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α knockout reaction as a new probe for α formation in α-decay nuclei

Kazuki Yoshida 1,* and Junki Tanaka 2

1Advanced Science Research Center, Japan Atomic Energy Agency, Tokai, Ibaraki 319-1195, Japan
2RIKEN Nishina Center for Accelerator-Based Science, 2-1 Hirosawa, Wako 351-0198, Japan

(Received 14 November 2021; accepted 15 July 2022; published 25 July 2022)

Background: The α-decay phenomenon has been studied for more than a century. Its mechanism is simply
explained by two factors: the α formation probability and the penetration process through the potential barrier.
Purpose: As an alternative to the α-decay lifetime measurement, we propose the proton-induced α knockout
reaction, (p, pα), as a new probe for the surface α formation probability of α-decay nuclei.
Method: The 210,212Po(p, pα) 206,208Pb reaction is described by the distorted-wave impulse approximation
framework.
Results: It is shown that the 212Po / 210Po ratio of the α knockout cross sections agrees with that of the surface α

formation probabilities determined by lifetime measurements.
Conclusions: It was confirmed that the (p, pα) reaction cross sections correspond to the α formation probability
of the nuclear surface. The result implies that the (p, pα) cross section is a direct probe for the surface α

formation probability, which is an essential quantity for complete understanding of the α-decay phenomenon.
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I. INTRODUCTION

α decay, the emission of 4He nuclei, was discovered by
Rutherford [1,2] and theoretically explained by Gamow [3].
According to the theory, intranuclear preformed α particles
are released out of the nucleus at a certain half-life due to
the quantum tunneling effect. However, from the viewpoint of
nuclear structure theory, it is still challenging to quantitatively
describe the α amplitude from nucleon degrees of freedom.

The α-decay width �α is given by a product of the pene-
trability of the Coulomb barrier P and the reduced width γ 2

[4,5]:

�α = 2Pγ 2. (1)

See also Eqs. (2) and (3). The reduced width is the probability
of the α cluster formation on the nuclear surface. Currently,
the reduced width (the number of preformed α particles) is
estimated for a wide range of atomic nuclei from the α-decay
half-life measurements and estimated penetrabilities [6,7] (see
also Fig. 5 and the experimental data [8] therein). How-
ever, it is easy to imagine that the actual structure of heavy
nuclei is rather complicated. Theoretical estimations of the
reduced width are model dependent, and their products with
the penetrability are constrained by half-life measurements.
In theoretical α-decay researches, it has long been pointed out
that α-core two-body description in which α particles have
certain amplitude inside the nucleus are inconsistent with the
saturation of the nucleus, and a wave function with amplitude
only on the nucleus surface was suggested [9]. The same prop-
erty is also shown by the calculation of the density distribution

*yoshida.kazuki@jaea.go.jp

of α particles on the tin isotope surface by density functional
theory [10]. In the light mass region, theoretical studies of α

clusters based on the nucleon degrees of freedom also showed
that α amplitude in the internal region is suppressed and
locally has a peak on the surface due to the antisymmetrization
between nucleons. See Refs. [11,12] for recent results of the α

amplitude of 16O and 20Ne for example. Such α amplitude is
shown to give a consistent (p, pα) knockout cross section with
existing data [13]. In the mass region heavier than the lead
nucleus, the reduced widths of isotopes rapidly increase on
the neutron excess side at the neutron magic number 126. For
example, 212Po is composed of α particles and a double closed
shell of 208Pb, and its reduced width is 10.6 times larger than
that of 210Po [6], which has only two fewer neutrons (see also
Fig. 5).

Besides the α-decay measurements, attempts from direct
reaction approaches have been made to probe the α forma-
tion amplitude directly. Transfer reactions such as α-particle
pickup reaction [14] and stripping reaction [15] have been
used as alternative probes for measuring the surface α-particle
formation probability. Although these reactions are peripheral
and suitable to probe the α amplitude on the nuclear surface,
they are not free from the Coulomb barrier due to its relatively
low reaction energies. Although a low energy beam is required
to satisfy the momentum matching in the transfer reaction,
the channel coupling may play some roles at such reaction
energy region, and extraction of the α amplitude by theoretical
reaction analysis will be complicated. A recent experimental
study has shown that the α knockout reaction, which knocks
out α particles with high-energy protons, is useful to observe
the α formation in medium and heavy nuclear regions [16].
The α particle is emitted from a nucleus less affected by the
Coulomb barrier because the high-energy proton knocks out
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FIG. 1. Contrast between α decay and knockout reaction. The
preformed α particle is tunneling through a Coulomb barrier in the
decay process, while the kinetic energy beyond the Coulomb barrier
is instantly given to the α particle in the knockout reaction and jumps
over the barrier.

the α particle far above the Coulomb barrier with large energy
and momentum transfer. It is also shown that the reaction
is less affected by the internal nuclear structure because of
the surface sensitivity of the reaction [17]. Figure 1 shows
the contrast between α decay and α knockout reaction. It
illustrates that the number of α particles is evaluated from
a completely different kinematics. The α particle emitted by
the knockout reaction gets over the Coulomb barrier and is
less affected by its structure. When this method is applied to
α-decay nuclei, it is necessary to connect the measured cross
section and the number of preformed α particles using the
reaction theory. Because (p, pα) data of heavy nuclei are very
limited, this paper assumes the number of preformed α par-
ticles, the wave functions, from α-decay studies on 210,212Po.
The reaction theory provides the relation between cross sec-
tion and the number of preformed α particles. The knockout
cross sections of 210,212Po(p, pα) are predicted using the wave
functions.

In actual measurements, the reverse process gives the num-
ber of preformed α particles from the observables of the α

knockout reaction.

II. THEORETICAL FRAMEWORK

Based on the R-matrix theory of the cluster decay process,
the α-decay half-life T1/2 and the decay width �α are deter-
mined by the penetrability P and the reduced width γ 2 [4,5]:

�α = 2P(R) × γ 2(R)

= 2
kR

|H+
l (χ, ρ)|2

× h̄2

2μR
|RF (R)|2

=
∣∣∣∣ RF (R)

H+
l (χ, ρ)

∣∣∣∣
2 h̄2k

μ
, (2)

T1/2 = h̄ln2

�α

≈ ln2

ν

∣∣∣∣H+
l (χ, ρ)

RF (R)

∣∣∣∣
2

, (3)

where k and ν = h̄k/μ are the outgoing wave number and
velocity of the emitted α, respectively, RF (R) is the surface
α formation amplitude (α reduced width amplitude) at the
radius R of the nuclear surface. H+

l is the Coulomb-Hankel
function with an angular momentum l . Its arguments ρ and χ

are defined in the usual manner; see Ref. [18] for details.
Following the prior researches of the α knockout reac-

tion, the distorted wave impulse approximation framework
(DWIA) is employed to describe the Po(p, pα)Pb cross sec-
tion. Details of the theoretical framework can be found in
Refs. [13,17,19–22]. Since the DWIA descriptions of the
(p, pα) and (p, pN ) reactions are essentially the same, it will
be also helpful to refer to the DWIA description of the (p, pN )
reaction in Sec. 3 of a recent review article [23].

Leaving the details to the above-mentioned references, the
DWIA framework for this study is briefly introduced as fol-
lows. The incident and emitted protons are labeled as particles
0 and 1, respectively. The momentum (wave number) and its
solid angle and the total energy of particle i = 0, 1, α are
denoted by K i, �i, Ei, respectively. The triple differential
cross section (TDX) of the A(p, pα)B reaction is given by

d3σ

dEA
1 d�A

1 d�A
α

= F A
kin

E1E2EB

EA
1 EA

2 EA
B

(2π )4

h̄vα

1

2l + 1

× (2π h̄2)2

μpα

dσpα

d�pα
|T̄ |2. (4)

The total energy of the emitted proton and the emission di-
rections of the proton and α are denoted by EA

1 , �A
1 , and

�A
2 , respectively. Note that the Po(p, pα)Pb reaction in in-

verse kinematics is considered in this study; the Po beam is
bombarded on the proton target. Quantities with (without)
superscript A are evaluated in the projectile rest frame (center-
of-mass frame). vα is the relative velocity of p and 210,212Po in
the initial state, and μpα is the reduced mass of these particles.
l is the orbital angular momentum of the α-Pb cluster state;
l = 0 is assumed in this study. The kinematical factor F A

kin is
defined by

F A
kin = EA

1 KA
1 EA

2 KA
2

(h̄c)4

×
[

1 + EA
2

EA
B

+ EA
2

EA
B

(
KA

1 − KA
0 − KA

A

) · KA
2(

KA
2

)2

]−1

. (5)

Note that KA
A = 0 in this case. dσpα/d�pα is the p-α differ-

ential cross section. The reduced transition matrix T̄ is given
by

T̄ =
∫

χ̄ (R)F (R) dR, (6)

χ̄ (R) ≡ χ
∗(−)
1 (R)χ∗(−)

α (R)χ (+)
0 (R)e−K0·RAα/A, (7)

where χi (i = 0, 1, α) are the distorted waves between p-A,
p-B, α-B, respectively. Aα and A are the mass numbers of α

and 210,212Po. The α cluster wave function of α-B system is
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denoted by F (R), and its radial part is the α formation am-
plitude F (R). It should be noted here that the α spectroscopic
factor (Sα ) is implicitly taken into account in the squared norm
of F (R) in the present formalism.

The transition matrix density (TMD) [23] is a good mea-
sure of the peripherality of the reaction. It is defined by

δ(R) = T̄ ∗
∫

χ̄ (R)F (R)R2dR̂. (8)

Equations (6) and (8) lead to∫
Re[δ(R)]dR = |T̄ |2. (9)

Therefore, Re[δ(R)] can be regarded as a radial distribution
of the |T̄ |2 and therefore the cross section. This quantity is
discussed in Sec. III B to investigate the peripherality of the
reaction.

Considering the experimental setup in the inverse kinemat-
ics, the momentum distribution of the residue B is discussed
in the following. It is obtained from TDX as

dσ

dKA
B

=
∫

δ(E f − Ei )δ(K f − K i )

× d3σ

dEA
1 d�A

1 d�A
α

dKA
1 dKA

α . (10)

Two δ functions are inserted to ensure the energy and
momentum conservation. The one-dimensional longitudinal
momentum distribution (LMD) is then defined by

dσ

dKA
Bz

= 2π

∫
dσ

dKA
B

KA
BbdKA

Bb. (11)

The axial distance and axial coordinate of KA
B in the cylindri-

cal coordinates are denoted by KA
Bb and KA

Bz, respectively. The
total cross section σ is obtained by integrating Eq. (11) over
KA

Bz.

III. RESULT AND DISCUSSION

A. Numerical inputs
210,212Po beams at 200 MeV/nucleon are considered in

this study. The global optical potential parametrization of the
proton-nucleus scattering by Koning and Delaroche [24] is
adopted to describe the p-A and p-B distorted waves. For the
α-B distorted wave, optical potential proposed by Avrigeanu,
Hodgson, and Avrigeanu [25] is employed. This is an exten-
sion to lower energies of the former work by Nolte et al. [26].
The Melbourne g-matrix NN interaction [27] is applied to
the folding model [28] to obtain the p-α effective interaction.
Using this effective interaction, dσpα/d�pα at required p-α
scattering energy and angle are calculated in the DWIA calcu-
lations.

Regarding the α-206,208Pb cluster wave function, we em-
ploy the α-formation amplitude by Qi [29] shown in Fig. 2(a).
This wave functions has locally peaked amplitude on the sur-
face and suppressed amplitude inside. These amplitudes are
proposed to investigate the sudden and significant suppression
of the α formation and decay width of 210Po compared to
212Po due to N = 126 magicity.
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FIG. 2. (a) α-206,208Pb amplitude of 210,212Po taken from Fig. 3
of Ref. [29]. (b) TMD of 210,212Po(p, pα)206,208Pb reaction given in
arbitrary units.

The reaction kinematics is fixed as follows to realize the
recoil-less condition, i.e., the residue is at rest in the Po rest
frame. The reaction is coplanar, φA

1 = 0◦ and φA
α = 180◦. The

emission angle of p is fixed at θA
1 = 114.0◦ for both 210Po and

212Po cases. As for the emitted α, θA
α = 130.0◦ and 129.6◦

for 210Po and 212Po cases, respectively. The proton emission
energy T A

1 is explicitly varied around T A
1 = 140 MeV and the

others are determined by the conservation law. Note that these
quantities are given in the projectile (Po) rest frame.

B. Po(p, pα)Pb cross section

As shown in Fig. 2(a), only a two-neutron-number differ-
ence in Po significantly pushes the α amplitude outwards due
to the N = 82 magicity. Such difference is magnified in TDXs
of 210,212Po(p, pα) 206,208Pb as shown in Fig. 3; The ratio of
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FIG. 3. Proton emission energy distributions of the TDXs in
210,212Po(p, pα)206,208Pb reactions.
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TABLE I. The α spectroscopic factors Sα , surface α formation
probabilities |RF (R)|2 at R = 9.0 fm, peak values of TDXs, LMDs,
and the total cross sections of 210,212Po(p, pα) 206,208Pb. Cross sec-
tions are given in units of pb/(MeV sr2), pb/(MeV/c), and mb,
respectively.

210Po 212Po 212Po / 210Po

Sα 7.63 × 10−4 1.46 × 10−3 1.92
|RF (R)|2 5.20 × 10−5 5.28 × 10−4 10.2
TDX 0.069 0.605 8.79
LMD 0.104 1.264 12.2
total 0.0306 0.3644 11.9

their peak heights is 8.79, which is much larger than the ratio
of their Sα , 1.92. They are tabulated in Table I together with
the LMD peak heights and the total cross sections. Because of
the surface sensitivity, the (p, pα) reaction probes the surface
α formation probability instead of the whole region (Sα ). It
is also confirmed by TMDs of the reaction at the recoil-less
condition, as shown in Fig. 2(b). The α amplitude for R � 8
fm is strongly suppressed by the absorption effect and does
not contribute to the cross section.

The LMDs of 210,212Po(p, pα) 206,208Pb are shown in
Fig. 4. Their peak heights are 1.264 and 0.104 pb/(MeV/c),
and their integrated values are 0.364 and 0.031 μb, respec-
tively. As tabulated in Table I, the 212Po / 210Po ratios of the
LMD peak height and the total cross section agree well; they
are 12.2 and 11.9, respectively. These values are in good
agreement with the ratio of the surface α formation probability
from the structure theory [Ref. [29] and Fig. 2(a)], 10.2. The
shapes of the LMDs are asymmetric, and the peak positions
are off from the center (KA

Bz = 0 MeV/c) to the positive side.
It is due to the strong Coulomb interaction between Pb and
α in the final state. Because the momentum of the emitted α

in the projectile rest frame has a negative z component, i.e.,
KA

αz < 0, the repulsive Coulomb force accelerates the residue
to the positive z direction. Note the different behavior from
the knockout reactions in the region of light to medium mass
nuclei. See Fig. 3 of Ref. [30] and Fig. 2 of [31] for examples
of experimental data. In the light mass region, it has been
pointed out in Ref. [32] that the reasons for the asymmetric
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FIG. 4. Longitudinal momentum distributions of the residues in
210,212Po(p, pα) 206,208Pb reactions.

formation probability
total cross section

FIG. 5. Comparison between surface α formation probabilities
|RF (R)|2 of Po isotopes extracted from experimental half-lives
(circle) with the total knockout cross sections σ of the present
study (square). The data of formation probabilities are taken from
Fig. 1(a) of Ref. [8]. The total knockout cross sections in arbitrary
units are normalized to the data at 210Po.

shape in LMDs are the phase volume effect and the distortion
in scattering waves. In short, the former is because of less
possibility of satisfying the energy and momentum conser-
vation on the positive side of LMD. This is due to the final
state attractive interaction between the residue and the emitted
particles. In the present case, the repulsive Coulomb force
overwhelms the attractive nuclear forces and the phase volume
effect due to its large (ZA − 2)Zα values.

As shown in Eq. (3), the surface α formation probability
|RF (R)|2 is relevant to α-decay lifetime. Its isotopic trend
among the polonium isotopes is extracted from the systematic
half-life measurements [8]. Because the total knockout cross
section will be the most standard observable measured in
experiments with high statistics, the trend of the total α knock-
out cross sections of 210,212Po from the present theoretical
study are compared with the data in Fig. 5. The total cross
sections in arbitrary units are normalized to the α formation
probability of 210Po. This result shows that the 212Po / 210Po
ratio of the α knockout cross sections agrees well with the
ratio of their α formation probabilities. Ratios of the peak
heights of the TDXs and LMDs give similar agreement, as
shown in Table I.

This agreement is accomplished by the surface sensitivity
of the (p, pα) reaction. 210Po and 212Po were optimal for the
first theoretical studies because reliable wave functions were
already prepared to reproduce the α decay in these nuclei.
We expect that this relation holds in a wide range of α-decay
nuclei and therefore the (p, pα) cross section will be a good
measure for the surface α formation probability in general.

IV. SUMMARY

We propose the (p, pα) reaction as an alternative probe
for the α formation probability of α-decay nuclei. The
210,212Po(p, pα) 206,208Pb reaction is described by the DWIA
framework and LMD and the total cross sections were ob-
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tained. Their 212Po / 210Po ratios are in good agreement with
that of the α formation probability of the structure theory [18]
and the experimental data [8]. This is because of the surface
sensitivity of the (p, pα) reaction—not Sα but the surface α

formation probability, which is also relevant to the α-decay
phenomena—is determined by the (p, pα) cross section. It
was confirmed that the magnitudes of the (p, pα) reaction
cross sections correspond to the reduced width, which is
the α formation probability on the nuclear surface. Finally,
experimental studies of the (p, pα) reactions from α-decay

nuclei are eagerly awaited for a complete understanding of
the long-standing α-decay study.
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