch cuts of

cllljgalb; are the same with those of cll(jff) ,- The asymptotic
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L(a)

behaviors of cl 2ilp

are expressed as follows:

Re[d (", 0%, 1)
V0 202 |: A?
Q*(m2 —1) LA+ Q?
Im[c"\ P (vF, 0%, 1)]

In® v + allfn Inv+ O(vo)],

V—00 27'[013 |: —2A2 In +0( —l):|
—d v ,
Q2 (m2 —1) [ A2 + @2 in
(18)
and
Re[cll{’;a)(v+, Q2,t)] = al Inv + 00,
Im[c"“F, Q% )] = —27al , + 007", (19)
where af ., are functions only dependent on
My, My, t, 0% and A.
Comparing the asymptotic behaviors Egs. (19)
and (20) and Egs. (12) and (13), one can find

an interesting property: the asymptotlc behavior of

H’(‘l)(v+ 0% 1) is similar with ¢/ (“)(v+ 0%, 1), but
the asymptotic behavior of cﬁl @yt Q% t) is a little
different from clly(g)(v*, QZ, t). The asymptotic behavior
of Im[c} (“)(v+, 02, t)]/Im[ci”(;)(U'*', 0%, 1)] is ~1 whereas
Imlc}" <“>(u Q% 0]/Im[c"(wF, Q2. 1)] is ~Inv. This
property directly means “that when v increases, the
contributions with one p intermediate state are suppressed by
a factor of In v in the monopole FF case, whereas there is no
such factor in the pointlike case.

The above properties also show that the TPE contribution
cllléafz)(v, 02, 1) still satisfies the DR Eq. (13) when m, — 0.
Practically, if one knows the analytic expressions of the imag-
inary parts, then one can easily get the real parts via Eq. (13)
by the numerical integration. Since the analytic expressions of
the imaginary parts can be used directly and conveniently via
Eq. (13) by other groups to analyze the further experimental
data or for comparison, we list the expressions for the imagi-
nary parts in the following in the limit m, — O.

The TPE contribution cH Dy, 0% 1) includes IR diver-
gence at first we separate it 1nt0 two parts as

11, 2 11, 2 11, 2
AW, 0% 1) = o R, Q1 )+ D (0, Q% ), (20)

where clll_;gf’I)R(v, Q?,t) only includes the term proportional to

ZILR and clll‘r(r‘.’f)m(v, Q?,t) is the remaining part. We want to

mention that the separation scheme is not unique. Here we
just choose a scheme with a simple analytic form.

After the separation, the imaginary parts of the TPE con-
tributions from one 7, one p intermediate state are expressed

as follows:
11, (a
[ 1;51)}1(" 0, t)]|m~>0
2o a( 4 ) A? 1
= =75 I Xl —am My )~ =,
Qz(mz _ t) 1 A2t Q% 2r
Im[c} 1%, (0. @3, D],
_ T g4 1
- W (1 — memn);gm n Zy
Im[c,” (v, 0. 0)]],,
2ra g2 5
yTp
= (x4 — 4m.m iIn z, 4,
m2(m% — )1 + Q%x2) (e = dme ”)l.;g”’ ’
(2D
where
A2
8n,1 = m,
N A2)C3
8n2 = Q2x1 +A2)C3’
s = Q*(A’xy — y1) 22)
3= ,
T (AT + 0M)(Q% + 1)
gra = Q*(x1y1 — A%xx3)
g 4 - 9
’ (Q%x2 + y1)(Q%x; + A%x3)
s = O’ [2A%%,(Q% +v) — x1y1]
T,5 —
(Q%x2 + y1)y2
2712
iz, = x—Z’
1
2(2 2
2m? (m” - t)
o= A2(2A2XQ + x1x3) 23)
T (AP + Q2
o= x7(0%x1 + A%x3)?
4 2A20%, (x 4+ 2A%x;)
o= hy + x1y2
™3 by —xiys
1
8p,1 = _ZAZ 2
1 2
8p2 = g(ya - mnXS)
1
8p3 = —g(y3 —mixs +2A°m’) (24)
1
gp,4 = ZA2(ml2) — A2)9

1
8p5 = 8_y4[Q2.X4(y3 - mfrxs) + A2(h2 + miys)

+2A%6 — 4A5(Q% + )],
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and
2(2 2\2(, 2 2
64x2(mp — mﬂ) (mp — t)
T i |
0'x;
ip2 = 2 2’
16(m3 — m2)’ (m2 — 1)
XG(Q%x4 + N2x1)*(QPx4 + Ax3)?
L3 = 4(2 2)2 (12 2 2 2 2 2 ’ (25)
16A%(m2 —m2)"(m2 — 1) {x1xax] + 4420 [x4(Q% + v) + A%x,]}
_ 4A4x§
4 = x13x7 + 4020 [x4(0% + v) + A%xy]’
S x4(Q%x4 + vq) + 2A%x4(Q% +v) + 4A%x;
S = )C4(Q2)C4 — y4) + 2A2)C4(Q2 + V) + 4A44)C2 ’
with
Xs=V+1t— Zmi,
yy = \/4A4[mj‘, +2m2(Q% — 1) +20% + 20%(t + v) + 12] + 4A202(Q? + v, + O,
3= —2m;‘7 + (Zmi — v)(Q2 +t+v),
Vo = \/4A4[m;§ +2m2(Q2 — 1) 4 20% + 202t + v) + 12] + 4A202(0? + v)xy + O,
ys = 4m>(20% +v) — 2(Q* + v)(21 + ),
_ 4 2 2 2 2 2 2
Yo = 2my +m; (307 — 4t) +2m, (30" +2v) + (Q" + 2t — 2v)(Q" + 1 +v),
hy = 4A*x + 2A%(Q% + v)x; + Q*x3,
hy = —4m}(3Q° + v) + 4m> (207 + v)(Q° + 1 +v) — 20(Q° + v)(Q* + 1 + v). (26)

Practically, by submitting Eq. (20) into Eq. (13) and per-
forming the numerical integration, one can easily get the full
TPE contributions at any kinematic region using a few lines
of codes in Mathematica. These numerical results can be
directly used in the analyses of the experimental data sets or
for comparison.

We also want to point out that the contributions cg;‘l;’ Z) are
nonzero and do not satisfy the DR Eq. (13) when m, is taken
as nonzero, whereas that is another topic.

To get the final finite and IR scale-independent correc-
tion, one should subtract cIlI,’;“J’h) by the soft contribution
which is used in the experimental data analysis. The practical
calculation shows that the finite part clllq’:f;]b) with fir =1
GeV is very close to the corresponding finite result which
subtracts the classical IR result by Mo and Tasi [26] from
the full result. The choice of filg =1 GeV is equivalent
to choose A =1 GeV in the mass regularization where
A is the infinitesimal mass of the photon. Due to these

(

properties and the fact that Mo and Tsai’s [26] IR is usually
used, we take fiig = 1 GeV directly in the finite part in the
following.

IV. THE NUMERICAL RESULTS FOR c"% /()

1,m51,p

Usually, the experimental quantities 0* W, e, 6, and
¢, are chosen as variables to express the differential cross
section where € is the virtual photon polarization, 6, and ¢,
are the angles between the three-momentum of 7 and the ep-
scattering plane. Their detailed definitions can be found in the
Appendix of Ref. [19]. In the point-dominance approximation
as discussed above the coefficients of the invariant amplitudes
are only dependent on v, t, and Q2 when taking Qz, W, v, t,
and s as five independent variables. This property means it
is much simpler to show the TPE contributions by choosing
the latter quantities as independent variables. In the following,
at first we present the numeric results with the latter choice,
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FIG. 10. Numeric results for cIII;";f’) /" vs —t and cH (ath) o)

panel is for the imaginary part.

and then present the numeric results with the experimental
variables as inputs.
In Fig. 10, the numeric results for clll‘]g“;lb)/ (y)

e (”b)/c(l’/) are presented at 0% = 1,2, 4, 6 GeV? with v =

6 GeVz. Here we have taken the IR scale as jig = 1 GeV,
the parameter in the FFs as A =0.77 GeV, and the cou-
pling constant as g,r, = 0.103 which is determined by the
decay width of p* — y 7. The numeric results clearly show
that the TPE contributions with one p meson intermediate
state are much smaller than those with one 7 intermediate
state in the chosen regions. This interesting property is very
different from the property in the elastic ep-scattering case
where the contributions from the inelastic intermediate states
are at the same order with those from an elastic intermediate
state. The numeric results also show that the absolute mag-
nitudes of the TPE corrections increase when Q2 increases.
When v = 6 GeV?, the magnitudes of Re[clll’;“f;b) /¢ ()] and

Re[c}"\“* /c{!"] are about 15% and 0.15% at Q> = 6 Gev2

and about 4% and 0.005% at Q®> =4 GeV?, respectively.
Another very interesting property is that the TPE correc-
tions are not sensitive on the variable r when v and Q
are fixed.

In Fig. 11, we take the kinematics in the F; ex-
periment of the JLab Collaboration [15] with 0% =
1,1.6 GeV% at W = 1.95 GeV as examples to show the

numerical results for Re[c] %" /c{'”)] and Re[c}" ) .

and

2.0 L | L I S | ¥
= —Q*=1GeV’ - - - Q*=2GeV’| |
L 5L = =Q'=4GeV —-—Q =6GeV’| |
- R S
Se O TTTTTITITrmrmr—s |
=5
= 10 _ 2
5] v =6 GeV
vm '
S
TOO0SE o o e e e - - - — = 2

Y R i

(®) ]

05 | L | L | L | L | L

0.08 010 0.2 014 016 018 020
-t(GeV?)

— 1.0 L B L | — 1 1
5(; | |—Q?=1GeV’ - = = Q°=2GeV’
= - =Q=4GeV’ —--Q*=6GeV’
£ 05+ g
= e
R
£
< 00
e

B R e —

- v=6GeV’
(d)

-1.0 | L | L | | L |

008 010 012 014 016 0.18 020
-t(GeVZ)

vs —t at fixed Q?, v. The top panel is for the real part, and the bottom

11, (a+b)

The numerical results for Re[c; "4, /cgl)’)] are the same as

those in Ref. [19] where they are labeled as Re[c{”" ), /c{'""].

The (blue) dashed curves and the (olive) dashed-dot curves
refer to the results at ¢, = 7 /6 and ¢, = 7 /3 with € = 0.65
or 0.63, and the (black) solid curves and the (red) dotted
curves are associated with € = 0.33 or 0.27. The results
clearly show that the absolute magnitude of TPE corrections
Re [cII (a+b)/c§1y)] are smaller than 107* at Q* =1 GeV?

and smaller than 103 at Q? = 1.6 GeV?>. These corrections
are much smaller than the results with one 7 meson in-
termediate state [19]. In the practical estimation, one can

use Egs. (13) and (22) to get Re[clll,’;“;lf :’))] easily and then
check this property in other regions. This property suggests
that the TPE corrections with one p meson intermediate
state can be relatively negligible in the current experimental
regions.

To summarize in this paper the TPE contributions in ep —
enm™ with one 7 and one p intermediate state are estimated
under the pion-dominance approximation within the hadronic
model. The calculation shows that these TPE contributions
satisfy an un-subtracted DR when m, — 0. The analytic ex-
pressions for the imaginary parts of the TPE contributions
within the hadronic model are given. Combine these analytic
expressions and the DR, one can get the real parts of the
TPE contributions at any available kinematic region easily.
We think these expression can help the further experimental
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,7sfin

analysis to include the TPE contributions conveniently. On
the numerical part, we find the contributions from one p
intermediate state are much smaller than those from one 7
intermediate state. This suggests that the estimation only with
one 7 intermediate state can be applied to higher Q? and
higher v safely.
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