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Impact of nuclear dissipation on the fission dynamics within the Langevin approach
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The impact of nuclear dissipation on the dynamics of nuclear fission at low excitation energy is studied
with a three-dimensional Langevin approach in which the two-center shell model is adopted to describe the
nuclear shape and the single-particle potential. With three types of formulas for the friction tensor, such as
the wall formula, the wall-and-window formula with and without the term related to the mass asymmetry
change, the fragment mass and the total kinetic energy (TKE) distributions in low-energy fission are calculated.
The calculated fragment mass distributions are almost identical for both with the wall formula and with the
wall-and-window model without the term related to the mass asymmetry change, and both the results are
consistent with the evaluated mass yields and the calculated results with the GEF model. Our study found that
the term related to the mass asymmetry change in the window formula leads to an unreasonable shift of the
peak position of the mass distribution. The TKE values calculated with the wall model are slightly larger than
those with the wall-and-window model due to the more compact configuration obtained with the pure wall model.
Moreover, the influences of the strength of friction tensor on the fragment distribution, the scission configuration,
and the fission time distribution are investigated. With the present model the fission fragment mass distributions
of U, Np, Pu, and Am isotopes are well reproduced and the systematic dependence of the averaged TKE on the
Coulomb parameter is also well reproduced.
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I. INTRODUCTION

Nuclear fission involves a large-amplitude and strongly
damping collective motion. The dynamical evolution of the
fissioning nucleus is generally viewed as the motion of a
Brownian particle in a heat bath, and the multidimensional
Langevin approach has been adopted by many groups to
study nuclear fission [1–14] and heavy-ion fusion reactions
[15–18], based on the realistic potential energy surface, the
deformation-dependent inertia tensor and friction tensor. Not
only does the potential energy surface [19–22] dominate the
optimal fission path and fission probability, but also nuclear
dissipation has a crucial influence on the fission dynamics.
Up to now, many progresses have been made in describing
the dissipation mechanism [23–28] and investigating the influ-
ence of nuclear dissipation on the fission process and fission
observables [1,4,6,29–39], mainly including the fission prob-
ability, the pre-scission multiplicity of neutrons, and the total
kinetic energy (TKE) of fragments, etc. However, the effect of
the strength of dissipation on the fission time and the scission
configuration is still uncertain.

The microscopic linear response theory could be adopted
to calculate the deformation and temperature dependent fric-
tion tensor [10,27,28], however, the method is much more
difficult and time consuming. In the study of fission of a
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heavy nucleus, the energy dissipation during the dynamical
process is usually described with the macroscopic one-body
model [23,26,30] or the two-body model [24], and the dif-
ference between them comes from the mechanism of the
exchange of energy between collective and internal degrees
of freedom. The dissipation in the fission process at low
excitation energy can be better described with the one-
body model which involves the independent-particle model
[4,30,35], and the two-body model is more applicable for the
high-energy fission. In the framework of the one-body model,
three main types of formulas were used to evaluate the fric-
tion tensor in the previous studies of low-energy fission: the
wall formula [34,40,41], the wall-and-window formula with
[10,12,13] and without the term of the rate of volume change
(mass asymmetry) in the window formula [9,11]. However,
knowledge of sensitivity of the fragment mass distribution
and the TKE distribution to different types of friction ten-
sor in low-energy fission is still lacking and needs further
study.

In the present work, the influence of nuclear dissipation
on fission dynamics at low excitation energy is studied using
a three-dimensional Langevin approach, where the potential
energy surface is obtained with the macroscopic-microscopic
model based on the two-center shell model, and the fric-
tion tensor is calculated with the one-body wall formula
and the wall-and-window formula, respectively. Based on
the wall-and-window model, the effect of the term related
to the volume change (the second term) in the window for-
mula on the fission fragment mass and the TKE distribution
is discussed. It is found that both the wall model for the
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friction tensor and the wall-and-window model without the
second term in the window formula could better describe
the fragment mass distribution of low-energy fission within
the three-dimensional Langevin approach than that with the
second term in the window formula which leads to an un-
reasonable shift of the peak position. Moreover, the influence
of the strength of nuclear dissipation on the fission fragment
mass distribution, the distribution of the TKE and the prescis-
sion collective kinetic energy and the Coulomb repulsion
energy at the scission point, the scission configuration and the
fission time distribution, etc., is investigated. Lastly, the frag-
ment mass distributions in 14 MeV n + 232–239U, 233–240Np,
235–242Pu, 237–244Am fission are calculated and the systematic
dependence of the averaged TKE on the Coulomb parameter
is described, and most of the results agree well with the
experimental data.

This paper is organized as follows. An introduction of
the model is presented in Sec. II. The calculated results and
discussions are shown in Sec. III. In Sec. IV, a summary of
the present work and future prospects are presented.

II. METHODS

A. The Langevin approach

The dynamical process of nuclear fission can be viewed
as an evolution of the nuclear shape from that of a single
compound nucleus to the two receding fragments. In this
work, the time evolution of the fissioning system is described
within the stochastic approach based on the Langevin model,
in which the slow collective motion is viewed as motion of
a Brownian particle interacting stochastically with the inner
nucleons, i.e., the “heat bath”, under the assumption that the
equilibration time of nucleons degrees of freedom is much
shorter than the typical time scale of collective motion. The
coupled Langevin equations describing the evolution of the
collective coordinates {qi} and their conjugate momenta {pi}
read

dqi

dt
= (m−1)i j p j,

d pi

dt
= − ∂V

∂qi
− 1

2

∂ (m−1) jk

∂qi
p j pk −γi j (m

−1) jk pk +gi j� j (t ),

(1)

where the summation convention for repeated indices is taken.
V (q) is the potential energy of deformation, mi j (q) and γi j (q)
are the shape-dependent inertia and friction tensor, respec-
tively. The last term represents the random force, in which
� j (t ) is the normalized random force and obtained by using a
Gaussian random number generator under the assumption of
the white noise, and gi j is the strength of the random force and
determined from the fluctuation-dissipation theorem:

gikg jk = γi jT
∗, (2)

where T ∗ is the effective temperature which takes into account
the quantum effect at low excitation energy. The correlation
between T ∗ and the nuclear temperature T [42] is

T ∗ = h̄�

2
coth

h̄�

2T
, (3)

� is the local frequency of the collective motion and we use
the value h̄� = 2 MeV suggested in Ref. [43]. The tempera-
ture T is obtained with the Fermi gas model: Eint = aT 2. The
intrinsic excitation energy Eint is calculated at each step along
the Langevin trajectory as follows:

Eint (q) = E∗ − 1
2 (m−1)i j pi p j − V (q, T = 0), (4)

E∗ is the total excitation energy of the compound nucleus, and
for the fissioning systems populated by the 14 MeV neutron,
the corresponding total excitation energies distribute around
20 MeV. In the present work, the particle evaporation along
the Langevin trajectory is not taken into account, which will
be further studied in future by coupling the statistical model
into the Langevin calculation.

B. Potential energy

The potential energy surface of deformation for the fis-
sioning system is one of the most fundamental ingredients of
the Langevin approach, which dominates the optimal fission
path and fission probability. In the present work, the poten-
tial energy of the fissioning nucleus is calculated within the
framework of the macroscopic-microscopic model, and the
nuclear shape is described based on the two-center shell model
(TCSM) [44], which has an obvious advantage for describing
the largely deformed nucleus and has been widely used in the
study of nuclear fission [4,6,7,10,12,14] and heavy ion fusion
reaction [45].

The potential energy within the macroscopic-microscopic
model consists of macroscopic liquid-drop energy, and micro-
scopic correction energy which origins from the contribution
of quantum shell effect at zero temperature. The potential
energy of deformation in nuclear fission is defined as the
difference between the potential energy of a deformed nucleus
and the corresponding spherical nucleus. The macroscopic
potential energy is the sum of the deformation-dependent
surface energy and the Coulomb energy calculated by using
the finite range liquid drop model [46,47]. The microscopic
energy contains the shell correction and the pairing correction,
which are evaluated using the Strutinsky method [48] and the
Bardeen-Cooper-Schrieffer method [49], respectively, based
on the single-particle levels obtained from the TCSM in this
work.

In order to describe the potential energy of the fissioning
system at certain excitation energy, the temperature depen-
dence is introduced for the microscopic correction energy as
proposed in Ref. [50]:

V (q, T ) = Vmac(q) + Vmic(q, T = 0)φ(T ), (5)

φ(T ) = exp(−aT 2/Ed ), (6)

where the function of temperature dependence is expressed
as an exponential suppression function in which the shell
damping parameter is denoted by Ed and a represents the
level density parameter of the compound nucleus. In this
work, we use the standard Fermi-gas level density param-
eter, a = ACN/10 MeV−1, as that used in Ref. [34] which
provides almost the same effect on the fission fragment mass
distribution with the one given by the microscopic expression
suggested by Ignatyuk [51]. Moreover, it is found that the
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calculated mass distribution is insensitive to the parameter a in
a reasonable range [14]. As for the shell damping parameter
Ed , the value of 60 MeV is taken in the present calculation,
and the calculated mass distribution for low-energy fission
using Eq. (6) with Ed = 60 MeV is found to be similar to
that with the expression proposed by Randrup and Möller
[52]. It is assumed that the macroscopic energy is insensi-
tive to the temperature at low excitation energy, and thus,
the temperature dependence is not taken into account for the
macroscopic energy. In addition, the angular momentum is
small for nuclear fission induced by neutron at low energy,
so it is neglected in the present work.

C. The inertia and friction tensor

In addition to the potential energy, the inertia tensor and
friction tensor are also important ingredients of the dynamical
model for describing the fission process, both of which are ob-
tained within the framework of the macroscopic approach. In
order to simplify the calculation, the nuclear shape is assumed
to be axially symmetric along the z direction throughout the
paper.

It is assumed that the nucleus is an incompressible and
irrotational liquid drop. The Werner-Wheeler method [24] is
adopted to calculate the inertia tensor, which is deformation-
dependent and expressed as the following form:

mi j (q) = πρm

∫ zmax

zmin

ρ2
s (z, q)

(
AiAj + 1

8
ρ2

s (z, q)A′
iA

′
j

)
dz, (7)

Ai = 1

ρ2
s (z, q)

∂

∂qi

∫ zmax

z
ρ2

s (z′, q)dz′, (8)

where ρ(z, q) is the transverse extension of the nucleus at the
position z along the symmetry axis, and q = {qi} represents
the deformation parameter within the TCSM. ρm denotes the
mass density of the fissioning nucleus and A′

i is the differenti-
ation of Ai with respect to z.

The friction tensor is obtained with the one-body model, in
which the mean free paths of nucleons are considered to be
comparable to or larger than the size of the system, and the
exchange of energy between collective and internal degrees
of freedom arises from collisions of inner nucleons and a
moving boundary of the system. Within the framework of the
one-body model, the wall formula and the wall-and-window
formula [23,26,30] are applied for the friction tensor in the
present work.

Under the hypothesis of the continued randomization of
the nucleon motions due to the sufficiently irregular motion
of the system boundary, the wall friction tensor is obtained
and written as [23]

γ wall
i j (q) = 1

2
πρmυ

∫ zmax

zmin

dz
∂ρ2

s

∂qi

∂ρ2
s

∂q j

[
ρ2

s + 1

4

(
∂ρ2

s

∂z

)2
]−1/2

,

(9)
where υ is the average velocity of inner nucleons and related
to the Fermi velocity by υ = 3

4υ f .
When the nucleus is highly deformed and thus the neck

becomes obviously identified where the two prefragments
are formed and divided by a window located at the position

of the smallest neck radius, any nucleons passing through
the window will damp the motion due to the momentum
transferred between the two prefragments. For this case, the
window dissipation needs to be taken into account and the
pure wall dissipation should be modified as the wall dissipa-
tion applying for motions of the prefragment walls relative
to their respective centers of mass. Thus, the corresponding
friction tensor is expressed as

γW +W
i j (q) = γ wall2

i j (q) + γ window
i j (q), (10)

γ wall2
i j (q) = 1

2
πρmυ

∫ zmax

zmin

dz

(
∂ρ2

s

∂qi
+ ∂ρ2

s

∂z

∂Dν

∂qi

)

×
(

∂ρ2
s

∂q j
+ ∂ρ2

s

∂z

∂Dν

∂q j

)[
ρ2

s + 1

4

(
∂ρ2

s

∂z

)2
]− 1

2

,

(11)

γ window
i j (q) = ρmν

2
�σ

∂R12

∂qi

∂R12

∂q j
, (12)

where Dν (ν = L for the left part and ν = R for the right part)
is the position of the mass center of the prefragment relative
to the mass center of the whole system. �σ is the area of the
window between two parts. R12 denotes the distance between
the centers of mass of two parts.

The expression of Eq. (12) is the window formula for the
energy dissipation associated with the relative motion of the
two parts for the dinuclear shape. In the study of the deep-
inelastic nuclear reaction, it is found that the window formula
of Eq. (12) is incomplete and the dissipation associated with
a time rate of the change of the mass asymmetry degree
of freedom should be included, and it is found that without
this term in the window formula, the deep-inelastic scattering
cannot be reproduced in the dynamical model [25,53]. The
corresponding window formula with this additional term is

γ window′
i j (q) = ρmν

2

(
�σ

∂R12

∂qi

∂R12

∂q j
+ 32

9

1

�σ

∂VR

∂qi

∂VR

∂q j

)
,

(13)
where VR is the volume of the right part of the window. For the
three-dimensional TCSM, only the collective coordinate mass
asymmetry η is relevant to the second term in Eq. (13) with
∂VR
∂η

= 1
2VCN and it provides only nonzero component γ window

ηη

to the second term of the right-hand side of Eq. (13). As this
term directly affects the motion of the collective coordinate
mass asymmetry, it may cause a shift of the fragment mass
distribution in low-energy nuclear fission, while how large it
influences the mass distribution is not known. In this work,
Eqs. (12) and (13) are adopted for the window friction ten-
sor, respectively, and thus, the influences of the second term
in Eq. (13) on the fragment mass distribution and the TKE
distribution can be investigated. In this work we focus on the
influence of the second term in Eq. (13) on the U isotopes
fission induced by neutron at 14 MeV.

During the whole fission process in which the nucleus
evolves continuously from the mononuclear shape to dinu-
clear shape, a smooth transition between the pure wall friction
and the wall-and-window friction suggested by Nix and Sierk
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FIG. 1. The calculated fragment mass distribution in 14 MeV n + 233,234,235,238U fission in which the friction tensor is calculated with the
wall-and-window formula where the window friction tensor is obtained using Eqs. (12) [W+W(a)] and (13) [W+W(b)], respectively, and the
wall formula (black curve), compared with the evaluated data from ENDF/B-VIII.0 [55] (blue circle).

[54] is used and expressed in the following:

γi j = τ
(
γW +W

i j

) + (1 − τ )γ wall
i j , (14)

τ = cos2

(
π

2

r2
N

b2

)
, b = min(b1, b2), (15)

where rN is the neck radius, and b denotes the lesser of the
transverse semiaxis of the two prefragments.

III. CALCULATED RESULTS

In this work, the Langevin calculation is performed in the
three-dimensional deformation space, and the corresponding
collective coordinates {qi} are {Z0/R0, δ, η} within the two-
center shell model parametrization [44], in which Z0/R0 is the
elongation with the Z0/R0 being the distance between centers
of prefragments normalized by the radius of the corresponding
spherical nucleus and η is the mass asymmetry, and δ denotes
the deformation of fragments. It is assumed that the semiellip-
soid ends of the two fragments have the same deformations,
i.e., δ1 = δ2 = δ, which does not mean that the two fragments
divided by the plane at z = 0 (neck position) have the same
deformation. In addition, the neck parameter ε is fixed at 0.35
which is recommended in Ref. [27] for the fission process.
During the calculation of Langevin trajectory, the potential
energy, inertia tensor, and friction tensor at each step are
obtained on the prepared meshes to save the computation time.
The mesh values {Z0/R0, δ, η} are taken to be

Z0/R0 = −0.32(0.1)4.02, δ = −0.45(0.03)0.81,

η = −0.62(0.04)0.62.

The initial condition is set to be around the first saddle point
{Z0/R0 = 0.5, δ = 0.2, η = 0.0} on the potential energy sur-
face, and the scission point is determined by a fixed neck
radius to be 0.5 fm. The number of the Langevin trajectories
reaches at least 2.5 × 105 per fissioning system, which guar-
antees enough statistics for the calculated results.

A. The calculated fragment distributions with different
types of friction tensor

The dissipation plays an important role in the dynamical
process of nuclear fission. In this work, the influences of
the dissipation on the fission fragment mass and TKE distri-
bution are investigated by adopting three types of formulas
for the friction tensor in the Langevin calculation, which
are the wall formula [Eq. (9)], and the wall-and-window
formula in which the window friction tensor is calculated
with [Eq. (13)] and without the term representing the time
rate of right fragment mass change [Eq. (12)], respectively.
Figure 1 shows the calculated fragment mass distributions us-
ing different types of friction tensor for 233,234,235,238U fission
induced by a neutron at 14 MeV, along with the evaluated data
from ENDF/B-VIII.0 [55], where W+W(a) and W+W(b)
denote the wall-and-window model with the window friction
tensor obtained from Eqs. (12) and (13), respectively. It can
be seen that the calculated fragment mass distributions are
almost identical for both of the peak width and peak position
when the friction tensor is calculated with the wall model
and the W+W(a) model, respectively, and the results are
overall consistent with the evaluated data. It means that the
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FIG. 2. The calculated fragment mass distribution in 14 MeV
n + 235U fission with the second term (i.e., the rate of volume change
of right fragment) of the window formula [Eq. (13)] multiplied
by a factor of k = 0.0, 0.1, 1.0, 10.0, respectively, along with the
evaluated data from ENDF/B-VIII.0.

fission fragment mass distribution in the low-energy fission
is insensitive to the energy dissipation of relative motion of
two prefragments in the window formula, and the simple
wall formula could reproduce the experimental data of the
fragment mass distribution in the low-energy nuclear fission,
which agrees with Refs. [23,34] and our previous work [40].
It should be noted that the present results are that of the
primary fragments, so the slight deviation of the results of
the wall model and the W+W(a) model from the evaluated
data is reasonable, which should be improved by coupling the
neutron evaporation model into the Langevin calculation.

However, when the additional term donating the time rate
of mass change of the right fragment is introduced into
the window formula [W+W(b) shown in Fig. 1], both the
heavy and light fragment mass distributions for 14 MeV
n + 233,234,235,238U fission shift towards two sides several mass
units compared to the results from the wall model and the
W+W(a) model, and the deviation from the evaluated data
becomes quite large, which shows that this additional term in
the window formula, i.e., the second term in Eq. (13), leads
to the deviation of the peak position of the fission fragment
mass distribution. In order to further study the influence of
the additional term on the fission fragment mass distribution,
the calculated results obtained by multiplying the additional
term by a factor with different values are compared and
shown in Fig. 2. One can see that the heavy fragment mass
distribution shifts to the right side more mass units with the
factor k becoming larger, and without this term (k = 0.0)
the corresponding calculation result is more consistent with
the evaluated data. It is well known that the additional term
plays an important role in the deep-inelastic nuclear reac-
tion, and without it the final asymmetries calculated with the
dynamical model would most likely be zero [25,53]. Never-
theless, in the description of the low-energy nuclear fission,
the additional term causes a shift leading to a deviation of the
mass distribution of heavy fragments from that determined by
the fission potential energy in which the shell correction plays
essential roles. We find that this unreasonable shift of the peak

FIG. 3. The calculated TKE as a function of the heavy fragment
mass in 14 MeV n + 235U fission in which the friction tensor is calcu-
lated with the wall-and-window formula where the window friction
tensor is obtained using Eqs. (12) [W+W(a)] and (13) [W+W(b)],
respectively, and the wall formula (green curve), along with the
experimental data. The experimental data are taken from (a) [56] and
(b) [57], respectively.

position of the mass distribution for heavy fragments appears
in the low energy fission of actinides within the TCSM ap-
proach. The effect of this term on the mass symmetric fission,
such as the fission of Th and nuclides lighter than Th, as well
as the superheavy nuclei, will be investigated in future work.
As for the large discrepancy of the peak position in n + 238U
shown in Fig. 1 for all three types of friction tensor, it is
probably due to the strong shell correction of 132Sn as the N/Z
ratio in n + 238U becomes closer to that of 132Sn.

The TKE of fission fragments is another important observ-
able which is quite sensitive to the dissipation. The dominant
origin of the TKE is the Coulomb repulsion energy of frag-
ments, which is approximately treated as that between two
charged point particles located at the centers of mass of two
fragments, and the other origin of the TKE is the prescis-
sion kinetic energy, which is defined as the collective kinetic
energy at the scission point. With the above three types of
formulas for the friction tensor, the TKE distribution in 14
MeV n + 235U fission is calculated and shown in Fig. 3.
One can see that there is no significant difference between
the calculated TKE distribution with W+W(a) and that with
W+W(b), which indicates that the term representing the time
rate of the fragment mass change has almost no influence on
the TKE of fission fragments, and it implies that the influence
of the additional term in W+W(b) on the shapes and the
distance between centers of mass of two fragments is neg-
ligible, which is understandable as this term mainly affects
the collective motion of mass asymmetry. However, the TKE
values obtained from the wall model are slightly higher than
that with the wall-and-window model, which is because of the
fragment separation being strongly damped within the pure
wall model leading to a more compact configuration [30].

In Fig. 3, we also show the comparison of the calculated
TKE and the experimental data. It can be seen that the calcu-
lated results using the wall model are certainly slightly higher
than the experimental data throughout the whole area, and the
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FIG. 4. The calculated mass distribution (a) and the TKE distribution of fragments (b) in 14 MeV n + 235U fission with the friction tensor
multiplied by a factor of 0.5, 1.0, 2.0, 4.0, respectively. The corresponding collective kinetic energy (c) and the Coulomb energy at the scission
point as a function of heavy fragment mass number (d) for each friction tensor. The friction tensor is calculated with the W+W(a).

results within the wall-and-window model agree well with the
experimental data around the symmetric region, however, the
corresponding calculated results are several MeV lower when
the heavy fragment mass number AH is around 130, and are
several MeV higher when AH is around 140. The deviation
of the calculation results of TKE distribution from the experi-
mental data may indicate that the shell correction of fragments
around 132Sn should be treated more rigorously, and thus, the
shape of fragments around 132Sn will be closer to spherical
shape with little octupole deformation. To introduce different
shapes of two ends of the fissioning nucleus (four-dimensional
Langevin) may improve the TKE distribution around 132Sn to
a certain extent. From the above investigation of the influence
of different forms of friction tensor on the mass and TKE
distribution, it seems to us that the W+W(a) provides a better
description of both observables, therefore, in the following
calculations, the W+W(a) will be adopted.

B. The influence of the strength of friction tensor on the
fragment distribution and the scission configuration

In this section, we investigate the influence of the strength
of friction tensor on the fragment mass distribution, the TKE
distribution and the scission configuration, taking the case
of 14 MeV n + 235U fission as an example. The top panel
of Fig. 4 shows the calculated fragment mass and TKE dis-
tribution with the friction tensor multiplied by a factor of
0.5, 1.0, 2.0, 4.0, respectively. It can be found that the mass
distributions of fragments calculated with different friction

strengths are roughly similar as they are mainly determined
by potential energy surface for low-energy fission, which
in some sense indicates the rationality and validity of the
statistical scission-point models [58–61] in which the proper-
ties of fission fragment distributions can be determined from
the potential energy of the fissioning system at the scission
point, though mass distributions at the peak region are slightly
suppressed and those at the symmetric region are enhanced
slightly with the increase of friction strength. The TKE dis-
tribution is obviously affected by the strength of friction,
and with the increase of dissipation the TKE decreases. The
corresponding prescission kinetic energy and the Coulomb
repulsion energy at the scission point are shown in Figs. 4(c)
and 4(d), respectively. One can see that with the increase of the
strength of friction, the prescission kinetic energy decreases
with a relatively larger change, and the Coulomb repulsion
energy is relatively less changed. It means that the decrease
of the prescission kinetic energy contributes the large part and
that of the Coulomb energy contributes to the small part of
the decrease of TKE. The decrease of the pre-scission kinetic
energy results from the slower evolution of the fissioning
nucleus. While, the less decrease of the Coulomb repulsion
energy indicates a nonobvious change of the elongation of the
fissioning nucleus at the scission point with an increase in the
strength of friction.

The scission configuration and the fission time obtained
with the friction tensor multiplied by a factor of 0.5, 1.0,
2.0, 4.0 are shown in Fig. 5. The top panel of Fig. 5 shows
the distributions of the nuclear elongation Z0/R0 and the
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FIG. 5. The calculated distribution of the elongation parameter (a) and the deformation parameter δ at the scission point (b) in 14 MeV
n + 235U fission with the friction tensor multiplied by a factor of 0.5, 1.0, 2.0, 4.0, respectively. The correlation between the averaged elongation
and the mass asymmetry at the scission point (c), the distribution of the evolution time of fission events (starting from the first saddle point to
the scission point) (d) for each friction tensor.

deformation δ at the scission point, both of which are the
Gaussian-like distribution. One can see that with the increase

of the strength of friction, the distribution of the elongation
and that of the deformation shift slightly towards the right
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FIG. 6. The calculated fragment mass distribution in 14 MeV n + 232–239U fission (red curve), compared with the primary fragment mass
distribution calculated with the GEF model (blue curve) and the evaluated data from ENDF/B-VIII.0 (green circle).
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FIG. 7. The calculated fragment mass distribution in 14 MeV n + 233–240Np fission (red curve), compared with the primary fragment mass
distribution calculated with the GEF model (blue curve) and the evaluated data from ENDF/B-VIII.0 (green circle).

side, which shows that the corresponding shape of the fission-
ing nucleus becomes slightly more elongated with the increase
of dissipation, though the influence of the strength of friction
on the nuclear shape is quite limited. On the whole, the most
probable elongation parameter Z0 and deformation parameter
δ are around 2.6 R0 and 0.05, respectively. In Fig. 5(c), we
also show the correlation between the nuclear elongation Z0

and the mass asymmetry η at the scission point for different
strengths of friction tensor. The figure shows that the largest
elongation is around the symmetric fission region, and the
minimum is around η ≈ 0.175 for all cases with different
strengths of friction, which is in correspondence with the
behavior of the TKE distribution shown in Fig. 4(b). With
the increase of dissipation, the elongation increases obviously
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FIG. 8. The calculated fragment mass distribution in 14 MeV n + 235–242Pu fission (red curve), compared with the primary fragment mass
distribution calculated with the GEF model (blue curve) and the evaluated data from ENDF/B-VIII.0 (green circle).
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FIG. 9. The calculated fragment mass distribution in 14 MeV n + 237–244Am fission (red curve), compared with the primary fragment mass
distribution calculated with the GEF model (blue curve) and the evaluated data from ENDF/B-VIII.0 (green circle).

around the valley region of asymmetric fission corresponding
to the strong shell effect, and the maximum difference of
elongation is about 0.05 R0 when the factor of friction strength
differs from 0.5 to 4.0. The influence of the strength of friction
on the fission time distribution is also investigated and shown
in Fig. 5(d). In the present work, the fission time is defined by
the time spent for a Langevin trajectory from the first saddle
point to the scission point. It can be seen that with the increase
of the strength of friction, the fission time increases and its dis-
tribution width becomes wider. Moreover, the most probable
fission time is proportional to the strength of friction. From
the study of scission configuration and fission time we can
conclude that with the increase of dissipation the fissioning
system experiences a longer time to reach the scission point
accompanying an increase of the dissipation of collective
energy to internal excitation, leading to the mass distribution
with an increase of symmetry fission and decrease of asym-
metric fission as shown in Fig. 4(a). And simultaneously, the
scission configuration becomes more elongated which is more
obvious at the symmetric fission region and the peak region
of asymmetric fission, especially the later one which slightly
reduces the TKE energy around asymmetric fission region as
shown in Fig. 4(d).

C. The calculated fragment mass distribution and the TKE
for the fission of U, Np, Pu, and Am isotopes

The present model is extended to calculate the fission
fragment mass distribution and the TKE for U, Np, Pu, and
Am isotopes. Figures 6–9 show the calculated fragment mass
distributions in 14 MeV n + 232–239U, 233–240Np, 235–242Pu,
237–244Am fission, compared with the evaluated data from
ENDF/B-VIII.0 and the calculated preneutron mass yields

with the GEF model [62]. It can be seen that most of the
calculated results agree well with the evaluated data and the
GEF calculated results, which verifies the predictive power of
the present model. However, there is a trend that the deviation
of the mass distribution from the evaluated data or GEF results
increases with the increase of the ratio of N/Z for all the
cases studied, which implies that the treatment of the shell
correction around the closed shell Z = 50, N = 82 should be
further improved in the calculation of potential energy.

The systematic dependence of the averaged TKE on the
Coulomb parameter Z2/A1/3 of the fissioning systems from Pa

FIG. 10. The calculated systematic dependence of the averaged
TKE on the Coulomb parameter Z2/A1/3 of the fissioning systems.
The black dash-dotted line (a) and its shaded area show the Vi-
ola systematics [63]: < Ek >= (0.1189 ± 0.0011)Z2/A1/3 + (7.3 ±
1.5) MeV. The blue line (b) shows the systematics [64]: < Ek >=
0.104Z2/A1/3 + 24.3 MeV.

034614-9



LIU, WU, CHEN, SHEN, GE, AND LI PHYSICAL REVIEW C 105, 034614 (2022)

to Am isotopes is also calculated and shown in Fig. 10, along
with the calculated results with the systematic method [63,64].
The linear dependence of the averaged TKE on the Coulomb
parameter is reproduced well, and the calculated results are
overall consistent the systematics proposed by Itkis in 1998
[64], but lower than the Viola systematics [63]. Further work
is needed for improving the mass distribution and the TKE
of fission fragments. One is to increase the dimension of the
Langevin equation. Another important aspect is to make a
more exact treatment of the shell correction in the potential
energy calculations.

IV. SUMMARY

In this work, the effect of the dissipation on the dynamics
of nuclear fission at low excitation energy is studied with a
three-dimensional Langevin approach. We first investigate the
influence of the dissipation on the fission fragment mass dis-
tribution and the TKE distribution with three types of friction
tensor in the Langevin calculation, i.e., the wall formula and
the wall-and-window formula with [W+W(b)] and without
the term representing the time rate of fragment mass asymme-
try change [W+W(a)], respectively. The calculated fragment
mass distributions with the wall formula and the W+W(a)
are well consistent with the evaluated data from ENDF/B-
VIII.0 and the results calculated with the GEF model, which
indicates that the fragment mass distribution in low-energy
fission is not very sensitive to the energy dissipation of relative
motion of two prefragments in the window formula. The cal-
culation with the W+W(b) for the friction tensor results in an
unreasonable shift of the peak position of the heavy fragment
mass distribution compared to the evaluated data. In addition,
the calculated TKE distributions with the three types of for-
mulas for the friction tensor show that the calculation with
the W+W(a) is almost identical to that with the W+W(b),
which means that the additional term related to the fragment
mass asymmetry change has a slight effect on the TKE of
fission fragments, and the TKE values with the wall model
are overall larger because the fragment separation is strongly
damped with the pure wall model leading to a more compact
configuration. Therefore, the wall-and-window model without
the term denoting the time rate of the fragment mass asymme-

try change [W+W(a)] is adopted in the present work in order
to describe both the fission fragment mass distribution and the
TKE distribution.

Furthermore, the influences of the strength of friction
tensor on the fission fragment mass distribution, the TKE
distribution, and the scission configuration are investigated.
The fragment mass distribution is insensitive to the friction
strength, which in some sense justifies the fact that the statisti-
cal scission-point models describe the experimental data well,
except at the symmetric fission region and the peak region
of the asymmetric fission region where a slight influence
is shown. However, the TKE of fragments becomes lower
with the increase of dissipation. In addition, the elongation
Z0 and the deformation δ increase slightly with the increase
of dissipation, which means that the corresponding shape of
the fissioning nucleus becomes slightly more elongated. The
fission time increases with the increase of dissipation and its
distribution width becomes much wider, and the most proba-
ble fission time is proportional to the strength of the friction.

Based on the investigation of the effects of different fric-
tion formulas on mass distribution and TKE of fragments
in 14 MeV n + 235U fission, we apply the friction formula
W+W(a) to calculate the fission fragment mass distributions
in 14 MeV n + 232–239U, 233–240Np, 235–242Pu, 237–244Am fis-
sion, and with this model most of the results agree well with
the evaluated data and the GEF calculations, which verify the
predictive power of this model. The systematic dependence
of the averaged TKE on the Coulomb parameter is described
as well, and it is overall consistent with the results of the
systematic proposed by Itkis in 1998.

However, there are small deviations from the evaluated
data and GEF predictions for mass distribution and TKE in
some fissioning systems which implies further improvement
is needed in both aspects of enlarging the dimensionality of
Langevin equation and making more proper shell corrections
in potential energy calculations.
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[60] H. Paşca, A. V. Andreev, G. G. Adamian, and N. V. Antonenko,

Phys. Rev. C 104, 014604 (2021).
[61] J.-F. Lemaître, S. Goriely, S. Hilaire, and J.-L. Sida, Phys. Rev.

C 99, 034612 (2019).
[62] K.-H. Schmidt, B. Jurado, C. Amouroux, and C. Schmitt, Nucl.

Data Sheets 131, 107 (2016).
[63] V. E. Viola, K. Kwiatkowski, and M. Walker, Phys. Rev. C 31,

1550 (1985).
[64] M. G. Itkis and A. Ya. Rusanov, Fiz. Elem. Chastits At. Yadra

29, 389 (1998) M. G. Itkis and A. Ya. Rusanov, [Phys. Part.
Nucl. 29, 160 (1998)].

034614-11

https://doi.org/10.1103/PhysRevC.85.064619
https://doi.org/10.1038/35057204
https://doi.org/10.1103/PhysRevC.67.044316
https://doi.org/10.1103/PhysRevC.95.034612
https://doi.org/10.1016/j.nuclphysa.2019.05.014
https://doi.org/10.1016/0003-4916(78)90208-7
https://doi.org/10.1103/PhysRevC.13.2385
https://doi.org/10.1016/0375-9474(84)90151-9
https://doi.org/10.1088/0034-4885/50/8/001
https://doi.org/10.1016/0375-9474(87)90075-3
https://doi.org/10.1016/S0370-1573(97)00006-9
https://doi.org/10.1016/S0031-8914(40)90098-2
https://doi.org/10.1103/PhysRevC.21.982
https://doi.org/10.1016/j.physletb.2010.01.069
https://doi.org/10.1103/PhysRevC.81.064602
https://doi.org/10.1103/PhysRevC.81.031602
https://doi.org/10.1103/PhysRevC.84.034613
https://doi.org/10.1103/PhysRevC.86.044609
https://doi.org/10.1142/S0218301312500085
https://doi.org/10.1103/PhysRevC.97.014603
https://doi.org/10.1016/j.nuclphysa.2004.01.129
https://doi.org/10.1103/PhysRevC.100.034615
https://doi.org/10.1103/PhysRevC.103.044601
https://doi.org/10.1088/1674-1137/ac29a3
https://doi.org/10.1007/BF01435592
https://doi.org/10.1103/PhysRevC.96.064617
https://doi.org/10.1007/BF01391737
https://doi.org/10.1103/PhysRevC.96.024618
https://doi.org/10.1103/PhysRevC.20.992
https://doi.org/10.1103/PhysRevC.33.2039
https://doi.org/10.1016/0375-9474(67)90510-6
https://doi.org/10.1103/RevModPhys.44.320
https://doi.org/10.1103/PhysRevC.88.064606
https://doi.org/10.1016/0375-9474(84)90252-5
https://doi.org/10.1016/0375-9474(84)90249-5
https://doi.org/10.1016/j.nds.2018.02.001
https://doi.org/10.1103/PhysRevC.14.1832
https://doi.org/10.1016/j.physletb.2016.07.074
https://doi.org/10.1103/PhysRevC.104.014604
https://doi.org/10.1103/PhysRevC.99.034612
https://doi.org/10.1016/j.nds.2015.12.009
https://doi.org/10.1103/PhysRevC.31.1550
https://doi.org/10.1134/1.953064

