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The fusion probability for the production of superheavy nuclei in cold fusion reactions was investigated and
compared with recent experimental results for 48Ca, 50Ti, and 54Cr incident on a 208Pb target. Calculations
were performed within the fusion-by-diffusion model (FbD) using the new nuclear data tables by Jachimowicz
et al. [At. Data Nucl. Data Tables 138, 101393 (2021)]. It is shown that the experimental data could be well
explained within the framework of the FbD model. The saturation of the fusion probability at bombarding
energies above the interaction barrier is reproduced. It emerges naturally from the physical effect of the
suppression of contributions of higher partial waves in fusion reactions. The role of the difference in values
of the rotational energies in the fusion saddle point and contact (sticking) configuration of the projectile-target
system is discussed.
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I. INTRODUCTION

Superheavy elements with atomic numbers 104 � Z �
113 were discovered in cold fusion reactions in which closed-
shell 208Pb or 209Bi target nuclei were bombarded with
projectiles ranging from Ti to Zn [1,2].

The production cross section for superheavy nuclei (SHN)
can be considered as the product of three factors: the cross sec-
tion for the projectile to overcome the entrance channel barrier
(capture cross section), the probability that the resulting sys-
tem fuses and reaches the compound nucleus configuration,
and the probability that the excited compound nucleus sur-
vives fission during deexcitation.

The optimal conditions to produce a given superheavy
nucleus result from various factors. The increase in the sym-
metry between reaction partners requires higher bombarding
energies to overcome the entrance channel barrier and en-
hances the contribution of fast nonequilibrium deep-inelastic
(DIC) and quasifission (QF) processes preventing fusion. The
fusion probability rapidly drops when the product of projectile
and target nuclei atomic numbers Z1 × Z2 � 1600 [3]. There-
fore, the compound nucleus formation cross section represents
only part of the capture cross section.

In cold fusion reactions, merging the strongly bound tar-
get and projectile nuclei leads to a weakly bound compound
nucleus. Typically, SHN have higher thresholds for neutron
emission [4] than the heights of the fission barrier [5], making
fission the dominant deexcitation process. At each step of the
deexcitation cascade, neutron evaporation competes with fis-
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sion, which additionally reduces the final evaporation residue
cross section.

The cross sections for the production of nuclei with Z �
102 in cold fusion reactions drop approximately seven orders
of magnitude as the projectile atomic number changes from
20 (Ca) to 30 (Zn). The question of what the mechanism is
that prevents the synthesis of SHN is still under discussion. A
low survival probability is not enough to explain the extremely
low production cross sections. One way of thinking about the
additional hindrance mechanism is the concept of an inter-
nal barrier holding back (counteracting) the fusion process.
Overcoming this barrier by a diffusion process and thermal
fluctuations could help to reach the state of a compound nu-
cleus.

Recently, the probability of compound nucleus formation
PCN, at energies around and above the interaction barrier B0

was measured for 48Ca, 50Ti, and 54Cr projectiles incident on
a 208Pb target [6]. By comparing the experimental data with
the semiempirical expression based on the diffusion approach
proposed by Zagrebaev and Greiner in Ref. [7], the authors
of Ref. [6] concluded that “the energy dependence of PCN

indicates that cold fusion reactions (involving 208Pb) are not
driven by a diffusion process.” This Letter aims to investigate
the fusion probabilities for these reactions using the diffusion
approach. Calculations are performed within the l-dependent
fusion-by-diffusion model (FbD) [8] using the new nuclear
data tables for SHN by Jachimowicz et al. [4] as input.

II. FUSION-BY-DIFFUSION MODEL

The fusion-by-diffusion model in its first form was a sim-
ple tool to calculate cross sections and optimum bombarding
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energies for a class of 1n cold fusion reactions [9,10]. A
significant development of this model was the incorporation of
the angular-momentum dependence, that is, the contributions
from successive partial waves to the reaction cross section [8].

Due to the different timescales of the particular reac-
tion stages, the partial evaporation residue cross section,
σER(l ), can be factorized as the product of the partial capture
cross section σcap(l ) = πλ̄2(2l + 1)T (l ), the fusion probabil-
ity Pfus(l ), and the survival probability Psurv(l ). Thus, the total
evaporation residue cross section for the production of a given
superheavy nucleus in its ground state is

σER = πλ̄2
∞∑

l=0

(2l + 1)T (l )Pfus(l )Psurv(l ), (1)

where λ̄ is the wavelength, and λ̄2 = h̄2

2μEc.m.
. Here μ is the

reduced mass of the colliding system, and Ec.m. is the center-
of-mass energy at which the reaction takes place.

The method of calculating the capture cross section is de-
scribed in the next section. The fusion probability is described
in detail in Sec. II B.

The last factor in Eq. (1), the survival probability, is cal-
culated by applying classical transition-state theory using
nuclear data from Ref. [4]. Details regarding this reaction
stage for 1n cold fusion reactions can be found in Ref. [8].

A. Capture cross section

The capture transmission coefficients T (l ) in Eq. (1) are
calculated in a simple sharp cutoff approximation, where
the upper limit lmax of full transmission, T (l ) = 1, is deter-
mined from the empirical systematics of the capture cross
sections for heavy nuclear systems.

Following the experimental results, the entrance channel
barrier is not described by a single value but by a distribution
that can be approximated by a Gaussian shape described by
two parameters, the mean barrier B0 and the distribution width
ω [11]. Folding the Gaussian barrier distribution with the
classical expression for the fusion cross section leads to the
formula for the capture cross section

σcap = πR2 ω

Ec.m.

√
2π

{X√
π [1 + erf(X )]

+ exp(−X 2)} = πλ̄2(lmax + 1)2, (2)

where X = Ec.m.−B0

ω
√

2
. The empirical systematics of B0, ω, and

the normalization factor R were obtained from analyzing pre-
cisely measured fusion or capture excitation functions for
about 50 heavy nuclear systems for which the fusion proba-
bility is equal or close to unity [11]. In this paper we use the
parametrizations of B0, w, and R of Ref. [8].

B. Fusion probability

The second factor in Eq. (1), Pfus(l ), is the probability that,
after reaching the capture configuration, the colliding system
will eventually overcome the fusion saddle point and merge,
avoiding reseparation. It is assumed in the FbD model that,
after sticking, a neck between the target and projectile nuclei
rapidly grows at an approximately fixed mass asymmetry

and elongation [9,10] bringing the system to the “injection
point” somewhere along the bottom of the entrance channel
asymmetric fission valley. The shape parametrization used to
describe the interacting system is that of two spheres joined
smoothly by a third quadratic surface. The elongation of the
system is defined as L = 2(R1 + R2) + s, where R1 and R2 are
the radii of the colliding nuclei and s is the distance between
two spheres.

Let us denote the elongation of the system at the injection
point by Linj. The localization of this point with respect to
the macroscopic conditional saddle (at the elongation Lsd)
is crucial for the fusion process. If Linj > Lsd the system is
still “outside” the barrier separating the injection point from
the compound nucleus configuration and must climb uphill to
overcome the saddle. If Linj < Lsd the injection point configu-
ration is more compact than the saddle configuration, and the
system is already “inside” (behind the barrier). In this case,
the barrier guards the system against reseparation by reducing
the outgoing flux of particles.

In the diffusion approach, transition over the barrier hap-
pens by thermal fluctuations in the shape degrees of freedom.
In case of strong friction, the Langevin equation can be re-
placed by its overdamped version, i.e., the Smoluchowski
diffusion equation, see e.g., Refs. [12,13]. The fusion prob-
ability, Pfus(l ), may be derived by solving this equation [9].
With the assumption that the internal barrier has height H (l )
and is of inverted parabola form one gets

Pfus(l ) = 1

2

{
1 + erf

√
H (l )/T , Linj < Lsd

1 − erf
√

H (l )/T , Linj � Lsd,
(3)

where T is the average temperature of the fusing system (see
Ref. [8] for details).

The energy threshold in Eq. (3) is taken as the difference
between the energy of the fusion saddle point Esd and the
energy of the combined system at the injection point Einj,
corrected by the appropriate rotational energies,

H (l ) = [
Esd + E rot

sd (l )
] − [

Einj + E rot
inj (l )

]
. (4)

The energies Esd and Einj are calculated by using algebraic
expressions (see Ref. [8]) that approximate the potential-
energy maps obtained by Błocki and Świątecki [14]. The
maps incorporate the most significant collective variables
describing the fusion process, such as mass asymmetry,
neck variable, and the system’s elongation using the shape
parametrization of two spheres joined smoothly by a third
quadratic surface. The corresponding values of the rotational
energies at the injection point E rot

inj (l ) and the saddle point
E rot

sd (l ) are calculated assuming the rigid-body moments of
inertia for the respective shapes [8].

The distance between the nuclear surfaces of two colliding
nuclei at the injection point, sinj, is the only adjustable param-
eter of the model. It defines the onset of the diffusion process,
thus, the moment when the available kinetic energy that re-
mains after passing the entrance barrier is already transformed
into internal degrees of freedom in the overdamped regime.

In this paper, we redefine the systematics of this crucial
parameter based on a new set of ground-state and saddle-
point properties of SHN [4]. The new parametrization of the
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FIG. 1. The injection point systematics obtained for the set of 1n
cold fusion reactions [15–36] using new nuclear data tables [4]. If
not indicated otherwise, the targets were 208Pb or 209Bi. The color of
the points indicates the laboratory where the reaction was studied:
LBNL (red), GSI (black), RIKEN (blue). See text for details.

“injection point distance” is shown in Fig. 1 as a function of
the excess of the center-of-mass energy Ec.m. over the mean
barrier B0. Each point represents the value of the sinj distance
obtained by fitting Eq. (1) to the maxima of the experimentally
measured 1n evaporation residue cross sections for 27 cold
fusion reactions (see Ref. [8] for fitting protocol details).

It can be seen from Fig. 1 that, for energies up to a few
MeV above B0, the sinj distance can be well approximated by
a straight line given by

sinj = 0.878 fm − 0.294(Ec.m. − B0) fm/MeV. (5)

A similar linear trend of sinj as a function of Ec.m. − B0 was
reported in Ref. [12] by solving Langevin-type equations.

The shaded area in Fig. 1 represents an error corridor
of ±1 fm, which allows the uncertainty of the calculated
fusion probabilities to be determined. The parametrization
given by Eq. (5) should be used for interpolation rather than
extrapolation far beyond the explored range of Ec.m. − B0

values, especially if the extrapolation leads below the physi-
cally acceptable limit of the touching configuration (sinj ≈ 0).
Negative values of this parameter would correspond to a large
overlap of the density distributions at the sticking stage, an ef-
fect that is impossible in nuclear collisions at low bombarding
energies. Therefore, in collisions at energies higher than a few
MeV above B0, we assume sinj = 0 (allowing a deviation in
the range of 1 fm).

III. RESULTS AND DISCUSSION

The FbD model with the new injection point distance
parametrization and input data taken from Ref. [4] was used to
analyze fusion probabilities for 48Ca, 50Ti, and 54Cr reactions
incident on a 208Pb target.

The fusion probability given by Eq. (3) depends on the
ratio of the height of the barrier opposing fusion H (l ) and the

FIG. 2. Fusion probability Pfus(l ) as a function of temperature
T and the barrier height opposing fusion H (l ). Lines correspond
to selected angular momenta l = 0h̄, 20h̄, 40h̄, and 60h̄. Calcula-
tions for 48Ca + 208Pb (green lines), 50Ti + 208Pb (blue lines), and
54Cr + 208Pb (red lines) fusion reactions. The color of the surface
marks the temperature gradient of the synthesized system. The labels
“outside” and “inside” refer to the injection point position relative to
the saddle [see Eq. (3) and its discussion].

average temperature T of the system during the merging pro-
cess. The fusion probabilities, Pfus(l ), for 48Ca + 208Pb (green
lines), 50Ti + 208Pb (blue lines), and 54Cr + 208Pb (red lines)
reactions as a functions of H (l ) and T are shown in Fig. 2 for
a few selected l values.

At low energies the elongation of the system at the injec-
tion point is much larger than the elongation corresponding to
the position of the conditional asymmetric (along the entrance
channel fission valley) saddle. The symmetric saddle is even
much more compact.

Let us start the discussion by analyzing the l = 0 case
in which the height of the barrier is simply the difference
between the asymmetric conditional saddle-point energy and
the energy of the combined system of the projectile and target
nuclei separated by the distance sinj [see Eq. (4)]. As the avail-
able energy increases, the injection point distance decreases
(see Fig. 1), leading to a lowering of the barrier height, and
thus to the rapid growth of the fusion probability (see Fig. 2).
When the separation distance reaches zero at the energy cor-
responding to T ≈ 0.6–0.8 MeV, further energy increase does
not change the height of the barrier (sinj remains equal to zero)
but heats the system up and thus affects the fusion probability.
For the 48Ca + 208Pb reaction, the touching configuration is
behind the asymmetric saddle point (as seen from the entrance
channel perspective; inside regime in Fig. 2). In this case,
the rising temperature increases the flux of particles escaping
through the asymmetric saddle point and thus slightly reduces
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FIG. 3. Capture cross section σcap (top panels) and averaged fusion probability Pfus (bottom panels) for the reactions (a), (b) 48Ca + 208Pb,
(c), (d) 50Ti + 208Pb, (e), (f) 54Cr + 208Pb. Solid lines show the FbD model calculations of σcap and Pfus. Dashed lines in the top panels show
calculated σcap scaled by the indicated suppression factors. The arrows indicate the value of the mean entrance channel barrier B0 for each
reaction. The error corridors resulting from the sinj systematics uncertainty are shown as shaded areas in the bottom panels. Points represent
relevant experimental data taken from Refs. [6,37–41]. If not shown, error bars are smaller than the symbol sizes.

the fusion probability [see Linj < Lsd case in Eq. (3)]. For
50Ti and 54Cr projectiles, the touching configuration is still
outside the barrier and the fusion probability slowly increases
with the increase of the incident energy [Linj � Lsd case in
Eq. (3)].

The inclusion of the higher partial waves affects the entire
potential-energy surface topology and influences the compe-
tition between the existing symmetric and asymmetric saddle
points. In particular, the symmetric saddle, being more com-
pact and having a lower moment of inertia, is more sensitive to
the increase of the angular momenta. Above a certain l value,
the symmetric saddle begins to dominate and becomes the
main point to overcome in the fusion process for all studied
systems. In this case, Pfus(l ) is calculated with respect to the
symmetric saddle. In the corresponding Linj > Lsd regime of
Eq. (3), the contribution of higher partial waves to the fusion
cross section is gradually suppressed. The basic mechanism
leading to the formation of the compound nucleus is based on
two opposite effects. On the one hand the higher the excitation
energy, the more partial waves contribute to the process. For
a given excitation energy, the formula σcap defines a series of
partial waves that are included in calculations (defining at the
same time the maximum angular momentum above which the
reaction does not take place). On the other hand the increase
of angular momentum causes a corresponding increase in
rotational energy (larger as the system becomes more compact
due to smaller values of the moment of inertia). This leads
to a higher centrifugal barrier and consequently diminishing
Pfus(l ) values. The systematic decrease of the Pfus(l ) with the
increase of the l value observed in Fig. 2 for all three reactions

might also be viewed as a manifestation of the well-known
effect of the limiting angular momentum to fusion.

As one can see in Fig. 2, the dominant contribution to
the analyzed cold fusion reactions comes from near-central
collisions. The more peripheral collisions are less favorable
and lead to the reseparation of the system at the beginning
of the nuclear reaction, rather than merging of target and
projectile nuclei.

To study the effective fusion probability for a given reac-
tion, one can define the quantity

Pfus = 1

(lmax + 1)2

lmax∑
l=0

(2l + 1)Pfus(l ), (6)

which is the fusion probability “averaged” over all angular
momenta contributing to the fusion cross section.

In Fig. 3 we present a comparison of the FbD model
predictions with the experimental data. The top panels show
the capture cross sections for each of the reactions (i.e., cross
sections for overcoming the entrance channel barrier) calcu-
lated using Eq. (2). Model calculations are compared with
experimental data taken from Refs. [6,37–41]. The arrows
in Figs. 3(a), 3(c), and 3(e) indicate the values of the mean
entrance channel barriers B0, calculated using the empirical
parametrization [8], 173.0, 191.2, and 208.3 MeV for 48Ca,
50Ti, and 54Cr, respectively.

The experimentally measured fission-like cross sec-
tions shown in the top panels of Fig. 3 lie below our
calculations (solid lines). The deviation increases with in-
creasing projectile atomic number. As proposed in Ref. [6],
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we estimated scaling factors S for our calculations to repro-
duce the experimental results in the energy range above B0.
These factors are 0.96 for 48Ca + 208Pb, 0.55 for 50Ti + 208Pb,
and 0.24 for 54Cr + 208Pb (in Ref. [6] the respective factors are
0.75, 0.48, and 0.22). Scaled capture cross sections are shown
as dashed lines in Fig. 3.

Our scaling factors are in reasonable agreement with
the results presented in Ref. [6], where they were esti-
mated as a deviation from the CCFULL model based on
the coupled channels formalism [42]. The capture cross sec-
tion suppression might be associated with mass-asymmetric
fast nonequilibrium processes, such as QF or DIC, appearing
just after the interacting system passes the entrance channel
barrier. It should be emphasized that both in this work and in
Ref. [6], the scaling factors obtained are model-dependent.

Calculated averaged fusion probabilities [see Eq. (6)] for
48Ca, 50Ti, and 54Cr reactions on a 208Pb target are shown
in the lower panels of Fig. 3. Full points in Figs. 3(b), 3(d),
and 3(f) represent upper limits on the compound nucleus for-
mation probabilities Psym taken from Ref. [6]. Psym is derived
as the ratio of the measured symmetric-peaked fission cross
section σsym to the capture cross section taken as the measured
total fission-like cross section σfis divided by the appropriate
scaling factor S [Psym = σsym

σfis/S , see Eq. (1) in the Supplemental
Material of Ref. [6] ].

For the 50Ti + 208Pb reaction additional experimental
points [open triangles in Fig. 3(d)] taken from Ref. [41] are
shown. These data were derived by measuring the angular
distribution of mass-symmetric fission.

The calculated averaged fusion probabilities [Eq. (6), solid
lines in Figs. 3(b), 3(d), and 3(f)] are in the low-energy region
in good agreement with the experimental data for all reactions
studied. A rapid decrease of the fusion probability in the en-
ergy region below B0 reported in Ref. [41] for the 50Ti + 208Pb
reaction is reproduced in our calculations [see Fig. 3(d)].
Unfortunately, the data for other reactions are limited in this
energy region.

For each reaction, the maximum value of Pfus is reached for
an energy a few MeV above B0 (when sinj ≈ 0). The steady
decrease of Pfus with increasing energy is then due to the
inclusion of higher partial waves.

Finally, in Fig. 4, we show the FbD model calculations of
compound nucleus formation cross sections, defined as

σfus = πλ̄2
lmax∑
l=0

(2l + 1)T (l )Pfus(l ) = σcapPfus. (7)

The model calculations (solid lines) are compared with the
symmetric-peaked fission cross sections measured in Ref. [6]
but not given in that paper. Therefore, we deduced σsym val-
ues from the data using the relation σsym = Psym(σfis/S) (see
Fig. 4 in Ref. [6] and Fig. 5 in the corresponding Supplemen-
tal Material). Although the comparison of σsym with σfus is
not entirely unequivocal, it seems adequate. One can see a
very good agreement of the calculated and experimental cross
sections up to the center-of-mass energy a few MeV above
B0. For higher energies, the trend of the excitation functions
for two reactions 48Ca + 208Pb and 50Ti + 208Pb are different.
Model calculations show a decrease while the experimental
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FIG. 4. Calculated compound nucleus formation cross sections
σfus for 48Ca + 208Pb, 50Ti + 208Pb, and 54Cr + 208Pb fusion reac-
tions. Points are derived from the experimental data presented in
Ref. [6]. Dashed lines show calculations for two extreme orientations
of spherical target and 54Cr projectile in the entrance channel. The
arrows indicate the value of the mean entrance channel barrier B0 for
each reaction. See text for details.

data show an increase. Experimental data shown in Fig. 4
may be overestimated due to incomplete subtraction of the QF
background. On the other hand, the model may underestimate
the fusion cross sections at higher excitation energies. This
might be due to inaccurate estimation of the temperature and
thus overestimation of the fusion hindrance.

Some additional subtle effects related to the deformation
of the 54Cr projectile might be expected. However, as we
have checked (by analyzing collisions of the spherical target
with two extreme orientations of deformed projectiles; dashed
lines in Fig. 4), the results for extreme orientations in the
entrance channel are within the error corridor resulting from
the systematics of sinj.

IV. CONCLUSIONS

The presented results show that the compound nucleus
formation cross sections and related fusion probabilities for
48Ca, 50Ti, and 54Cr incident on a 208Pb target could be quite
well reproduced within the framework of the FbD model,
using the diffusion approach. In the energy range below B0,
the fusion probability growth comes from the reduction in the
height of the internal barrier opposing fusion with increasing
bombarding energy. The fusion probability saturation above
B0 results from suppression of the contributions from higher
partial waves. The difference between rotational energies in
the fusion saddle and the contact (sticking) configuration at
the beginning of the fusion process plays a major role in
compound nucleus formation at energies above B0.
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