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Shape coexistence and neutron skin thickness of Pb isotopes by the deformed relativistic
Hartree-Bogoliubov theory in continuum
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We investigate ground states properties of Pb isotopes located between neutron and proton drip-lines estimated
by two-neutron (two-proton) separation energies and Fermi energies within the deformed relativistic Hartree-
Bogoliubov theory in continuum. First, we report some candidates of nuclear shape coexistence in the isotope
chain. They are accessed by calculating total energy as a function of the deformation parameter β2, and for the
coexistence candidates we take a few deformation regions bringing about minima of the energy within energy
difference �E < 1 MeV. Second, the Pb isotopes near neutron drip-lines are also investigated and compared
to the results by other nuclear mass models. We find out 11 neutron emitters, 278–296,300Pb, giving rise to the
Pb peninsular near the neutron drip-line. Finally, by exploiting the neutron and proton density we deduce the
neutron skin thickness (NST) of the Pb isotopes and compare to the available experimental data. The recent
reports regarding the shape coexistence of 184,186,188Pb and the NST of 208Pb are shown to be well matched with
the present results.
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I. INTRODUCTION

The recent development of microscopic nuclear models
enables us to predict many intriguing properties of unstable
nuclei far from the β-stability region, such as nucleon drip-
lines, shape coexistence, nuclear bubble structures, and so
on. In particular, the shape coexistence in heavy [1–4] and
superheavy nuclei [5] hints important at information of nu-
clear shapes deeply associated with nuclear deformation and
nuclear rotational band structure. The nuclear deformation is
also intimately related to the surface symmetry energy in the
low density region which also affects the symmetry energy
in the high density region like compact astrophysical objects
through the first derivative of the symmetry energy [6].

The shape coexistence is being extensively discussed
through many theoretical nuclear models and experiments
[3–5]. For example, in the nuclei having neutron number N =
20 and 28, two-particle two-hole (2p-2h) configurations of
neutrons are shown to be capable of inducing a coexistence
shape of some 0+ states and may give rise to the inversion
of island near the neutron drip-line of N = 20 nuclei, which
enables us to explain the collapse of the magic number of
N = 28 due to the deformation in the structure of 43S [7]. For
heavy nuclei, such as 184,186Pb isotopes, two-quasiparticle and
four-quasiparticle configurations by protons may also cause
such coexistence [8,9]. Indeed, the energy spectrum of 186Pb
shows such shape coexistence due to the β2 deformation, by
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which most of the experimental rotational band structures of
186Pb can be understood qualitatively [9].

Drip-lines of the proton and neutron of heavy nuclei are
also interesting because they are closely associated with the
nuclear emitter of protons and neutrons far from the β sta-
bility region. We access the separation energies of neutrons
and protons of the nuclei, by which one can list the proton
and/or neutron emitter of the nuclei. All of these properties
are known to be sensitive to the deformation of the nuclei as
discussed in the nuclear mass models [10–12].

Concurrently, neutron skin thickness (NST) of 208Pb be-
comes one of the important data for understanding the heavy
nuclear structure as well as neutron star properties. Recent
data from PREX II [13,14] demonstrated more clear data of
the NST of 208Pb as Rskin = (0.283 ± 0.071) fm, which is a
much more precise value rather than PREX I data [15,16].
It could rule out many nuclear models with the neutron star
data by the recent gravitational wave data and x-ray observa-
tional data. Therefore direct calculations of the NST might
be a prerequisite for investigating the validity of these nu-
clear models before the application to the interesting topics
in nuclear astrophysics. This paper is organized as follows. In
Sec. II, we briefly summarize the basic formalism used in the
present calculation. Detailed results for the shape coexistence,
separation energies and NSTs for Pb isotopes are provided in
Sec. III. Finally summary and conclusion are done in Sec. IV.

II. FORMALISM

In order to consider the above discussions we need a
well-refined nuclear model which has to incorporate the
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FIG. 1. Neutron pairing gaps of Pb isotopes (A = 186–198)
with respect to the pairing window denoted as Eq.p.

cut . Empirical
pairing gaps are obtained by the three-point binding energies,
�(3) and �

(3)
C , which are taken from Refs. [39,40], respectively.

The latter formula includes the shell corrections for the nucleon
magic numbers.

deformation, the pairing correlations, and the continuum
through the microscopic approach and explain the whole
nuclear masses covering nuclei near drip lines. Another im-
portant ingredient is the relativistic description which has
been initiated by the authors in Refs. [17,18] with vari-
ous meson-exchange models inside nuclei and has enabled
us to incorporate consistently nucleonic spin degree of
freedom.

Along this line the deformed relativistic Hartree-
Bogoliubov theory in continuum (DRHBc) was developed
for deformed halo nuclei in Refs. [19,20] and recently ex-
tended [21] with point-coupling density functionals. This
theory is proved to be capable for a nice description of
the nuclear mass with highly predictive power [22,23] and
successfully applied to some nuclei [24–31], which fol-
lowed the previous relativistic continuum Hartree-Bogoliubov
(RCHB) approach calculated in coordinate space [32,33] by
explicitly including the deformation in a Dirac Woods-Saxon
basis [34]. Here, we note that the deformed cylindrical ba-
sis preserving axial symmetry could be an alternative to
effectively treat the convergence of total energy as argued
in Ref. [35], where the Gogny-type pairing force was ex-
ploited for neutron rich nuclei near the drip line and odd
nuclei.

In this work, we focus on the shape coexistence and
NST of the Pb isotopes within the DRHBc theory, which
was succinctly summarized in Refs. [20,21]. The present
calculations are carried out in the following relativistic
Hartree-Bogoliubov theory with the density functional PC-
PK1 [36],(

hD − λ �

−�∗ −hD + λ

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
, (1)

where hD, λ, Ek, (Uk,Vk ) are the Dirac Hamiltonian, the Fermi
energy, and the quasiparticle energy and wave function,

FIG. 2. Deformation parameter β2 determined by the minimum
of total (ground state) binding energy calculated by DRHBc model
for the nuclei from 172Pb up to 302Pb isotopes having a neutron
number N = 90–220 considered in this work. Thick letters stand for
neutron number.

respectively. The paring potential � is given with the pairing
tensor κ (r, r′) as follows:

�(r, r′) = V (r, r′)κ (r, r′) (2)

with a density-dependent zero range force

V (r, r′) = V0

2
(1 − Pσ )δ(r − r′)

(
1 − ρ(r)

ρsat

)
. (3)

For the pairing strength, we use V0 = −325.0 MeV fm3.
The saturation density is adopted as ρsat = 0.152 fm−3 to-
gether with a pairing window of 100 MeV. The energy cutoff
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FIG. 3. Evolution of total binding energy of 180–188Pb (a), 190–200Pb (b), and 202–218Pb isotopes (c) with the β2 deformation. Thick (thin)
letters stand for neutron (total mass) number.

FIG. 4. Detailed energy evolutions of 184,186,208,268Pb isotopes for given β2 deformations, which show a couple of deformation regions
having almost the same total binding energy minima for 184,186Pb. They are compared to the spherical double magic nuclei 208,268Pb. Not only
global minima but also local minima points have been denoted by red circles.
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FIG. 5. Neutron SPS evolutions of 184,186,188Pb isotopes for the shape coexistence: oblate, spherical, and prolate cases. For reference, the
SPS for 182,208Pb are also shown in the leftmost and rightmost columns, respectively. Fermi energies of neutron (λn) are also shown for
illustrating the shape coexistence.

E+
cut = 300 MeV and the angular momentum cutoff Jmax =

(23/2)h̄ are taken for the Dirac Woods-Saxon basis. The
above numerical details are the same as those suggested in
Refs. [21,23] for the DRHBc mass table calculation. For the
present Pb isotopes, the Legendre expansion truncation is
chosen as λmax = 8 [21,23].

Empirical pairing gaps of Pb isotopes were shown to be
properly reproduced with the energy cutoff, the maximum
angular momentum and the Legendre expansion truncation
obtained from the convergence check of total energies as
shown in Fig. 5(b) in Ref. [21].

The present zero-range scheme for the pairing force is
better than the simple constant gap approximation, but it
has still the pairing window problem in the pairing tensor
as discussed in Refs. [37,38] because it needs an arbitrary
energy cut off parameters for neutron-rich nuclei. Figure 1
shows that, in spherical nuclei, the neutron pairing gaps are
well reproduced by the pairing window denoted as Eq.p

cut =
100 MeV. But for deformed nuclei A = 186–198 (see Fig. 2)
the results by Eq.p

cut = 200 MeV are better than those by other
windows. It infers that the convergence of total energies with
the pairing energies is to be deliberately examined for de-
formed nuclei. We leave it as a future work because we need to
study the masses of odd nuclei by the present DRHBc model
for systematically deducing the theoretical pairing gaps. A
more elaborate approach for the pairing interaction beyond
the zero-range scheme is to use the Gogny-type finite-range
pairing force [41] using a separable approximation [42,43].
This kind of treatment of pairing interaction is also applied

to the covariant density-functional-theory (DFT) adopted for
studying neutron rich nuclei in Refs. [44–47].

III. RESULTS AND DISCUSSIONS

In Fig. 2, we illustrate the β2 deformation of 172–302Pb
isotopes obtained by the minimum of the total binding en-
ergy calculated from the DRHBc framework. First, we note
that there are three spherical nuclei region around N = 100,
126, and 184. In particular, it is remarkable that N = 100
might be a candidate for submagic shell which is occupied
up to 2 f7/2 shell because the nuclei around N = 100 disclose
spherical shapes similarly to those nuclei in the vicinity of
N = 126 and 184. The neutron-deficient Pb isotopes show
oblate deformations after the spherical shapes near N ∼ 100
region, and the isotopes near stability lines are settled down
to the spherical type around N ∼ 126 region filled up to 3p1/2

shell. The isotopes of the neutron-rich side go to prolate until
244Pb by the prolate subshell N = 162 region and move to
the oblate region by the oblate subshell N = 172 and 178
in the Nilsson diagram [48]. After that the Pb isotopes go
back to spherical region owing to the magic number N = 184
region and the isotopes near neutron drip-line settle down to
the prolate shape, apart from 298,300,302Pb.

In Fig. 3, we detail the total binding energy evolution in
some specific mass region 180 � A � 218 in terms of the
deformation parameter β2, which shows the shape transition
from spherical to oblate deformation. In the 186 � A � 200
region, the oblate shape appears. These oblate shapes are

034340-4



SHAPE COEXISTENCE AND NEUTRON SKIN THICKNESS … PHYSICAL REVIEW C 105, 034340 (2022)

FIG. 6. Two-neutron separation energies (S2n) (a), Fermi ener-
gies (λn) (b), relative energy with respect to the doubly magic
nucleus, 266Pb, (c), and deformation parameter (β2) (d) of Pb isotopes
near the neutron-drip region.

thought to come from the valence neutrons and holes be-
tween N = 100 (fulfilled up to the 1h9/2 and 2 f7/2 shells) and
N = 126 (up to the 2g9/2 shell). This fact is discussed with
the evolution of single-particle states (SPS) for Pb isotopes
later on. Here, we note that the present DRHBc model was
applicable for the nuclear mass table [21] and the mass ta-
ble of the even-even nuclei is in preparation for publication
[49]. In particular, 184,186Pb were claimed to show a typical
shape coexistence [8,9]. The total binding energy curve for
184,186,188Pb in Fig. 3(a) also displays the possibility of the
shape coexistence.

In Fig. 4, we detail the precise total binding energy surfaces
of 184,186Pb and 208,268Pb. The former nuclei have been being
discussed for their coexistence nuclear shapes [9] and the lat-
ter are shown for testing the present model for the well-known
spherical nuclei. As shown in the left panels of Fig. 4, the
results of 184,186Pb disclose a possibility of the shape coexis-
tence of oblate, spherical, and prolate shapes depending on the
β2 deformation, whose energy differences are within 1 MeV.

We note that the energy difference in the coexistence of 186Pb
is a bit smaller than that of 184Pb. The feasible coexistence of
184,186Pb by the oblate and prolate deformation as well as the
spherical type could be a precursor of the yrast states of the
rotational bands discussed in Ref. [9]. Right panels in Fig. 4
show the spherical minima of the total binding energy surfaces
of 208,268Pb near the magic number N = 126 and 184 coming
from the double magic nucleus.

The present results for the shape coexistence can be
understood by the neutron SPS evolution along with the
deformation in Fig. 5, where the SPS evolution of three
isotopes 184,186,188Pb is displayed with those of the spheri-
cal 182,208Pb isotopes, which have a submagic N = 100 and
a magic N = 126 number, respectively, in the leftmost and
rightmost columns. One can note that the three isotopes have
almost the same neutron Fermi energies (λn) for oblate, spher-
ical, and prolate cases. In particular, we confirm 184,186Pb
as the feasible coexistence nuclei because the nuclei have
oblate and prolate as well as spherical minimum energies with
�E < 1 MeV. We note that 188Pb might also be the candidate
of the shape coexistence as discussed by the interacting boson
model [50].

This shape coexistence is thought to come from the de-
formation. The two, four, and six valence neutrons in the
1i13/2 shell above the core by the submagic number N = 100
(occupied up to the 1h9/2 and 2 f7/2 shells) are allocated to
many projection states split from the 1i13/2 shell due to the de-
formation. For the prolate case, the lower 1/2−–7/2− (higher
11/2−–13/2−) projection states of the 1i13/2 state are shifted
to the lower (higher) energy states, as shown in the blue
(purple) color system. The shifts are reversed for the oblate
case. This shift of the projection states by the deformation is
very general in the Nilsson diagram [51]. As a result, both
low and high energy splitting effects by the deformation are
compensated with each other and give rise to almost the same
Fermi energies within �E < 1 MeV leading to the shape
coexistence.

The conventional understanding of the shape coexistence
is the lowering of the proton particle-hole (p-h) excitation
for quasiparticles due to the interaction of the proton-particle
with neutron-hole near the closed magic N = 126 core [52].
Although we do not calculate the nuclear excitation in the
present work, if we treat N = 100 as a kind of submagic
shell salient in the spherical case, the additional two or four
neutrons above the submagic shell might be excited by the
2p-2h excitation, which may lead to the more clear shape
coexistence. This coexistence near the submagic N = 100
number might resemble the coexistence of spherical and de-
formed shape in 43S in the vicinity of the N = 28 magic
number [53] leading to the collapse of the N = 28 magic
number [7].

Hereafter we discuss the neutron drip-line of Pb isotopes.
In Fig. 6, we present two-neutron separation energies (S2n)
(a), Fermi energies (λn) (b), relative energy with respect to
266Pb (c), and deformation parameter (β2) (d) of Pb isotopes
near neutron drip-line with the most neutron-rich Pb isotope
estimated by other nuclear mass models, such as the RCHB
[32,33], FRDM [10], and KTUY models [11]. The first point
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FIG. 7. Neutron SPS occupation probabilities of bound 266Pb, unbound 268Pb, and neutron emitter 278Pb.

to notice is the further extension of the investigation up to
304Pb compared to those of 268Pb by RCHB, 272Pb by FRDM
2012 and 282Pb by the KTUY05 model. This extension is
mainly due to the deformation and the continuum states as
discussed in Refs. [26,54].

The second point is that there exists some unstable nuclei
region from 268Pb to 304Pb, in which the situation is more or
less similar to the results of Hs near the neutron drip line as
discussed in Fig. 3(a) of Ref. [23], which show three unbound,
five neutron emitter, i.e., stable against two-neutron emission
but unstable against multineutron emission, with the increase
of the neutron number after 366Hs having a neutron magic
number N = 258. This property has lead to the peninsula of
heavy nuclear isotopes of 102 � Z � 120 near neutron drip
lines.

In the present Pb isotopes, 266Pb having the magic number
of N = 184 [48] is treated as a doubly magic nucleus. After
266Pb, 268,270,272,274,276Pb and 298,302,304Pb are unbound [see
Fig. 6(a) and 6(b)], while other nuclei 278–296Pb and 300Pb are
unstable against multineutron emission, as shown in Fig. 6(c).
It means that 278–296,300Pb can be neutron emitter nuclei and
become a peninsular in the nuclear chart for the Z = 82
isotope. This feature can be explained by the occupation prob-
abilities of the Pb isotopes. In Fig. 7, the characteristics of the
typical bound, unbound, and neutron emitters, such as 266Pb,
268Pb, and 278Pb, are clearly displayed. The neutrons beyond
the doubly magic nucleus are shown to locate in the contin-
uum states, which causes the unbound and neutron emitter
nuclei. In particular, the large and small energy difference

between the continuum states and the last occupied state leads
to the unbound nuclei and the neutron emitter, respectively.

Finally, we show the NST of Pb isotopes. Figure 8 il-
lustrates the density distribution of neutrons and protons for
208Pb. Using the root mean square radius in the distribution
we obtain the NST for 208Pb as Rn − Rp = 0.257 fm, which
is quite well matched with the PREX II experimental data
0.283 ± 0.071 [13] within the confidence level. One inter-
esting point is that the neutron density in the inner core is
much larger than that of the proton density and the surface
part has also a large neutron density, that is, NST. It implies
that the symmetry energy in finite nuclei has the contribution
from both volume and surface parts. The surface symmetry
energy is to be subtracted from the symmetry energy from
finite nuclei for considering the symmetry energy for nuclear
matter as argued in Refs. [6,55].

In addition, we illustrate the evolution of charge radii,
neutron and proton density, and the NST in Fig. 9. The charge
radii obtained in the present work are also well matched
with the experimental data. Moreover, it increases with the
increase of the neutron number, that is, it is swollen with
the increase of the neutron number. Figure 9(c) shows the
NST evolution, which monotonically increases along with the
neutron number. No special behavior of the NST evolution
was not found. But it is remarkable that the NST of 246,260Pb
shows a jumping leap from the previous nuclei. This behavior
comes from the sudden change of the nuclear shape as shown
in Fig. 2. Also there is a kink at A = 224, which may be due
to the deformation effect.
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FIG. 8. Upper panel is the neutron (solid line) and proton (dashed line) density distribution for the spherical 208Pb and left (right) lower
panel is a bird-eye view of the neutron (proton) density distribution. Since 208Pb is a spherical nucleus, the results for θ = 0◦ and 90◦ are the
same.

FIG. 9. Evolution of charge radii calculated by the root mean
square (rms), where Rt is the mass radii (a), neutron and proton radii
(b), and NST (c) for Pb isotopes. Charge radii data in (a) and NST
data in (c) are taken from Refs. [13,56], respectively.

IV. SUMMARY AND CONCLUSION

In summary, we calculated the total binding energy of
the Pb isotopes in terms of the β2 deformation using the
DRHBc framework. Energy evolutions with the deformation
were investigated in detail for those isotopes. We found some
shape coexistence candidates in 184,186,188Pb, which are quite
consistent with the results from the rotational bands of those
nuclei. We also found a peninsula in the vicinity of the neutron
drip line due to the neutron emitter after the N = 184 closed
shell. They stem from the deformation and the continuum
states carefully considered in the present model. Finally, the
neutron skin thickness of 208Pb is calculated and compared to
the recent PREX II data. The results turn out to be quite suc-
cessful with the reported confidence level. Also the evolution
of the NST and the related charge radii are presented for the
Pb isotopes.

In conclusion, the DRHBc framework is shown to predict
and properly confirm some important nuclear properties, such
as nuclear shape coexistence, neutron emitter, and neutron
skin thickness, of Pb isotopes. The results of the applica-
tion to other heavy nuclei will appear elsewhere. Finally,
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we note that the pairing gaps for deformed nuclei should
be treated more carefully with more a appropriate par-
ing window in the convergence of total energies with the
deformation.
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