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Pseudogauge dependence of the spin polarization and of the axial vortical effect
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The mean spin polarization vector of spin 1/2 particles in a relativistic fluid at local thermal equilibrium (LTE)
in different pseudogauges (PGs), i.e., with different choices for the decomposition of orbital and spin angular
momentum, is obtained. The spin polarization obtained in the canonical PG differs from the one obtained in the
Belinfante PG. It is found that this difference can not be written by replacing the thermal vorticity with the spin
potential in the usual polarization formula. Other PG choices affect the contribution of thermal shear to the spin
polarization. Therefore, the choice of a PG affects the predictions for the polarization measured in heavy-ion
collisions. In general, it is shown that the Wigner function of a noninteracting Dirac field at LTE is affected by
the PG transformations. Explicit expressions of the mean axial current are also calculated and it is found that
even the axial vortical effect conductivity depends on the PG.
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I. INTRODUCTION

The measurement of spin polarization of particles in the
quark gluon plasma (QGP) formed in relativistic heavy ion
collisions [1,2] has opened the possibility for new phe-
nomenological investigations of spin physics in relativistic
fluids. Predictions of relativistic hydrodynamics are able to
explain the measurements of global (integrated over all mo-
menta) spin polarization, but fail to reproduce the data on
momentum-dependent polarization [3]; see [4] for a review.
Recently, it was found that a previously overlooked spin-
thermal shear coupling [5,6] could restore the agreement
between theory and experimental data [7,8]. However, from
the theory side, one should take into account that the choice
of a decomposition of the angular momentum into an orbital
and spin part could significantly affect the spin polarization
predictions of a fluid at local thermal equilibrium.

For this reason, recent studies have begun to examine
the role of the spin tensor [9–18], and also the impact of a
spin potential [19–23] in relativistic hydrodynamics. In more
general terms, different decompositions of the boost-angular
momentum current are obtained by choosing a particular form
of the quantum energy-momentum tensor (EMT) T̂ μν and
of the spin tensor Ŝλ,μν . Indeed this choice is not unique in
special relativity. Given one pair of operators, one can always
generate another equally valid pair by means of a pseudo-
gauge transformation (PGT) [24]:

T̂ ′μν = T̂ μν + 1
2∇λ(�̂λ,μν − �̂μ,λν − �̂ν,λμ),

Ŝ ′λ,μν = Ŝλ,μν − �̂λ,μν + ∇ρ Ẑμν,λρ
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where the rank-3 tensor field �̂ and the rank-4 tensor Ẑ must
satisfy the following symmetries:

�̂λ,μν = −�̂λ,νμ, Ẑμν,λρ = −Ẑνμ,λρ = −Ẑμν,ρλ.

Since such transformations do not affect the equation of
motions and the total energy, momentum, and angular
momentum, they are generally regarded as physically irrel-
evant. However, the relativistic hydrodynamic equations are
obtained by constraining local—as opposed to global—
quantities, therefore the PGTs would lead to different physical
results. The role of PGTs in statistical quantum field theory
was analyzed here [25–28], where it was shown that they
might bring a contribution only when the system is out of
global thermal equilibrium; see also [29].

Despite the fact that this issue was already discussed in the
literature, explicit formulas for spin polarization in different
pseudogauges have not yet been reported. Indeed, predictions
for spin polarization of lambda hyperons produced in heavy-
ion collisions are obtained starting from the local thermal
equilibrium statistical operator,

ρ̂B
LTE = 1

Z exp

[
−

∫
d�μ

(
T̂ μν

B βν − ĵμζ
)]

, (1)

obtained by choosing the Belinfante form of EMT T̂B with a
corresponding vanishing spin tensor and where β is the fluid
velocity u divided by the temperature T . The resulting spin
polarization of a particle with momentum k and mass m at
first order of thermodynamic gradients is [5,30,31]

Sμ
B (k) � Sμ

	 (k) + Sμ
ξ (k), (2)

where

Sμ
	 (k) = − 1

8m
εμρστ kτ

∫
�

d� · k nF(1 − nF)	ρσ∫
�

d� · k nF
, (3)
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Sμ
ξ (k) = − 1

4m
εμλστ kτ kρ

εk

∫
�

d� · k nF(1 − nF)t̂λξρσ∫
�

d� · k nF
, (4)

with εk = √
k2 + m2, and

	μν = − 1
2 (∂μβν − ∂νβμ),

ξμν = 1
2 (∂μβν + ∂νβμ)

are respectively the thermal vorticity and the thermal
shear, and nF = nF(β(x) · k) denotes the Fermi distribution
function:

nF(z) = 1

ez + 1
.

The QGP being a fluid out of equilibrium, one then expects
PGTs to affect the prediction (2). It is then of phenomeno-
logical importance to quantify possible modifications to the
previous formula in different pseudogauges. In particular, the
statistical operator obtained by choosing the canonical form
of EMT T̂C and the associated canonical spin tensor ŜC is

ρ̂C
LTE = 1

Z exp

[
−

∫
d�μ

(
T̂ μν

C βν − 1

2
�λν Ŝμ,λν

C

)]
, (5)

where � is the spin potential. In this work I am going to show
that if one starts from the statistical operator (5), then the spin
polarization becomes

Sμ
C (k) � Sμ

B (k) + �C
�Sμ(k), (6)

which differs from (2) by

�C
�Sμ(k) = ελρστ t̂λ

(
kμkτ − ημ

τ m2
)

8mεk

×
∫
�

d�(x) · k nF(1 − nF)(	ρσ − �ρσ )∫
�

d� · k nF
, (7)

where t̂ is the time direction in the fluid frame. I will
also show that either the de Groot–van Leeuwen–van Weert
and Hilgevoord-Wouthuysen (HW) decompositions of angu-
lar momentum result in the spin polarization

Sμ
GLW,HW(k) � Sμ

C (k) + �GLW,HW
� Sμ(k)

+ �GLW,HW
ξ Sμ(k)

= − 1

8m
εμρστ kτ

∫
�

d� · k nF(1 − nF)�ρσ∫
�

d� · k nF

with

�GLW,HW
� Sμ(k) = − 1

4m
εμλρτ t̂λ

kτ kσ

εk

×
∫
�

d� · k nF(1 − nF)(	ρσ − �ρσ )∫
�

d� · k nF
,

(8)

�GLW,HW
ξ Sμ(k) = −Sμ

ξ (k) = + 1

4m
εμλστ kτ kρ

εk

×
∫
�

d� · k nF(1 − nF)t̂λξρσ∫
�

d� · k nF
(9)

and where the expression was simplified by taking advantage
of the Schouten identity. Therefore the predictions of spin
polarization in heavy-ion collisions depend on the chosen PG.
Notice that modifications (7) and (8) rely on the spin potential
and vanish when � = 	 , while modifications such as (9) do
not require the presence of a spin potential. Similarly, I will
show that the axial vortical effect (AVE) [32–35], which is
the mean axial current of a fermion induced along the rotation
of the fluid, is also affected by the PGT in a system out of
equilibrium.

The paper is organized as follows: in Sec. II I review how
to obtain the statistical density operator in Zubarev’s statis-
tical quantum field theory and how it is affected by PGTs.
In Sec. III I consider a free Dirac field and, by using linear
response theory, I evaluate the differences between the Wigner
function resulting from the Belinfante decomposition of angu-
lar momentum and the Wigner functions resulting from other
pseudogauges. In Sec. IV I obtain the different predictions of
spin polarization in various pseudogauges and I discuss their
relevance in heavy-ion collisions. In Sec. V I evaluate the
mean axial current of a free Dirac field and I show that the
axial vortical effect conductivity also depend on the PGTs.
Finally, in Sec. VI I summarize and discuss these findings.

Notation

In this paper I adopt the natural units, with h̄ = c =
kB = 1. The Minkowskian metric tensor g is diag(1,−1,−1,

−1); for the Levi-Civita symbol I use the convention
ε0123 = 1.

I use the relativistic notation with repeated indices assumed
to be saturated. Operators in Hilbert space are denoted by a
wide upper hat, e.g., Ĥ , except the Dirac field operator which
is denoted by a �. The names “mean value,” “(thermal) ex-
pectation value,” and “(thermal) average” of an operator Ô are
all used interchangeably to denote the trace with a statistical
operator ρ̂: tr(̂ρ Ô).

II. LOCAL THERMAL EQUILIBRIUM STATISTICAL
OPERATORS

The statistical operator of a relativistic quantum fluid that
has reached local thermodynamic equilibrium (LTE) can be
obtained by Zubarev’s method [36,37]. This approach is par-
ticularly suitable for the quark gluon plasma produced in
heavy-ion collisions and, among other predictions, it has been
used to obtain the spin polarization formula (2) [31]. A more
detailed review of the method can be found in [38,39]. Here,
I want to highlight the effect of pseudogauge transformations
on the form of the statistical operator, as already discussed in
[27,28].

If the system reached LTE at a certain time τ0, then one
can describe it with an energy-momentum density T μν , a
boost-angular momentum density J μ,λν , and an (electric)
conserved current jμ, all lying on a spacelike hypersurface
�(τ0). The LTE density operator ρ̂ is then obtained by max-
imizing the entropy S = −tr(̂ρ log ρ̂ ) with the constraints of
the mean conserved currents being equal to the actual ones
in the hypersurface �(τ0). These constraints are obtained by
projecting the mean values of the quantum operators onto n,
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the normalized vector perpendicular to �(τ0):

nμtr(̂ρ T̂ μν ) = nμT μν,

nμtr(̂ρ Ĵ μ,λν ) = nμJ μ,λν, (10)

nμtr(̂ρ ĵμ) = nμ jμ,

where the operators are in the Heisenberg representation. No-
tice that since the boost-angular momentum current is written
in terms of the EMT and of the spin tensor as

Ĵ μ,λν = xλT̂ μν − xν T̂ μλ + Ŝμ,λν,

the constraint on EMT is redundant and the boost-angular
momentum is fixed just by constraining the spin tensor

nμtr(̂ρ Ŝλ,μν ) = nλSλ,μν.

Then, the resulting statistical operator is

ρ̂ = 1

Z exp

[
−

∫
�(τ0 )

d�μ

(
T̂ μνβν − 1

2
�λν Ŝμ,λν − ĵμζ

)]
,

where β, �, and ζ are the Lagrange multipliers of the prob-
lem and they have the physical meaning of four-temperature
vector, spin potential, and chemical potential divided by the
temperature T = 1/

√
β2, respectively [40]. Notice that statis-

tical operator is not time-independent and that it can be written
by means of Gauss’s theorem as [5,31,40]

ρ̂ = 1

Z exp

[
−

∫
�(τ )

d�μ

(
T̂ μνβν − 1

2
�λν Ŝμ,λν − ĵμζ

)

+
∫

V
dV ∇μ

(
T̂ μνβν − 1

2
�λν Ŝμ,λν − ĵμζ

)]
, (11)

where �(τ ) is the spacelike hypersurface at “time” τ , and
V is the region of space-time encompassed by the spacelike
hypersurfaces �(τ0), �(τ ) and the timelike boundaries. The
dissipative content of the system is only contained in the
second term of the exponent [38]. For a quasi-ideal fluid such
as the QGP, one expects the first term to be the predominant
one, while the second term is supposedly a correction. This
second term requires a careful analysis and is left for future
research. In the linear response theory, it is always possible
to include these neglected dissipative effects later by adding
them together with the nondissipative ones. The statistical
operator is then only given by the first term in the exponent,
which is the local thermal equilibrium form at time τ and only
contains nondissipative effects:

ρ̂LTE = 1

Z exp

[
−

∫
�(τ )

d�μ

(
T̂ μνβν−1

2
�λν Ŝμ,λν− ĵμζ

)]
.

(12)

The relativistic nature of the fluid requires that the con-
straints (10) were given in terms of the local currents. As
long as the global equilibrium conditions are not enforced
(see discussion below), it is expected that the form of the
quantum operators in (10) affects the form of the statisti-
cal operator (12). Therefore, I now evaluate the effect of
pseudogauge transformations (PGTs) on the LTE statistical
operator (12).

Suppose one repeats the procedure above with the symmet-
ric Belinfante EMT T̂ μν

B . The spin tensor associated with the
Belinfante pseudogauge is a vanishing one (Ŝλ,μν

B = 0) and
the total boost-angular momentum current has the form of an
orbital angular momentum:

J μ,λν
B = xλT̂ μν

B − xν T̂ μλ
B .

In this particular case, the constraint on the boost-angular
momentum current is unnecessary as it is already being taken
care of in the constraint on the energy-momentum current.
The resulting statistical operator is

ρ̂B
LTE = 1

Z exp

[
−

∫
d�μ

(
T̂ μν

B βν − ĵμζ
)]

. (13)

In a general pseudogauge the EMT is not symmetric and
the spin tensor is not vanishing. It is always possible to obtain
any generic EMT and spin tensor T̂ μν

� and Ŝλ,μν
� from the

Belinfante one with the pseudogauge transformation

T̂ μν
� = T̂ μν

B + 1
2∇λ(�̂λ,μν − �̂μ,λν − �̂ν,λμ),

(14)
Ŝλ,μν

� = −�̂λ,μν + ∇ρ Ẑμν,λρ,

for some specific �̂ and Ẑ . Consider the LTE statistical oper-
ator (12) obtained with a specific choice of pseudogauge:

ρ̂ �
LTE = 1

Z exp

[
−

∫
d�μ

(
T̂ μν

� βν − 1

2
�λν Ŝμ,λν

� − ĵμζ

)]
.

(15)

The statistical operator (15) can be written in terms
of the Belinfante EMT by taking advantage of the
transformations (14)

ρ̂ �
LTE = 1

Z exp

{
−

∫
d�μ

[
T̂ μν

B βν + 1

2
∇λ(�̂λ,μν − �̂μ,λν − �̂ν,λμ)βν + 1

2
�λν (�̂μ,λν − ∇ρ Ẑλν,μρ ) − ĵμζ

]}

= 1

Z exp

{
−

∫
d�μ

[
T̂ μν

B βν + 1

2
∇λ(βν�̂

λ,μν − βν�̂
μ,λν − βν�̂

ν,λμ)

− 1

2
∇λβν (�̂λ,μν − �̂μ,λν − �̂ν,λμ) + 1

2
�λν�̂

μ,λν − 1

2
�λν∇ρ Ẑλν,μρ − ĵμζ

]}
.
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The second term in the exponent is a total divergence and
is vanishing for suitable boundary conditions imposed on β

and/or �̂. Then, by splitting the β derivative into symmetric
and antisymmetric parts,

	μν = − 1
2 (∇μβν − ∇νβμ),

ξμν = 1
2 (∇μβν + ∇νβμ),

one obtains

ρ̂ �
LTE = 1

Z exp

{
−

∫
d�μ

[
T̂ μν

B βν − 1

2
(	λν − �λν )�̂μ,λν

− ξλν�̂
λ,μν − 1

2
�λν∇ρ Ẑλν,μρ − ĵμζ

]}
. (16)

The anti-symmetric derivative of the β field 	 is called the
thermal vorticity and contains information about the acceler-
ation and the rotation of the fluid [41]. Instead, the symmetric
derivative ξ is called the thermal shear tensor, see [5,6]. The
relation between the statistical operators obtained in different
pseudogauges was discussed in [27,28].

As a notable example, the canonical EMT and spin tensor
are related to the Belinfante one with the PGT (14) with

�̂
λ,μν
C = −Ŝλ,μν

C , Ẑμν,λρ
C = 0,

where ŜC is the canonical spin tensor which is obtained di-
rectly by the Noether theorem:

Ŝλ,μν
C = −i

∑
a,b

δL
δ(∂λψ̂a)

D(Jμν )a
bψ̂

b

with D being the irreducible representation matrix of the
Lorentz group pertaining to the field. In this case, the statisti-
cal operator becomes

ρ̂C
LTE = 1

Z exp

{
−

∫
d�μ

[
T̂ μν

B βν + 1

2
(	λν − �λν )Ŝμ,λν

C

+ ξλν Ŝλ,μν
C − ĵμζ

]}
.

The differences between this operator obtained in the canon-
ical pseudogauge and the one obtained in the Belinfante one
are discussed in Ref. [27].

Besides the canonical decomposition, infinite choices for
�̂ and Ẑ are possible. For instance, if there exist a vector
and/or an axial currents ĵμV and ĵμA, other possible choices for
�̂ are given by

�̂
λ,μν
εA = 1

2ελτμν ĵA τ , �̂
λ,μν
A = ηλμ ĵνA − ηλν ĵμA,

�̂
λ,μν
εV = 1

2ελτμνσ ĵV τ , �̂
λ,μν
V = ηλμ ĵνV − ηλν ĵμV,

or linear combination of all the above. Taking
advantage of the derivative operator, one can also

choose

�̂
λ,μν

ε∂ = i

2
ελτμν ∂̂τ , �̂

λ,μν

∂ = iηλμ∂̂ν − iηλν∂̂μ.

This work will focus on the noninteracting Dirac field �.
In this case, I will discuss the following choices for �̂:

�̂
λ,μν
C = �̂

λ,μν
εA = 1

2
ελμντ �̄γτ γ

5�

= − i

8
�̄{γ λ, [γ μ, γ ν]}�,

�̂
λ,μν
εV = 1

2
ελμντ �̄γτ�,

�̂
λ,μν
A = �̄(ηλμγ νγ5 − ηλνγ μγ5)�,

�̂
λ,μν
V = �̄(ηλμγ ν − ηλνγ μ)�, (17)

where γ are the Dirac Gamma matrices. I will also consider

�̂
λ,μν
ε∂ = i

2
ελτμν�̄

↔
∂ τ�,

�̂
λ,μν

∂ = i�̄(ηλμ
↔
∂

ν − ηλν
↔
∂

μ)�,

�̂
λ,μν

ε∂A = 1

2
ελτμν�̄

↔
∂ τ γ5�, (18)

�̂
λ,μν
∂A = �̄(ηλμ

↔
∂

ν − ηλν
↔
∂

μ)γ5�,

�̂
λ,μν
∂� = i

m
�̄

↔
∂

λσμν�,

where
↔
∂

μ = (
→
∂

μ − ←
∂

μ), σμν = i

2
[γ μ, γ ν].

Other than the canonical and Belinfante pseudogauges, other
valid choices of boost angular momentum decomposition for
the Dirac field are given by the de Groot–van Leeuwen–van
Weert (GLW) and the Hilgevoord-Wouthuysen (HW) decom-
position. The de Groot–van Leeuwen–van Weert EMT and
spin tensor (see [42]) are obtained from the Belinfante ones
with [28]

�̂
λ,μν
GLW = −Ŝλ,μν

C + i

4m
�̄(σλμ

↔
∂

ν − σλν
↔
∂

μ)�,

Ẑμν,λρ
GLW = 0. (19)

Instead, the Hilgevoord-Wouthuysen EMT and spin tensor are
obtained with [28,43,44]

�̂
λ,μν
HW = �̂

λ,μν
GLW − i

4m
�̄(ηλμσ να − ηλνσμα )

↔
∂ α�,

Ẑμν,λρ
HW = − 1

8m
�̄(σμνσ λρ + σλρσμν )�. (20)

Lastly, I will also consider the improved EMT proposed by
Callan, Coleman, and Jackiew (CCJ) [45], whose matrix el-
ements are finite at all orders of perturbation theory for a
renormalizable interaction. The improved EMT is obtained
with

�̂
λ,μν
CCJ = − 1

6 (ηλν∂μ − ηλμ∂ν )�̄�,
(21)

Ẑμν,λρ
CCJ = − 1

6 (ηρμηλν − ηρνηλμ)�̄�,

044907-4



PSEUDOGAUGE DEPENDENCE OF THE SPIN … PHYSICAL REVIEW C 105, 044907 (2022)

so that

Ŝλ,μν
CCJ = 0,

T̂ μν
CCJ = T̂ μν

B − 1
6 (∂μ∂ν − ημν∂λ∂

λ)�̄�.

A. Global equilibrium

If the system is at the global thermal equilibrium, the statis-
tical operator only depends on the global conserved quantities,
i.e., the total momentum, boost angular momentum and the
conserved charge. Since these quantities are not affected by
the PGTs, the statistical operator of global equilibrium is also
pseudogauge independent [27,28]. In what follows, I review
how this comes to be starting from the local thermodynamic
equilibrium statistical operator (16).

To describe a global thermal equilibrium one needs to im-
pose that the statistical operator is actually time independent,
which occurs when the integrals in (16) are independent of the
spacelike hypersurfaces �. This is equivalent to imposing that
the divergence of the integrand is vanishing [46]:

∇μ

[
T̂ μν

B βν − 1
2 (	λν − �λν )�̂μ,λν

− ξλν�̂
λ,μν − 1

2�λν∇ρ Ẑλν,μρ − ĵμζ
] = 0.

Taking advantage of the operatorial equations,

∇μT̂ μν
B βν = 0, ∇μ ĵμ = 0,

∇μ�̂μ,λν = T̂ λν
� − T̂ νλ

� , ∇μ∇ρ Ẑλν,μρ = 0,

the divergence of the integrand is written as

T̂ μν
B ∇μβν − 1

2 (	λν − �λν )
(
T̂ λν

� − T̂ νλ
�

)
− 1

2 �̂μ,λν∇μ(	λν − �λν ) − 1
2 (∇ρ Ẑλν,μρ )∇μ�λν

− ξλν∇μ�̂λ,μν − �̂λ,μν∇μξλν − ĵμ∇μζ = 0.

The last term of the divergence is vanishing if ∇μζ = 0. In
flat space-time this condition sets ζ to be a constant. The first
term is vanishing if β is a Killing field, i.e., if it solves

∇μβν + ∇νβμ = 0.

In flat space-time the most general solution of the Killing
equation is given by

βμ = bμ + 	μνxν

with b a constant four-vector and 	 a constant antisymmetric
rank-2 tensor. This global equilibrium form of β implies ξλν =
0 and ∇μξλν = 0. Then, the integrand is vanishing under the
following conditions:{∇μ(	λν − �λν ) = ∇μ�λν = 0,

(	λν − �λν ) = 0,

which are both satisfied for �μν = 	μν . The form of the
statistical operator at global equilibrium is then obtained by
replacing these global equilibrium forms for the thermal fields
β, �, and ζ in the statistical operator (16). This form is the

following:

ρ̂ �
GE = 1

Z exp

{
−

∫
d�μ

[
T̂ μν

B (bν + 	νλxλ) − ĵμζ
]}

= 1

Z exp

{
− bν

∫
d�μT̂ μν

B − 	νλ

∫
d�μT̂ μν

B xλ

+ ζ

∫
d�μ ĵμ

}
.

In the first and last terms of the last line, one can readily
recognize the total momentum operator P̂ and the charge Q̂,
respectively. In the second term, by taking advantage of the
antisymmetric indices, the total boost angular momentum Ĵ is
obtained. The global equilibrium statistical operator is

ρ̂GE = 1

Z exp

[
− b · P̂ + 1

2
	 : Ĵ + ζ Q̂

]
. (22)

This derivation shows that no matter what the form of the
pseudogauge fields �̂ and Ẑ is, the global equilibrium statisti-
cal operator will always have the same form; therefore ρ̂GE is
pseudogauge independent. Notice that if one chooses to con-
strain only the EMT but not the spin tensor, one would have to
set � = 0. Therefore, when imposing the global equilibrium,
one would obtain only the particular case of the previous op-
erator with 	 = 0. The only exceptions are the pseudogauges
with a vanishing spin current, such as the Belinfante one. In
these cases, since all the spin information is contained in the
EMT, one still obtains the global equilibrium with nonvanish-
ing thermal vorticity without introducing a spin potential [39].

It follows that the PGTs do not affect the predictions of spin
polarization and of the axial vortical effect (AVE) when the
system is at global thermal equilibrium. The spin polarization
at the first order of thermal vorticity of a Dirac particle with
momentum k in a system at global thermal equilibrium is

Sμ(k) = − 1

8m
εμρστ kτ

∫
�

d� · k nF(1 − nF)	ρσ∫
�

d� · k nF
,

which has the same form of Eq. (3), the only difference being
that at global equilibrium the thermal vorticity must be a con-
stant tensor. For the spin polarization at all orders of thermal
vorticity see [47].

Similarly, for the Dirac field, the mean axial current result-
ing from the Zubarev statistical operator is discussed both for
massive [48–50] and massless fermions [39,49,51]. The result
is that the mean axial current is〈

ĵμA
〉
GE = W Awμ + O(	 2), (23)

where the four-vector w is defined by

wμ = −1

2
εμρσλ	ρσ uλ = ωμ

T
, (24)

which is the local rotation of the fluid,

ωμ = − 1
2εμνρσ ∂νuρuσ ,
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divided by the temperature. The thermal coefficient W A is the
AVE conductivity, and for a free Dirac field is given by [51,52]

W A =
∫ ∞

0

dk

2π2β

ε2
k + k2

εk
[nF(βεk − ζ ) + nF(βεk + ζ )]

(25)
with β =

√
β2, ε2

k = k2 + m2, and m being the mass of
the field. For a massless field, the AVE conductivity above
becomes

W A = T 3

6
+ μ2

2π2
T,

where μ = ζ T is the chemical potential. The mean axial
current (23) and the conductivity (25) were obtained with the
global equilibrium statistical operator (22) and do not depend
on the pseudogauge. In Sec. V I obtain how the AVE (23)
is modified in a system at local thermal equilibrium with a
generic pseudogauge.

III. PSEUDOGAUGE DEPENDENCE OF WIGNER
FUNCTION

The Wigner function extends the concept of the classical
distribution function to a quantum system. Like the distribu-
tion function, from the Wigner function one can obtain many
relevant expectation values in statistical quantum field theory.
As it is generally expected that different distribution functions
result in different averages, a difference in the Wigner func-
tion may result in a variation in the final expectation values.
In this section I derive the effect of the pseudogauge transfor-
mations (PGTs) in the Wigner function of the free Dirac field.
I will show that different choices of �̂ and Ẑ in (16) affect the
Wigner function. In Secs. IV and V I will show that indeed
these different Wigner functions give different results for the
spin polarization and the mean axial current.

The covariant Wigner function of a free Dirac field is
defined as [42]

WAB(x, k) = tr (̂ρ ŴAB(x, k)), (26)

where A, B denote the spinorial indices, and Ŵ denotes the
Wigner operator,

ŴAB(x, k) =
∫

d4y

(2π )4
e−ik·y : �B

(
x + y

2

)
�A

(
x − y

2

)
:,

and the colons “: :” denotes the normal ordering. The mean
axial current can be obtained once the Wigner function is
known by performing the integral

jμA(x) = 〈
ĵμA(x)

〉 =
∫

d4k tr4[γ μγ 5W (x, k)],

where tr4 indicates the trace over the spinorial indices. Sim-
ilarly, the mean spin polarization of a particle state with
momentum k is obtained through [31]

Sμ(k) = 1

2

∫
�

d� · k tr4[γ μγ 5W +(x, k)]∫
�

d� · k tr4[W +(x, k)]
,

where W + is the future timelike part (that is, the par-
ticle part) of the Wigner function, obtained by the

decomposition

W (x, k) = θ (k2)θ (k0)W +(x, k) + θ (k2)θ (−k0)W −(x, k)

+ θ (−k2)W S (x, k). (27)

Notice that the Wigner function (26) is affected by the
statistical operator ρ̂ that describes the thermal state of the
system. I am now going to plug the pseudogauge dependent
statistical operator (16) in Eq. (26). Then, I will quantify the
pseudogauge dependence of the Wigner function using the
linear response theory.

In this work I am going to consider the pseudogauge po-
tentials �̂ given in Eqs. (17)–(20). All of these operators are
bilinears in the Dirac fields. Therefore, recalling that

i

2
�̄(x)(

→
∂

μ − ←
∂

μ)�(x) =
∫

d4k kνŴ (x, k),

they can be obtained from the Wigner operator through the
integral

�̂λ,μν (x) =
∫

d4k′�λ,μν

B′A′ (k′)ŴA′B′ (x, k′),

where �
λ,μν

B′A′ is a function that might depend on the gamma
matrices and on the metric tensors, but that does not con-
tain the derivative operator. See the Appendix for the list
of all the functions � used in this work. Among the
gauge-potentials (17)–(20) only the Hilgevoord-Wouthuysen
(HW) decomposition has a nonvanishing Ẑ potential. The
pseudogauge-dependent statistical operator (16) only depends
on the derivative of Ẑ , which for the form in Eq. (20) can be
written as

∂αẐρσ,λα
HW (x) = − 1

8m
(σρσσ λα + σλασ ρσ )B′A′

×
∫

d4k′∂αŴA′B′ (x, k′).

Lastly, the improved Callan, Coleman, and Jackiew (CCJ)
pseudogauge potentials (21) can be obtained from the Wigner
operator by

�̂
λ,μν
CCJ (x) = −1

6
(ηλν∂μ − ηλμ∂ν )

∫
d4k′tr4(Ŵ (x, k′)),

∂αẐρσ,λα
CCJ = −1

6
(ηαρηλσ − ηασ ηλρ )

×
∫

d4k′∂αtr4(Ŵ (x, k′)). (28)

However, eventually it is found that the pseudogauge poten-
tials �̂CCJ and ẐCCJ in Eq. (21) do not affect the Wigner
function at first order in linear response theory.
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As mentioned before, the pseudogauge-dependent Wigner
function at local thermal equilibrium is obtained by

〈ŴAB(x, k)〉� = tr
(̂
ρ �

LTE ŴAB(x, k)
)
,

where, setting ζ = 0 for clarity, and introducing the shorthand
notation

�μν ≡ 	μν − �μν, (29)

one has

ρ̂ �
LTE = 1

Z exp

{
−

∫
d�λ

[
T̂ λν

B βν − 1

2
�ρσ �̂λ,ρσ

− ξρσ �̂ρ,λσ − 1

2
�ρσ ∂αẐρσ,λα

]}
, (30)

and the operators �̂ and ∂αẐρσ,λα can be written as described
above. For a fluid in the hydrodynamic regime, such as the
QGP, the thermodynamics field β slowly varies compared to
the correlation lengths between two operators. Furthermore,
since no effect of the spin potential � was ever observed,
one assumes that it is not larger than the thermal vorticity 	 .
Therefore the terms in the exponent of (30) which are coupled
to �, ξ , and � can be treated as “small” perturbations.

One should now study the difference between the Wigner
function resulting from a generic pseudogauge and the
one obtained in the Belinfante decomposition, which is
denoted as

〈ŴAB(x, k)〉B = tr
(̂
ρ �

B ŴAB(x, k)
)
.

For the sake of clarity, I report only the steps for the particle
part of the Wigner function W +; see Eq. (27). The other parts
are carried out in a similar fashion. Denoting the thermal
average of an operator Ô made with the statistical operator

ρ̂β = 1

Z exp

{
− βν (x)

∫
d�λ T̂ λν

B

}
= 1

Z exp{−β(x) · P̂}

as 〈Ô〉β(x) = tr(̂ρβ Ô) and using the linear response theory as
described in [5,37,39,41], one obtains

��W +
AB(x, k) = 〈Ŵ +

AB(x, k)〉�−〈Ŵ +
AB(x, k)〉B � ��W +

AB(x, k)

+ �ξW +
AB(x, k) + ��ZW +

AB(x, k),

where

��W +
AB(x, k) =1

2

∫ 1

0
dz

∫
�

d�λ(y)�ρσ (y)
∫

d4k′�λ,ρσ

B′A′ 〈Ŵ +
AB(x, k)ŴA′B′ (y + izβ(x), k′)〉β(x),

�ξW +
AB(x, k) =

∫ 1

0
dz

∫
�

d�λ(y)ξρσ (y)
∫

d4k′�ρ,λσ

B′A′ 〈Ŵ +
AB(x, k)ŴA′B′ (y + izβ(x), k′)〉β(x),

��ZW +
AB(x, k) =1

2

∫ 1

0
dz

∫
�

d�λ(y)�ρσ (y)
∫

d4k′Zρσ,λα

B′A′ ∂yα
〈Ŵ +

AB(x, k)ŴA′B′ (y + izβ(x), k′)〉β(x).

Using standard thermal field theory techniques (see for instance [5,53]), one finds

〈Ŵ +
ab (x, k)Ŵcd (y + izβ(x), k′)〉c,β(x) = 1

(2π )6

∫
d3 p

2εp

∫
d3 p′

2εp′
δ4

(
k − p + p′

2

)
δ4

(
k′ − p + p′

2

)

× (/p′ + m)ad (/p + m)cbei(p−p′ )(x−y)ez(p−p′ )βnF(β(x) · p)[1 − nF(β(x) · p′)],

from which it straightforwardly follows that

��W +
AB(x, k) = 1

2

∫ 1

0
dz

∫
�

d�λ(y)�ρσ (y)
1

(2π )6

∫
d3 p

2εp

∫
d3 p′

2εp′
δ4

(
k − p + p′

2

)

× [(/p′ + m)�λ,ρσ (/p + m)]ABei(p−p′ )(x−y)ez(p−p′ )βnF(β(x) · p)[1 − nF(β(x) · p′)],

�ξW +
AB(x, k) =

∫ 1

0
dz

∫
�

d�λ(y)ξρσ (y)
1

(2π )6

∫
d3 p

2εp

∫
d3 p′

2εp′
δ4

(
k − p + p′

2

)

× [(/p′ + m)�ρ,λσ (/p + m)]ABei(p−p′ )(x−y)ez(p−p′ )βnF(β(x) · p)[1 − nF(β(x) · p′)],

��ZW +
AB(x, k) = − i

2

∫ 1

0
dz

∫
�

d�λ(y)�ρσ (y)
1

(2π )6

∫
d3 p

2εp

∫
d3 p′

2εp′
δ4

(
k − p + p′

2

)

× [(/p′ + m)Zρσ,λα (/p + m)]AB(p − p′)αei(p−p′ )(x−y)ez(p−p′ )βnF(β(x) · p)[1 − nF(β(x) · p′)]. (31)

Notice that the integration over the spacelike hypersurface
�, i.e., in the y coordinates, only involves the exponen-
tial ei(p−p′ )(x−y) and the thermodynamic fields �, ξ , and

�. As mentioned above, in the hydrodynamic regime the
thermodynamic fields are slowly varying, and the integral
over � can be approximated by Taylor expanding the ther-
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modynamic fields around the point y = x and retaining
only the leading order. For instance, the expansion of �

is

�ρσ (y) = �ρσ (x) + ∂κ�ρσ (x)(y − x)κ + · · · ,

and one obtains (see [5,53])∫
�

d�λ(y)�ρσ (y)ei(p−p′ )(x−y) � �ρσ (x)t̂λ(2π )3δ3(p − p′),

(32)

where t̂ is the time direction in the fluid frame. After this ap-
proximation, thanks to the delta function, it is straightforward

to integrate the (31) in p′. As a result, ��ZW + is vanishing
because of the factor p − p′, while in the other contributions
the dependence on z goes away. Lastly, taking advantage of
the transformation

∫
d3 p

2εp
δ4(k − p) f (p) =

∫
d4kδ(k2−m2)θ (k0)δ4(k − p) f (p)

= θ (k0)δ(k2 − m2) f (k),

these final expressions are obtained:

��W +
AB(x, k) = θ (k0)δ(k2 − m2)

4(2π )3

t̂λ�ρσ (x)

εk
[(/k + m)�λ,ρσ (/k + m)]ABnF(β(x) · k)[1 − nF(β(x) · k)],

�ξW +
AB(x, k) = θ (k0)δ(k2 − m2)

2(2π )3

t̂λξρσ (x)

εk
[(/k + m)�ρ,λσ (/k + m)]ABnF(β(x) · k)[1 − nF(β(x) · k)],

��ZW +
AB(x, k) = 0. (33)

Equation (33) clearly shows that the Wigner function of local
thermal equilibrium does depend on the choice of pseudo-
gauge potentials. In some cases, these corrections might be
vanishing. For instance, if �̂ρ,λσ is completely antisymmet-
ric, such as in �̂C, �̂εA, �̂εV, �̂ε∂ , �̂ε∂A, then one readily
has that �ξW +

AB(x, k) = 0. One could also repeat the argu-
ment above for the improved Callan, Coleman, and Jackiew
pseudogauge potentials (21) using (28). As in ��ZW +, the
derivatives of Wigner function in (28) create factors p −
p′ which vanish when integrating the Dirac delta from the
approximation (32). Therefore, at first order in linear perturba-
tion theory, the Callan, Coleman, and Jackiew decomposition
gives the same thermal expectation values as the Belinfante
decomposition. In the next sections I show that this difference
in the Wigner function actually affects physical observables.

IV. PSEUDOGAUGE DEPENDENCE OF SPIN
POLARIZATION

The spin polarization is obtained from the Wigner function
by [31]

Sμ(k) = 1

2

∫
�

d� · k tr4[γ μγ 5W +(x, k)]∫
�

d�αkα tr4[W +(x, k)]
.

It is important to stress that the form of this formula does not
depend on the pseudogauge. The pseudogauge dependence
of spin polarization from the previous formula is completely
contained inside the Wigner function, which has itself inher-
ited the pseudogauge dependence from the statistical operator.
As mentioned, the spin polarization in the Belinfante PG (1)
is given by

Sμ
B (k) � Sμ

	 (k) + Sμ
ξ (k); (34)

see Eqs. (3) and (4). Under the hypothesis that linear response
theory is a good approximation, the difference between the
spin polarization in a generic pseudogauge Sμ

�(k) and in the
Belinfante Sμ

B (k) can be obtained from the results of the pre-
vious section. Using the above formula, it is given by

��Sμ(k) = Sμ
�(k) − Sμ

B (k)

= 1

2D
∫

�

d� · k tr4[γ μγ 5��W +(x, k)], (35)

with

D =
∫

�

d�αkα tr4[〈Ŵ +(x, k)〉β(x)]

= 4m

(2π )3

∫
�

d� · k δ(k2 − m2)θ (k0)nF,

where nF = nF(β(x) · k). Plugging in the results of (33) into
(35), we obtain

��Sμ(k) = ��Sμ(k) + �ξ Sμ(k),

��Sμ(k) = Aμρσλ
�, � t̂λ

32mεk

∫
�

d� · k �ρσ nF(1 − nF)∫
�

d� · k nF
, (36)

�ξ Sμ(k) = Aμρσλ
ξ, � t̂λ

16mεk

∫
�

d� · k ξρσ nF(1 − nF)∫
�

d� · k nF
,

where

Aμρσλ
�, � = tr4[γ μγ 5(/k + m)�λ,ρσ (/k + m)],

Aμρσλ

ξ, � = tr4[γ μγ 5(/k + m)�ρ,λσ (/k + m)].

These are ordinary gamma matrix traces and result in
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Aμρσλ
�, � =

⎧⎪⎪⎨
⎪⎪⎩

4ελρστ
(
kμkτ − ημ

τ m2
)
, �C = �εA,

16(kμkσ ηλρ + m2ημρηλσ ), �A,

−16εμρστ kτ kλ, �∂�,

Aμρσλ
�, �C

+ 8ελμρτ kτ kσ , �GLW and �HW

(37)

and

Aμρσλ

ξ, � =

⎧⎪⎪⎨
⎪⎪⎩

0, �C = �εA,

8(kμkσ − m2ημσ )ηλρ − 8(kμkλ − m2ημλ)ηρσ , �A,

16ελμστ kτ kρ, �∂�,

−4ελμστ kτ kρ, �GLW and �HW,

(38)

and are vanishing for the other pseudogauges considered in this work, (17)–(21).

A. Canonical decomposition

It is worth discussing some special cases of the general re-
sult (36). If one chooses to describe the local thermodynamic
equilibrium with the canonical decomposition, one should use
the statistical operator

ρ̂C
LTE = 1

Z exp

[
−

∫
d�μ

(
T̂ μν

C βν − 1

2
�λν Ŝμ,λν

C

)]
,

which, as shown in Sec. II, can be rewritten by means of the
pseudogauge transformation (14) with

�̂
λ,μν
C = −Ŝλ,μν

C = − i

8
�̄{γ λ, [γ μ, γ ν]}�

and ẐC = 0, as1.

ρ̂C
LTE = 1

Z exp

[
−

∫
d�μ

(
T̂ μν

B βν + 	λν − �λν

2
Ŝλ,μν

C

)]
.

(39)
The spin polarization resulting from this operator is

Sμ
C (k) � Sμ

	 (k) + Sμ

ξ (k) + �C
�Sμ(k). (40)

The first two terms are given by Eqs. (3) and (4) and are
the contributions coming from the Belinfante form, which
appears in the first term in the exponent of Eq. (39). These
two are the terms that have been considered so far to predict
the spin polarization of particles emitted by the quark gluon
plasma. When adopting the canonical decomposition, in addi-
tion to these terms one should also add the contribution from
the canonical spin tensor �C

�Sμ(k). This one can be read from
(36) and it is given by

�C
�Sμ(k) = ελρστ t̂λ(kμkτ − ημ

τ m2)

8mεk

×
∫
�

d�(x) · k nF(1 − nF)(	ρσ − �ρσ )∫
�

d� · k nF
. (41)

To the best of my knowledge, this is the first time that an
explicit formula for the contribution of (canonical) spin tensor
is reported. Notice that in this case there is no additional
contribution from the thermal shear ξ , as the canonical spin
tensor is completely antisymmetric.

1For the Dirac field, the canonical spin tensor is completely anti-
symmetric and the shear term in (16) vanishes.

The contribution to spin polarization in Eq. (41) is the first
important and necessary step to study the impact of pseudo-
gauge transformations to the spin polarization in heavy-ion
collisions. For instance, the result (41) reveals that the contri-
bution of spin potential is not simply obtained by replacing
the thermal vorticity with the spin potential in Eq. (3). An
other important conclusion that one draws from Eq. (41) is
that it is impossible to remove the difference between the spin
polarization in the Belinfante and canonical PGs by choosing
different values of the β(x) and �(x) fields for the two PGs.
Indeed, since the k dependence makes the Eqs. (3), (4), and
(41) linearly independent, the only way to satisfy the equiva-
lence Sμ

B[βB](k) = Sμ
C[βC,�C](k) for all the values of k is to

choose βB = βC and �C = 	 C, that is the same β field for
both the PGs and the condition for global equilibrium.

Clearly, a quantitative estimate requires a numerical analy-
sis. To assess the relevance of the contribution (41) one should
know the magnitude of the difference between the thermal
vorticity and the spin potential. While one can evaluate the
thermal vorticity, for instance with hydrodynamic simula-
tions, the magnitude of the spin potential �, which appears
as a parameter to be fixed with observation, is not known.
However, as discussed in Sec. II A, the quantity � = 	 − �

must reach zero as the system approaches global equilibrium
and it is therefore expected to be significant only for systems
far from equilibrium. Also note that the manifest breaking of
Lorentz covariance in (41) by the presence of the unit vector
t̂ is expected as the canonical spin tensor is not a conserved
quantity and the statistical operator (39) depends on the par-
ticular three-dimensional hypersurface of integration; see also
the discussion in [5].

B. de Groot–van Leeuwen–van Weert and
Hilgevoord-Wouthuysen decompositions

Consider now the de Groot–van Leeuwen–van Weert
(GLW) and Hilgevoord-Wouthuysen (HW) decompositions.
Both these decompositions result in the same predictions for
the spin polarization. From the results (36) the spin polariza-
tion reads

Sμ
GLW,HW(k) � Sμ

	 (k) + Sμ
ξ (k) + �C

�Sμ(k)

+ �GLW,HW
� Sμ(k) + �GLW,HW

ξ Sμ(k).
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The first three terms were discussed above; the other two are
given by

�GLW,HW
� Sμ(k) = − 1

4m
εμλρτ t̂λ

kτ kσ

εk

×
∫
�

d� · k nF(1 − nF)(	ρσ − �ρσ )∫
�

d� · k nF

(42)

and

�GLW,HW
ξ Sμ(k) = −Sμ

ξ (k) = + 1

4m
εμλστ kτ kρ

εk

×
∫
�

d� · k nF(1 − nF)t̂λξρσ∫
�

d� · k nF
. (43)

The contribution in Eq. (42) has a different form compared
to both Eq. (3) and Eq. (41), and its numerical investigation
requires the knowledge of the spin tensor �. Instead, the con-
tribution of (43) only requires the knowledge of the thermal
shear ξ and it must be included even if the spin potential is not
introduced at all. Remarkably, it cancels exactly the contribu-
tion of Eq. (4). The remaining terms can be simplified using
the Schouten identity, obtaining the more compact formula

Sμ
GLW,HW(k) = − 1

8m
εμρστ kτ

∫
�

d� · k nF(1 − nF)�ρσ∫
�

d� · k nF
.

As found for the canonical PG, even allowing for different
values of the thermodynamic fields, the only way to obtain the
same predictions for the spin polarization in the HW/GLW
PG as in the Belinfante or canonical PG is to have the same
β field in all PGs and to impose the global equilibrium condi-
tions ξ = 0 and � = 	 .

The importance of including the thermal shear term in
Eq. (4) in heavy-ion collisions has been discussed in [7,8],
where it was found that such a term is able to restore the
agreement between the predictions and the experimental data
for the momentum dependent spin polarization of Lambda
hyperons. The above studies were (tacitly) carried out in the
Belinfante decomposition. From the analysis above, if the
GLW or HW decomposition were used instead, there would
have been no thermal-shear corrections and hence no agree-
ment with the data (with the predictions of local thermal
equilibrium at first order in the gradients). This shows how
the choice of the pseudogauge can indeed have sizable effects
on observables.

C. Other pseudogauges

In special relativity, the choice of the pseudogauge is arbi-
trary. In this work, I considered only a few choices for the
pseudogauges of the Dirac field; see Eqs. (17)–(21), and I
evaluated the resulting predictions for the spin polarization
(36). It was found that in the GLW and HW decompositions,
the contribution of the thermal shear is increased compared to
the Belinfante. If instead one chooses the �∂� pseudogauge

in Eq. (18), one would obtain

�∂�
ξ Sμ(k) = −1

m
εμλστ kτ kρ

εk

∫
�

d� · k nF(1 − nF)t̂λξρσ∫
�

d� · k nF
,

(44)
which is larger compared to the contribution (4). Adding
the two terms (44) and (4) together will enhance the effects
discussed in [7]. However, both the sign and the numerical
factor of the pseudogauge �∂� are arbitrary. Indeed, in special
relativity, one could have used any linear combinations of the
pseudogauges in (17)–(21). It follows that it should be easy to
pick an ad hoc pseudogauge which is able to explain a certain
set of data. Therefore, such an approach should be avoided
unless one is dealing with a large set of measurements. In the
lack of experimental evidence, one can also look at theoretical
arguments that favor some of the pseudogauges.

The canonical, Belinfante, GLW, and HW pseudogauges
do not constitute an arbitrary or a posteriori choice, as they
are the result of the direct application of Noether theorem or a
specific choice in the symmetries and properties of the EMT
tensor or the spin tensor. When one has a strong case for using
a specific pseudogauge, then one can use measurements made
at local equilibrium, such as the spin polarization in heavy-ion
collisions, to discern what pseudogauge better describes the
system.

V. PSEUDOGAUGE DEPENDENCE OF MEAN AXIAL
CURRENT

Let us now turn to the mean axial current, which is obtained
from the Wigner function with

jμA(x) = 〈
ĵμA(x)

〉 =
∫

d4k tr4[γ μγ 5W (x, k)].

As previously discussed, at global equilibrium one obtains
the axial current in Eq. (23). Instead, the mean axial current
evaluated using the local equilibrium statistical operator in the
Belinfante pseudogauge (13) is〈

ĵμA
〉
B = W Awμ + ελμστ ξρσ t̂λ�

ρ
τ + O(∂β2), (45)

where W A and w are defined as in Eqs. (25) and (24), except
that the thermal vorticity does not have to be constant any-
more. The second term in (45) is the axial current induced by
the thermal shear ξ , and from the Wigner function evaluated
in [5] one can show that

�ρ
τ = 4

∫
d4k

(2π )3εk
θ (k0)δ(k2 − m2)nF(1 − nF)kτ kρ. (46)

However, the above formula must be modified in other pseu-
dogauges. In a different pseudogauge one should add the
difference:

�φ jμA(x) = 〈
ĵμA(x)

〉
�

− 〈
ĵμA(x)

〉
B � �� jμA(x) + �ξ jμA(x).

Using the results in Eq. (33) for the particle part and similar
expressions for the antiparticle, one obtains

�� jμA(x) = �ρσ t̂λ

∫
d4k

2(2π )3εk
θ (k0)δ(k2 − m2)

× nF(1 − nF)Aμρσλ
�, � ,
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�ξ jμA(x) = +ξρσ t̂λ

∫
d4k

(2π )3εk
θ (k0)δ(k2 − m2)

× nF(1 − nF)Aμρσλ

ξ, � , (47)

where the quantities A are the same as Eqs. (37) and (38).
These modifications are generally nonvanishing. In particular,
the thermal field � is proportional to the thermal vorticity, so
�� jμA contains a contribution along the rotation of the fluid,
affecting the axial vortical effect conductivity.

As a notable example consider a massless field and the
canonical decomposition where �̂ = �̂C, that is

�C
� jμA(x) = ελρστ t̂λ�ρσ

∫
d4k

4π3εk
θ (k0)δ(k2)kμkτ

× nF(β(x) · k)[1 − nF(β(x) · k)]

= ελρστ t̂λ�ρσ

(
1

3
ημ

τ + 2

3
uμuτ

)
T 3(x)

12

= uμελρστ t̂λ�ρσ uτ

T 3(x)

36

− 1

2
εμρσλ�ρσ t̂λ

T 3(x)

9
,

where I took advantage of the Lorentz invariance of the in-
tegral measure and I chose the unit vector u = β/

√
β2 as

the time direction for the k four-vector. Furthermore, if one
decomposes t̂ in a orthogonal and parallel parts respect to u as

t̂λ = (t̂ · u)uλ + t̂⊥λ

and uses �ρσ = 	ρσ − �ρσ and the definition (24), one
obtains

�C
� jμA(x) = uμελρστ t̂λ�ρσ uτ

T 3(x)

36

+ wμ (t̂ · u)T 3(x)

9
− 1

2
εμρσλ�ρσ t̂⊥λ

T 3(x)

9

+ 1

2
εμρσλ�ρσ t̂λ

T 3(x)

9
.

The second term describes a mean axial current flowing along
the rotation of the fluid and therefore gives a modification of
the AVE conductivity of

�C
�W A = (t̂ · u)T 3(x)

9
.

In general, the modification of the AVE conductivity for the
other pseudogauges in both the massive and massless cases
can be obtained from the general expressions (47) by project-
ing along w:

��W A = wμ

w2

[
�� jμA(x) + �ξ jμA(x)

]
.

VI. DISCUSSION

In summary, I showed that the pseudogauge (PG) depen-
dent part of the statistical operator describing a system at local
thermal equilibrium (LTE) results in a non-vanishing contri-
bution to the Wigner function of the free Dirac field. I then
evaluated the spin polarization at LTE with different choices

of pseudogauge potentials and I found that they generally
give different results. In the canonical case, the contribution
from the canonical spin tensor is different form what one
might expect by just replacing the thermal vorticity with the
spin potential in Eq. (2), see Eq. (41). The de Groot-van
Leeuwen-van Weert (GLW) and the Hilgevoord-Wouthuysen
(HW) decompositions result in the same spin polarization.
This spin polarization differs from the ones resulting from the
Belinfante and from the canonical decomposition. In partic-
ular, there is no contribution from thermal-shear in the GLW
and HW PG, see Eq. (43). It is important to stress that this dif-
ference does not depend on the spin potential. Therefore, the
choice of the pseudogauge significantly affects the spin polar-
ization predictions used in heavy-ion collisions. I also showed
that the PG dependence in the spin polarization can not be
removed by choosing different values for the four-temperature
β(x) and for the spin potential �(x) in the different PGs.
On the contrary, as suggested by the analysis of the statis-
tical operator itself, I found that the different PGs give the
same spin polarization only if the same β field is chosen
and if the conditions of global thermal equilibrium are
satisfied.

In principle, the matching of different predictions with
experimental measurements should reveal what pseudogauge
must be used and if this choice is universal for all systems.
However, given the arbitrariness of pseudogauge transforma-
tions, this method alone does not seem compelling. I advocate
instead for the search of a theoretical argument in favor of a
particular pseudogauge, which one can thereafter put to test.
When these predictions are compared with experiments, one
should also keep in mind that they are the result of the approx-
imation of the “true” statistical operator (11) with the local
equilibrium one (12) which only account for nondissipative
phenomena. The dissipative effects for the spin polarization
are yet unknown. Future studies on that topic are therefore
recommended.

More stringent requirements on the pseudogauge transfor-
mations might come from the theory of general relativity,
where the form of the energy-momentum tensor is strictly
related to the geometry. The Einstein-Cartan theory allows
the inclusion of a spin tensor in general relativity and re-
quires the use of Reimann-Cartan geometry [24], which
has nonvanishing torsion. Then, the comparison of results
from quantum hydrodynamics, gravitation, and proton spin
decomposition [54] might shed light on this long standing
problem.

Furthermore, I showed that the pseudogauge transforma-
tions also affect the axial vortical effect (AVE) conductivity
for a system out of global equilibrium. This might pose a
problem to the interpretation of the AVE as a consequence
of the gravitational anomaly [55], as one might expect the
gravitational anomaly to be universal and not pseudogauge
dependent. Further investigation in this direction might also
clarify the role of spin in gravity and hydrodynamics.
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APPENDIX: PSEUDOGAUGE OPERATORS

In this Appendix I report the different form of pseudogauge
fields used to perform the calculations. For the Dirac field, the
pseudogauge operators in (17)–(20) can be obtained from the
Wigner operator

ŴAB(x, k) =
∫

d4y

(2π )4
e−ik·y : �B

(
x + y

2

)
�A

(
x − y

2

)
:

by performing the integration

�̂λ,μν (x) =
∫

d4k′�λ,μν

B′A′ (k′)ŴA′B′ (x, k′).

For the gauge potentials in Eq. (17) the function �(k) is given
by

�
λ,ρσ
C = �

λ,ρσ
εA = 1

2ελρστ γτ γ
5,

�
λ,ρσ
εV = 1

2ελρστ γτ ,

�
λ,ρσ
A = (ηλργ σ − ηλσ γ ρ )γ 5,

�
λ,ρσ
V = ηλργ σ − ηλσ γ ρ,

for those in Eq. (18) it is

�
λ,ρσ
ε∂ = 2ελτρσ kτ ,

�
λ,ρσ

∂ = 2(ηλρkσ − ηλσ kρ ),

�
λ,ρσ
ε∂A = 2(ηλρkσ − ηλσ kρ )γ 5,

�
λ,ρσ

∂A = ελτρσ kτ γ
5,

�
λ,ρσ
∂� = 2

m
kλσ ρσ ,

for the de Groot–van Leeuwen–van Weert (GLW) decompo-
sition (19) it is

�
λ,ρσ
GLW = �

λ,ρσ
εA + 1

2m
(σλρkσ − σλσ kρ ),

and for the Hilgevoord-Wouthuysen decomposition of
Eq. (20) it is

�
λ,ρσ
HW = �

λ,ρσ
GLW − 1

2m
(ηλρσ σα − ηλσσ ρα )kα.

The improved Callan, Coleman, and Jackiew (CCJ) pseudo-
gauge potentials (21) are reported in Eq. (28).

In order to obtain the difference between the Wigner
function in a generic pseudogauge and the Wigner func-
tion in the Belinfante pseudogauge, one just has to replace
the right expression above in Eq. (33). To obtain the cor-
rections to spin polarization (36) and to the mean axial
current (47), the expression above must be replaced inside the
traces,

Aμρσλ
�, � = tr4[γ μγ 5(/k + m)�λ,ρσ (/k + m)],

Aμρσλ

ξ, � = tr4[γ μγ 5(/k + m)�ρ,λσ (/k + m)],

whose results are given in Eqs. (37) and (38).
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