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Incomplete electromagnetic response of hot QCD matter
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The electromagnetic response of hot QCD matter to decaying external magnetic fields is investigated. We
examine the validity of Ohm’s law and find that the induced electric current increases from zero and relaxes
towards the value from Ohm’s law. The relaxation time is larger than the lifetime of the external magnetic field
for the QCD matter in relativistic heavy-ion collisions. The lower-than-expected electric current significantly
suppresses the induced magnetic field and makes the electromagnetic response incomplete. We demonstrate the
incomplete electromagnetic response of hot QCD matter by calculations employing the parton transport model
combined with the solution of Maxwell’s equations. Our results show a strong suppression by two orders of
magnitude in the magnetic field relative to calculations assuming the validity of Ohm’s law. This may undermine
experimental efforts to measure magnetic-field-related effects in heavy-ion collisions.
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Noncentral relativistic heavy-ion collisions can generate a
very strong magnetic field. Theoretical studies showed that its
maximum value can reach 5m2

π ≈ 1018 G in Au + Au colli-
sions at the top energy of RHIC and almost 70m2

π ≈ 1019 G
in Pb + Pb collisions at LHC energies [1–4], where mπ is
the pion mass. The symmetry and phase structure of quantum
chromodynamics (QCD) are dramatically affected by strong
magnetic fields [5–10]. Experimentally, the strong electro-
magnetic fields give rise to searching for fantastic phenomena
such as the chiral magnetic effect [11–14]. Furthermore,
electromagnetic field-related phenomena such as the splitting
of D and D̄ directed flow [15–19], spin polarized differ-
ence between � and �̄ [20–23], and photon-involved QED
(quantum electrodynamics) and QCD processes [24–28] have
been intensively investigated by experimental and theoretical
scientists.

However, it is hard to find the fingerprint of the electro-
magnetic fields from the measured observables. This may lie
on the weak signal of spin-related quantum fluctuations or
the short lifetime of the electromagnetic fields. How the elec-
tromagnetic fields evolve in relativistic heavy-ion collisions
is a basic question for studying electromagnetic effects on
the QCD matter, and thus attracts great attention and broad
interests [29–37].

The essential issue is the electromagnetic response of the
QCD matter to the fast decay of the external electromagnetic
field caused by the spectators. A Faraday current j will induce
a magnetic field in the same direction as the external magnetic
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field, which prolongs the lifetime of the total magnetic field,
known as Lenz’s law. Usually, people used Ohm’s law jOhm =
σel (E + V × B) to calculate the induced magnetic field. σel is
the electrical conductivity and V is the hydrodynamic velocity
of the QGP [3]. However, the buildup of j will need some
time to relax to jOhm. During this period, the induced magnetic
field cannot be so large as expected so far [4,29]. We call
this as incomplete electromagnetic response, which has been
overlooked in earlier studies.

The incomplete electromagnetic response might be unre-
markable for matter with large spatial and timescales. The
QCD matter produced in heavy-ion collisions is very special
because of its small spatial and timescale. The lifetime of
the external electromagnetic field is RA/γ � 0.06 fm/c at top
RHIC and LHC energies [3,4,38]. The average creation time
of QGP is about 0.6 fm/c as utilized in numerous studies
[39,40]. If the relaxation time of j for reaching Ohm’s law,
denoted as τ j , is comparable with or even larger than these
timescales, the incomplete electromagnetic response will be-
come significant.

Before we present numerical calculations to demonstrate
the incomplete electromagnetic response of QCD matter, we
estimate the relaxation time τ j of the electric current in φ

direction on the x-z plane with the help of the Drude model.
This electric current induces a magnetic field in the y direc-
tion. According to the Drude model, the change of particle
momentum is caused by the Lorentz force and collisions with
other particles. The Lorentz force accelerates the collective
motion, while collisions resist the acceleration. The counter-
balance will lead to the electric current obeying Ohm’s law.
The generation of the electric current is a non-Markovian
process. During dt , the probability of a collision is dt/τm,
where τm is the mean time between two subsequent collisions.
For a particle with momentum p, the change after a collision
is a fraction of p, �p ≈ −p/α on average. Then, the mean
change of momentum of a quark in φ direction on the x-z
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plane is

d〈pφ〉(t ) = − dt

τmα
〈pφ〉(t ) + qiEφdt, (1)

where qi is the electric charge of the quark species. We neglect
the contribution of V × B, since it is much smaller than E near
midrapidity. We have also jOhm

φ ≈ σelEφ . The electric current
is approximately jφ ≈ ∑

i qini〈pφ〉/〈E〉, where ni is the par-
ticle number density and the averaged energy is 〈E〉 = 3T .
Equation (1) is rewritten in the form

d

dt

jφ (t )

jOhm
φ

= − 1

τmα

jφ (t )

jOhm
φ

+
∑

i q2
i ni

3T σel
. (2)

Suppose the solution has a relaxation form

jφ (t )

jOhm
φ

= 1 − e−t/τ j . (3)

We have then

τ j = τmα = 3T σel∑
i q2

i ni
∼ σel/T 2. (4)

The electrical conductivity of QCD matter has been studied
by perturbative QCD [41], lattice QCD [42–48], effective
models [49,50], as well as transport approaches [51–54]. Their
results of σel/T is between 0.001 and 0.4 and thus differ
greatly by two orders of magnitude, see also Ref. [17]. For
a typical choice of σel/T = 0.03 and temperature T = 255
MeV of the QGP [29], Eq. (4) gives τ j = 1.12 fm/c for two-
quark flavors. This timescale is larger than the lifetime of
the external electromagnetic field as well as the formation
time of the QGP. We expect that the incomplete electromag-
netic response of the QGP will be significant and cannot
be ignored. In the following we demonstrate this incomplete
electromagnetic response of QCD matter within kinetic trans-
port calculations.

The space-time evolution of quarks and gluons in the
presence of electromagnetic fields can be expressed by the
relativistic Boltzmann transport equation,

pμ∂μ fi + Kμ ∂

∂ pμ
fi = C[ fi], (5)

where Kμ ≡ qiFμν pν = (p0v · FLoz., p0FLoz. ) is four-vector
Mikowski force. Fμν is the electromagnetic field strength ten-
sor and FLoz. = qi(v × B + E ) is the Lorentz force. v = p/p0

is the particle velocity. C[ fi] stands for the collision term.
The total electromagnetic fields are the sum of the external

fields and the one from the responding medium. The latter is
also the sum over all the electromagnetic fields from moving
quarks. For a particular quark as a source, the electromagnetic
fields from it can be obtained from the Liénard-Wiechert
potential:

eE i(r, t ) = e2

4π
qi

(
ns − βs

γ 2(1 − βs · ns)3|r − rs|2

+ns × (
(ns − βs) × β̇s

)
(1 − βs · ns)3|r − rs|

)
tr

, (6)

eBi(r, t ) = e2

4π
qi

(
βs × ns

γ 2(1 − βs · ns)3|r − rs|2

+ ns × [
ns × (

(ns − βs) × β̇s

)]
(1 − βs · ns)3|r − rs|

)
tr

, (7)

where “tr” means that, except for r and t , the other quantities
are evaluated at the retarded time ts = t − |r − rs|. rs is the
particle position at ts. ns = (r − rs)/|r − rs| denotes the unit
vector pointing in the direction from the source. βs = v(ts)/c,
γ is the Lorentz factor and β̇s is the derivative with respect
to t .

Since the mass of u and d quarks is mq = 3 MeV, v is
nearly equal to c. At certain space-time points, the elec-
tromagnetic fields are huge for tiny (1 − βs · ns)3 in the
denominators in Eqs. (6) and (7). Therefore, large fluctuations
of electromagnetic fields will appear in one single heavy-ion
collision. By averaging a huge number of collision events
one could obtain a visible response of QGP to the decaying
external fields. For numerical calculations in this work, we
make an approximation to take out fluctuations of the elec-
tromagnetic fields, as we replace the velocity of the moving
quark v in Eqs. (6) and (7) by v̄, the local average velocity of
the same species of quark as the source quark. By comparing
the approximate and the exact results that are the convolution
of Eqs. (6) and (7) with a thermal distribution function, we
find that the approximation will lower the electromagnetic
fields by a factor of 1–1.5 at T = 0.255 GeV, depending on
values of v̄ and r.

Collisions of quarks and gluons are calculated by em-
ploying the parton cascade model Boltzmann approach of
multiparton scatterings (BAMPS) [55], in which the scattering
probabilities in each spatial cell and at each time step, derived
from the collision term, are treated in a stochastic way and the
test particle method is used to enhance the statistics. In addi-
tion, the change of momentum of quarks due to the Lorentz
force is done within each time step [56].

Although the electrical conductivity was calculated within
BAMPS including all binary and radiation processes of par-
tons [52], in this work we assume binary collisions with
constant isotropic cross section. In this case, there is a simple
relationship between the electrical conductivity and the total
cross section according to the relaxation-time approximation
[51–54], namely,

σel = 1

3T
τ

∑
i

q2
i ni, (8)

where τ is the relaxation time for a slight deviation from
equilibrium. Comparing Eq. (8) with Eq. (4) we obtain τ j = τ .
For binary collisions with constant isotropic cross sections we
have τ = 1/

∑
i niσt with σt = 2σ22/3 [57]. σ22 is the total

cross section. By varying the total cross section we can see
different electromagnetic response to the external fields. Qual-
itatively, we see from Eq. (8) that the electrical conductivity is
inversely proportional to the total cross section. The smaller
the cross section, the larger is the electrical conductivity and,
thus, the more significant would be the electromagnetic re-
sponse. On the other hand, the smaller the cross section, the
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FIG. 1. The electric current density along the φ direction at r =
2.5 fm. Solid curves are the results from BAMPS calculations, while
the dashed lines are the results from Ohm’s law jOhm

φ = σel Eφ . The
total cross section is set to be 1 or 2 mb.

larger is the relaxation time for the induced electric current
to reach Ohm’s law. The electromagnetic response will be
suppressed. In the following we present quantitative results
from numerical calculations.

For our study we assume equilibrium states of gluons and
quarks with u, d two flavors. Quarks and gluons are dis-
tributed uniformly in coordinate space and by the Boltzmann
distribution function in momentum space. The temperature of
the system is set to be T = 255 MeV. These setups lead to
σel = 11.6/(σ22/mb) MeV. We use σ22 = 1 and 2 mb, which
correspond to σel = 11.6 and 5.8 MeV. In these cases, the
shear viscosity to entropy density ratio [58,59] is η/s = 0.44
and 0.22, respectively.

At first, we consider a linearly attenuated magnetic field as
the external field, eBex(t ) = (0.1 − 0.01t/fm)ez GeV2, which
induces an electric field eE(r) = (0.005r/fm)eφ GeV2. Such
fields can be generated from an infinitely long solenoid by
linearly decreasing the electric current twined around it. In
our simulation, we consider a cylinder with a radius of 3
fm and a length of 6 fm. The thermal quark-gluon system is
embedded in the cylinder and initialized at time 0 fm/c. A
periodic boundary condition is taken in the z direction, while
particles are reflected at the wall in the r direction. For this
condition, the collective motion can only be in the φ direction.
The radial motion due to the Lorentz force and the reflection
from the wall cancel each other out.

The induced electric field generates an electric current. The
electric current density at a radius r is calculated by

jφ (t ) = 1

V

∑
i

qi

pi
φ (t )

pi
0(t )

, (9)

where the summation is over all quarks in the cylindrical shell
within radius [r − �r/2 : r + �r/2]. V is the volume. The
solid curves in Fig. 1 show the buildup of the electric current
density taken at r = 2.5 fm with �r = 0.1 fm. We see that

FIG. 2. The induced magnetic field at r = 0. The solid curves are
the results from BAMPS calculations, while the dashed lines are the
results with Ohm’s law.

the induced electric field generates a circular electric current,
which is increasing from zero and relaxing towards the value
from Ohm’s law. Also, the relaxation time with σ22 = 1 mb
is longer than that with σ22 = 2 mb, as expected. Even though
the generated electric current with σ22 = 1 mb is always larger
than that with σ22 = 2 mb. The results in Fig. 1 can actually
be understood by the Drude model as discussed before. For
σ22 = 1, 2 mb, the relaxation time is τ j = 1.72, 0.86 fm/c,
respectively, according to Eqs. (4) and (8). These values are
just 10% smaller than the numerical results.

The electric current will generate a magnetic field denoted
as the induced magnetic field, which should counteract the de-
cay of the external magnetic field obeying Lenz’s law. In Fig. 2
we show the generation of the induced magnetic field at r = 0
by the solid curves. The dashed lines represent the results
calculated with Ohm’s law. Similar to the electric current, the
induced magnetic field is increasing from zero and relaxing
towards the values calculated with Ohm’s law. The induced
magnetic field at early time t < 3 fm/c seems independent of
the total cross section or the electrical conductivity of QGP.
The reason may lie in the retardation of the electromagnetic
fields.

From Figs. 1 and 2 we see the agreements of the BAMPS
results at late times with those from or with Ohm’s law, even a
little lower because of the finite length of the cylinder. These
indicate that the approximation we made for the calculation
of the electromagnetic fields of moving quarks is applicable.
At this point, the example with a linearly decreasing external
magnetic field serves as a cross-check on the additional nu-
merical implementations.

Now we turn to another assumption of the external
magnetic field, which mimics the situation in noncentral
relativistic heavy-ion collisions and has been considered in
Ref. [4]. In this paper two nuclei are replaced by two point
particles with the same charge and mass (for a more realis-
tic consideration, see Ref. [29]). They are moving in the z
direction at impact parameter b = bex and generate external
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FIG. 3. The electric current density at (x = 2 fm, y = 0, z =
0.2 fm). The solid curves are the results from BAMPS, while the
dashed curves are the results by solving Eqs. (10) and (11) and using
Ohm’s law.

electromagnetic fields for a quark-gluon system, which is
assumed to be static, thermal, and fill the whole coordinate
space. The electromagnetic fields of the quark-gluon system
are solved by Maxwell’s equations

∇ · B = 0, ∇ × E = −∂B
∂t

, (10)

∇ · E = qδ(x − b/2)δ(y)δ(z − vt )

+ qδ(x + b/2)δ(y)δ(z + vt ),

∇ × B = ∂E
∂t

+ σelE + qvẑδ(x − b/2)δ(y)δ(z − vt )

− qvẑδ(x + b/2)δ(y)δ(z + vt ). (11)

v denotes the velocity of the nucleus, which is v =
(1 − 4m2

N/s)1/2. mN is the mass of a nucleon and
√

s is the
colliding energy per nucleon pair. In Refs. [4,29], the V × B
term in Ohm’s law was not taken into account. Recall that V
is the hydrodynamic velocity of the QCD matter. We repeat
the calculations in Ref. [4] and show results for q = 79e,√

s = 200 GeV, b = 7.6 fm, and σel = 5.8 and 11.6 MeV in
Figs. 3 and 4 by dashed curves.

In our calculation with BAMPS we assume that a static and
thermal quark-gluon system appears at t = 0 fm/c, when two
point-like nuclei are at the closest distance. Furthermore, the
quark-gluon system is embedded in a cube with a length of 6
fm between the two nuclei. Periodic boundary conditions are
used. The temperature of the quark-gluon system is set to be
T = 255 MeV and the total cross section is σ22 = 2 or 1 mb,
which corresponds to σel = 5.8 or 11.6 MeV. The external
electromagnetic fields are calculated via Eqs. (6) and (7) for
moving point-like nuclei.

When two point-like nuclei are approaching each other, the
electromagnetic fields at the central region around r = 0 fm
are increasing. When the two point-like nuclei are at the
closest distance (collision at t = 0 fm/c), the magnetic field

FIG. 4. The magnetic field at r = 0 fm. The dotted curve depicts
the external field, the solid curves are the total magnetic field (in-
duced plus external field) from BAMPS calculation, and the dashed
curves are the total magnetic field by solving Eqs. (10) and (11).

is at the maximum. Therefore, the induced electric field dis-
appears at this moment and is increasing again (but in opposite
direction), when two point-like nuclei are departing from each
other.

Figure 3 shows the electric current density at (x = 2 fm,
y = 0, z = 0.2 fm), generated by the total electric field. We
plot the φ component of the current in polar coordinate sys-
tem on the x-z plane, since it is responsible for the induced
magnetic field in the y direction. The electric field has a strong
x component. Thus, Eφ is almost −Exz/|x|. The solid curves
are the results from BAMPS calculation, while the dashed
ones are obtained by solving Eqs. (10) and (11) and using
Ohm’s law. We see promptly increasing electric currents when
explicitly using Ohm’s law. The current with σel = 5.8 MeV
peaks within the time window [0.2 : 0.4 fm/c], while that
with σel = 11.6 MeV peaks within [0.2 : 0.6 fm/c]. Com-
pared with these, the results from BAMPS show almost
twentyfold lower peaks with longer tails. The large difference
is due to the relaxation of the electric current towards Ohm’s
law.

The external magnetic field is increasing before t =
0 fm/c. Thus, the induced magnetic field is in the opposite
direction as the external field. By passing t = 0 fm/c, the in-
duced electric field reverses. If the quark-gluon system exists
before 0 fm/c, the induced magnetic field reverses too, but
with delay due to the retardation. Therefore, after 0 fm/c the
total magnetic field by solving Eqs. (10) and (11) is smaller
than the external magnetic field for a while. This is shown
in Fig. 4 by the dashed curves for the total magnetic field
at r = 0 fm. The dotted curve depicts the external field. By
explicitly using Ohm’s law, the electromagnetic response of
the quark-gluon system is much more significant. At t =
0.5 fm/c for instance, the induced magnetic field is larger than
the external field by two orders of magnitude, although it is ten
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times smaller than the maximal value of the external field at
t = 0 fm/c.

In the calculation with BAMPS, the induced magnetic field
is generated after t = 0 fm/c. The result demonstrates the
incomplete electromagnetic response. The induced magnetic
field is tiny at early times. Only after t = 0.5 fm/c does it
become dominant over the external field and stay almost con-
stant. However, the induced magnetic field after 0.5 fm/c is
smaller than the maximal field at 0 fm/c by three orders of
magnitude. Such a small value may suppress any magnetic ef-
fects. Besides the incompleteness, one has to take into account
the retardation of the generation of the magnetic field. From
Fig. 4 we also see that the magnetic field is not sensitive to
the cross section, especially from 0 to 0.5 fm/c. Even though
the application of kinetic transport models for QCD medium
with large coupling (large cross sections) may be in question,
we do not expect a strong increase of the magnetic field after
0.5 fm/c in real heavy-ion collisions.

Some discussions are in order. The quark-gluon system
we considered is an idealized one. In real heavy-ion colli-
sions the produced quark-gluon system expands, cools, and
hadronizes. The temperature decreases and the electrical con-
ductivity of the QGP changes with time. Although all these
will also influence the electromagnetic response of the QGP
to the external fields, its incompleteness we propose makes
an important contribution and should be taken seriously into
account. Moreover, at the early stage of heavy-ion collisions,
the produced quarks and gluons are far from kinetic and chem-

ical equilibrium [55,60,61]. Quark number is smaller than that
at thermal equilibrium, which will lead to a smaller induced
electrical current. All of these considerations can be included
in a more comprehensive study by using BAMPS with more
realistic initial conditions and pQCD interactions. The results
will be presented in a future presentation.

In summary, in this Letter we have challenged the validity
of Ohm’s law applied for the hot QCD matter produced at the
early stage of noncentral relativistic heavy-ion collisions. We
have proposed the incomplete electromagnetic response due
to the relaxation of the induced electric current towards Ohm’s
law. The incomplete electromagnetic response of hot QCD
matter to external electromagnetic fields has been demon-
strated by using the parton cascade model BAMPS combined
with the solution of Maxwell’s equations. The numerical
results showed the significant suppression of the induced mag-
netic field. This makes the search for any magnetic effects in
heavy-ion experiments even more challenging.
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ral Science Foundation of China under Grants No. 11890710,
No. 11890712, No. 12035006, and No. 12047535. C.G. ac-
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were performed at Tsinghua National Laboratory for Informa-
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Supercomputer Center in Tianjin.
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