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Background: In the solid crust of neutron stars, a variety of crystalline structures may exist. Recently the band
theory of solids was applied to the inner crust of neutron stars, and the significance of the entrainment between
dripped neutrons and the solid crust was advocated. Since it influences interpretations of various phenomena of
neutron stars, it is desirable to develop deeper understanding of the underlying microphysics.

Purpose: The purpose of the present article is to propose a fully self-consistent microscopic framework for
describing time-dependent dynamics of neutron star matter, which allows us to explore diverse properties of
nuclear matter, including the entrainment effect.

Methods: A fully self-consistent nuclear band theory is employed with the Skyrme SLy4 energy density
functional. A time-dependent extension of the microscopic band theory is developed based on the time-dependent
density functional theory (TDDFT). An intuitive real-time method is proposed for extracting the collective mass
of a nuclear cluster immersed in a sea of dripped neutrons, taking into account the band structure effects.
Results: As the first application of the time-dependent self-consistent band theory for nuclear systems, we
investigate the slab phase of nuclear matter with various proton fractions. From a dynamic response of the
system to an external force, we extract the collective mass of a slab, associated with entrained neutrons (due
to the Bragg scattering of dripped neutrons off the periodic potential) as well as bound nucleons. We find that
the extracted collective mass is smaller than a naive estimation based on a potential profile and single-particle
energies. We show that the reduction is mainly caused by “counterflow” of dripped neutrons towards the direction
opposite to the motion of the slabs. We interpret it as an “anti-entrainment” effect. As a result, the number of
effectively bound neutrons is reduced, indicating an enhancement of the number density of conduction neutrons.
We demonstrate that those findings are consistent with a static treatment in the band theory of solids.
Conclusions: The proposed approach offers a new research possibility of investigating nonlinear many-body
dynamics of nuclear matter microscopically, taking full account of the periodic structure in neutron star crusts.
The fully self-consistent band theory calculations, in both static and dynamic formalisms, suggest that the
mobility of dripped neutrons is larger than expected without band structure effects, at least for the slab phase of

nuclear matter.

DOLI: 10.1103/PhysRevC.105.045807

I. INTRODUCTION

This paper aims at developing a fully microscopic, dy-
namic approach to investigate nuclear many-body dynamics
in neutron star matter. Especially, we focus on the inner crust
of neutron stars, where dripped (unbound) neutrons permeate
a Coulomb lattice of neutron-rich nuclei. At a bottom layer of
the crust, peculiar crystalline nuclear bundles such as rod- or
slab-shaped structure may emerge as a result of competition
between the Coulomb and the nuclear surface energies [1,2].
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Such crystalline (periodic) structure effectively couples with
dripped neutrons via Bragg scattering [3], which is called
the entrainment effect. Due to the nondissipative entrainment,
some part of the dripped neutrons, which are supposed to be
1Sy superfluid in cold neutron stars below the critical tem-
perature 7 < 10'° K, may be immobilized by the periodic
structure. A proper quantum mechanical method to treat a
system with a periodic potential is the band theory of solids
[4]. Although the band theory has been a standard tool in
solid-state physics for a long time, its application to nuclear
systems is rather new.

The band structure of dripped neutrons was first investi-
gated in the neutron star context by Oyamatsu and Yamada
in 1994 [5], with a simplified one-dimensional square-well
potential. In 2005, Carter et al. extended the model of Ref. [5]
for the slab and rod phases to examine the entrainment effects
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[6]. It was shown that the effective mass of conduction neu-
trons is enhanced by factors of 1.02-1.03 and 1.11-1.40 for
the slab and rod phases, respectively. Extending and applying
this model, Chamel explored the entrainment effects further
in a three-dimensional (3D) lattice of spherical clusters in
a low-density region of the inner crust [7-10]. It has been
suggested that the neutron effective mass could be very large,
a factor of ten or even more larger than the bare neutron mass,
in some layers of the inner crust. Since such huge effective
mass can influence interpretations of various phenomena of
neutron stars, the results of Chamel initiated debates and have
attracted considerable attention.

Since the seminal work by Chamel, many authors con-
sidered its impact on neutron star models. For instance, the
entrainment affects long-wavelength collective excitations of
the inner crust such as lattice phonons, Anderson-Bogoliubov
modes of neutron superfluid, and their mutual coupling
[11-14]. As a result, heat capacity and thermal conductivity,
and thus thermal evolution of the star can be affected. Besides,
the entrainment also affects models of neutron star glitches.
In the standard vortex-mediated glitch scenario [15], which
explains the quasiperiodic occurrence and the long post-glitch
relaxations, transfer of angular momentum of neutron super-
fluid to the solid crust (corotating with the rest of the star)
causes a glitch. However, if superfluid neutrons were strongly
entrained by the crust, the inner crust could not store enough
angular momentum to explain large glitches observed in, e.g.,
the Vela pulser (Av/v ~ 107, where v and Av represent the
rotational frequency and its change in a glitch event, respec-
tively) [16,17]. If this is the case, some part of the core must
be involved in the glitch mechanism (see, e.g., Ref. [18] and
references therein). On the other hand, possible avoidance ef-
fects have been advocated, such as neutron superfluidity [19]
or disorder in crustal structure [20]. Besides, apart from the
band structure effects, a superfluid hydrodynamic approach
indicates that the coupling between neutron superfluid and the
nuclear clusters is rather weak [21]. Meanwhile, Kashiwaba
and Nakatsukasa [22] reported the first fully self-consistent
band calculations for the slab phase of neutron star matter,
based on the nuclear energy density functional (EDF) ap-
proach. They found that the neutron effective mass is smaller
than the bare neutron mass by a factor of 0.65—0.75 for the slab
phase, which is opposite to the effect discussed in Ref. [6].
Concerning the importance of the entrainment effects for
proper modeling of neutron star physics, it seems premature to
draw a conclusion on the entrainment effects in the inner crust
of neutron stars. In this work, we develop a time-dependent
extension of the fully self-consistent nuclear band theory to
shied new light on neutron star physics, including the entrain-
ment effects.

The application of time-dependent mean-field approaches,
like time-dependent Hartree-Fock (TDHF), for nuclear sys-
tems had already started in the 1970s [23]. The first
application [24] was actually for collisions of two slab-shaped
nuclei, although the analysis at that time was restricted to
isospin symmetric systems, thus without dripped neutrons,
with a very simple interaction, even without the Coulomb
force. Since then, numerous studies were performed for
various contexts (see, Refs. [25-30], for reviews), and the

connection between TDHF and the time-dependent density
functional theory (TDDFT) [31-34] has been explored [27].
It is interesting to note that the application of real-time, real-
space methods, which have been rather common for many
years in the nuclear physics community, to atomic/molecular
physics was pioneered by Yabana and Bertsch in 1996 [35],
who were experienced in nuclear physics. Later, the method
was extended to account for crystalline solids, i.e., infinite sys-
tems with a periodic potential, by Bertsch et al. in 2000 [36].
There have been continuous developments and applications
of TDDEFT, as can be seen for instance in well-documented
open-source software such as OCTOPUS [37] or SALMON [38].
Nowadays it is at the forefront of exploring light-matter inter-
actions under extreme conditions (see, e.g., Refs. [39,40] and
references therein). Now, we shall take the TDDFT approach
for crystalline solids back to the nuclear physics context, that
is, nuclear dynamics in the inner crust of neutron stars.

In the present paper, as the first step to show the useful-
ness of the newly developed approach, we perform TDDFT
calculations based on the fully self-consistent band theory
for the slab phase of nuclear matter, neglecting the spin-orbit
coupling and pairing correlations. Specifically, we investigate
the collective mass of a slab immersed in a sea of dripped
neutrons. We note that it is not obvious how to define the
collective mass of such a quantum object embedded in a Fermi
gas, and it is by itself an academically intriguing problem of
its kind. We propose a simple and intuitive real-time method
for extracting the collective mass of a nuclear cluster from a
dynamic response of the system to an external force. We can
relate the collective mass to the density of conduction neu-
trons, which are effectively free from the entrainment effects.
It is shown that the collective mass is reduced and hence the
conduction neutron number density is enhanced by what we
call an “anti-entrainment” effect, new information which was
not clear within the static approach.

The article is organized as follows. In Sec. II, we recall the
self-consistent band theory for the slab phase of nuclear matter
and present its time-dependent extension. We then introduce
a real-time method to extract the collective mass of a nuclear
cluster immersed in a sea of dripped neutrons. In Sec. III, we
present the results of numerical simulations for several proton
fractions. We discuss physics behind our numerical results in
Sec. IV. A summary and a perspective are given in Sec. V.

II. FORMULATION
A. The Bloch boundary condition

In the band theory of solids, the single-particle wave func-
tions are expressed, according to the Floquet-Bloch theorem,
by modulated plane waves:

1 .
Vi r o) = —=ufr.0) e, ()

Wak

where the spatial, spin, and isospin coordinates are repre-
sented by r, o (=1 or |), and ¢ (=n or p), respectively,
and V denotes the normalization volume. The subscripts o
and k stand for the band index and the Bloch wave vector,
respectively. The single-particle wave functions satisfy the

045807-2



TIME-DEPENDENT EXTENSION OF THE ...

PHYSICAL REVIEW C 105, 045807 (2022)

FIG. 1. Schematic picture showing the geometry of the systems
under study. The nuclear slabs extend parallel to the xy plane and are
aligned with a period a along z direction, as depicted in the upper
part of the figure. In the lower part, the nuclear mean-field potential
is depicted in the xz plane. Note that when dripped neutrons exist
the maximum value of the mean field potential for neutrons (U? in
the picture) is negative, even outside the slabs. The figure has been
reprinted from Ref. [22] with permission.

Bloch boundary condition,
YR +T,0)=

where T is an arbitrary lattice translation vector. It means that
the dimensionless functions u(q)(r o) have the periodicity of

zk Tllf(q)(n o), )

the crystal, i.e. u(q)(r +T,0)= u(q)(r o). In the following,

we will refer to the functions u;‘f (r, 0) as Bloch orbitals.

In this work, we restrict our analysis to the slab (or
“lasagna”) phase of nuclear matter at zero temperature, ne-
glecting the spin-orbit coupling and pairing correlations. We
thus omit below the spin index o from the expressions. We
consider nuclear slabs which extend spatially parallel to the xy
plane and are in a periodic sequence along the z direction; see
Fig. 1. We assume that the system forms a perfect crystalline
structure of the slabs with a period a (distance between the
neighboring slabs). In this situation, the single-particle wave
functions are plane waves along x and y directions and the
lattice vector becomes T' = T.é, + T e, + naé., where T, and
T, are arbitrary real numbers, 7 is an arbitrary integer, and &,
is the unit vector along the u (=x, y, or z) direction. Then, the
Bloch orbitals depend only on the z coordinate,

v D) = f u®(z) e, 3)

with the periodicity of the crystal, u(q)(z + na) = u(q)(z).

The z component of the Bloch wave vector can be reduced
within the first Brillouin zone, —m/a < k, < 7 /a and, in
practice, we discretize it into Ni, points, i.e., Ak, = = le
This implementation corresponds to a calculation with a
length L = aN,_ with the ordinary periodic boundary condi-
tion. We normalize the single-particle wave functions so that
the probability of being somewhere within the length L is
unity:

/ WD) Pdz =1, )

which is equivalent to the normalization condition for the
Bloch orbitals,

/ () dz = a. (5)

Here, Q stands for the normalization area such that V =
L. In the following sections, we formulate the fully self-
consistent band theory for the slab phase of nuclear matter
based on a Skyrme-type EDF.

B. Energy density functionals

We denote the total number of neutrons (¢ = n) or pro-
tons (¢ = p) per unit area within a single period a as N, =
foa nqy(z)dz, where n,(z) and n,(z) represent neutron and
proton number densities, respectively. The average number
density of neutrons (¢ = n) or protons (g = p) is then defined
as ii; = N,/a. We also define the corresponding quantities for
baryons (nucleons) as N, = N, + N, and 7, = i, + #i,. The
proton fraction is defined by Y, = i, /i

In this work, we adopt the Skyrme SLy4 EDF [41] which
has been widely used in various contexts [42], neglecting the
spin-orbit coupling. The total energy per nucleon reads

Enucl
A

where the kinetic and the nuclear energy densities are, respec-
tively, given by

l a
= 171)/0 (Ein(2) + Esiy(2) + EL(D)dz,  (6)

2

h
Ein(2) = D 5—14(2), (7)
g=n.p M
Esy(2) = Y [CL o)} (2) + G i ()92, (2)

t=0,1
+ T [m@ue) — 2. ®)

We note that, reflecting an exploratory character of the present
study, we will distinguish neutron and proton masses, which
allows us a detailed investigation of the collective masses
as discussed in Secs. IIT and Sec. IV.! Here and henceforth,
the symbol 9, represents a spatial derivative with respect to
z coordinate. n,(z), 7;(z), and j,(z) denote the number, ki-
netic, and momentum densities, respectively. The time-odd
momentum densities vanish in static calculations, while they

"Here, m, = 939.565 MeV/c* and m, = 938.272 MeV/c* are
used.
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are, in general, finite in a dynamic situation. The subscript
t specifies isoscalar (t = 0) and isovector (f = 1) densities,
which are defined, for the number density for instance, by
no(z) = n,(z) + n,(z) and n(z) = n,(z) — n,(z), respectively
(the subscript 0 is often omitted). The detailed expressions of
the coefficients by means of Skyrme force parameters can be
found in, e.g., Eq. (A1) in Ref. [43] (where symbols like AX
were used instead of CZX here). Recall that C’[ng] depends
on the local number density as C/[ny] = C’ + Cp b Y(z) asin
Ref. [44].2
The neutron and proton densities are formally defined as

occ.

ng(z) =2 Zy ©)

Tq(Z) (10)
a.k

Jj, )= ZZIm [V )V D). (11)

The summation is taken over all occupied orbitals below the
Fermi energy with the factor of 2 accounting for the spin
degeneracy. Note that, in general, each component (i = x, y, 2)
of the Bloch wave vector k is discretized to be k; = L Lp;
(n; =0, %1, ...) for an arbitrary system with a unit cell with
length L; for each direction, and thus Zk should be regarded
as a summation over those integers n;. For the slab phase, the
summations for k, and k, can be replaced with integrals,

Qdk,dk, Qkydk
— 2m) 2

where k| represents the absolute value of the Bloch wave
vector parallel to the slabs, kj = (ki + k;)'/?. By substitut-
ing the Bloch wave function (3) into Egs. (9)-(11) with the
replacement (12), the densities can be expressed in terms of
the Bloch orbitals as follows:

ny(z) = —Z / ki [1@)|7 0 (1ey — £9) dky, (13)
7,(z) = —Z/k” D + 10, + ik )u® ()]
x e(y,q — D) dk, (14)
J,) = E > / ky Im [ (2)(, + ik)u® (2)]e.
a,k;

X@(Mq — 8(q)) dkH, (15)

where 1, denotes the chemical potential (Fermi energy), and
6(x) is the step function which is one for x > 0 and zero
otherwise. For the slab phase, x and y components of the

ZNote that the notation y is used to represent a fractional power of
the isoscalar density in the density-dependent term in Skyrme-type
functionals to avoid confusion with the band index «.

momentum density naturally vanish, ie., j,(z) = j;4(2)e;,
assuming that positive and negative wave-number states are
equally occupied.

The proton part of the Coulomb EDF is given by

3¢2 3\

EL(2) = —chu,<z)n,,(z> - (;) n*@),  (16)
where e denotes the elementary charge. The first term corre-
sponds to the direct term, while the second term corresponds
to the exchange term with the Slater approximation. The
Coulomb potential for protons Veey (—Veou for electrons) is
determined by solving the Poisson equation,

2 &2

pE —— Veou(2) = _gnch(z)s a7
where ¢ is the vacuum permittivity. ne,(z) = n,(z) — n, de-
notes the charge density, neglecting the charge form factor
of protons. Electrons are assumed to be uniformly distributed
with the density n, = ii,. The Coulomb potential is subjected
to the charge neutrality condition, foa Veou(z)dz = 0.

For the electrons’ EDF we follow the same procedure as in
Ref. [22], where electrons are treated as a uniform, degener-
ated relativistic Fermi gas. The energy of electrons divided by
the baryon (nucleon) number A is given by

Eelec _ i (e)

A Nb ( kin

where the kinetic and the Coulomb energy densities are, re-

spectively,
Prdm p*dp
() _ 204 4 202
= || et

+ Eu) @ (18)

4C5

= %(Sinh49p — 465), (19)
. 3¢ (3\'°
Sé(ful:—T(n) . (20)

The Fermi momentum pg is related to the electron num-
ber density by pr = i(3n>n,)!/?. 6 is defined with the
Fermi energy er through the relation, e = vVm2c* + pic® =
myc* cosh Og. The Coulomb exchange term is evaluated with
the Slater approximation, while the direct term of the elec-
trons’ Coulomb energy vanishes because of the charge
neutrality condition.

C. The Skyrme-Kohn-Sham equations

From an appropriate functional derivative, one can derive
the Skyrme-Kohn-Sham equations for the single-particle wave
functions:

WO 1) = e w,g ), 1)
where the single-particle Hamiltonian is given by
2

V. V+U@?
e U@

fz(q)(z) P

+ %[V-I@(z) +19(z)-V]. (22)
l
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Note that the differential operators in Eq. (22) act on all spatial

functions located on the right sides of them. 8('1) represent

single-particle energies of the wave functions 1//;‘,?. For each
k, the system exhibits discrete energy levels in a similar way
as finite nuclei, and each of those levels forms a “band” as a
function of k. We refer to k-dependent behavior of the energy
levels as band structure.

The “microscopic” effective mass, mjf(z) (which should
be distinguished from the “macroscopic” one which will be
discussed in Sec. IV C), the time-even and time-odd mean-
field potentials, U9 (z) and I @(z), are defined, respectively,
as follows:

H? B2

=—+ > C'n(2), (23)
ZmSIB(z) 2my i
U@ = ) [2€)ng(2) +2C," " 92ny (2)
q'=n,p
+ V7 (2) + 20 ()Ch g (2)]
+yny T @) Y Chnt @)+ Ucon(@)dgp,  (24)
t=0,1
190)=-2 % ), @, (25)
q'=n.p
where
3\ /3
Ucoui(2) = Veou (2) —ez(;> n@. (@6

For the sake of compactness, we have introduced a shorthand
notation,

(a=4q"),
(q# 4,
where X stands for the superscript of the coefficients, i.e., p,
7, or Ap. Note that the time-odd potential is zero in a static
situation.

In practice, one can work with the Skyrme-Kohn-Sham

equations for the Bloch orbitals ufz() (z). Namely, by inserting
the explicit expression of Eq. (3) into Eq. (21), we obtain

X(q) _
C ¢ =

{C(’f +cX @7

X - cX

(A9 (2) + AP (2)u2 (@) = eG4 u% @), (28)
where
@ 21,2
W97 = +hk-99(z). 29
v (2) 2me Q) (2) (29)

Here, 99)(z) is the so-called velocity operator defined by

19 (z) = .l[r, 9 (2)]
ih

— 1 1 l (q)
m(vzm%) + 2m®(z)v> + 219G, (30)

~ (q) ~ (q)

The terms that contain 9"’ and d,"’ do not contribute in the
present case. The addmonal k-dependent term (29) arises due
to differential operations on the factor ¢’*”. The commutator
in the velocity operator extracts the additional terms origi-
nated from the differential operation on e* since terms that

commute with the coordinate r vanish. In this way, while
we deal with a 3D infinite system of crystalline slabs, the
equations to be solved becomes essentially one-dimensional
ones, for the Bloch orbitals along the z direction, Eq. (28).

We note that in the recent work of Ref. [22], a functional of
the Barcelona-Catania-Paris-Madrid (BCPM) family [45] was
employed. Since the BCPM functional contains the kinetic
density ,(r) only in the kinetic term, the resulting Kohn-
Sham equations were greatly simplified. In addition, since
the microscopic effective mass is equal to the bare nucleon
mass in the BCPM functional used in Ref. [22], the Bloch
orbitals were independent of kj, which substantially reduced
the number of single-particle orbitals. (Note that there exists a
variant of the BCPM functional with the microscopic effective
mass [46].) The formulas given above are more general ones,
which can be readily extended for more complex crystals with
higher dimensions and are based on a widely used Skyrme-
type EDF which utilizes the density-dependent microscopic
effective mass m.

D. Real-space TDDFT for solids in the velocity gauge

As described in Sec. IIE, we will extract the collective
mass of a slab from a dynamic response of the system un-
der a uniform external electric field, E = E.é,. The situation
resembles the one encountered in solid-state physics. Since
a typical wavelength of an oscillatory electric field of light
is, in general, much longer than the size of an atomic unit
cell, the electric field is often treated as constant over the unit
cell, known as the dipole approximation. One may express a
constant electric field by an external scalar potential, ey (F) =
—Ez. This expression is known as the length gauge, where a
linear scalar potential is entirely responsible for the electric
field which couples with the coordinate by —FE - r. Time evo-
Iution of the system may be described by the time-dependent
Kohn-Sham (TDKS) equations for the Bloch orbitals in the
length gauge,

(@)
ik & 1) 3(2 ) = (A, 1) + B (z, 1) — eE.2)u'% (2, 1).

€19

The single-particle Hamiltonians have exactly the same form

as described in Sec. II C (except for the time dependence of the

densities and the potentials). However, this external potential

clearly violates the periodicity assumption and, hence, cannot

be used together with the Bloch boundary condition.

We can avoid this problem by employing a gauge transfor-
mation for the Bloch orbitals to the so-called velocity gauge.
Following the method developed by Bertsch et al. [36,39], we
introduce a gauge transformation for the Bloch orbitals from
the length gauge to the velocity gauge,

i (z,1) = exp [— Al )z} ug @0, G2
and correspondingly for the single-particle Hamiltonian,

H(z,1) = exp [—%Az(t)z}fl(’”(z, 1)exp [%Az(t)Z]-

(33)
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Here, A, (¢) represents a time-dependent, spatially uniform
vector potential which is equivalent to the uniform external
electric field by E,(t) = —(1/c)dA_(t)/dt, and c denotes the
speed of light. The transformation may also be regarded as
a Galilean boost for the Bloch orbitals, €47/ with Ap, =
fot eE (t")dt’, which is consistent with the classical picture of
the acceleration associated with the external force. Since the
vector potential is constant in space, it does not violate the
periodicity assumption. (See the Appendix for details of the
gauge transformations.)

It is easy to understand that the gauge transformation of the
single-particle Hamiltonian (33) affects only the k-dependent
part, Eq. (29). Namely, the TDKS equations in the velocity
gauge take the following form:

)
D (00 4 i G

Notice that the Bloch wave vector in the single-particle Hamil-
tonian in Eq. (34) is now shifted as a function of time,
according to:

k@) =k + —A(1)e.. (35)
he

All densities can be expressed in terms of the Bloch
orbitals in the velocity gauge, N{q)(r t), by 1nsert1ng its in-

verse transform, u(q)(r t) = explieA; (t)z/hc]u (r 1), into
Egs. (13)—(15). Thus it is possible to work with the same form
of Egs. (13)—(15), simply replacing u((;;() r,t) —> ﬁ'gj{)(r, t) with
the time dependent shift for the Bloch wave number k, —
k,(t) according to Eq. (35) in the kinetic and the momentum
densities. Note that additional care should be taken for the
single-particle Hamiltonian in the velocity gauge, when one
works with a nonlocal potential (see, e.g., Ref. [47]).

E. Real-time method for the collective mass

In the inner crust of a neutron star, where nuclear bundles
and a sea of dripped neutrons coexist, it is not obvious how
to distinguish bound and unbound (free) neutrons. If a naive
picture is adopted, one may distinguish them according either
to magnitude of the single-particle energies and the nuclear
potential or to density distributions [48]. However, we do
not expect such a clear separation in reality. Due to Bragg
scattering, some “free” neutrons may be entrained (or, say,
“effectvely bound”) to the periodic potential [3]. Here, we
introduce a real-time method to extract the collective mass of
a nuclear bundle (not necessarily a slab) immersed in a sea of
dripped neutrons, which directly measures the number of the
effectively bound (bound + entrained) nucleons.

We employ a simple idea as depicted in Fig. 2. We exert
external force Fex on localized protons inside a nuclear cluster
(a slab, in the present case); see Fig. 2(a). The cluster then
moves with constant acceleration a, according to the classical
relation, P = M_juser ap, where P is the rate of change of the
linear momentum and Mg 1S the collective mass of the
cluster. Here and henceforth, a dot on a quantity represents its
time derivative. Thus, by measuring the acceleration a, and
the rate of change of the linear momentum P, one can deduce
the collective mass simply by Mjyser = P/ap, see Fig. 2(b).

(a)  Dripped neutrons

=

F ext

®) A

P
B A'[c]uster
> ¢

FIG. 2. Schematic picture showing the idea of the real-time
method for extracting the collective mass of a nuclear cluster im-
mersed in a sea of dripped neutrons. (a) We consider a situation
where a nuclear cluster is embedded in background neutron matter.
We exert external force Fiy on localized protons inside the cluster.
(b) Expected time evolution of the velocity of the center-of-mass
position of protons v,(t), showing constant-acceleration motion with
a, = P /Musier- In the case where motion is too fast and some exci-
tation modes are induced, we may observe deceleration as indicated
in the right-top part of the ¢-v,, plot.

We note that the force should be small enough so as to avoid
excitations of the system that would result in deviation from
the uniform acceleration motion, as indicated in the right-top
part of Fig. 2(b). Note that if superfluidity is present, which
is neglected in the present work, it would prevent the system
from exciting until the motion exceeds certain critical veloc-
ity for breaking Cooper pairs, whereas additional collective
excitation modes, the Anderson-Bogoliubov phonons, may be
present [49,50].

We apply the real-time method for the slab phase of nuclear
matter. With the method described in Sec. II D, the above
mentioned situation can be realized numerically with a vir-
tual external electric field, E = E.é,, that couples only with
protons inside a slab. From time evolution, the position of
the slab can be traced through the expectation value of the
center-of-mass position of protons, Z,(t) = 1%,, foa zn,(z, 1) dz,

and the acceleration is given by a,(t) = d*Z,(t)/dt?. We then
define the collective mass (per unit area) of the slab, M, as
well as that of protons, M, respectively, as follows:

Py
M) = ‘((t’)), (36)
4
p
M, () = a”g;, 37)
P
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where the linear momentum (per unit area) can be computed
from the momentum densities as

Py(t) = ﬁ/ Jeq(z 1) dz. (38)
0

Here, P denotes the sum of the neutron and proton linear
momenta, Py = P, + P,. The rate of change of the total mo-
mentum coincides with the total force exerted on the system,
Pt (1) = eNpEz ().

In this way, in principle, one can deduce the collective mass
of a nuclear cluster immersed in a sea of dripped neutrons
from a time-dependent response of the system to the external
force. From the collective mass of a cluster, one can esti-
mate the number of effectively bound (bound + entrained)
neutrons, which, in turn, defines the rest—the conduction
neutrons—moving freely in the crystalline potential. We will
discuss this point in Sec. IV C.

F. Computational details

The Bloch orbitals along the z coordinate (normal to the
slab) are represented on uniform grid points in real space.
The grid spacing is set to Az = 0.5 fm.? First and second
spatial derivatives are evaluated with the nine-point finite dif-
ference formulas. The Coulomb potential is computed with
fast Fourier transforms. We discretize k; below the Fermi
energy with a Ak; =0.01 fm™' step. In most cases, how-
ever, the Fermi energy lies in between the discretized values,

; (@) (@ J = -
ie., sakzk‘{ < g < 8akzk‘{“ (kj = jAky). We thus add &k =

k™* — jAkj to evaluate the integral over k| so that 83}3 s =

W, is ensured. The first Brillouin zone, —7 /a < k, < 7 /a, is
discretized into Ny, points. Note that actual calculations were
carried out for —m/a,...,0,...,m/a, ie., N+ 1 points,
where k, = 7 /a are treated equally with a factor 0.5, which
is necessary to ensure jq =0 [cf. Eq. (15)] for static so-
lutions. For the static calculations, we found that N, > 10
provides results with negligible spurious finite-size effects.
We note, however, that for dynamic calculations Ny, = 40
turned out to be necessary to obtain convergent results, espe-
cially for neutron dripped systems. We thus set Ny, = 40 in the
present paper. A static solution of the Kohn-Sham equations is
obtained by iterative diagonalizations of the single-particle
Hamiltonian matrix for each set of k = (k, k;) until conver-
gence of AE < 107'* MeV (energy change from the previous
iteration) is achieved. For the time integration, we employ the
sixth-order Taylor expansion method with a single predictor-
corrector step. The time step is set to At = 0.1 fm/c. In the
calculations presented in this paper, the Coulomb exchange
term in Eq. (16), which is expected to be a minor correction,
has been neglected.

3To decide the grid spacing Az, we carried out static calculations
for a neutron-dripped system (the ng = 0.4,Y, = 0.1 case), changing
Az >~ 0.2-1.0 fm. We confirmed that the total energy per nucleon
(E/A) is converging with decreasing Az and found that Az =
0.5 fm already achieves a 0.01% (0.1 keV) accuracy. Based on this
observation, we decided to set Az = 0.5 fm in the present work.

In practice, static calculations are performed without the
external potential. We then dynamically switch on the uni-
form external electric field smoothly as a function of time,
ie., E,(t) =s, T,nE, for 0 <t < T, where s(¢,T,n) is a
switching function which varies smoothly from O to 1:

1 1 Tt
st.Ton) = 5 + 5tanh[ntan<F - 5)] 39)

where n and T are parameters that control the speed and the
duration of the variation, respectively. In the present study,
n=2and T = 1500 fm/c are used for isolated slabs (the
Y, =0.5 and 0.4 cases), while n =1 and T = 2000 fm/c
are used for neutron dripped systems (the ¥, = 0.3, 0.2, and
0.1 cases). Without the switching function, we found that the
electric field induces an isovector-type oscillation mode (with
a period of ~200 fm/c). The strength of the external force is
setto F, = eE, = 1073 MeV /fm.

III. NUMERICAL RESULTS

In this section, we present the results of static and dy-
namic self-consistent band calculations for the slab phase of
nuclear matter. Under a realistic S-equilibrium condition, the
slab phase may emerge at a bottom layer of the inner crust
close to the crust-core transition at baryon density, 71, >~ 0.07—
0.09 fm~3, with tiny proton fraction, Y, ~0.02-0.03 [22]. In
this work, however, we restrict ourselves to the cases at a
fixed baryon density, 7, = 0.04 fm~3, with different proton
fractions from Y, = 0.1 to 0.5. Those conditions allow us to
investigate from isolated slabs, where all nucleons are local-
ized inside the slabs, to slabs immersed in a sea of dripped
neutrons, similar to the situation encountered in the inner
crust of neutron stars. Various values that characterize those
systems are summarized in Table L.

A. Isolated slabs: Y, = 0.5 and 0.4

As a proof of principle, let us first investigate isolated slabs
in a vacuum, i.e., without dripped neutrons, that correspond
to the ¥, = 0.5 and 0.4 cases. To find the optimal slab period
a, static band calculations were carried out for various values
of a. To the accuracy determined by the grid spacing, we find
that @ = 20 and 22 fm correspond to the lowest energy con-
figurations for Y, = 0.5 and 0.4, respectively. As an example,
we show in Fig. 3 some static properties of the system with
Y, = 0.4. Figure 3(a) shows density profiles of neutrons (solid
line) and protons (dashed line) as a function of the z coordi-
nate normal to the slab. In this case, both neutrons and protons
are localized within the slab. The density distributions exhibit
“neutron skin,” analogous to a neutron-rich finite nucleus.
In Fig. 3(b), the mean-field potentials U@ (z), for neutrons
(solid line) and protons (dashed line) are shown as a function
of z coordinate. While their global structures are similar to
one another, the potential for protons is slightly deeper than
that for neutrons, because of the neutron richness and the
presence of background electrons. Since occupied orbitals in
this case are well localized, the Bragg scattering does not play
any role and the system does not manifest band structure.
It is visible in Fig. 3(c), where neutron single-particle ener-
gies are shown as a function of the Bloch wave number &,
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TABLE I. List of quantities that characterize static properties of the systems. In the list, Y, is the proton fraction, a is the slab period in
fm, u, is the Fermi energy in MeV, U&") is the maximum value of the nuclear potential in MeV, 7, is the average nucleon number density in
fm~3, nzg is the background neutron number density in fm ™3, which is the density at the midpoint between the slabs, i.e., nt =n,(0) = n,(a)
in the present case, n\ [=i, — n®, where n®> = N®" /a; cf. Eq. (41)] is the number density of “free” (or “energetically unbound”) neutrons,
and mffbg = m{? [ngg] is the microscopic effective mass at the background neutron number density n2¢. Quantities with an index g are those for
neutrons (¢ = n) or protons (¢ = p). For the bare neutron and proton masses, n, = 939.565 MeV /c* and m, = 938.272 MeV /c? were used,
respectively.

Y, a(fm) pu, (MeV) p,MeV) Ug” MeV) Up” MeV) @, (fm™) 7, (fm™) nb¢ (fm™>)  nf (fm™)  m® /m, m® /m,
0.5 20 —16.8 —12.1  —210x107% =532 0.020 0.020 441 x 1078 0 1.000 1000
04 22 ~711 =221 —393x1075  —5.26 0.024 0016 3.29 x 107 0 1.000 1000
03 25 0.15 =341 —249x1072  —536 0.028 0012 8.18x107° 586x10°° 1.000  1.000
02 26 480 435 —2.69 -16.8 0.032 0.008  7.04 x 1073 4.06 x 10 0973  0.989
0.1 33 783 —517 —8.25 ~343 0.036 0.004 2.05x 1072 1.30x 1072 0925  0.969

within the first Brillouin zone, —m /a < k; < 7 /a, for ky = 0.
In the figure, occupied levels are represented by solid lines,
while unoccupied levels are indicated by dashed lines. The
band index runs from the lowest level to higher ones, i.e.,
si”,z < 8;”,3 < - -, and the lowest three levels (o = 1, 2, and
3) are occupied in the present case. The maximum value of
the nuclear potential UO(”) and the neutron Fermi energy u,, are
indicated by arrows. Indeed, all the occupied levels in this case
are within the nuclear potential (i.e., u, < U(;")). As a result,
those occupied states are well localized, and there is essen-
tially no k, dependence in the single-particle energies. We note
that unoccupied states with energies above Ué"), which extend
spatially outside the slabs, exhibit band structure. (We will
come back to this point when we analyze slabs with dripped
neutrons in Sec. III B.) Note that each single-particle energy
also has kj dependence as shown in Fig. 3(d), where 8((;;3 are
shown as a function of k. Occupied states are those below
the Fermi energy, indicted by a horizontal dashed line (i.e.,
e™ < ).
ak g

Next, we show the results of time-dependent self-
consistent band calculations for the ¥, = 0.5 and 0.4 cases in
Figs. 4 and 5. In both figures, the results for the ¥, = 0.5 case
are represented by solid lines, while those for the Y, = 0.4
case are represented by dashed lines. In Figs. 4(a), 4(b), and
4(c), we show, respectively, acceleration of protons, a,(t),
time derivative of the total linear momentum, Py (¢), and
time derivative of the proton linear momentum, Pp(t), as a
function of time. As mentioned in Sec. IIF, we introduce
the external force gradually as a function of time for a time
interval ¢ = 0-1500 fm/c (the end time is indicated by a
vertical line). It means that, after r = 1500 fm/c, the force
exerted on protons is constant. As can be seen from the figure,
the slabs in both systems show constant-acceleration motion
aftert = 1500 fm/c, as expected. By taking the ratios of those
quantities, we can obtain the collective masses, according to
Egs. (36) and (37).

Figure 5 shows the extracted collective masses (per unit
area) as a function of time. In Figs. 5(a) and 5(b), the collective
mass of the slab, M., (¢), and that of protons, M,(t), are
presented, respectively. To make a comparison of the results
for different proton fractions, the collective masses are divided
by the total number of baryons N, or protons N, (per unit area)
in the unit cell. From the figure, we find that the extracted

collective masses are fairly stable after + = 1500 fm/c, where
the external force is constant. The extracted masses agree
very well with the average baryon mass in Fig. 5(a) and
with the bare proton mass in Fig. 5(b), which are indicated
by horizontal dotted lines, as they should be. We note that
M4 (t) and M, (¢) show different behavior forz < 1500 fm/c,
where the strength of the external force is increasing as a
function of time. This is because the external force is exerted
only on protons, and neutrons have to follow protons’ motion
dynamically through mutual interactions that gives rise to a
slight delay of their response to the force. The results clearly
show that our real-time method works properly for isolated
slabs.

B. Neutron-dripped slabs: Y, = 0.3, 0.2, and 0.1

In this section, we repeat the same analysis as in Sec. [II A
for the systems of slabs with dripped neutrons, i.e., the ¥, =
0.3, 0.2, and 0.1 cases. From static band calculations, we find
the optimal slab periods to be a = 25, 26, and 33 fm for
the ¥, = 0.3, 0.2, and 0.1 cases, respectively. We note that
the Y, = 0.3 case lies close to the border between isolated
and neutron-dripped systems. As the proton fraction decreases
further, a substantial portion of neutrons are dripped out and
the slabs are immersed in a sea of dripped neutrons.

As an illustrative example, we show in Fig. 6(a) density
distributions of neutrons (solid line) and protons (dashed line)
as a function of z coordinate for the Y, = 0.1 case. Note
that since the baryon density is fixed to 7, = 0.04 fm—>, the
total number of protons decreases with the proton fraction.
From the figure, it is evident that there exist dripped neutrons
outside the slab. Comparing with Fig. 3(a), the width of the
slab is slightly wider, which is partly due to the lesser number
of protons that attract neutrons to the slab. Since the dripped
neutrons extend spatially over the whole space, they are af-
fected by the Bragg scattering off the periodic potential and
the corresponding energy levels manifest band structure.

In Fig. 6(b), the mean-field potentials for neutrons (solid
line) and protons (dashed line) are shown as a function of z
coordinate for the ¥, = 0.1 case. The potential for neutrons
(protons) is shallower (deeper) than the Y, = 0.4 case shown
in Fig. 3(b), due to smaller (lager) number of protons (neu-
trons). A characteristic feature of a neutron-dripped system is
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FIG. 3. Results of static self-consistent band calculations for the
system of isolated slabs with proton fraction Y, = 0.4 at baryon
density 7, = 0.04 fm~>. In panels (a) and (b), density distributions
and the mean-field potentials are shown, respectively, as a function of
z coordinate, for neutrons (solid line) and for protons (dashed lines).
In panels (c) and (d), neutron single-particle energies 8,(;2 are shown.
In panel (c), &% for k; = 0 are shown as a function of the Bloch
wave number k, within the first Brillouin zone, —7 /a < k, < 7 /a.
In panel (d), 8,(1'2 are shown as a function of k; (energies for all k,
values are shown). In those panels, the neutron Fermi energy u, and
the maximum value of the mean-field potential for neutrons, U, " are
indicated by arrows. Occupied levels are shown by solid lines, while
unoccupied levels are also indicated by dashed lines.

that the nuclear potentials are negative even outside the slabs.
The potential for protons is much deeper than that for neu-
trons, while the depth (i.e., difference between the minimum
and the maximum values) is similar in magnitude (roughly
40 MeV in the present case).

In Fig. 6(c), we show the neutron single-particle energies
as a function of the Bloch wave number &, for k) = 0. As
in Fig. 3(c), occupied levels are shown by solid lines, while

a, (107 ¢*/f)

A OO = N W R N

Py, (107 MeV/fin®)
(98]

Py (10" MeV/fm?)

0 |
0 1000 2000

t (fm/c)

FIG. 4. Results of TDDFT calculations for the systems of iso-
lated slabs with proton fractions ¥, = 0.5 (solid line) and 0.4 (dashed
line) at baryon density 7i, = 0.04 fm~>. In panel (a), acceleration
of the center-of-mass position of protons, a,(t), is shown, while the
time derivative of the linear momentum (per unit area) of the whole
system, P (7), and that of protons, P,, (t), are shown in panels (b) and
(c), respectively, as a function of time. The vertical line indicates the
time up to which the external force is turned on.

3000

unoccupied levels are indicated by dashed lines. Note that the
last occupied level (o = 11) is partially filled, which would
allow neutrons in that level to flow without a band gap even
for the z direction. The states below the maximum value of
the nuclear potential Ué”) are localized inside the slabs and
their energies have no k, dependence [cf. the lowest four levels
in Fig. 6(c)]. On the other hand, the levels with higher ener-
gies exhibit k.-dependent band structure, indicating that the
corresponding single-particle wave functions extend spatially
outside the slabs. Those energy levels exhibit a small band
gap at k, =0 and £ /a of the order of tens to hundreds
of keV, depending on a pair of the bands (cf. Fi(g. 10). Fig-
ure 6(d) depicts the parabolic k; dependence of sa',?, showing
both occupied (solid lines) and unoccupied (dashed lines)
states.
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FIG. 5. Results of TDDFT calculations for the systems of iso-
lated slabs with proton fractions ¥, = 0.5 (solid line) and 0.4 (dashed
line) at baryon density 7i, = 0.04 fm~>. In panels (a) and (b), the
collective mass per nucleon of a slab, M, (t)/Ny, and that of protons,
M, (t)/N,, are shown, respectively, as a function of time. The vertical
line indicates the time up to which the external force is turned on.
The horizontal dotted line in panels (a) and (b) represents the average
bare nucleon mass and the bare proton mass, respectively.

We shall now turn to the results of dynamic calculations.
In Figs. 7(a), 7(b), and 7(c), we show, respectively, accel-
eration of protons, a,(t), time derivative of the total linear
momentum, Pmt(t), and time derivative of the proton linear
momentum, Pp(t), as a function of time. The end time for
switching on the external force (2000 fm/c for the neutron-
dripped systems), is indicated by a vertical line. From the
figure, we find again that the slab shows constant acceleration
motion after + = 2000 fm/c, especially for the ¥, = 0.3 and
0.2 cases. For the Y, = 0.1 case, a,(¢) and P,,(t) shown in
Figs. 7(a) and 7(c), respectively, are not precisely constant
even when the external force is constant. It is caused by
the presence of dripped neutrons, which fluctuates due to
the acceleration motion of the slab, and some part of the
linear momentum is transferred between protons and dripped
neutrons. Since the fluctuation is small, we can quantitatively
analyze the collective masses for the Y, = 0.1 case as well.

In Fig. 8, we show the collective masses (per unit area)
as a function of time for the ¥, = 0.3, 0.2, and 0.1 cases. In
Figs. 8(a) and 8(b), respectively, the collective mass of the
slab, M.p(2), and that of protons, M(t), are shown. [Panel
(c) will be discussed in the next section.]

In order to analyze the results, we here introduce a simple
reference for comparison. A naive estimate of the mass of the
slab may be given by the total mass of “energetically bound”

n)
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FIG. 6. Same as Fig. 3, but for the system of slabs immersed
in dripped neutrons with proton fraction ¥, = 0.1 at baryon density
iy = 0.04 fm~>. In panels (c) and (d), solid lines show occupied
levels, while unoccupied levels are also indicated by dashed lines.

nucleons (per unit area)

Mey, =) mgNe™, (40)
q

where a simplistic distinction is made with regard to the
kinetic energy in the z direction. Namely, the number of ener-
getically bound nucleons per unit area, N;'b', is evaluated by
integrating the density of nucleons within the nuclear potential
(ie., efﬁ() < U(;q)) over the unit cell [22]:

o1 k
Nt o Zk / L0(u, - )0 (U5 — ey) dk.

(41)
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FIG. 7. Same as Fig. 4, but for the systems of slabs immersed
in dripped neutrons with proton fractions ¥, = 0.3 (solid line), 0.2
(dashed line), and 0.1 (dotted line) at baryon density 7, = 0.04 fm .
The vertical line indicates the time up to which the external force is
turned on.

where the normalization condition (5) was used. Note that the
single-particle energies here are defined by

2

1 . Pk
;f @ 93,5 @() uW()dz,  (42)

(@ — (@
Coakk = 8utk

removing the kinetic energy (per unit area) associated with
the motion parallel to the slabs (along x and y directions), in
accordance with a prescription proposed in Ref. [22]. There
hold N*® < N, and N;"b‘ = N, in the present case. We note
that those nucleons are considered to be bound in z direction,
while they are essentially free in x and y directions parallel
to the slabs. Using the same argument, an estimate of the
number of “free” or “energetically unbound” neutrons N\ may
be given by an equation similar to Eq. (41) with the theta
function G(e(q) Uo(q)) or N; =N, — N;'b'. This defines also

the number density of the “free” neutrons, nl = N'/a.
In Fig. 8(a) plotted is the ratio of the dynamically obtained
collective mass of the slab, M., to the reference mass of the
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FIG. 8. Results of TDDFT calculations for the systems of slabs
immersed in dripped neutrons with proton fractions Y, = 0.3 (solid
line), 0.2 (dashed line), and 0.1 (dotted line) at baryon density
i, = 0.04 fm ™3 are shown as a function of time. In panel (a), the
ratio of the collective mass of a slab, M, (¢), to the mass of “en
ergetically bound” nucleons, M.}, is shown. In panel (b), the ratio
of the collective mass of protons, M,(¢), to the total mass of protons,

mpN,, is shown. In panel (c), the collective mass of protons evaluated
w1th a modified momentum density, M (1) =11 /ap(t)]dP (t)/dt,
divided by the total number of protons, is presented (see Sec. [V A
for details). All the quantities are evaluated per unit area and it does
not affect their ratios. The vertical line indicates the time up to which
the external force is turned on.

“energetically bound” nucleons, M. ;,. We find intriguing be-
havior distinct from the isolated slabs discussed in Sec. IIT A.
As shown in Fig. 8(a), the extracted collective mass of the
slab is noticeably reduced by more than 10% and 35% for
the ¥, = 0.2 and 0.1 cases, respectively. Figure 8(b) shows
the collective mass of protons, divided by the total mass of
protons per unit area. We find from Fig. 8(b) that the collective
mass of protons is also reduced, although by a smaller amount.
In the next section, we shall explore the cause of the reduc-
tion of the collective masses, observed in the neutron-dripped
systems.
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TABLE II. The extracted collective masses for the systems of
slabs immersed in dripped neutrons with proton fractions ¥, = 0.3,
0.2, and 0.1 at baryon density 7i, = 0.04 fm~>. The collective mass
of protons, M, is shown in the second and the third columns relative
to m,N,,, the total mass of protons, and m;'f_ng ', the total microscopic
effective mass of protons in background neutron density, respec-
tively. The collective mass of a slab, My, is shown in the fourth and
the fifth columns relative to M., = m,N, + m,N; b the total mass
of “energetically bound” nucleons, and M&, = m? ng +mP N,
the total microscopic effective mass of energetically bound nucleons,
respectively [see Eq. (41) for the definition of N;""]. Mg, and M, are
mean values averaged over a time interval from 2 000 to 4 000 fm/c,
during which the external force is constant.

Y, M,/m,N, M, /my N, Miab/Me b, Mqan /M,
0.3 1.000 1.000 0.997 0.997
0.2 0.989 1.000 0.888 0.910
0.1 0.970 1.001 0.655 0.703

IV. DISCUSSION

A. The collective mass of protons

Let us first discuss the reason why the collective mass of
protons is reduced by a few percent as compared to the seem-
ingly well-defined total mass of protons, m,N,; see Fig. 8(b)
and the second column of Table II. Actually, we find that
the reduction is caused by the density-dependent microscopic
effective mass. Namely, the extracted collective mass is very
close to the total effective mass of protons,

M, 2= m® N, (43)

bo, . . . .
where m® = m®[n,f] is the microscopic proton effective

p.bg P

mass at the background neutron density, n?; see the third
column of Table II. It is not obvious since the microscopic
proton effective mass should be much smaller inside the slabs,
where nucleon density is higher than the outside. Our time-
dependent simulations suggest that protons inside a nuclear
cluster behave as if they have the microscopic effective mass
in uniform background neutron matter.

The source of the reduction can be inferred by analyzing
the continuity equations within the Skyrme TDDFT approach.
Note that the discussion here is applicable to any shape of
nuclear cluster (not necessary a slab), and the equations below
are written in a 3D coordinate system. As usual, the total
momentum density satisfies the continuity equation,

apg DBV jr) =0, (44)
where p(r,1) =" g myng(r,t) is the nucleon mass density.
On the other hand, each component (for neutrons or protons)
of the momentum densities does not satisfy the ordinary con-
tinuity equation, due to mutual interactions between the two
species. By carefully taking the time derivative of the mass
density, and using the explicit form of the TDKS equations,
one can derive the following continuity equations for neutrons

(g = n) or protons (¢ = p) [51,52]:

0py(r, 1)
ot

where the modified momentum density is defined by

+haV-p,(r.1)=0, (45)

prit)y= ————j,(r, t)+ nq(r OI,(r, 1), (46)

(t)

or, more explicitly,

2m,
p(rit) = j,(r )+ g5 SH(C5 — CF) na(r, Dy (r, 1)

j (r,t 1
X("P( )_Jn(r ))’ (47)
np(rat) nn(rvt)
where ¢ = +1 for protons and g = —1 for neutrons. The

additional term stems from mutual friction which is associ-
ated with a velocity lag between the different species [cf.
the second term in Eq. (47)]. It should be remarked that it
is closely related to the so-called entrainment matrix and the
isovector effective mass and, thus, the enhancement factor of
the energy-weighted sum rule, as shown in Ref. [52]. Neglect-
ing the small difference between neutron and proton masses,
the additional term cancels out when we take the sum, giving
rise to the usual total momentum density, i.e., Y " pq(r, t) =
J(r,1). We have confirmed that a modified proton collective
mass defined by M,(t) = [1/a,(t)IdP,(t)/dt, with P,(t) =
h foa Dz,p(z,t)dz, coincides with the total bare proton mass, as
shown in Fig. 8(c). This is because the modified momentum
density does satisfy the continuity equation (45). This obser-
vation suggests that the reduction of the proton collective mass
observed in Fig. 8(b) and the second column of Table II is
caused by the velocity difference between protons and back-
ground neutrons.

B. Counterflow of ‘““anti-entrained” neutrons

Next, we discuss the sizable reduction of the collective
mass of the slab, My,,, observed in Fig. 8(a). The discussion
in Sec. IV A indicates that the microscopic effective mass
plays a certain role in the reduction of the collective masses.
Naively, one may assume that all the “energetically bound”
neutrons also move with their microscopic effective mass in
the background neutron density, as found for protons as shown
in Sec. IV A. With this assumption the collective mass of

the slab may be estimated by M b =m ng +m,; ng,fb

nbg = mn[nn ]. In the fifth column of Table II, the
ratio, Mg, /be‘, is displayed. If this hypothesis works, the
ratio should be unity for all Y,,. Apparently, the ratio becomes
substantially smaller than unity especially for ¥, = 0.1, mean-
ing that the observed reduction of the collective mass of the
slab cannot be explained solely by the microscopic effective
mass. It indicates that there exists some other mechanism
that reduces the collective mass of the slab immersed in a
sea of dripped neutrons, e.g., some effects of hydrodynamic
origin (cf. Ref. [21]) and/or those associated with the Bragg
scattering of dripped neutrons by the periodic potential, i.e.,
band structure effects.

with m®
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FIG. 9. Results of TDDFT calculations for the ¥, = 0.1 case at
baryon density 7, = 0.04 fm~>. In panels (a) and (b), the current
densities of neutrons and protons, j,, and j,,, respectively, are
shown in the z-f plane, in units of ¢ fm~>. The green dashed curve
represents the trajectory of the center-of-mass position of protons,
Z,(t). The blue horizontal line indicates the time up to which the
external force is turned on. The arrows at the top of those panels
guide the directions of the currents.

10 15

A great advantage of using the real-time approach is that it
allows us to gain intuitive understanding of complex many-
body dynamics. Indeed, from the time-dependent response
of the system to the external force, we find the cause of the
reduction. In Fig. 9, we show the time evolution of the current
density (in units of ¢ fm™3, i.e., the momentum density is
multiplied by the factor /i/m,) in the z-t plane for the Y, = 0.1
case. In Figs. 9(a) and 9(b), the current densities of neutrons
and protons, j,, and j,,, are shown, respectively. In the
figure, a trajectory of the center-of-mass position of protons,
Z,(t), is also indicated by a dashed curve. The external force
is oriented towards the positive-z direction, which is smoothly
turned on from 0 to 2000 fm/c, and the end time is indicated
by a horizontal line.

In Figs. 9(a) and 9(b), the yellow to red colored area
(around z = 0, close to the slab) corresponds to the region
where the current density is positive, i.e., both neutrons and
protons around the slab flow towards the same direction as
the external force, as expected. The magnitude of the current
density increases with time, and one can indeed see a slight
movement of the slab towards positive-z direction (see the
dashed line). As is evident from Fig. 9(a), however, the neu-
tron current density becomes actually negative outside the slab
(indicated by the cyan to blue colored area). It means that the

dripped neutrons outside the slab flows towards the direction
opposite to the external force. Since the “counterflow” of
neutrons reduces the magnitude as well as the rate of increase
of the total linear momentum, it results in the reduction of the
collective mass of the slab [cf. Eq. (36)]. The counterflow indi-
cates that a part of dripped neutrons are coupled to the periodic
potential of the slabs, but in a way opposite to the original
picture of the entrainment effect. Namely, in the rest frame
of the slabs, for instance, the band structure acts as lubricant
for the dripped neutrons. We may call it an “anti-entrainment
effect.” The emergence of the neutron counterflow could be
qualitatively attributed to a band structure effect, as discussed
in Sec. IV C.

C. Conduction neutron density and macroscopic effective mass

While we observe the anti-entrainment effect in our time-
dependent simulations, a static formalism has been utilized
in the literature [3,22]. In the following, we demonstrate that
the results of our dynamic calculations are consistent with the
static approach.

1. Static approach

In the static approach [3,22], the entrainment effect has
been discussed in terms of the mobility coefficients, C,,,, the
conduction neutron number density, #;, and the corresponding
“macroscopic” effective mass of neutrons, ;. The mobility
coefficients are defined by

occ.

K = Z (75 2 (48)
where
1 92"
*—1 ak
= - —2 49
(mﬂ,()lk)uu h2 3kﬂ3kv ( )

is the inverse of the so-called macroscopic effective mass
tensor. It is noted here that for a uniform neutron matter
with density n the macroscopic effective mass tensor coin-
cides with the microscopic effective mass m® = m®[n], i
(m;;;llc)uv = 8uv/m;; and K = 8,my /my).

Since energies of bound orbitals do not have k dependence,
their macroscopic effective mass tensor is divergently large,
that is, (m,Z ok D) wv & 0. In other words only such neutrons that
belong to an energy band with k dependence can contribute
to the sum in the mobility coefficients (48). As it quantifies
neutrons that can contribute to the conduction, it allows us to
define the conduction neutron number density. Namely, for the
slab phase under study, we may define the conduction neutron
number density as
cm

n, = mn (W G (50)
by normalizing the mobility coefficient with the effective mass
mj‘fbg expected for neutrons in the uniform background. The

mobility coefficient for z direction normal to the slabs reads

(n) = Z/k\\ notk ZZG(M"

—e"Wydk,. (51
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TABLE III. Results of static and dynamic self-consistent band
calculations for the systems of slabs immersed in dripped neutrons
with proton fractions ¥, = 0.3, 0.2, and 0.1 at baryon density 71, =
0.04 fm~3. The number density of dripped (or “free”) neutrons, nt
[=7, — n®, where n®* = N /g; cf. Eq. (41)] is shown in the sec-
ond column. The conduction neutron number density relative to the
average neutron number density #j, /ii,, and the corresponding macro-
scopic effective mass relative to the bare neutron mass n;/m, (53)
are listed in the third to the fifth columns. The third and the fourth
columns show those obtained with the static approach [Eq. (50)],
while those obtained with the dynamic one [Eq. (57)] are shown in
the fifth column.

Static Dynamic
YP n;fz/ﬁn n;/ﬁn m;/mn n(y:,/ﬁn
0.3 2.09 x 107*  0.005 0.040 0.005
0.2 0.127 0.256 0.496 0.229
0.1 0.362 0.630 0.574 0.586

The macroscopic effective mass of neutrons, m;;, can also
be defined using the mobility coefficient. Namely, the macro-
scopic effective mass is introduced regarding that all the
“free” neutrons with density n! contribute to the conduction,
but have an average effective mass, m},, leading to the follow-
ing definition:

nh=miK®. (52)

n =

Combining Egs. (50) and (52), one finds a relation

f
m n
=1, (53)
mn,bg n,

The conduction neutron number density (50) and the cor-
responding macroscopic effective mass (53) obtained with
the static approach are presented in the third and the fourth
columns of Table III.

2. Time-dependent approach

As described in the previous section, the static approach
requires an elaborated analysis of complex band structure. The
complexity increases when one considers crustal phases with
higher dimensions (e.g., rods and spheres) [3]. Here we show
that we can easily estimate the conduction neutron number
density from the collective masses obtained within the time-
dependent approach. It offers an alternative and intuitive way
of analyzing the band structure effect, which can be applied
also for higher dimensions.

Since we have separately extracted the collective mass of a
slab and that of protons, we can naturally define the collective
mass of neutrons which are “effectively bound” to the slab as
follows:

Msff‘bound — Mslab _ Mp- (54)

Here, “effectively bound” means both bound neutrons inside
the slab and dripped neutrons part of which are entrained to
the slab because of the band structure effect. We then quantify

the number of effectively bound neutrons via the relation,

eff.bound __ & eff.bound
Mn - mn,ng n ’

(55)

which defines the average number density of the effectively
bound neutrons,

eff.bound eff .bound
eff.bound __ Nn _ Mn 56
n, = = 5 . (56)
a mn’bga

Assuming that the conduction neutrons are the counterpart of
the effectively bound neutrons, the conduction neutron num-
ber density can be defined as follows:

n’(’ZL = ’_ln _ nsz.bound. (57)

The values of the conduction neutron number density obtained
from the time-dependent approach are presented in the fifth
column of Table III.

3. Comparison

In Table III, the results of static and dynamic calculations
for ¥, = 0.3, 0.2, and 0.1 are summarized. In the second
column, the “free” neutron density [nf = i1, — nS®, where
nz'b‘ =N,f'b' /a; cf. Eq. (41)] relative to the mean neutron
number density 7i, is shown, as a reference density. In the
third and the fifth columns, the conduction neutron number
densities obtained with the static and the dynamic approaches
[i.e., Egs. (50) and (57)], are shown, respectively.

From Table III, we find that the results of the static and
dynamic calculations reasonably agree with each other. The
results indicate that the conduction neutron number density
in the static approach tends to be slightly larger than that
in the dynamic one (cf. the third and the fifth columns of
Table III). Note that we made assumptions for the effective
mass of neutrons [Egs. (50), (55), and (57)]. If the microscopic
effective mass in the slab region contributes, where it takes a
smaller value than that outside of the slabs, n;, would become
smaller than current estimates. A possible prescription may be
to take an average, m® = Nl’ [ m®(2)n,(z)dz, which we shall
investigate for realistic proton fractions in future work.

In both static and dynamic calculations, the conduction
neutron number density is found to be substantially larger
than the “free” neutron number density. It means that neutrons
are not actually entrained, but rather mobilized via the Bragg
scattering by the periodic potential, at least in the slab phase
of nuclear matter. This conclusion is consistent with the work
of Ref. [22] where the static approach with a BCPM EDF
[45] was employed. Note that the entrainment effect which
is discussed for 3D lattices of spherical nuclear clusters [3]
corresponds to a case of n$ < n! and m} > m?, which im-
plies that only a part of the “free” neutrons contribute to the
conduction while the remaining part are bound to the lattice
of clusters. Based on the newly developed time-dependent
approach, we have confirmed the conclusion of Ref. [22] and
revealed the emergence of the neutron counterflow (as shown
in Sec. IV B), which leads to a new interpretation as an “anti-
entrainment” effect. Note that the static and time-dependent
approaches focus on different aspects of the entrainment
phenomenon. In the static approach the amount of neutrons
that can actually conduct is analyzed. In contrast, in the
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FIG. 10. Results of the static self-consistent band calculation for
the system of slabs immersed in dripped neutrons with proton frac-
tions ¥, = 0.1 at baryon density 7i, = 0.04 fm . In panel (h), £}’ for
ky = 0 are shown as a function of the Bloch wave number k. within
the first Brillouin zone, —r /a < k, < 7 /a [same as Fig. 6(c), but for
—15 < eé’;‘) < 20 MeV]. In panels (a)—(d), magnified plots around
the center of the first Brillouin zone, —0.057 /a < k; < 40.057 /a,
are shown. In panels (e)—(g), those around the edge of the first Bril-
louine zone, 0.957 /a < k; < m /a, are shown. The corresponding
regions are indicated by blue dashed boxes in panel (h).

time-dependent approach we focus on the complementary
aspect, that is, the amount of neutrons which are effectively
bound to the slabs that cannot conduct. The agreement be-
tween the two approaches justifies our assumption (57) and
the interpretation.

Qualitatively, the observed anti-entrainment could be at-
tributed to a band structure effect. Namely, the rate of change
of the group velocity of dripped neutrons can be either positive
or negative depending on the sign of the macroscopic effective
mass tensor [cf. Eq. (49)]. It means that if the effective mass
tensor is negative (i.e., the energy band is convex downward
as a function of the Bloch wave number), the corresponding
state is accelerated towards the direction opposite to the ex-
ternal force. It stems from the Bragg scattering, which causes
exchange of momentum between the periodic structure and
the dripped neutrons.

In Fig. 10(h), we again show single-particle energies 532
for ky = 0 as a function of the Bloch wave number k, within
the first Brillouin zone, —7 /a < k, < 7 /a [same as Fig. 6(c),
but for —15 < &%) < 20 MeV]. The orbitals with ¢%) > U"
exhibit a band structure and, thus, contribute to the macro-
scopic effective mass. The contributions to the macroscopic

effective mass come mainly from the center and the edge of
the first Brillouin zone, where the second derivative of energy
bands becomes substantial. For better visibility, magnified
plots around the center and the edge of the first Brillouin zone
are shown in panels (a)—(d) and (e)-(g), respectively. From
the plots, one can clearly see that there are pairs of bands,
having opposite signs of the second derivative, around the
center and the edge of the first Brillouin zone. It explains why
we observe the neutron counterflow which flows opposite to
the external force, as a part of the dripped neutrons have a
negative macroscopic effective mass tensor.

V. SUMMARY AND PROSPECT

In the inner crust of neutron stars crystalline structure is
formed in competition with the Coulomb and surface energies,
and coexists with dripped neutrons. The dripped neutrons
are affected by the periodic structure via Bragg scattering.
A proper quantum mechanical method to describe a system
with a periodic potential is the band theory of solids, where
the periodicity is incorporated with the Bloch boundary con-
dition. Although the band theory has been a standard tool
in solid-state physics, its application to nuclear systems is
rather new, and the first fully self-consistent static band theory
calculations were reported only in 2019 [22].

In the present paper, we have developed a time-dependent
extension of the fully self-consistent band theory for nuclear
systems to investigate dynamic properties of the inner crust of
neutron stars, combining methods from nuclear and solid-state
physics. We employ the time-dependent density functional
theory (TDDFT) formalism for nuclear systems, incorporated
with the Bloch boundary condition. In this work, we have
applied the formalism to the slab phase of nuclear matter,
with a Skyrme-type energy density functional, neglecting the
spin-orbit coupling and pairing correlations.

From a dynamic response of the system to an external
force, we have extracted the collective mass of a slab, and that
of protons inside the slab, from which we could obtain the
conduction neutron number density. The latter is a key quan-
tity related to the “macroscopic” effective mass—an effective
mass of dripped neutrons under the influence of the periodic
potential (the so-called entrainment effects)—which enters
various macroscopic models of the inner crust of neutron stars.
From the results, we have found that the collective mass of a
slab is lighter than expected from a naive estimation based
on the maximum value of the mean-field potential and the
single-particle energies. We have also found that the collective
mass of protons is reduced as well by a few percent from the
total bare proton mass. The latter could be explained by the
microscopic effective mass in background neutron density. In
contrast, the reduction of the collective mass of the slab could
not be explained solely by the microscopic effective mass.
From the time evolution of the system, we have found that part
of the dripped neutrons, which are expected to be entrained
to the periodic potential due to the Bragg scattering, are ac-
tually moving towards the direction opposite to the motion
of the slabs. Namely, in the rest frame of the crust neutron
currents shall be enhanced. We call it the “anti-entrainment”
effect. As a consequence, the collective mass of the slab is
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reduced, which, in turn, corresponds to an enhancement of
the conduction neutron number density and a reduction of the
macroscopic effective mass of dripped neutrons. We note that
this result is consistent with the recent self-consistent band
calculations of Ref. [22], while our time-dependent analysis
sheds new light on the underlying physics that was not clear
in the static approach.

It is interesting to notice that the observed counterflow of
dripped neutrons is somewhat similar to the velocity field
predicted by the superfluid hydrodynamics approach [21],
where a similar flow pattern was found mainly around nuclear
clusters. However, we should note that they are of completely
different origins. In our case, it originates from the band
structure effects which allow for part of the dripped neutrons
to have negative effective mass that could make their response
opposite to the external force. In contrast, in the superfluid
hydrodynamics approach [21], the effective mass of a nuclear
cluster is quantified by solving equations for the velocity
potential ¢(r) (or the phase of the superfluid order parameter)
under appropriate boundary conditions, which determines su-
perfluid velocity vs(r) «x Vo(r) and density, and hence band
structure effects are absent. On one hand, there is an argument
that pairing correlations may hinder band structure effects
[19]; on the other hand, the energy gap is actually k dependent
(i.e., Asé’,? = 8(()::)_1’,( — 82}3 could be both Asgl? < A, and
Aeé’,“) > A, for different k values, where A, here represents
the average pairing gap; see also Fig. 10) and the pairing
properties may vary significantly with the Bloch wave vector
k. Thus, it seems premature to draw a conclusion on pairing
effects on the entrainment phenomenon, before a fully self-
consistent band theory calculation including superfluidity is
achieved. An important task is to extend our formalism to
include superfluidity based on TDDFT for superfluid systems,
the so-called time-dependent superfluid local density approxi-
mation (TDSLDA) (see, e.g., Refs. [53,54]). In the latter case,
superfluid dynamics are described self-consistently and mi-
croscopically on top of quasiparticle energy levels with band
structure, and its extension to finite temperatures is straight-
forward (see, e.g., Ref. [55]). It will certainly provide us useful
information to resolve the debatable situation of the effects of
entrainment in the inner crust of neutron stars, which affects
interpretations of astrophysical phenomena of neutron stars,
such as pulsar glitches [16,17].

By extending the present formalism to 2D or 3D ge-
ometry, much more abundant physics involving dynamics
of both dripped neutrons and nuclear clusters can be ex-
amined, in a fully microscopic way. We mention here that
the nuclear pasta phase was already examined within 3D
TDDFT (without superfluidity) [56-59], and also dynamics
of a vortex-nucleus system were studied within 3D TDSLDA
including superfluidity [60], although band structure effects
were not taken into account in those works. At low temper-
atures, long-wavelength phonons are mainly responsible for
the thermodynamic properties of the neutron star crust. In this
regard, various lattice oscillation modes and their coupling
to superfluid phonons have been studied within macroscopic
effective theories [11-14]. Within the time-dependent self-
consistent band theory, we will be able, in principle, to
examine various oscillation modes of the crustal nuclear

matter microscopically to determine, e.g., share coefficients,
phonon velocities, specific heat, and so on. Besides, it has
been expected that the quasiperiodic oscillations, observed in
an afterglow of x-ray bursts in some magneters, are associ-
ated with torsional oscillations of nuclear lattices in the inner
crust of the neutron stars. Recently, quasiperiodic oscillations,
originally observed in the x-ray afterglow of the giant flare of
SGR 1806-20 as well as those recently found by a Bayesian
analysis [61], have been nicely explained by torsional oscilla-
tions of the nuclear pasta [62], which serves as evidence of the
existence of the pasta phase. It would be of great importance
to provide microscopic inputs to and/or validation of those
macroscopic models of quasiperiodic oscillations. The fully
self-consistent time-dependent nuclear band theory proposed
here will pave a new way for developing microphysics-based
macroscopic models for diverse phenomena relevant to the
inner crust of neutron stars.
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APPENDIX: THE LENGTH AND VELOCITY GAUGES

Since the velocity gauge may not be a well-known con-
cept in nuclear physics community, here we provide succinct
description on gauge transformations. Let us consider a time-
dependent Schrodinger equation (TDSE) for a particle with
mass m and charge e under scalar and vector potentials, ¢(r, 1)
and A(r, t), respectively:

oy (r,t)
ot

ih

Hy(r, 1) (A)

2
[i@ - SA(r, t)) +eo(r, t)]x//(r, 0.

2m
(A2)

This equation has a redundant degree of freedom with an arbi-
trary function x (r, ). Namely, simultaneous transformations,

A(r,t) =A@, t)+Vx(r1), (A3)
10 ,

¢'(r.1) = p(r.1) — —y, (Ad)

W) = UG DY), (AS)

leave the electric field E(r,t) = —Vo(r,t) — %BA(r, t)/ot,
the magnetic field B(r,t) = VxA(r, t), and the TDSE (A2)
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unchanged. Here, U(r, t) denotes a unitary (gauge) transfor-
mation,
ie
U(r,t) =exp [——X(r, t):|. (A6)
hc
Corresponding to the gauge transformation of the wave

function, time derivative and momentum operators are trans-
formed, respectively, as

h) 0 ie dx(r,t)
V=Urt)—U'r,tH)=—+ —2""2 (A7
! Y )8t L 8t+hc ot (AT)
e
P EU(r,r)pUT(r,t)=ﬁ+;Vx(r,t), (A8)

andUp*UT =p - p. Denoting the gauge transformed Hamil-
tonian as H' = UHU", the TDSE after the transformation,
ihd/y’ = H'y’', takes the following form:

i 3+i_63x(r,t)
ot hc ot

1/, e e e 2
=|z—\pP+-Vx@r1t)—-A@rt)— -Vx(r1)
2m c c c

+ e<¢(r, 1) — %Mﬂ y'(r, 1),

)w%r,r)

o (A9)

namely,

ihavf (r, 1)
ot

Thus, the transformed wave function v/'(r, ) obeys exactly
the same TDSE as v (r, t), differing merely by the phase. It is
therefore possible to arbitrarily choose the function y (r, t) to
change the expression.

Here we consider the case where the electric field is con-
stant in space and there is no source of it. It corresponds to
the dipole approximation in atomic physics, which can be
expressed by a constant vector potential A(f) and ¢ = 0. In
the so-called length gauge, x (r,t) is taken to be

=Hy'(r,1). (A10)

x(r,t)=—A()-r. (A1)

In this case we have
A'(t) =0, (A12)
¢'(r,t)=—E(t)-r, (A13)

where E(t) = —%aA (t)/0t and the TDSE becomes

L ~2
,-h-w - |:p_ —eE(t) - r]wL(r, 1). (Al4)
2m

ot
In this representation, the vector potential is absent and a
linear scalar potential —E(¢) - r is responsible for the electric
field. Since the electric field couples to the coordinate r, this
choice is called the length gauge. The superscript “L” here
indicates that the wave function is in the length gauge. While,
in the so-called velocity gauge, x (r, t) is taken to be

t
X (1) = L/ A2()dr. (A15)
2mce Jy
In this case we have
A'(t) = A@), (A16)
¢(t) = ———AX0), (A17)
2mc?
and the TDSE becomes
v (r t 1 2
VD Ll 20 bV, @a18)
ot 2m c

Since the vector potential couples to p/m, the velocity in a
classical sense, this choice is called the velocity gauge. The
superscript “V” here indicates that the wave function is in the
velocity gauge.

The length and the velocity gauges are related to each
other. Suppose that we are working in the length gauge (A14),
and consider an inverse transformation of the wave function,
ie, v (r,t)=U"@r )y, t). It leads to

’ 2
inM = L[ﬁz - %A(t) p+ e—Az(t)] Y (r, 1),

ot 2m c c2

(A19)

Since A%(¢) is constant in space and the last term in the
squared parentheses affects only the phase of the wave func-
tion, this representation can also be regarded as the velocity
gauge in a broad sense [cf. Eq. (A18)]. In Sec. IID, actu-
ally we first consider TDKS equations in the length gauge,
Eq. (31), where a linear scalar potential, ¢(r, 1) = —E(t) - r,
is introduced to express a constant external electric field, and
then an inverse gauge transformation is performed to elim-
inate the scalar potential. This explains the minus sign in
the exponent in Eq. (32), which corresponds to the inverse
transformation with Egs. (A6) and (A11).
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