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Evolution of collectivity and neutron-proton interactions
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In this paper we study the correlation between the evolution of nuclear collective motion and neutron-proton
interactions. We construct empirical neutron-proton interactions (denoted by VNP) for nuclei in the (28 < Z < 50,
50 < N < 82), (50 < Z < 82, 50 < N < 82), and (50 < Z < 82, 82 < N < 126) major shells. The ratios be-
tween VNP and NnNp (the product of valence proton number and valence neutron number) are found to be different
for particle-particle, particle-hole, and hole-hole regions of the same major shell, suggesting different average
strengths of neutron-proton interactions for these regions. Very interestingly, collective observables of even-even
nuclei, e.g., 2+ and 4+ state energies, which follow different trajectories in the NnNp scheme for particle-particle,
particle-hole, and hole-hole regions, are found to form one unified and compact trajectory if those collective
observables are plotted in terms of total neutron-proton interactions, VNP.
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The paramount importance of neutron-proton interactions
in the evolution of single-particle structure, collectivity, phase
shape transitions, and deformation was stressed by de Shalit
and Goldhaber [1] and Talmi [2]. In Refs. [3,4], Federman,
Pittel, and Campas pointed out that the driving mechanism in
the development of nuclear deformation is the proton-neutron
interaction between nucleons in spin-orbit partner orbits. If
the strength of the proton-neutron interaction is approximately
a constant in a considerably large region of one major shell,
a very simple quantity, NnNp, the product of valence proton
number and valence neutron number, could act as a surrogate
of the integrated residual neutron-proton interaction of the
valence space. Another simple quantity, called the P factor
and defined by P = NnNp/(Nn + Np), could be a reasonable
simulation of ratio between the neutron-proton interaction
and pairing interaction of the corresponding valence space. In
the 1980s Casten and collaborators demonstrated extensively
[5–7] that both the NnNp and P-factor schemes provide us
with very simple yet very powerful tools to correlate a vast
amount of experimental data of the evolution of nuclear col-
lectivity, for instance, the first 2+ and 4+ state energies, E2
transition rates, and so on, in medium and heavy even-even
nuclei. These plots were generalized to odd-even, even-odd,
and odd-odd nuclei in Ref. [8].

In the late 1980s, Zhang, Casten, and Brenner extracted the
neutron-proton interaction between the last neutron and last
proton (denoted by δVnp) based on the experimental atomic
masses, as well as the sum of δVnp over the valence nucle-
ons [9], namely, the total valence neutron-proton interaction
(denoted by VNP below). Their results showed the remark-
able linearity between VNP and NpNn in the regions of mass
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number A ∼ 100 and 130. In Ref. [10] Fu, Jiang, Zhao,
and Arima improved the idea of Zhang et al. and revisit VNP

versus NpNn for three major shells: (28 < Z < 50, 50 < N <

82), (50 < Z < 82, 50 < N < 82), and (50 < Z < 82, 82 <

N < 126). By using the AME2003 database [11], Fu et al.
showed that VNP exhibit excellent linear correlations in terms
of NpNn for nuclei with (28 < Z < 50, 50 < N < 82) and
(50 < Z < 82, 50 < N < 82). For nuclei with (50 < Z < 82,
82 < N < 126), the linearity remains to be good, in general,
except nuclei for Z = 80 and 81 which exhibit “slight devi-
ations”. Clearly, these evaluations of VNP are limited by the
accessibility of experimental atomic-mass data.

For convenience, we repeat here the formula to extract
VNP based on atomic masses, presented in Eqs. (4)–(5) of
Ref. [10], as follows:

VNP(Z, N ) = 1
4δpδn[S(Z, N ) + S(Z0, N0)

− S(Z0, N ) − S(Z, N0)], (1)

where δp (δn) is +1 if the valence protons (neutrons) are
particle-like and −1 if the valence protons (neutrons) are
hole-like, both Z and N are even numbers, Z0 (N0) is the
nearest magic number for protons (neutrons), and S(Z, N ) is
defined by

S(Z, N ) = B(Z + δp, N + δn) + B(Z + δp, N )

+ B(Z, N + δn) + B(Z, N ). (2)

Here, B is the nuclear binding energy.
In recent years there have been impressive progresses in

predicting atomic masses by extrapolations [12,13], the ac-
curacy of predicted atomic masses is typically 200–400 keV,
within three or four steps of extrapolations. As the magnitude
of VNP could be 10 or even close to 100 MeV, it is expected
to be a good approximation to adopt such predicted atomic
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masses as surrogates of corresponding experimental results in
evaluating the results of VNP.

Figure 1 plots the values of VNP, extracted by using
Eqs. (1)–(2), versus NpNn, with the AME2020 database [14] as
well as extrapolated atomic masses via procedures proposed
in Ref. [12], for nuclei in the (28 < Z < 50, 50 < N < 82),
(50 < Z < 82, 50 < N < 82), and (50 < Z < 82, 82 < N <

126) major shells, with the constraint that resultant theoretical
uncertainties of VNP are below 1 MeV. Here, open circles
(triangles) correspond to the region in which both valence pro-
tons and valence neutrons are particle-like (hole-like), referred
to as “particle-particle” (“hole-hole”), open diamonds corre-
spond to the region in which valence neutrons are hole-like
while valence protons are particle-like, referred to as “hole-
particle”, and open squares correspond to the region in which
valence neutrons are particle-like while valence protons are
hole-like, referred to as “particle-hole”. These notations are
used throughout this paper. We note that there are many more
results of δVnp (neutron-proton interaction strength δVnp [9],
involving of binding energies for four neighboring even-even
nuclei) based on the AME2020 database than those of VNP

extracted from nuclear mass database, because, as shown in
Eqs. (1)–(2), VNP involves nuclear masses of single-closed nu-
clei, whose masses are usually not accessible experimentally
at present.

In the (50 < Z < 82, 50 < N < 82) major shell, there are
rich data for the hole-particle region but few experimental
data accessible for other regions of the same major shell.
The linear correlation between VNP and NpNn remains to
be excellent for VNP values extracted by using theoretically
extrapolated atomic masses, as shown in Fig. 1(b). In the
(28 < Z < 50, 50 < N < 82) and (50 < Z < 82, 82 < N <

126) major shells, however, one sees different ratios between
VNP and NpNn for three different regions of the same major
shell, namely, particle-particle, particle-hole, and hole-hole.
In Fig. 1(a) one sees sizable differences between the ratio
of the particle-particle regions and those of the other two
regions of this major shell, hole-hole, and particle-hole; and
a very small but systematic difference between the latter two
regions is seen, where the ratio of the hole-hole region is
very slightly larger. A similar pattern is seen in Fig. 1(c), i.e.,
the (50 < Z < 82, 82 < N < 126) major shell, in which the
differences of the ratios between VNP versus NpNn become
much more pronounced, with the ratio of the particle-particle
case is the largest, next that of the hole-hole case, and that of
the particle-hole is the smallest, among these three regions of
the major shell.

The differences of the ratio between |VNP| and NpNn for
particle-particle, particle-hole, and hole-hole regions, as ex-
hibited in Fig. 1, suggest that the evolution of collectivity
should be different for particle-like and hole-like valence re-
gions of the same major shell. To see whether or not this is
indeed the case, in Fig. 2 we plot the first 2+ energy, denoted
by E2+

1
of a few isotones (isotopes) in the (50 < Z < 82, 82 <

N < 126) major shell, versus corresponding proton number Z
(neutron number N). One sees clearly the asymmetry of E2+

1

values for particle-like and hole-like valence spaces. As the
|VNP| values of the particle-particle region are systematically
larger than those of the particle-hole region for the same

FIG. 1. Integrated neutron-proton interactions |VNP| versus NpNn.
In panel (a) 28 < Z < 50 and 50 < N < 82, in panel (b) 50 < Z < 82
and 50 < N < 82, and in panel (c) 50 < Z < 82 and 82 < N < 126.
Open circles (triangles) correspond to the region in which both
valence protons and valence neutrons are particle-like [hole-like],
referred to as “particle-particle” [“hole-hole”], open diamonds cor-
respond to the region in which valence neutrons are hole-like while
valence protons are particle-like, referred to as “hole-particle”, and
open squares correspond to the region in which valence neutrons
are particle-like while valence protons are hole-like, referred to as
“particle-hole”. Results extracted from the AME2020 database [14]
are in black and those involving predicted atomic masses by extrapo-
lations are in other color – blue, red or green. The sub-panel in (c) is
inserted for details of results extracted from experimental atomic
masses with small NpNn. As theoretical uncertainties of resultant
|VNP| are constrained below 1 MeV, the error bars of |VNP| are less
than the icon size of the results in the figure, and thus are suppressed
without any confusion.
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FIG. 2. Values of E2+
1

versus proton number Z and neutron num-
ber N , for even-even nuclei in the (50 < Z < 82, 82 < N < 126)
major shell. (a) (52 � Z � 80, 84 � N � 104), the left hand side
of the vertical dotted line corresponds to particle-particle region, and
the right hand side corresponds to the particle-hole region. (b) (68 �
Z � 80, 84 � N � 124), the left hand side of the vertical dotted
line corresponds to the particle-hole region, and the right hand side
corresponds to the hole-hole region. Experimental data of E2+

1
are

taken from Ref. [15].

values of NpNn, one expects that the growth rate of collectivity
in the former case is larger, and thus corresponding E2+

1
values

are smaller; and this is demonstrated clearly in Fig. 2(a). The
same arguments are applicable to results shown in Fig. 2(b),
where the E2+

1
values of the hole-hole case are systematically

smaller than those of the particle-hole case.
In Ref. [16], Cakirli and collaborators studied the relative

values of δVnp around the 208Pb nucleus, and in Ref. [17]
Cakirli and Casten pointed out, for the first time, the correla-
tion between the differences of the neutron-proton interaction
strength and differences in growth rates of collectivity in
particle-particle (or hole-hole) and particle-hole regions in the
(50 < Z < 82, 82 < N < 126) major shell, in terms of R4/2

(ratio between E4+
1

and E2+
1
) versus NpNn. In this paper a

consistent pattern of correlation arises. In Figs. 3(a)–3(c), very
good correlation between the evolution of E2+

1
, E4+

1
, or R4/2,

versus NpNn, is seen but individually for particle-particle,
particle-hole, and hole-hole regions, with a few exceptions to
be addressed below (open circles in red, open triangle in blue,
and open squares in green). Clearly, the collectivity growth
rate of the particle-particle region is the fastest, then that of
the hole-hole region, and that of the particle-hole region is the
slowest. The pattern of the evolution rates in Figs. 3(a)–3(c)
is well consistent with the evolution of VNP versus NpNn in
Fig. 1(c) as well as the pattern which was first reported in
Ref. [17].

Here, it is also worthy to note on “anomalous” results
which do not follow a compact correlation in the NpNn scheme
of Figs. 3(a)–3(c). Those exceptions were also highlighted in
Fig. 1 of Ref. [8]. The open circles in red here correspond to
nuclei affected by the Z = 64 subshell, the effect of which was
studied in a number of articles, and here we mention the work
by Ogawa and collaborators [18], Casten and collaborators
[19], and Scholten [20]. This subshell effect was taken into
account by introducing effective valence proton numbers for
even-even Ce, Nd, Sm, and Gd isotopes with neutron number
N from 84 to 90; and due to the Federman-Pittel mecha-
nism [3,4], the Z = 64 subshell effect is negligible for those

FIG. 3. E2+
1

, E4+
1

, and R4/2 versus NpNn and VNP in the
(50 < Z < 82, 82 < N < 126) major shell. One sees that the differ-
ent growth rates of given collective observable of even-even nuclei in
this major shell for the particle-particle, particle-hole, and hole-hole
regions, in the NpNn scheme, as plotted in the left hand side panels,
are unified to one compact trajectory in the VNP scheme, as plotted in
the right hand panels.

isotopes with N larger than 92, as shown by Han and collab-
orators [21], Zhao and Chen [22], and Fu and collaborators
[23]. The open triangles in blue and open squares in green
correspond to nuclei with neutron number N close to 104.
Such anomalous results were pointed out in Refs. [24–26], and
were attributed to coexisting deformed states involving proton
excitations across the Z = 82 gap when N is close to 104, i.e.,
the half-filled 82–126 major shell for valence neutrons.

Very interestingly, as shown in Figs. 3(a′)–3(c′), the evo-
lution of E2+

1
, E4+

1
, or R4/2, versus VNP values, follow one

unified and compact trajectory, for all three regions, particle-
particle, particle-hole and hole-hole, throughout the (50 <

Z < 82, 82 < N < 126) major shell. This is not very surpris-
ing, because the strength of the neutron-proton interactions
are reasonably taken into account in the integrated VNP values.
We note without details that the unification of trajectories, for
collective observables such as E2+

1
values of even-even nuclei

in this major shell in terms of VNP, for the particle-particle,
particle-hole, and hole-hole regions, is found to be robust, if
we adopt predicted atomic masses by other theoretical models.
This robustness is actually expected, because the theoretical
uncertainties of atomic masses involved here are constrained
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to be below 1 MeV, while the magnitude of VNP can be as large
as 100 MeV.

To summarize, in this paper we study the correlation
between the evolution of collective motions and integrated
neutron-proton interactions. First, we construct total em-
pirical neutron-proton interactions, VNP, for nuclei in the
(28 < Z < 50, 50 < N < 82), (50 < Z < 82, 50 < N < 82),
and (50 < Z < 82, 82 < N < 126) major shells by using
atomic mass values. For those with mass data not accessible
in the AME2020 database, we make use of the extrapolated
mass values with the constraint that resultant theoretical un-
certainties of VNP are below 1 MeV.

Second, we report different ratios between VNP and NpNn

(the product of valence proton number and valence neutron
number), for particle-particle, particle-hole, and hole-hole re-
gions in the (28 < Z < 50, 50 < N < 82) and (50 < Z < 82,
82 < N < 126) major shells. These differences are consistent
with asymmetries of E2+

1
results versus proton number or

neutron number, for the particle-particle, particle-hole, and

hole-hole regions of the (50 < Z < 82, 82 < N < 126) major
shell. It is also a reflection of differences of average neutron-
proton interaction strength for different regions in one major
shell, as discussed in Ref. [16].

Third, we point out the collective observables of even-
even nuclei in the (50 < Z < 82, 82 < N < 126) major shell,
such as E2+

1
, E4+

1
, and R4/2, which evolve individually in the

NpNn scheme for particle-particle, particle-hole, and hole-
hole regions in all previous studies, are found to follow
one unified and compact trajectory, in terms of the values
of VNP. This new and interesting correlation remains to be
robust, if atomic masses predicted by other theoretical mod-
els are adopted in evaluating the VNP investigated in this
paper.
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