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Coupled-channels analysis of pion and η electroproduction
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Pion and η electroproduction data are jointly analyzed for the first time, up to a center-of-mass energy of
1.6 GeV. The framework is a dynamical coupled-channels model, based on the recent Jülich-Bonn-Washington
analysis of pion electroproduction data for the same energy range. Comparisons are made to a number of single-
channel η electroproduction fits. By comparing multipoles of comparable fit quality, we find some of these
amplitudes are well determined over the near-threshold region, while others will require fits over an extended
energy range.
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I. INTRODUCTION

Early progress in baryon spectroscopy was driven by the
analysis of meson-nucleon scattering data, such as pion-
nucleon scattering (πN → πN , πN → ππN); see, e.g.,
Refs [1–5]. A viable alternative to this, specifically advan-
tageous for detecting unstable intermediate states with small
branching ratios to the πN channel, is the study of photon-
induced reactions [6]. Large databases have been accumulated
for these reactions as part of the extensive experimental
programs at Jefferson Laboratory, MAMI, ELSA, and other
facilities [7–18].

On the theory side, many approaches have been de-
veloped to describe these reactions. Specifically for pion
electroproduction, chiral perturbation theory (ChPT) has been
successfully applied in the analysis of the threshold re-
gion [19–23]. In building on ChPT, chiral unitary models (see,
e.g., the recent review [24]) have also become quite successful
in accessing the resonance region. Such models provide the
hadronic structure of many gauge-invariant chiral unitary for-
malisms [25–31]. For an in-depth discussion of the manifest
implementation of gauge invariance see Ref. [32]. For even
larger kinematical ranges, and large databases, many phe-
nomenological models have been developed. Major classes of
those are (1) isobar models [33–36] with unitarity constraints
at lower energies and (2) K-matrix-based formalisms with
built-in cuts, associated with opening inelastic channels, and
dispersion-relation constraints [34,37,38]. Multichannel anal-
yses have analyzed data and, in some cases, amplitudes from
hadronic scattering data together with the photon-induced

channels [39] by the Gießen [40], Bonn-Gatchina [41], Kent
State [5], ANL-Osaka [42], Jülich-Bonn (JüBo) [43], and
JPAC [44] groups. For more details, see Ref. [45] and a recent
review on baryon spectroscopy [46].

Dynamical coupled-channel approaches [42,43,47–51]
(DCC) have led to the discovery and confirmation of many
new states [52] by extracting universal resonance parameters
in terms of pole positions and residues of the transition ampli-
tude in the complex-energy plane. In many analyses of pion-
and photon-induced reactions, mass scans and χ2 arguments
are used to identify new states [53,54], but recently model
selection has also been explored [55,56].

Furthermore, by extracting [7,33,35,57–79] the Q2 depen-
dence of resonance couplings, a link between perturbative
QCD and the region where quark confinement sets in can be
established that serves as point of comparison for many quark
models [80–91] and Dyson-Schwinger equations [92–107]
(see Ref. [108] for a recent review).

However, so far, no unified coupled-channels analysis
of photo- and electroproduction experiments exists that si-
multaneously describes the πN , ηN , and K� final states.
The present study provides a first step in this direction
in the form of a coupled-channels analysis of pion and
η electroproduction data, extending our recent analysis of
pion electroproduction data [45]. It is based on the JüBo
approach [43], which fits an extensive scattering and photo-
production database in the resonance region.

This study is organized as follows. Section II outlines for-
mal aspects of the Jülich-Bonn-Washington (JBW) approach
to pseudoscalar meson electroproduction. These include the
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FIG. 1. Kinematics of an electroproduction experiment with the
final meson-baryon state i. The scattering plane is defined by
the respective incoming (outgoing) electron momenta ke (k′

e) with
the electron scattering angle θe. The reaction plane is spanned by
the virtual photon and the outgoing meson, scattered by an angle θ .
The momenta q and p correspond to the virtual photon and target
nucleon while k′

f and p′
f correspond to the outgoing meson and

baryon respectively.

generalization to electroproduction of different final states and
the influence of kinematic limits (Q2 = 0, thresholds for chan-
nel openings, and pseudothresholds associated with Siegert’s
theorem [109,110]). Furthermore, we define the parametriza-
tion of the Q2 dependence from the photon point at Q2 =
0, where the underlying JüBo model describes photon- and
meson-induced reactions, to electroproduction.

Section III reviews the results of previous single-channel
fits to η electroproduction data. Section IV describes the data
used in our fits, strategies to find χ2 minima, and a modified
χ2 which more evenly weights the contributions of observ-
ables with different abundances. Section V compares our fits
to data. Eta electroproduction multipoles are also compared,
with etaMAID results displayed for reference.

Section VI compares the single- and coupled-channels re-
sults, with qualitative features discussed based on data quality
and consistency. Finally, prospects for expanded analyses are
considered.

II. FORMALISM

The presentation of the formalism outlined in the follow-
ing closely follows Ref. [45], but here we generalize the
framework to any final meson-baryon state. The multichannel
meson electroproduction process in question reads

γ ∗(q) + p(p) → M(k′
f ) + B(p′

f ), (2.1)

where bold symbols denote three-momenta throughout the
paper. The meson and baryon in the final state, with the index
f , are denoted by M and B, respectively. As shown in Fig. 1,
the process occurs in two steps, with a virtual photon γ ∗(q)
being produced via ein(ke) → eout (k

′
e) + γ ∗(q), which then

scatters off of the proton to a final meson-baryon state. The
momentum transfer Q2 = −ω2 + q2, where ω is the photon
energy, is non-negative for spacelike processes, and acts as
an independent kinematical variable in addition to the total
energy in the center-of-mass (c.m.) frame, W . In this frame,
the magnitude of the three-momentum of the photon (q = |q|)

and produced meson (k′ = |k′|) read

q =
√

λ
(
W 2, m2

p,−Q2
)

2W
, k′

f =
√

λ
(
W 2, m2

f , M2
f

)
2W

, (2.2)

where λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx denotes
the usual Källén triangle function. The meson and baryon
masses are denoted throughout this paper by Mi and mi, re-
spectively. With two incoming and three outgoing states there
are (3 + 2) × 3 − 10 = 5 independent kinematic variables.
The canonical choice for the remaining three (in addition to
W and Q2) variables is illustrated in Fig. 1. The quantity
ε = 1 + 2(q2

L/Q2) tan2 θe/2 contains the electron scattering
angle θe and qL denotes the photon three-momentum in the
laboratory frame. The angle of the reaction plane to the scat-
tering plane is given by φ and θ is the c.m. meson scattering
angle in the latter plane. The experimental data discussed in
the Sec. IV are represented with respect to these five variables
O(Q2,W, φ, θ, ε).

As discussed in the previous paper [45] based on the
seminal papers [111–114], the process of a photon-induced
production of a meson off a nucleon is encoded in the
transition amplitude. In the one-photon approximation, and
considering the continuity equation for the current, the latter
can be expressed in terms of three independent multipoles
for a fixed quantum number �± of the final meson-baryon
state. We chose those to be electric, magnetic and longitu-
dinal multipoles E�±(W, Q2), M�±(W, Q2) and L�±(W, Q2)
with the latter related to the often-used Coulomb multipole as
ωC�±(W, Q2) = qL�±(W, Q2). Each of the introduced multi-
poles carry a discrete index corresponding to the total angular
momentum J = � ± 1/2 and final-state index μ, e.g., Eηp

0+.
We construct the electroproduction multipoles on the ba-

sis of the dynamical coupled-channels Jülich-Bonn (JüBo)
approach [49,115] that provides the boundary condition at
Q2 = 0, incorporating the experimental information from
real-photon and pion-induced reactions. In this approach,
two-body unitarity and analyticity are respected and the
baryon resonance spectrum is determined in terms of poles
in the complex energy plane on the second Riemann
sheet [116,117].

Extending the ansatz of the JüBo approach, we begin by
introducing a generic function (M̄) for each electromagnetic
multipole (Mμγ ∗ ∈ {Eμ, Mμ, Lμ}) as

Mμγ ∗ (k,W, Q2) = Vμγ ∗ (k,W, Q2)

+
∑

κ

∫ ∞

0
d p p2 Tμκ (k, p,W )

× Gκ (p,W )Vκγ ∗ (p,W, Q2), (2.3)

where μ is a channel index and the summation
extends over intermediate meson-baryon channels
κ ∈ {πN, ηN, K�, K�,π�, ρN}. Note that the σN channel
is not part of this list. The σN channel is part of the
final-state interaction, but neither the hadronic resonance
vertex functions nor the photon are directly coupled to it;
once photon or electroproduction data of the ππN final state
are analyzed, such couplings will become relevant and will be
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included. Note that we have suppressed isospin and angular
momentum index �± in Eq, (2.3).

The electroproduction kernel Vμγ ∗ in Eq. (2.3) is
parametrized as

Vμγ ∗ (p,W, Q2) = αNP
μγ ∗ (p,W, Q2)

+
imax∑
i=1

γ a
μ;i(p)γ c

γ ∗;i(W, Q2)

W − mb
i

, (2.4)

introducing the Q2 dependence via a separable ansatz,

αNP
μγ ∗ (p,W, Q2) = F̃μ(Q2)αNP

μγ (p,W ),

γ c
γ ∗;i(W, Q2) = F̃i(Q

2)γ c
γ ;i(W ). (2.5)

The Q2-independent pieces on the right-hand side of both
equations represent the input from the JüBo2017 solu-
tion [47]. Specifically, γ c

γ ;i describes the interaction of the
photon with the resonance state i with bare mass mb

i and
αNP

μγ accounts for the coupling of the photon to the so-called
background or nonpole part of the amplitude. Both quanti-
ties are parametrized by energy-dependent polynomials; see
Ref. [49].

The Q2 dependence is encoded entirely in the
channel-dependent form-factor F̃μ(Q2) and another
channel-independent form-factor F̃i(Q2) that depends on
the resonance index i. We emphasize that this structure
is inherited from the JüBo photoproduction ansatz, which
separates the photon-induced vertex (γ c) from the decay
vertex of a resonance to the final meson-baryon pair (γ a

μ).
Both F̃μ(Q2) and F̃i(Q2) are chosen as

F̃μ(Q2) = F̃D(Q2) e−β0
μQ2/m2

PN (Q2/m2, �βμ),

F̃i(Q
2) = F̃D(Q2) e−δ0

i Q2/m2
PN (Q2/m2, �δi ), (2.6)

where PN (x, �y) = 1 + xy1 + · · · + xN yN is a general polyno-
mial with free parameters to be fitted together with δ0

i and β0
μ

to experimental electroproduction data. The parameter-free
form factor F̃D(Q2) encodes the empirical dipole behavior,
usually implemented in such problems, as well as a Woods-
Saxon form factor which ensures suppression at large Q2. It
reads

F̃D(Q2) = 1

(1 + Q2/b2)2

1 + e−Q2
r /Q2

w

1 + e(Q2−Q2
r )/Q2

w

(2.7)

with b2 = 0.71 GeV2, Q2
w = 0.5 GeV2, and Q2

r = 4.0 GeV2;
see Ref. [45] for more details

As stated above, this procedure relies heavily on the input
from the photoproduction, i.e., the functions αNP

μγ (p,W ) and
γ c

γ ;i(W ). Obviously, such an input cannot exist for the longi-
tudinal multipoles as their contribution vanishes exactly at the
photon point. In this case we employ a strategy similar to that
of Ref. [26]:

(1) We recall that at the pseudothreshold (q = 0) the elec-
tric and longitudinal multipoles relate according to the
Siegert’s condition as

E�+
L�+

∣∣∣∣
q=0

= 1,
E�−
L�−

∣∣∣∣
q=0

= �

1 − �
. (2.8)

For more details, see Secs. 2.2 and 2.3 of Ref. [26], or
the original derivations in Refs. [110,114]. Therefore,
we apply at the nearest pseudothreshold point, Q2

PT =
−(W − m)2,

α
NP,L�±
μγ ∗ (p,W, Q2)

= ω

ωPT

F̃D(Q2)

F̃D
(
Q2

PT

)D�±
μ (W, Q2)αNP,E�±

μγ ∗
(
p,W, Q2

PT

)
(2.9)

and

γ
c,L�±
γ ∗;i (W, Q2)

= ω

ωPT

F̃D(Q2)

F̃D
(
Q2

PT

) D̃�±
i (W, Q2)γ c,E�±

γ ∗;i

(
W, Q2

PT

)
.

(2.10)

The photon energy is ωPT = (W 2 − m2 − Q2
PT)/(2W ).

The new functions D�±(Q2) ensure Siegert’s condition
and consistent falloff behavior in Q2 as

D�+
μ (W, Q2) = e−β0

μq/qγ PN (q/qγ , �βμ),

D̃�+
i (W, Q2) = e−δ0

i q/qγ PN (q/qγ , �δi ),

D�−
μ (W, Q2) = −� − 1

�
e−β0

i q/qγ PN (q/qγ , �βμ),

D̃�−
i (W, Q2) = −� − 1

�
e−δ0

i q/qγ PN (q/qγ , �δi ), (2.11)

respectively to the pole and nonpole parts for qγ =
q(Q2 = 0).

(2) In two specific cases [(�±, I ) = (1−, 1/2) and
(�±, I ) = (1−, 3/2)] the electric multipole vanishes
due to selection rules, rendering the implementation
of Siegert’s theorem nonsensical. In these cases, we
obtain the longitudinal multipole from the magnetic
one using a new real-valued normalization constants
ζ NP to be determined from the fit,

α
NP,L�±
μγ ∗ (p,W, Q2) = ζ NP

μ

ω

ωPT
F̃μ(Q2)αNP,M�±

μγ ∗ (p,W ),

γ
c,L�±
γ ∗;i (W, Q2) = ζi

ω

ωPT
F̃μ(Q2)γ c,M�±

γ ;i (W ).

(2.12)

Before writing down the final relation between the
generic multipole functions (Ē�±, M̄�±, L̄�±) and cor-
responding multipoles, we note that the latter obey a
certain behavior at the pseudothreshold (q = 0) and
production threshold (k = 0),

� � 0 : lim
k→0

E�+ = k�, lim
q→0

E�+ = q�,

� � 0 : lim
k→0

L�+ = k�, lim
q→0

L�+ = q�,

lim
k→0

L1− = k, lim
q→0

L1− = q,

� � 1 : lim
k→0

M�± = k�, lim
q→0

M�± = q�,
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� � 2 : lim
k→0

E�− = k�, lim
q→0

E�− = q�−2,

� � 2 : lim
k→0

L�− = k�, lim
q→0

L�− = q�−2. (2.13)

We incorporate these conditions using

Mμγ ∗ (k,W, Q2) = R�′ (λ, q/qγ )Mμγ ∗ (k,W, Q2)
(2.14)

for each multipole type and total angular momentum
individually. Here,

R�′ (λ, r) = B�′ (λr)

B�′ (λ)
with

�′ =
{
� for E�+, L�±, M�±,

� − 2 for E�−, L�−, and � � 2,

(2.15)

using Blatt-Weisskopf barrier-penetration fac-
tors [118,119],

B0(r) = 1,

B1(r) = r/
√

1 + r2,

B2(r) = r2/
√

9 + 3r2 + r4,

B3(r) = r3/
√

225 + 45r2 + 6r4 + r6,

B4(r) = r4/
√

11025 + 1575r2 + 135r4 + 10r6 + r8.

(2.16)

New free parameters λ need to be determined from
a fit to experimental data. For simplicity and to keep
the number of parameters low, the λ’s are chosen as
channel independent.

In summary, for every partial wave, the multipoles Eμγ ∗ ,
Mμγ ∗ , and Lμγ ∗ are fully determined up to (1) (1 + N )
channel-dependent fit parameters β0

μ, . . . , βN
μ for the nonpole

part; (2) (1 + N ) channel-independent parameters δ0
i , . . . , δ

N
i

for each of the imax resonances; (3) one channel-independent
threshold behavior regulating parameter λ; (4) channel-
(in)dependent normalization factors ζ NP

μ (ζi). Finally, any
observable can be constructed from the described multipoles
using a standard procedure involving CGLN (Chew, Gold-
berger, Low, and Nambu) and helicity amplitudes [111]. For
explicit formulas we refer the reader to the previous publica-
tion [45].

III. PREVIOUS SINGLE-CHANNEL FITS

Before discussing our findings for the coupled-channels
case, we review what has been learned from fits to the η elec-
troproduction data alone. The etaMAID model [33] is similar
to the MAID2007 analysis [35] of pion production, with the
fit including both η photo- and electroproduction data. It
differs from MAID2007 by a phase factor which was adjusted
to the corresponding pion-nucleon phase. For η photo- and
electroproduction this was not found to be feasible, due to the
quality and range of available ηN production data. As a result,
there exists an overall phase ambiguity, in comparisons of
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FIG. 2. Selected η photoproduction multipoles in the isospin
basis from JüBo [47] (blue), etaMAID [33] (red), and Bonn-
Gatchina [120] (green) approaches. Real and imaginary parts are
depicted by full and dashed lines, respectively. A phase factor (−1)
is applied to the etaMAID solution.

different η photoproduction fits, which cannot be determined
experimentally. Comparing the η photoproduction fits of
etaMAID and the Jülich-Bonn approach, overall qualitative
agreement is improved by applying a simple overall sign. This
is illustrated in Fig. 2. The overall phase, applied to etaMAID,
yeilds a quantitative agreement between the JüBo, etaMAID,
and Bonn-Gatchina determinations of the E0+ multipole. The
M2− multipole shows qualitative agreement, while the M1−
and E2− multipoles show differences in sign and scale that
hinder a comparison of electroproduction results extrapolated
to Q2 = 0.

The η electroproduction fit of etaMAID requires a deter-
mination of the Q2 dependence, which is chosen to be simpler
than what was used for pion electroproduction (MAID2007).
The dominant S-wave multipole near threshold, in principle,
includes both the N (1535) and N (1650) resonance contri-
butions. These have been combined using a single-quark
transition model [170]. For the N (1535) multipole, the Q2

dependence is assumed to be proportional to a dipole form
factor multiplied by a ratio of linear functions of Q2. Other
resonance multipoles have Q2 dependence approximated by a
simple dipole factor multiplied by a ratio of kinematic factors.

Included in etaMAID are the above mentioned N (1535)
and N (1650), together with the N (1520), N (1675), N (1700),
N (1710), and N (1720). Of these, the N (1650), N (1675),
N (1710), and N (1720) were found to have ηN branching
ratios at the 3–26% level; the N (1520), N (1680), and N (1700)
contributed with branching ratios less than 1%. The N (1535)
had a 50% branching to the ηN channel; the Review of Particle
Properties [52] gives an estimate of 30–55% for this quantity.
Included in the fit were data available as of 2001, the cross
section measurements of Refs. [167] and [169].
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FIG. 3. Experimental data [121–169] used in the present analysis (aggregated values of θ, φ, ε). The white dashed rectangles represent
the considered fitting window (0 < Q2/GeV2 < 4 and 1.13 < W/GeV < 1.6).

The data of Ref. [167] were taken for Q2 values of 2.4
and 3.6 GeV2, and for c.m. energies between approximately
1.5 and 1.6 GeV. Cross sections show, within uncertain-
ties, a flat angular distribution, independent of the angle
φ. Based on this and a relativistic quark model expecta-
tion [171] that longitudinal contributions should be small,
a Breit-Wigner-plus-background fit was done to extract the
N (1535) contribution. The authors of Ref. [171] concluded
that the background was consistent with zero and terms be-
yond an S-wave approximation amounted to less than 7%.
The size of longitudinal contributions had also been explored
experimentally [172,173] by varying ε in order to extract
the ratio of longitudinal and transverse cross sections. This
ratio for Q2 values between 0.4 and 1.0 GeV2, and c.m.
energies corresponding to the N (1535), was found to be
about 20% with 100% uncertainties. Cross sections up to a
c.m. energy of 1.9 GeV, for Q2 between 0.15 to 1.5 GeV2,
were measured in Ref [169]. Here, the cross section was
fitted to an expansion in multipoles up to J = 3/2. Unlike
Ref. [167], evidence for significant interference between S-
and P-wave contributions was found with cross sections dis-

playing θ dependence also at a c.m. energy corresponding to
the N (1535).

Data from Ref. [168] have the benefit of a wide kinematic
range, with c.m. energies between 1.5 and 2.3 GeV, and Q2

values from 0.13 to 3.3 GeV2. Cross sections were expanded
in terms of Legendre polynomials. Here too, the angular
behavior was concluded to be mainly due to interference
between S- and P-wave contributions, though they could not
distinguish between the N (1710) and N (1720) as a source.
Fits to this data set tended to show more φ dependence in the
cross section near the N (1535) than was given in the etaMAID
result—though these data were not included in the etaMAID
solution.

Data from Ref. [174] cover the c.m. energy range from
threshold to 1.8 GeV for Q2 values of 5.7 and 7.0 GeV2.
Angular behavior is again attributed to S- and P-wave inter-
ference. There is evidence that this interference may change
sign in going from lower to higher values of Q2. EtaMAID
appears to give a reasonable qualitative description of the data
even at these high Q2 values, even though these data were not
included in the fit.

TABLE I. Data used in the fit, separated by observable type and final state.

Type Nπ0 p
data Nπ+n

data Nηp
data

ρLT 45 [121,122]
ρLT ′ 2644 [123–127] 4354 [154,155]
σL 2 [156]
dσ/d� 39942 [124,125,128–148] 32813 [132,148,155,157–166] 1874 [167–169]
σT + εσL 318 [121,124,128,142,143,149–151] 144 [158,163]
σT 10 [146] 2 [156]
σLT 312 [121,124,128,142,143,149–151] 106 [158,163]
σLT ′ 198 [123,142,149,150] 192 [123]
σT T 266 [128,142,143,150,151] 91 [158,163]
KD1 1527 [125]
PY 2 [152,153]

015201-5



M. MAI et al. PHYSICAL REVIEW C 106, 015201 (2022)

TABLE II. Fit results of the coupled-channels JBW analysis with
respect to πN and ηN data. The second column shows results of a fit
using standard (4.4) (‘reg’) and weighted (4.5) (‘wt’) χ 2 functions,
respectively, whereas the last three columns separate out contribu-
tions for individual final-state channels (per datum).

χ 2/dof χ 2
π0 p/data

χ 2
π+n/data χ 2

ηp/data

Freg
1 1.66 1.68 1.61 1.77

Freg
2 1.73 1.71 1.71 2.29

Freg
3 1.69 1.69 1.66 1.89

Freg
4 1.69 1.7 1.64 2.05

Fwt
1 1.54 1.74 1.63 1.25

Fwt
2 1.63 1.82 1.79 1.27

Fwt
3 1.58 1.74 1.73 1.27

Fwt
4 1.58 1.79 1.6 1.33

IV. DATA AND FITS

By design, the introduced framework is capable
of addressing the electroproduction multipoles and
observables simultaneously in all considered channels
{πN, ηN, K�, K�,π�, ρN}. Experimentally, the most
extensively explored final-state channels are πN , ηN ,
and K�. Therefore, and also extending upon the already
available single channel JBW analysis of Ref. [45], we first
restrict the data base to pion and eta final states within
the same kinematical range, i.e., 0 < Q2/GeV2 < 4 and
1.13 < W/GeV < 1.6. However, we emphasize that all
channels as indicated below Eq. (2.3) in all spin configurations
are considered in the intermediate states. The data coverage
in this kinematical window is summarized in Fig. 3.

The new ηN data set consists entirely of differential cross
sections, given by

dσ

d�′
edEf d�

=
(

α

2π2

E ′
e

Ee

qL

Q2

1

1 − ε

)
dσ v

d�
, (4.1)

where the solid angle � refers to the angles of the final meson-
baryon system (θ , φ) and �′

e refers to the final electron at
energy E ′

e. The energy of the initial electron is denoted by Ee.
The differential cross section dσ v/d� for the virtual photon
subprocess is commonly further decomposed as

dσ v

d�
= σT + εσL +

√
2ε(1 + ε)σLT cos φ

+ εσT T cos 2φ + h
√

2ε(1 − ε)σLT ′ sin φ. (4.2)

In contrast, in both πN channels also polarization data have
been measured which are connected to the multipoles as de-
scribed explicitly in Ref. [45]. As discussed there, when both
differential cross section data and structure functions (σT , σL,
σT T , σLT , and σLT ′) were available from the same experiment
at the same kinematics, double counting was avoided, with
preference given to the differential cross section data. This
is statistically more sound, as correlations between separated
contributions to the differential cross section data are typi-
cally not quoted. The combined pion and η electroproduction
datasets are summarized in Table I.

JBW/reg

0.4

0.6

0.8

1.0

JBW/wt

50 100 150

0.4

0.6

0.8

1.0

50 100 150 50 100 150

FIG. 4. Selected subset of ηN data for W = 1.5 GeV, Q2 =
1.2 GeV2 from Ref. [168]. The four red and blue lines, respectively,
correspond to the “reg” and “wt” solutions of Table II.

To study constraints of the experimental data on the
present coupled-channels formalism, we employ the follow-
ing fit strategies. First, starting with the fit results of the
pion-electroproduction analysis [45], including S, P, and D
waves, while setting N = 2 in Eq. (2.6), we allow for 40 new
parameters,

β0
ηN , β1

ηN , β2
ηN for E�±, L�±, M�±, and � � 2,

ζ NP
ηN for L1−, (4.3)

in addition to the 209 previously [45] available parameters.
Specifically, for all intermediate channels we chose again
ζ NP
μ �=ηN ≡ ζ NP

πN and β
i∈{0,1,2}
μ/∈{πN,ηN} = 0. The choice of N = 2 leads

to to good fits without signs of overfitting.

JBW/reg

50 100 150

0.4

0.6

0.8

1.0

1.2

JBW/wt

50 100 150 50 100 150

FIG. 5. Selected subset of ηN data for W = 1.5 GeV, Q2 =
1.25 GeV2 from Ref. [169,181]. The four red and blue lines, respec-
tively, correspond to the “reg” and “wt” solutions of Table II.
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FIG. 6. Selected subset of ηN data for W = 1.56 GeV from
Refs. TH(01) [169,181] and DE(07) [168] for similar kinematics.
Result of the JBW coupled-channels fits are shown by red and blue
lines corresponding to the eight best fit solutions.

Second, starting from any of the four best fit results1 of
Ref. [45] and holding all but the new parameters fixed, we
minimize a regular χ2 function

χ2
reg =

Nall∑
i=1

( Oexp
i − Oi

�stat
i + �

syst
i

)2

, (4.4)

with respect to the data in π0 p, π+n, ηp channels simulta-
neously. The starting values for the 40 new parameters are
chosen as ζ NP

ηN ≡ ζ NP
πN and β

i∈{0,1,2}
ηN = 0. The data, as taken

from SAID, contain also systematic uncertainties �syst that
are separately quoted in the database [175]. In this study we
choose to add the systematic and statistical error linearly.
Adding them in quadrature is also possible but, although
they are commonly used, both methods lack the inclusion of
correlations of systematic errors. More refined methods (data
“floating”) have been applied in SAID and JuBo analyses in
the past [3,47], and we plan to upgrade the current analysis
along these lines. In particular, systematic data shifts can be
taken into account by “nuisance parameters” that penalize
shifts according to an assumed probability of the systematic
error [176]; see also Ref. [177].

We note that the database sizes are vastly different in these
channels. Thus, this simple choice of the χ2 function might

1These solutions were obtained following different fit strategies in
order to obtain a representation of the systematic uncertainty. The
two solutions of Ref. [45], with extended Q2 ranges of up to 8 GeV2,
are not used in this work.

marginalize the influence of the smaller ηN dataset. To test
this hypothesis, we additionally perform a minimization with
respect to a commonly used weighting scheme (for a typical
application see, e.g., [178]),

χ2
wt =

∑
j∈{π0 p,π+n,ηp}

Nall

3Nj

Nj∑
i=1

( Oexp
ji − O ji

�stat
ji + �

syst
ji

)2

. (4.5)

Third, after the minimization routine (utilizing the MINUIT
library [179]) has converged, all 209 + 40 = 249 parameters
are relaxed and the minimization is repeated leading to the
eight different solutions {Freg

1 , . . . ,Freg
4 ,Fwt

1 , . . . ,Fwt
4 }, dis-

cussed in the next section.

V. RESULTS

Each of the followed fit strategies led to a successful
description of both considered channels. The fit results are
collected in Table II including contributions separated out for
each of the considered final-state channels (π0 p, π+n, ηp).
As expected, fit results relying on the weighted version of the
χ2 function (4.5) led to a much better description of the ηp
data, which are much sparser than the πN data. When com-
paring the individual contributions to those of the previous
JBW single-channel study [45] we note that the description of
both πN channels is similar in the present coupled-channels
analysis. The same holds true for the contributions to subsets
of data separated with respect to individual observable types.
For more details on the πN channels, see Ref. [45] as well as
the interactive JBW homepage [180].

Taking a closer look on the fit results we find a relatively
weak φ dependence in the data and corresponding fits; see
Figs. 4 and 5. In the latter figure, there are two data points
from Ref. [181] for each angle θ at a fixed value of φ. These
were obtained from measurements at azimuthal angles φ and
(360◦ − φ), respectively. The cross sections were averaged in
Ref. [169], but both values are retained in our database. In
Fig. 6 we compare fits and data at nearby kinematic points for
which the fit curves are nearly identical. This gives a visual
comparison of the data consistency.

As for underlying multipoles, we found that in most cases
longitudinal multipoles are subdominant to electric and mag-
netic ones. An overview of all considered multipoles is shown
in Fig. 7 for the c.m. energy fixed to 1535 MeV. There, in
most cases and within the systematic uncertainties of our
approach, quantified by the spread of predictions from fits
{Freg

1 , . . . ,Freg
4 ,Fwt

1 , . . . ,Fwt
4 }, we observe an agreement with

the MAID2007 (πN) and etaMAID (ηN) multipole predic-
tions.2 The isospin I = 1/2 πN multipoles are shown in the
same figure with the pertinent comparison to the MAID2007
solution for convenience.

Fixing the virtuality Q2 to some values of interest the
multipoles are shown in Figs. 9 and 10. There, we observe
that the dominant E0+ multipole agrees well with that of the

2A more quantitative statement is impossible due to missing uncer-
tainty estimations for the etaMAID parametrizations.
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FIG. 7. JBW coupled-channels results. Multipoles (in mfm, referring to milli-femtometer [10−18 m]) in the πN and ηN I = 1/2 channel
at W = 1535 MeV in comparison to the result of the MAID2007 [35] and etaMAID2001 [33] analyses, respectively. The latter results are
extracted from the MAID homepage and multiplied by −1/

√
3, adjusting for a phase- and isospin factor. The leftmost column shows the total

angular momentum. Fits correspond to the results of Tabe II with the same line shape coding as in Ref [45].
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FIG. 8. Predictions of multipoles corresponding to the quantum numbers of N (1520) (left) and N (1535) (right). Different surfaces
correspond to the best fit solutions obtained minimizing the regular (red boundary lines) and weighted (blue boundary lines) version of the χ2

function.

etaMAID parametrization when correcting for the phase con-
vention (−1) and isospin factor (1/

√
3). To be clear, we show

our multipoles in the isospin basis, which make them smaller
by a factor of 1/

√
3 compared to the etaMAID multipoles

which are quoted in the particle basis. As the results show, lon-
gitudinal multipoles seem indeed very small compared to the
electric and magnetic ones. Interestingly, the M2− multipole
seems to have a similar trend as that of the MAID solution,
while the corresponding uncertainties seem to change with
different Q2 values. This can be attributed to the gaps in ηp
data at some fixed Q2 kinematics; see the next section.

Finally, we demonstrate in Fig. 8 the full Q2 vs W de-
pendence of the E0+ and M2− multipoles, corresponding to
quantum numbers of the N (1535)1/2− and N (1520)3/2−.
We observe that the systematic uncertainties discussed above
are well under control. In particular, all fit solutions show a
nontrivial Q2 dependence. This supports our expectation that
the helicity couplings will carry new physical information,
when full (W, Q2) information is extracted, being part of our
future plans.

VI. DISCUSSION AND CONCLUSION

We have generalized our recent analysis of pion electropro-
duction [45] to include η electroproduction data. This allowed
a coupled-channels fit up to W = 1.6 GeV for Q2 < 4 GeV2.
For both reactions, partial waves up to � = 2 were included.
Given that the pion and η electroproduction databases are very
different in size, we compared χ2 minimization without and

with weighting factors to increase the influence of the smaller
η electroproduction dataset.

As in Ref. [26], using different fit strategies, we found
several solutions with nearly equivalent χ2/data values. The
fits achieved χ2/data values near 1.7, similar to our previous
fits to pion data alone. The fit to pion data and the resulting
multipoles showed little change from the single-channel case.
This result held in both weighted and unweighted fits.

Also, as in our pion electroproduction fits, the spread of
results for multipoles provided a measure of systematic errors.
As expected, the E0+ multipole was reliably determined with
a Q2 dependence similar to that exhibited in etaMAID (once
a phase ambiguity was accounted for).

The evidence for contributions from higher partial waves
depends on the experiment. As mentioned, the data of
Ref. [167] are compatible with a Breit-Wigner contribution
from the N (1535), without any need for a background term,
higher partial waves, or longitudinal multipoles, for a fit cov-
ering the energy range considered in the present analysis.
The later experiment of Ref. [168], however, displays a clear
forward-backward asymmetry (a sign of P-wave interference)
and some evidence for D-wave interference producing a con-
vex shape.

In our multipole solutions, there is evidence for sizable
P-wave contributions, but the spread implies the P-wave mul-
tipoles are not well determined. This is expected since the cor-
responding candidate states N (1710)1/2+ and N (1720)3/2+
are beyond the upper energy limit. Interestingly, the M2−
multipoles are quite consistent, and appear to give a consistent
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FIG. 9. η electroproduction multipoles for lower fixed values of Q2. Notation as given in Fig. 7.
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FIG. 10. η electroproduction multipoles for higher fixed values of Q2. Notation as given in Fig. 7.
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value for this multipole, which also agrees with the etaMAID
values away from the Q2 = 0 photon point and the upper Q2

limit of our fits.
We can understand the consistency of multipole deter-

minations in Figs. 9 and 10, plotting multipoles versus
center-of-mass energy for fixed Q2 (0.2, 1, 2, and 3 GeV2),
based on the data fitted and the constraint at Q2 = 0. The
lowest-Q2 plot displays multipoles for a Q2 value below the
lower limit (0.3 GeV2) of fitted data and is close to the photo-
production point, where it was shown that the etaMAID and
JüBo fits can be quite different. The behavior at Q2 = 3 GeV2

is supported by data from Ref. [167] (2.4 and 3.6 GeV2) which
can be fitted with only a Breit-Wigner contribution to E0+ and
shows no evidence for P and D waves.

The plots for intermediate Q2 are supported by data from
Refs. [168,169], of which Ref. [168] is more precise. These
plots show the most consistency for multipoles that can be
determined over this narrow energy range. Note also that
longitudinal multipoles are small (consistently among all our
solutions) whereas this feature was built in in some earlier
fits [167].

In summary, this first coupled-channels fit to both pion and
η electroproduction data supports an expanded study. As a
first step, the number of included partial-waves and the energy
limits will be increased. Once completed, we will attempt
an expansion to kaon electroproduction [8,182–187], in the
near-threshold region. We will also be in a position to explore

resonance behavior at the pole as a function of Q2 using tools
developed to study the JüBo photoproduction amplitudes.
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