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We study the energy spectra of � hypernuclei 15
� C and 12

� Be with a relativistic mean field (RMF) model
with meson exchange �N interactions. The RMF parameters are optimized to reproduce the average energy of
KINKA and IRRAWADDY events for the ground state and also the average energy of KISO and IBUKI events
for the excited state in 15

� C. The potential depth of the average �N mean field potential is found to be about −12
MeV in the nuclear matter limit. We further introduce the two-body s- and p-wave interactions between valence
nucleons and � particle. We found that the s-wave interaction deduced from the HAL lattice QCD results is
rather weak to obtain the energy difference between IRRAWADDY and KINKA events. The p-wave interaction
is added and fitted to reproduce the energy difference. The resulting interaction together with the s-wave one
gives a reasonable energy simultaneously for IBUKI event as an excited �p state. The model is further applied
to predict the energy spectrum of 12

� Be.
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I. INTRODUCTION

The study of interaction of the strangeness S = −2 sector
is important in hypernuclear physics. To this end, so far sev-
eral YY potential models such as that of the Njimegen group
[1] and chiral effective field theory [2] have been proposed.
However, due to the difficulty of performing hyperon-hyperon
(Y -Y ) scattering experiments, the proposed potentials have
a large ambiguity depending on the models. Instead, as an
alternative way to obtain information on the S = −2 sector,
more pragmatic models were proposed to reproduce empirical
data with less ambiguity. For such approaches, it is crucial
to study structure of double strangeness hypernuclei such as
double � hypernuclei and � hypernuclei. Experimentally,
some double � hypernuclei, 6

��He (NAGARA event) [3,4],
10
��Be (DEMACHI-YANAGI event) [4], and 11

��Be (HIDA [4]
and MIKAGE events [5]) have been observed by KEK-E373
and J-PARC-E07 experiments. In comparisons with the data
and theoretical calculations, it was found that the 1S0 of ��

interaction is attractive, but much less attractive than that
of the �N interaction. Further analysis of the J-PARC-E07
experiment is still in progress.

Regarding � hypernuclei, the first evidence of a bound
� hypernucelus, 15

� C (14N +�−), was reported in 2015 by
the KEK-E373 experiment, and is named KISO event [6].
At that time, there were two possible �− binding energy
interpretations from the analyses of the kinematic formation
and decay modes, �− + 14N → 15

� C → 10
� Be + 5

�He. One is
B� ≡ −E (14N) = 4.38 ± 0.25 MeV, assuming the ground
state (g.s.) of 10

� Be after the decay from 15
� C. The other is

B� = 1.11 ± 0.25 MeV, assuming the decay from the first
excited state of 10

� Be. Afterwards, due to the revision of the ob-
served binding energy of the 10

� Be, the B� of KISO event was
updated accordingly to be 3.87 ± 0.21 MeV or 1.03 ± 0.18
MeV [7]. Thanks to the observation of KISO event, it was
found that �-nucleus interaction should be attractive, and it
was necessary to interpret theoretically that KISO event is the
observation of either 14N(g.s.) + �(1s) or 14N(g.s.) + �(1p).
Motivated by the observed data in Ref. [6], some of the present
authors (T.-T.S., H.S., and E. H.) studied the structure of 15

� C
using relativistic mean field (RMF) and Skyrme-Hartree-Fock
(SHF) models, and interpreted KISO event as 14N(g.s.) +
�(1p) [8]. Afterwards, 14N(g.s.) + �(1p) was observed as
IBUKI event with the binding energy B� = 1.27 ± 0.21 MeV
[9]. Very recently, two new events 14N(g.s.) + �(1s) were
reported by J-PARC-E07. One is called KINKA event and the
other is called IRRAWADDY event [10]. The observed B�

of the former is 8.00 ± 0.77 or 4.96 ± 0.77 MeV, and that of
the latter is 6.27 ± 0.27 MeV. These observations could give
a significant contribution to the information on s-wave �N
interaction. For the further study of �N interaction, a search
experiment for 12

� Be at J-PARC by 12C(K−, K+) reaction is
planned.

Considering this situation, it is important to reproduce all
of the observed events theoretically. We consider that KINKA
and IRRAWADDY events are partners of the ground-state
doublet and that IBUKI and KISO events are also partners
of the excited-state doublet because there should exists σ · σ

and τ · τ dependent terms in the �N interaction, whereas
the spin-orbit contribution is negligible for the ground state
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doublet of 15
� C. In this paper, we adopt the RMF model with

the meson-exchange �N interactions, which were also em-
ployed in the previous paper [8]. In addition, in this paper,
we introduce the σ · σ and τ · τ dependent two-body �N
interactions for valence nucleons and � particle. Parameters
of the two-body �N interaction should be optimized so as to
reproduce IRRAWADDY event and KISO event. Moreover,
the �N interaction employed in 15

� C is applied to the study
of 12

� Be. It is planned to produce 12
� Be by (K−, K+) reac-

tion using a 12C target in the J-PARC-E70 experiment. To
encourage the experiment, we predict energy spectra of this
hypernucleus.

Since the core nuclei, 14N and 11B, have compact shell
structure, it is hardly compressed by the addition of � hy-
peron. Thus, the RMF approach is suited for the present work.
In fact, in the previous paper [8], using RMF we accom-
plished interpreting KISO event as 14N(g.s.) + �(1p). Thus it
is highly expected that we can interpret IRRAWADDY event
and predict low-lying level structure of 12

� Be in a consistent
manner.

This paper is organized as follows. Sec. II is devoted to
the introduction of the model. Results of 15

� C and 12
� Be are

presented in Sec. III. The average �N mean field potentials
for various � nuclei are also discussed in Sec. III. A summary
is given in Sec. IV.

II. MODEL

A. Relativistic mean field model for � hypernuclei

To describe the � hypernucleus, we employ a meson-
exchange model with nonlinear couplings for RMF theory
[11]. The Lagrangian density is given by

L = ψ̄N (i∂/ − mN )ψN + ψ̄�(i∂/ − m�)ψ�

+ 1

2
(∂μσ )(∂μσ ) − 1

2
m2

σ σ 2 − c3

3
σ 3 − c4

4
σ 4

− 1

4
GμνGμν + 1

2
m2

ωωμωμ + d4

4
(ωμωμ)2

− 1

4
�Rμν · �Rμν + 1

2
m2

ρ �ρμ · �ρμ

− 1

4
FμνFμν

− ψ̄N

(
gσNσ + gωNω/ + gρN �ρ/ · �τN + eA/

1 + τN,3

2

)
ψN

− ψ̄�

(
gσ�σ + gω�ω/ + gρ��ρ/ · �τ�

+ fω�

4m�

Gμνσ
μν + eA/

−1 + τ�,3

2

)
ψ�, (1)

where ψN and ψ� are nucleon and � hyperon fields,
and Gμν = ∂μων − ∂νωμ, �Rμν = ∂μ�ρν − ∂ν �ρμ, and Fμν =
∂μAν − ∂νAμ are the field tensors of the vector mesons ω and
ρ and of the photon, respectively. �τN and �τ� are the Pauli ma-
trices in the isospin space. Note that we follow the convention
in which proton and �0 are regarded as the isospin-up states
while neutron and �− isospin-down states. We adopt the PK1

parameter set [12] for the nucleon-meson couplings. The ρ-�
coupling constant is taken to be gρ� = gρN as in Refs. [8,13].
The remaining coupling constants gσ�, gω�, and fω� in the
hyperon sector are fitted to experimental data (IRRAWADDY
[10] and KINKA events; see Sec. III). The � hyperon mass
m� is taken to be 1321.7 MeV [14].

The model Lagrangian given above is solved within the
mean field and the no-sea approximations. We impose time-
reversal invariance and charge conservation of the mean field
state, i.e., the time-odd or charged vector fields vanish. The
only nonzero components are their timelike and neutral com-
ponents, ω0, ρ0

3 , and A0, where the subscript 3 on the ρ meson
field means the third component in the isospace.

The scalar-isoscalar density ρS , vector-isoscalar and -
isovector densities j0 and j0

3 of nucleon are defined in terms
of the single-particle wave functions of nucleon ψ

(N )
k as

ρS (r) =
∑
k∈occ

ψ̄
(N )
k (r)ψ (N )

k (r), (2)

j0(r) =
∑
k∈occ

ψ̄
(N )
k (r)γ 0ψ

(N )
k (r), (3)

j0
3 (r) =

∑
k∈occ

ψ̄
(N )
k (r)γ 0τ3ψ

(N )
k (r), (4)

where k runs over the occupied nucleon states. The scalar,
vector, and tensor densities of � hyperon are defined in terms
of the single-particle wave function of the � hyperon ψ

(�)
k as

ρS�(r) = ψ̄
(�)
k (r)ψ (�)

k (r), (5)

j0
�(r) = ψ̄

(�)
k (r)γ 0ψ

(�)
k (r), (6)

j0
�3(r) = ψ̄

(�)
k (r)γ 0τ3ψ

(�)
k (r), (7)

V T �(r) = ψ̄
(�)
k (r)iαψ

(�)
k (r), (8)

where k here denotes the occupied � hyperon state.
The equations of motion for the meson and electromag-

netic fields read( − ∇2 + m2
σ

)
σ = −gσNρS − c3σ

2 − c4σ
3

− gσ�ρS�, (9)( − ∇2 + m2
ω

)
ω0 = gωN j0 − d4(ω0)3

+ gω� j0
� + fω�

2m�

∇ · V T �, (10)( − ∇2 + m2
ρ

)
ρ0

3 = gρN j0
3 + gρ� j0

�3, (11)

−∇2A0 = e
[

1
2

(
j0 + j0

3

) − 1
2

(
j0
� − j0

�3

)]
. (12)

The Dirac equation for the nucleon single-particle wave
function is given by

[−iα · ∇ + VN + β(mN + SN )]ψ (N )
k = εkψ

(N )
k , (13)

where

SN = gσNσ, (14)

VN = gωNω0 + gρNρ0
3τN,3 + eA0 1 + τN,3

2
. (15)
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The Dirac equation for the single-particle wave
function of the � hyperon is given by

[−iα · ∇ + V� + β(m� + S�) + iβα · T�]ψ (�)
k = εkψ

(�)
k ,

(16)
where

S� = gσ�σ, (17)

V� = gω�ω0 + gρ�ρ0
3τ�,3 + eA0 −1 + τ�,3

2
, (18)

T� = fω�

2m�

(−∇ω0). (19)

The set of equations (2)–(19) are solved self-consistently.
In the numerical calculations, we further impose spherical
symmetry, and the radial coordinate is discretized up to 40 fm
with the step size of 0.1 fm. The spurious �-� interaction
effect via the ρ meson is removed in the same way as in
Ref. [13].

B. Residual interactions

We consider the spin-isospin-dependent residual interac-
tion, which will be introduced in Sec. III. Once the residual
interaction is given, its effect on the energy spectra of 15

� C
and 12

� Be will be estimated by first-order perturbation theory.
We construct the unperturbed states based on the RMF wave
functions.

The 14N subsystem of 15
� C nucleus is described as the p1/2

neutron and proton coupled to the total spin-parity J
πnp
np = 1+

and isospin Tnp = 0 on top of the inert 12C core. The � particle
is then coupled to the nucleon pair to make the total quantum
numbers Jπ T , where Jπ is the total spin-parity of the system,
and T = 1/2 in the case of 15

� C. The energy shift due to the
residual interaction VN� is given as

�E = 〈[[ν1p1/2 π1p1/2]1+
�nl j]

Jπ

× |VN�|[[ν1p1/2 π1p1/2]1+
�nl j]

Jπ 〉, (20)

where we take here the proton-neutron formalism, and the
obvious isospin quantum number T = 1/2 is implicit. nl j
denote the radial quantum number and the orbital and total
angular momenta of the � particle, respectively.

The 12
� Be nucleus is regarded as a particle-hole state, i.e., a

p3/2 nucleon hole and a 1s1/2 � particle on top of the 12C core,
which are coupled to good angular momentum and isospin
JπT . In the case of 12

� Be, the energy shift due to the residual
interaction is given as

�E = 〈[
N1p−1

3/2 �nl j
]Jπ T |VN�|[N1p−1

3/2 �nl j
]Jπ T 〉

. (21)

III. RESULTS

A. �N interaction and energy spectra of 15
� C

We adjust the parameters, gσ�, gω�, and fω� so as to re-
produce the observed B� = 6.27 ± 0.24 MeV IRRAWADDY
event for 14N(g.s.) + �(1s) and the B� = 1.03 ± 0.18 MeV
KISO event for 14N(g.s.) + �(1p). It should be noted that
we have other two observed data, IBUKI event, B� = 1.27 ±
0.21 MeV, and KINKA event, B� = 8.00 ± 0.77 MeV or

4.96 ± 0.77 MeV, which are expected to be 14N(g.s.) +
�(1p) and 14N(g.s.) + �(1s), respectively. First, assuming
KINKA event at B� = 4.96 ± 0.77 MeV and IRRAWADDY
events are the ground-state spin doublet, and KISO and IBUKI
events are a part of the excited-state multiplets, we fit the �-ω
Yukawa couplings gσ� and gω� as the parameter set (a) so
that B�(1s) is located between IRRAWADDY and KINKA, and
spin-averaged B�(1p) is close to KISO and IBUKI. Second,
we take KINKA event at B� = 8.00 MeV as the ground state
and repeat the same procedure to determine the parameter
set (b). In Ref. [15], KINKA event at B� = 8.00 MeV was
also adopted as the ground state for the parameter fitting
of Skyrme-type �-N interaction. Furthermore, we introduce
�-ω tensor coupling fω� to produce the spin-orbit force of
�N so that B�(1p3/2 ) and B�(1p1/2) are 0.86 and 0.72 MeV,
respectively, for the set (a). The parameter set (a) thus deter-
mined leads to B�(1s) = 5.69 MeV for the RMF ground-state
binding energy. As for the parameter set (b), B�(1s) = 6.91
MeV, B�(1p3/2 ) = 1.29 MeV, and B�(1p1/2) = 1.13 MeV. The
resultant values of the coupling constants are tabulated in
Table I. In view of the order of magnitude, our phenomenolog-
ical values are consistent with the values with the naive quark
counting and the quark model [16]. Note that gω�/gωN ≈ 0.5
is close to the value adopted in the recent quark mean field
model study [17].

Next, we study spin-isospin-dependent residual �N inter-
actions. The s-wave interaction is defined by

VN� =
∑

i∈nucleons

(vσ�i · �� + vτ �τi · �τ�

+ vστ�i · ���τi · �τ�)δ(ri − r�), (22)

where � = (σ 0
0 σ) is the spin operator acting on a Dirac

spinor. In this work, we use the information on a potential
based on first-principle lattice QCD simulations, the HAL
QCD �N potential (HAL potential) [18], in the following
way: First we calculate volumes of HAL potential defined by

Vβ =
∫

d3r fβ (r)V HAL
β (r), (23)

where β = 0, σ, τ, στ , and

fβ (r) = 1

1 + exp[−(r − Rβ )/d]
. (24)

Here, we take d = 0.1 fm and Rβ =
(0.234, 0.816, 0.548, 0.684) fm for the spin-isospin channels
(2S + 1, 2T + 1) = (11, 31, 13, 33), respectively, so that

TABLE I. �-meson coupling constants. The “quark model” val-
ues 1/3 for gσ�/gσN in the first row and for gω�/gωN in the second
row come from the naive quark counting, and −0.4 for fω�/gω� from
a quark model in Ref. [16].

Coupling Fitted (a) Fitted (b) Quark model

gσ�/gσN 0.497 0.497 1/3
gω�/gωN 0.5733 0.5663 1/3
fω�/gω� −0.8 −0.8 −0.4
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FIG. 1. The estimated energy spectrum of the 15
� C nucleus as a function of the p-wave spin-spin interaction strength vp

σ . Shown by lines
are the energies of the levels labeled by the orbital occupied by the �− particle, �l j , and the total spin-parity, Jπ . The experimental data of
B�− are shown by colored bands. The measured binding energy of KISO event was reported in Refs. [6,7], IRRAWADDY and KINKA events
in Ref. [10], and IBUKI event in Ref. [9]. For KISO and KINKA events there are two possibilities each that correspond to the ground and an
excited state of the decay products. For the parameter set (a) in Table I, we regard KINKA event at E� = −4.96 MeV as the ground state for
the fit, while KINKA event at B�− = −8 MeV is adopted for the fit in the parameter set (b).

V HAL
β (Rβ ) = 0. As a result, the factors fβ (r) suppress

the repulsive cores of the HAL potential, which would
induce the short-range correlation missing in our simple
framework. Also, we take zero-range reduction of the RMF
meson-exchange interaction for the set (a) (set (b)) in Table I
[19,20]:

α = −gσN gσ�

m2
σ

+ gωN gω�

m2
ω

= −327 (−342) MeV fm3. (25)

Thus, finally, we employ

vσ = (Vσ /V0)α = 4.87 (5.09) MeV fm3, (26)

vτ = (Vτ /V0)α = 26.83 (28.05) MeV fm3, (27)

vστ = (Vστ /V0)α = −53.56 (−55.98) MeV fm3, (28)

where V0 = −201 MeV fm3 for the selection t/a = 12 in the
lattice QCD calculation. Among the spin and isospin depen-
dent terms of the �N interaction given in Eq. (22), only vσ

contributes to the binding energy of 15
� C since the core is the

isospin T = 0 nucleus, 14N. As seen in Eq. (26), the value vσ

is rather small so that we cannot reproduce the spin-doublet
state of IRRAWADDY and KINKA events by the s-wave
interaction. It should also be noted that the HAL potential
provides the s-wave �N interaction only, and a missing part
of the �N interaction, p-wave spin and isospin dependent
terms, might be important in 15

� C since the core 14N is a p-shell
nucleus.

Next, we introduce a p-wave spin dependent interaction
defined by

V p
N� =

∑
i∈nucleons

vp
σ�i · ��

←−∇ · δ(ri − r�)
−→∇ , (29)

where v
p
σ is parameter to be optimized by IRRAWADDY and

KINKA events. In this work, we do not include ��-�N
coupling for the following reason: The ��-�N coupling of
the HAL potential is very small. For instance, in Ref. [21], the
NNN� four-body system was predicted to have a bound state
with very small decay width (0.05 MeV) related to ��-�N
coupling. From this fact, it is expected that the decay width is
small in the present work.

First, assuming IRRAWADDY is the ground state of 15
� C,

Fig. 1(a) shows the energy spectrum of 15
� C as a function of

p-wave spin-spin interaction v
p
σ . We see that, for the negative

value of v
p
σ ≈ −150 MeV fm5, the energies of J = 1/2+

and 3/2+ are in good agreement with IRRAWADDY event
and KINKA events, respectively. In this case, IRRAWADDY
event (KINKA event) can be interpreted as an observation of
the ground (excited) state. On the other hand, for the posi-
tive value of v

p
σ ≈ 100 MeV fm5 the energies of J = 3/2+

and 1/2+ are in good agreement with IRRAWADDY event
and KINKA events, respectively. In this case, IRRAWADDY
event (KINKA event) can be interpreted as an observation of
the ground (excited) state, too. Next, assuming the lower part
of KINKA event is the ground state of 15

� C, for the negative
value of v

p
σ ≈ −150 MeV fm5, KINKA event (IRRAWADDY

event) can be interpreted as the observation of the Jπ = 1/2+
(Jπ = 3/2+) state, while for the positive value of v

p
σ ≈ 125

MeV fm5, KINKA event (IRRAWADDY event) can be in-
terpreted as the observation of the Jπ = 3/2+ (Jπ = 1/2+)
state.

It should be noticed that the optimized p-wave �N
interaction is more or less the same magnitude as the p-
wave N-� NLO interaction in chiral effective field theory
in Ref. [2].
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FIG. 2. The estimated energy spectra of the 12
� Be nucleus, in

which �− occupies the 1s state. (a) shows the spectrum calculated
by RMF with the s-wave interaction as given in Eq. (22). The pa-
rameter set (a) in Table I is adopted. (b) and (c) represent the spectra
calculated by RMF with the p-wave interaction as given in Eq. (29)
together with the s-wave interaction. The spectrum (b) is obtained
with a repulsive p-wave interaction vp

σ = 100 MeV fm5, while the
spectrum (c) is with an attractive p-wave one vp

σ = −150 MeV fm5.
The four states obtained with RMF without the residual interactions
are degenerate and the energy is shown by the straight dotted line.
The energies of the levels are shown in units of MeV.

B. Energy spectra of 12
� Be

Figure 2 shows the estimated energy spectra of the 12
� Be

nucleus, in which �− occupies the 1s state. The parameter set
(a) in Table I is adopted in the following calculations. Figure
2(a) shows the spectrum calculated by RMF with only the
s-wave interaction as given in Eq. (22). Figures 2(b) and 2(c)
represent the spectra calculated with the p-wave interaction
as given in Eq. (29) as well as the s-wave interaction. The
spectrum (b) is obtained with a repulsive p-wave interaction
v

p
σ = 100 MeV fm5, while the spectrum (c) is with an at-

tractive one, v
p
σ = −150 MeV fm5. The four states by RMF

results without the residual interactions are degenerate and the
energy is shown by the straight dotted line.

In Fig. 2(a), we illustrate the spectra calculated with the
HAL potential. We see that the ground state of 12

� Be becomes
T = 0, Jπ = 2−. Qualitatively, the spectrum in Fig. 2(a) with
the s-wave interaction can be understood in the following
argument. Since the στ term is dominant in the s-wave in-
teraction, we demonstrate the s-wave effect to calculate the
two-body N� matrix element, taking only the spin-isospin
operators,

�E ∝ 〈[
N1p−1

3/2 �nl j
]Jπ T ∣∣σN · σ��τN · �τ�

∣∣[N1p−1
3/2 �nl j

]Jπ T 〉
.

(30)

The isospin part is estimated to be

〈T |�τN · �τ�|T 〉 =
{

1 for T = 1,

−3 for T = 0.
(31)

The spin part of Eq. (30) is also calculated as the reduced
matrix form〈[

ν1p−1
3/2 �nl j

]Jπ T ∥∥σN · σ�

∥∥[
ν1p−1

3/2 �nl j
]Jπ T 〉

= (−)(J+1)

{
1/2 3/2 J
3/2 1/2 1

}
×〈p3/2‖σ‖p3/2〉〈s1/2‖σ�‖s1/2〉, (32)

where we use the 6 j symbol, which is given by

(−)(J+1)

{
1/2 3/2 J
3/2 1/2 1

}
=

{
−(

1
40

)1/2
for J = 2,

+(
5

24

)1/2
for J = 1.

(33)

For the spin-isospin channel, the strength vστ is attractive
so that the J = 2, T = 0 state obtains the most attractive
energy, while J = 1, T = 0 receives the most repulsive effect
in Fig. 2(a). For the T = 1 state, the spin-isospin interaction
works in opposite directions because of Eq. (31), which makes
smaller contributions for J = 2, T = 1 and J = 1, T = 1
states„ compared with T = 0 states. Mathematical structures
of p-wave interactions are more complicated, but essentially
follow the features of s-wave interactions for the attractive p
wave in Fig. 2(c), where both the s- and p-wave interactions
work coherently. For the repulsive p-wave case in Fig. 2(b),
two interactions cancel partially for T = 0 states, but the net
effect gives more energy shift for T = 1 states than T = 0
states.

For the parameter set (b) in Table I, the energy spectra in
Fig. 2 are essentially the same, but shifted downward by about
1 MeV as a whole.

C. � mean field potential and � single-particle energy

With the parameters thus obtained, we discuss the isoscalar
part of the � mean field potential,

Vσ+ω = gσ�σ + gω�ω0, (34)

for various single-� hypernuclei with mass A = 12 to 209
shown in Fig. 3. The potential increases smoothly from the
center to the surface without a plateau in the interior part of �

potential for the mass A � 20. The central depth is −20 MeV
for the 11B core and gradually become shallower for 14N and
16O cores. For heavier � hypernuclei with A � 40, the central
part of the potential becomes flat and the depth converges to
around −12 MeV in heavier systems, which can be considered
as an infinite matter limit. The width of the potential increases
to follow an A1/3 law. For the parameter set (b) in Table I, the
potential depth for heavier nuclei becomes 2 MeV deeper than
that of parameter set (a).

The single-particle states of � hypernuclei with mass A =
12 to 209 are shown in Fig. 4: (a) for �− with the Coulomb
interaction between a �− particle and core protons; (b) for
�0 without the Coulomb interaction. The Coulomb interaction
between �− and protons is attractive and makes the potential
depth deeper, about −17 MeV for the 208Pb core and −2 MeV
in the 11B core. In Fig. 4(a), a � particle in s orbit of 209

� Tl
is bound by 27 MeV, while that in the light nucleus 12

� Be is
bound by 3 MeV. In 209

� Tl, the orbits only up to l = 8 are
shown although there are a lot more Coulomb-assisted bound
states. Only the s orbit is bound in the � mean field potential
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FIG. 3. The isoscalar part Vσ+ω of the mean field potential for the
� particle in light to heavy hypernuclei with A = 11–208 cores. The
parameter set (a) is adopted in RMF calculations.

of 12
� Be. Due to the contribution of the Coulomb interaction,

the behavior of the single-particle energies of �− hypernuclei
is similar to that of � hypernuclei [19].

In Fig. 4(b), the s-orbit is bound in all �0 nuclei starting
from the 11B core to the 208Pb core. The binding energy of
the s orbit of the 208Pb core is about 10 MeV, which is almost
the same as the potential depth. For A = 11, 14, and 16 cores,
only the s orbit is bound, but the p orbit of the �0 hypernu-
cleus becomes bound for the A � 40 core. For the 208Pb core,
the states with the angular momentum l � 3 are bound.

IV. SUMMARY

We studied the energy spectra of � hypernuclei 15
� C and

12
� Be with an RMF model taking into account meson ex-
change N� interactions. The mean field potential parameters
are optimized to reproduce the average energy of KINKA
and IRRAWADDY events for possible ground states and also
the average energy of KISO and IBUKI events for possible
excited states in 15

� C. We further introduce the two-body s-
wave interaction between valence nucleons and the � particle.
The strength of the s-wave interaction is extracted from HAL
lattice QCD calculations, which gives a strong attraction in the
(T, S) = (0, 0) channel. We demonstrate that the HAL s-wave
interaction has rather small effect on the energy of 15

� C since
the core nucleus 14N has the isospin T = 0 and the isoscalar
spin-spin interaction is rather small. We then introduced the
p-wave N� interaction to fit the energy difference between
IRRAWADDY and KINKA events, and found that both re-
pulsive and attractive spin-spin p-wave N� interactions give
a reasonable energy splitting with the coupling strength v

p
σ =

− or 100 MeV fm5, respectively. The attractive p wave gives

FIG. 4. Binding energies of single � states: (a) for the �− par-
ticle and (b) for the �0 particle in light to heavy hypernuclei with a
mass A = 11–208 core. The difference between (a) and (b) is with
and without Coulomb interaction between � particle and protons.
The parameter set (a) is adopted in RMF calculations.

Jπ = 1/2+, 3/2+ states for the ground state and the first ex-
cited state, respectively. On the other hand, the repulsive one
gives a reversed spectrum, i.e., Jπ = 3/2+, 1/2+ states for the
ground state and the first excited state, respectively. These
p-wave coupling strengths give also a reasonable energy for
IBUKI event as an excited �p state.

The energy spectrum of 12
� Be is also studied in the

same theoretical model. The HAL s-wave interaction in
the spin-isospin channel is strongly attractive so that the
(Jπ , T ) = (2−, 0) state becomes the lowest ground state and
the states with (Jπ , T ) = (1−, 1), (2−, 1), and (1−, 0) become
the excited states in order. When the p-wave interaction is
introduced, the attractive p-wave one gives more attractive
energy for (Jπ , T ) = (2−, 0) state, while the repulsive inter-
action cancels largely with the s-wave contribution and makes
(Jπ , T ) = (1−, 1) the ground state.

The mean field N� potential of the present RMF model
gives the potential depth −(12–14) MeV in the nuclear matter
limit. This potential depth is one-fourth of the nuclear mean
field and half of the N� mean field.
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