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Influence of moments of inertia on transverse wobbling mode in odd-mass nuclei
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The reported transverse wobbling band in odd-mass 105Pd has been reinvestigated by the triaxial particle rotor
model. Employing different parameter sets of moment of inertia (MOI), several calculated results could be in
good agreement with the experimental data, which show distinct modes of rotational excitation, respectively.
These modes are sensitive to the ratio between the MOI at intermediate and short axis. With the increase of
this ratio, a wobble about the short axis of the total angular momentum is gradually changed to a wobble about
the intermediate axis. In addition, it is exhibited that precession and tunneling are two aspects of the quantum
wobbling motion. The tunneling aspect dominates in the yrare states of 105Pd. The present results in 105Pd show
the complexity of the transverse wobbling mode.
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I. INTRODUCTION

The concept of wobbling motion in atomic nuclei was
originally introduced by Bohr and Mottelson in the 1970s [1].
It is described as the small-amplitude harmonic oscillations
of the total angular momentum with respect to the principal
axis having the largest moment of inertia (MOI) [1]. With
increasing angular momentum components along the two axes
with smaller MOI, it excites a family of �I = 2 rotational
bands corresponding to increasing phonon quanta n. These
bands are connected with enhanced collective �I = 1 E2
transitions. The pioneering work of the microscopic descrip-
tion on wobbling motion was introduced by Marshalek [2]. It
was first proposed to appear in triaxial even-even nuclei with
zero quasiparticle configuration [1], while the corresponding
experimental evidence is still scarce. For instance, the γ bands
in 112Ru were interpreted as a possible evidence [3], but no
interband electromagnetic transition rates were reported.

Instead, wobbling bands have been widely reported in odd-
mass nuclei. It was first suggested in the triaxial strongly
deformed bands of 163Lu [4,5] and later in other neighbor-
ing nuclei 161Lu [6], 165Lu [7], 167Lu [8], 167Ta [9]. Then,
experimental evidence of wobbling motion was also reported
in other normal deformed nuclei: 105Pd [10], 130Ba [11,12],
133Ba [13], 135Pr [14,15], and 183Au [16], where the wob-
bling energies decrease with increasing spin contrary to the
theoretical expectations in Ref. [1]. Frauendorf and Dönau
[17] interpreted this behavior as the odd particle aligned per-
pendicular to the principal axis with the largest MOI, which
was defined as transverse wobbling (TW). In addition, 127Xe
[18], 133La [19], and 187Au [20] exhibit longitudinal wobbling
(LW), where the odd particle aligned parallel to the principal
axis with the largest MOI. For the ideal TW (LW), the total an-
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gular momentum is aligned along the short (intermediate) axis
in the yrast band. With one phonon excitation, the precession
of total angular momentum occurs with respect to the short
(intermediate) axis [17,20], which is presented pictorially in
Figs. 1(a) and 1(c). Very recently, an experiment for 135Pr
provided the crucial evidence against the proposed wobbling
nature [21], which questioned the interpretation of wobbling.

On the theoretical side, the wobbling excitation got ex-
tensive descriptions with the particle rotor model (PRM)
[17,22–27] and its approximation solutions [28–37]. In ad-
dition, the random-phase approximation [38–46], the angular
momentum projection method [12,15,47], and the collective
Hamiltonian method [48–50] are used to discuss this issue.
However, it should be noted that there are still increasingly
loud debates on the TW in odd-mass nuclei. Reference [30]
used an approximation to the PRM to study the stability of
TW and concluded there is an absence of the wobbling mode
around the axis with medium MOI. This issue was further
discussed [31,51,52]. Furthermore, an alternative mode for the
candidate wobbling band was proposed in Ref. [37], i.e., a
precession of the total angular momentum around a certain
tilt axis (called tilted precession bands), which is presented in
Fig. 1(b).

Whether the stable TW exist in odd-mass nuclei is still an
open question. In this paper, we took 105Pd as an example and
made an attempt to clarify some disputes about TW motion.
Recently, two bands built on νh11/2 configuration in 105Pd had
been suggested as TW due to the �I = 1 transitions between
them with a predominant E2 component and the decreasing
wobbling energy with increasing spin [10]. The behavior of
the wobbling bands in 105Pd has been reinvestigated by the
quantum PRM. The different parameter sets of MOI will be
searched to reproduce the experimental data. The correspond-
ing rotational modes will be analyzed in detail in terms of
the azimuthal plot of angular momentum. Consequently, the
picture of TW will be examined.
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FIG. 1. Schematic diagram of angular momentum geometry for ideal transverse wobbling, longitudinal wobbling, and tilted precession, as
well as the corresponding coupling scheme based on our calculations for 105Pd. The diagram of TW and LW refer to Ref. [20]. The orientations
of total and valence nucleon angular momentum are shown in blue and red, respectively. Panels (d), (e), and (f) correspond to the quantum
probability density distribution at spin 15.5h̄ (yrast) and 16.5h̄ (yrare) calculated with parameter sets (A), (C), and (D).

II. THEORETICAL FRAMEWORK

The Hamiltonian of the particle rotor model can be ex-
pressed as [1,53]

Ĥ = Ĥcoll + Ĥintr (1)

with the collective Hamiltonian

Ĥcoll =
3∑

k=1

R̂2
k

2Jk
=

3∑
k=1

(Îk − ĵk )2

2Jk

=
3∑

k=1

Î2
k

2Jk
+ ĵ2

k

2Jk
− Îk ĵk

Jk
, (2)

where k = 1, 2, 3 denotes the three principal axes of the body-
fixed frame corresponding to the intermediate (m), short (s),
and long (l) axis for 0◦ < γ < 60◦, respectively. Here R̂k , Îk ,
and ĵk , respectively, denote the angular-momentum operators
for the core and nucleus as well as the valence nucleon. The
parameters Jk are the MOI for three principal axes.

Two models of MOI are usually taken in the study of
wobbling [30,52], i.e., the hydrodynamical MOI:

Jk = J0 sin2

(
γ − 2kπ

3

)
, (3)

and the rigid-body MOI:

Jk = J0

1 + ( 5
16π

)1/2β

[
1 −

(
5

4π

)1/2

β cos

(
γ + 2kπ

3

)]
. (4)

The above expressions are different from the standard con-
vention of k = x, y, z, in which the sign of γ is meaningful
[22,53].

The intrinsic Hamiltonian Ĥintr describes a single-valence
nucleon in a high- j shell

Ĥintr = ±1

2
C

{
cos γ

[
j2
3 − j( j + 1)

3

]
+ sin γ

2
√

3
( j2

++ j2
−)

}
, (5)

where ± refers to a particle or a hole state and the coefficient
C is proportional to the quadrupole deformation parameter β

[54]. Differing from the frozen approximation proposed in
Ref. [17], we present our calculations with free odd-particle
angular momentum.

To obtain the PRM solutions, the total Hamiltonian must
be diagonalized in a complete basis space, which couples
the rotation of the core with the intrinsic wave function of a
valence nucleon. When pairing correlations are neglected, one
can construct the so-called strong-coupling basis [53,54],

|IMK j�+〉 =
√

2I + 1

16π2

[
DI

MK | j�〉+ (−1)I− jDI
M−K | j − �〉],

(6)

where I denotes the total angular momentum of the odd-mass
nuclei and K refers to the projection onto the 3-axis of the
intrinsic frame. Furthermore, � is the 3-axis component of
the valence nucleon angular momentum j in the intrinsic
frame. Under the requirement of the D2 symmetry of a tri-
axial nucleus, K-� need to be an even integer. The matrix
elements of total Hamiltonian can be evaluated in this basis,
and the diagonalization gives eigenenergies and eigenstates
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for the PRM Hamiltonian. The wave function of PRM can be
expressed as

|IM〉 =
∑
K,�

CIK j�|IMK j�+〉. (7)

The reduced electric quadrupole transition probabilities are
calculated by the operator

M̂(E2, μ) =
√

5

16π
Q̂2μ (8)

with the obtained wave functions. The quadrupole moments
in the laboratory frame (Q̂2μ) and the intrinsic system (Q̂′

2μ)
are connected by the relation

Q̂2μ = D2∗
μ0Q̂′

20 + (D2∗
μ2 + D2∗

μ−2

)
Q̂′

22

= D2∗
μ0Q cos γ + (D2∗

μ2 + D2∗
μ−2

) 1√
2

Q sin γ . (9)

For M1 transitions, the magnetic dipole transition operator
can be written as

M̂(M1, μ) =
√

3

4π

eh̄

2Mc
[(g j − gR) ĵμ], (10)

where g j and gR are, respectively, the effective gyromagnetic
ratios for valence nucleon and the collective core and ĵμ
denotes the spherical tensor in the laboratory frame.

Using wave functions obtained from the PRM, one can cal-
culate the expectation values of the core angular momentum
as 〈

R2
k

〉1/2 = 〈IM|(Îk − ĵk )2|IM〉1/2. (11)

To illustrate clearly the angular-momentum geometry,
the probability distribution of the total angular momentum
on the (θ, ϕ) plane, i.e., azimuthal plot [25,27,55,56], is
calculated. Here (θ, ϕ) are the orientation angles of the
angular-momentum vector I (expectation value with M = I)
with respect to the intrinsic frame. The polar angle θ is the
angle between I and the l axis, and the azimuthal angle ϕ is
the angle between the projection of I on the sm plane and the
m axis. The profile is calculated as [25,57]

P (ν)(θ, ϕ) = 〈I, θϕ | IIν〉2

= 2I + 1

8π

∑
KK ′

DI∗
KI (θ, ϕ, 0)ρ (ν)

KK ′DI
K ′I (θ, ϕ, 0),

(12)

where ρ
(ν)
KK ′ = ∑

�

C(ν)
IK j�C(ν)

IK ′ j� with the expansion coefficients

C(ν)
IK j� in Eq. (7).

Here we further calculate the profile for the valence nu-
cleon angular momentum [58],

P (ν)(θ, ϕ) = 〈 j, θϕ | j jν〉2

= 2 j + 1

8π

∑
��′

D j∗
� j (θ, ϕ, 0)ρ (ν)

��′D
j
�′ j (θ, ϕ, 0)

(13)

with the density matrix ρ
(ν)
��′ = ∑

K
C(ν)

IK j�C(ν)
IK j�′ .

TABLE I. The adopted parameter sets of MOI
Jk = ak

√
1 + bI (I + 1) in the calculation.

Parameter Behavior of
set am as al b Jm : Js : Jl Jm : Js

(A) 6.0 5.4 1.8 0.016 1:0.9:0.3 Rigid body
(B) 6.0 4.2 1.2 0.023 1:0.7:0.2 Inbetween
(C) 6.0 3.0 1.0 0.026 1:0.5:0.17 Inbetween
(D) 12.0 3.6 1.0 0.008 1:0.3:0.08 Hydrodynamical

Both the profiles P (ν)(θ, ϕ) fulfill the normalization
condition ∫ π

0
dθ sin θ

∫ 2π

0
dϕP (ν)(θ, ϕ) = 1.

III. RESULTS AND DISCUSSION

A. Description of the data

Following Ref. [10], the configuration ν(1h11/2)1 with a
triaxial shape of β = 0.27 and γ = 25◦ for 105Pd is taken
in our calculation. The triaxial rotor is parametrized by three
angular-momentum-dependent MOI Jk = ak

√
1 + bI (I + 1)

[10]. Both of hydrodynamical and rigid MOI with such tri-
axial shape are J1 > J2 > J3, i.e., Jm > Js > Jl . In the
following discussion, the three principal axes are marked by
the suffixes m, s, and l for convenience. For γ = 25◦, the
ratio between the MOI at intermediate and short axis Jm/Js is
approximately equal to 1:0.9 for a rigid-body MOI and 1 : 0.3
for a hydrodynamical MOI. Four typical sets of parameters
are adopted and listed in Table I, in which Jm/Js takes values
of 1 : 0.9 (A), 1 : 0.7 (B), 1 : 0.5 (C), and 1 : 0.3 (D), respec-
tively. The corresponding parameters am and b are determined
by fitting the energy spectra of yrast band A and yrare band
B in 105Pd. In Ref. [10], Jm/Js = 1 : 0.63 with b = 0.023
was adopted, which is between the ratio of the parameter sets
(B) and (C). Jl is determined by fitting the energy difference
between yrast and yrare band, and such an energy difference
is found to be smaller for the bigger value of Jl .

For the electromagnetic transitions, we used the intrin-
sic quadrupole moments Q = (3/

√
5π )R2

0Zβ = 3.0 eb, the
gyromagnetic ratios gR = Z/A = 0.438 for the rotor and
gν (h11/2) = −0.209 for the neutron. Note that a quenching
factor of 0.36 for g is introduced in our calculation same as
Ref. [10]. This is due to the scissor mode which is mixed with
the wobbling motion and cannot be considered in the PRM
calculations [10].

The calculated energy spectra, wobbling energies and re-
duced transition probability ratios [i.e., B(E2)out/B(E2)in and
B(M1)/B(E2)in] in comparison with the experimental data
are shown in Fig. 2. The four adopted parameter sets of the
MOI in Table I and the corresponding results in Fig. 2 are
denoted as (A), (B), (C), and (D), respectively. For the energy
spectra, the results of four sets of parameters are all in good
agreement with the experimental data. The wobbling energies
obtained by four parameter sets can reproduce the decreasing
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FIG. 2. The energy spectra, wobbling energies, reduced transition probability ratio B(E2)out/B(E2)in, B(M1)/B(E2)in, and root-mean-
square values of the core angular momentum components as functions of the spin I calculated by PRM (lines) in comparison to the experimental
data of 105Pd [10] (dots). The results with four parameter sets of MOI (A), (B), (C), and (D) in Table I are shown. The yrast and yrare band are
respectively denoted by black and red.

trend with spin from I = 13/2h̄ to 29/2h̄. The increasing
trend of wobbling energies in the region I � 33/2h̄ was at-
tributed to three quasiparticle configuration in Ref. [10]. Here
the trends of wobbling energy at the whole spin region can
also be described with one quasiparticle configuration adopted
parameters (C) and (D).

The �I = 1 transitions connecting the wobbling bands
should be dominated by an E2 component, due to the col-
lective motion of the entire nuclear charge. The strong E2
component of such transitions in 105Pd and the reduced transi-
tion probability ratios B(E2)out/B(E2)in and B(M1)/B(E2)in

are reproduced by the present calculation with the four sets
of parameters. B(E2)out/B(E2)in depends on Q′

20 and Q′
22 in

Eq. (9), which is associated with γ values. It is found that
B(E2)out/B(E2)in will be significantly underestimated if a
small γ parameter is adopted in the calculation.

B. Realization of transverse wobbling

In the lowest row of Fig. 2, the expectation values of the
core angular momentum components along the m, s, and l
axes are plotted. For parameter set (A), the value of Jm is close
to Js, which agrees with the rigid-body model. For the yrast
band, the core angular momentum increases along the s axis
more than that along the m axis. For the yrare band, the s and
m components of the core angular momentum are about the
same. This is consistent with a tilt of core angular momenta
about the s axis. For the parameter set (D), where the ratio
Jm/Js = 1 : 0.3 is closed to that of hydrodynamical model,
the component of the core angular momentum is mainly on
the m axis for yrast and yrare bands. For the parameter sets
(B) and (C), the angular momentum orientation with the
minimal energy gradually transfers from the s axis to the m
axis.
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FIG. 3. Upper panels: The calculated probability distribution for the orientation of the angular momentum I and j on the (θ, ϕ) plane for
the yrast and yrare band in 105Pd. The parameter set (A) of MOI, i.e., Jm : Js : Jl = 1 : 0.9 : 0.3, is adopted. Red (blue) indicates maximal
(minimal) probability. Lower panels: The corresponding probability distribution of angular momenta in the sm plane (θ = 90◦) with same
color scheme of upper panels. The radial coordinate represents the magnitude of angular momentum ranging from 0 to 21h̄, while the angle ϕ

from 0◦ to 360◦.

These different orientations of angular momentum are
driven by the competition between the Coriolis term and
rotational term to minimize energy. As the valence nucleon
angular momentum is mainly along the s axis, the Corio-
lis term −Îk ĵk/Jk contributes the most (least) to the energy
when the total angular momentum is along the s (m) axis.
For the rotational term Î2

k /2Jk , it is largest (smallest) when
the total angular momentum is along the s (m) axis. The
MOI has a great influence on the orientation of core angular
momentum.

To further illustrate the angular momentum geometry of
the wobbling motion, a probability profile on the (θ, ϕ) plane,
i.e., azimuthal plot [25,27,55,56], is provided in the following
for both the angular momentum of nucleus and the valence
nucleon.

In Figs. 3–6, the obtained profiles P (θ, ϕ) are shown at I =
11.5, 15.5, and 19.5h̄ for the yrast band and at I = 12.5, 16.5,
and 20.5h̄ for the yrare band with the four parameter sets
of MOI in Table I. The distributions P (θ, ϕ) of angular
momentum are always concentrated around θ = 90◦. This
is because the angular momentum is prone to locate in the
sm plane to obtain the lowest energy. To make it more visual-
ized, the probability distribution of angular momenta in the sm
plane (θ = 90◦) are shown in the lower panels of Figs. 3–6.
The radial coordinate represents the magnitude of angular
momentum ranging from 0 to 21h̄, and the angle coordinate ϕ

from 0◦ to 360◦. The corresponding probabilities in the upper
and lower panels have the same color schemes.

Adopted the different parameter sets of the MOI in Table I,
distinct patterns of angular momentum are obtained in the cal-
culations. In Fig. 3, the P (θ, ϕ) results with parameter set (A)
are shown, where the MOI is close to the rigid-body model.

The maximum of P (θ, ϕ) of the total and valence nucleon
angular momentum are always located at ϕ = 90◦, namely
along the s axis for I = 11.5h̄, 15.5h̄, 19.5h̄ in the yrast band.
For the yrare band, the total angular momentum has the max-
imal probabilities lying symmetrically with respect to the s
axis. While the angular momentum of valence nucleon still
locates on the s axis. Combined with the orientation of the
two, it is straightforward to indicate the geometry of core
angular momentum. The core angular momentum aligns along
the s axis in the yrast band, the motion in the yrare band
corresponds to the oscillation (wobble) between two symmet-
rically orientations of angular momentum about the s axis.
Similar azimuthal plots had been obtained in previous works,
e.g., Refs. [11,25,27], which were regarded as TW motion.
They mentioned that the maximal probabilities of yrare states
lying on a rim around the minimum reflects the wobbling
motion (or precession) in this way [11,27]. We denote such
rotational mode as mode I in present work and visualize it in
Fig. 1(d). Considering that it is to some extent different from
the precession of the ideal TW picture, we discuss in detail the
difference in Sec. III C.

With the increase of ratio Jm/Js, the rotational mode I
emerges at I = 12.5h̄ and I = 16.5h̄ as shown in Fig. 4,
and I = 12.5h̄ in Fig. 5. For higher spins, rotational mode
II shown in Fig. 1(e) appears. It is a planar tilted rotation
in the sm plane for both yrast and yrare band, and the tilted
directions become closer to the m axis compared with the
excited states of mode I. This is reflected by the larger ϕ

values of the maxima of P (θ, ϕ). In Ref. [10], the parameters
Jm : Js : Jl = 1 : 0.63 : 0.22 with b = 0.023 were adopted,
which are close to sets (B) and (C). The mode I could be
obtained for spin region I � 29/2h̄ if such parameters are

034339-5



ZHANG, QI, WANG, JIA, AND WANG PHYSICAL REVIEW C 105, 034339 (2022)

0

90

180

270

0

90

180

270

0
6
12
18

0
6
12
18

0
30
60
90
120
150
180

I=19.5I=15.5I=11.5

Yrast

I

0 30 60 90 120 150
0
30
60
90
120
150

(d
eg
)

0 30 60 90 120 150
(deg)

0 30 60 90 120 150 180

j

(s-axis)

(m-axis)

90

j

I

270

0

90

180

270

0

90

180

270

0
6
12
18

0
6
12
18

0
30
60
90
120
150
180

I=20.5I=16.5I=12.5

Yrare

I

0 30 60 90 120 150
0
30
60
90
120
150

(d
eg
)

0 30 60 90 120 150
(deg)

0 30 60 90 120 150 180

j

(s-axis)

(m-axis)

90

j

I

270

FIG. 4. Same as Fig. 3 but for the results with MOI Jm : Js : Jl = 1 : 0.7 : 0.2.

adopted, which coincides with the conclusion of TW motion
in Ref. [10].

For set (D) where Jm is significantly larger than Js and
close to hydrodynamical MOI, the results are illustrated in
Fig. 6. The ϕ coordinates of the maxima of P (θ, ϕ) for total
angular momentum approach 0◦ and 180◦ at 15.5h̄ of the yrast
band. For the excited state 16.5h̄ of the yrare band, the total
angular momentum oscillates slightly with respect to the m
axis. It is indicated the core angular momentum R arises a
wobble about the m axis which is achieved by adding angular
momentum component along the s axis. This mode is called

mode III and shown in Fig. 1(f). With the increasing spin,
the distributions of the valence nucleon angular momenta
are more diffuse. Since the Coriolis force tends to realign
j to the orientation of I, the m axis is preferred by valence
nucleon angular momentum instead of s axis at I = 19.5h̄ of
the yrast band. As the valence nucleon go back to the s axis at
I = 20.5h̄, the yrare band still maintains mode III. Mode III
is different from the LW mode shown in Fig. 1(c), where the
valence nucleon angular momentum steadily aligns along the
m axis.
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FIG. 5. Same as Fig. 3 but for the results with MOI Jm : Js : Jl = 1 : 0.5 : 0.17.
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FIG. 6. Same as Fig. 3 but for the results with MOI Jm : Js : Jl = 1 : 0.3 : 0.08.

The corresponding relationship of the azimuthal plots in
Figs. 3–6 and the geometry of angular momentum shown in
Fig. 1 is summarized in Table II. Based on the above dis-
cussion of the results adopted four sets of parameters, we get
the case which can be approximately represented as the TW
motion when the ratio Jm/Js is closer to that of rigid-body
MOI. The LW motion is approximately appear when the ratio
is close to that of hydrodynamical MOI. The variation of these
angular momentum geometries is dependent on the values of
MOI, especially the ratio Jm/Js. The mechanism of rotational
bands in 105Pd might be associated with one of these modes or
a mixture. The present results also suggest that the available
data may not be sufficient to identify the TW mechanism, and
further experimental explorations such as lifetime or g-factor
measurements are expected.

In Table III, we summarize the adopted MOI in the study
of wobbling band based on PRM in the previous works, and
the corresponding suggested wobbling modes. It can be seen
that the calculations for 161,163,165,167Lu [35] and 187Au [20],
in which the adopted Jm/Js close to hydrodynamical MOI,
have suggested the LW mode. If the ratio is close to the rigid
MOI or between the hydrodynamical and rigid MOI, then
TW mode is in general suggested by PRM for 105Pd [10],
130Ba [11], 135Pr [14,17,19], 163Lu [17], and 183Au [16]. Our

conclusion from the study of 105Pd is not in conflict with
the the previous calculated results and gives the relationship
of MOI and wobbling modes. However, the character of the
nuclear MOI is a longstanding problem in the research of
rotational band. Recently, both of the empirical MOI extracted
experimentally [59] and the theoretical MOI calculated by the
microscopic cranking model [51] suggested that the ratios of
MOI follow the hydrodynamical model. If the hydrodynam-
ical MOI is adopted, the TW mode seems to be difficult to
occur from the above discussion. The further understanding
of MOI is a key point to clarify the debates on TW mode.

C. Precession or tunneling

Precession of the nucleus means that the orientation of the
total angular momentum is rotating about a principal axis.
Such precession has always been considered in the discus-
sions about the TW, LW, or the tilted precession, as shown in
Figs. 1(a), 1(b) and 1(c). It should be noted the classical tra-
jectories of angular momentum for precession might change
to tunneling in the quantum system.

To address this issue, we provide the classical trajectories
and the quantum probability density distribution of angular
momentum in Fig. 7. Here we plot the case of purely collec-

TABLE II. The corresponding relationship of the azimuthal plots in Figs. 3–6 and the geometry of angular momentum shown in Fig. 1.

Spin Corresponding rotational modes

Yrast Yrare Parameter (A) Parameter (B) Parameter (C) Parameter (D)

I = 11.5h̄ I = 12.5h̄ Mode I Mode I Mode I Mode II
I = 15.5h̄ I = 16.5h̄ Mode I Mode I Mode II Mode III
I = 19.5h̄ I = 20.5h̄ Mode I Mode II Mode III LW (yrast)

Mode III (yrare)
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TABLE III. The adopted MOI in the study of wobbling band based on PRM in the previous works, together with the corresponding
suggested wobbling modes. The comparation with the ratios decided by hydrodynamical (hyd.) and rigid (rig.) MOI model are also given.

Modes MOI(h̄2MeV −1) Jm/Js/Jl Jm/Js/Jl Jm/Js/Jl Behavior
Nucleus in Ref. γ β Jm,Js,Jl PRM hyd. rig. of Jm/Js Ref.

105Pd TW 25◦ 0.27 Jk (1 + 0.023I (I + 1))
1
2 1/0.63/0.22 1/0.33/0.18 1/0.89/0.74 Inbetween [10]

5.89,3.74,1.27
130Ba TW 21.5◦ 0.24 Jk (1 + 0.59I )1.50, 1.09, 0.65 1/0.73/0.43 1/0.40/0.14 1/0.91/0.77 Inbetween [11]
133La LW 26◦ 0.17 15.3, 9.1 + 0.66R, 2.9 — 1/0.31/0.19 1/0.93/0.83 — [19]
135Pr TW 26◦ 0.17 21, 12.8 + 0.14R, 4 — 1/0.31/0.19 1/0.93/0.83 — [19]

TW 26◦ 0.17 21,13,4 1/0.62/0.19 1/0.31/0.19 1/0.93/0.83 Inbetween [17]
TW 26◦ 0.17 Jk (1 + 0.116I ), 7.4, 5.6, 1.8 1/0.76/0.24 1/0.31/0.19 1/0.93/0.83 Rig. [14]
Tip 26◦ 0.17 J sin2(γ − 2kπ/3) 1/0.31/0.19 1/0.31/0.19 1/0.93/0.83 Hyd. [21]

J = 12.5ω(1 + ω2)
161Lu LW 20◦ 0.42 87.56, 22.74, 2.77 1/0.26/0.03 1/0.43/0.12 1/0.87/0.62 Hyd. [35]
163Lu TW 20◦ 0.42 64,56,13 1/0.88/0.20 1/0.43/0.12 1/0.87/0.62 Rig. [17]

LW 17◦ 0.42 63.20,20,10 1/0.32/0.16 1/0.49/0.09 1/0.89/0.63 Hyd. [35]
165Lu LW 20◦ 0.42 77.30,16.18,4.40 1/0.21/0.06 1/0.43/0.12 1/0.87/0.62 Hyd. [35]
167Lu LW 19.5◦ 0.43 87.03,10.90,3.76 1/0.13/0.04 1/0.44/0.12 1/0.87/0.62 Hyd. [35]
183Au parity+ TW 21.4◦ 0.29 50.00,37.52,2.38 1/0.75/0.05 1/0.40/0.14 1/0.90/0.73 Rig. [16]
183Au parity- TW 20◦ 0.30 36.85,25.70,5.45 1/0.70/0.15 1/0.43/0.12 1/0.90/0.72 Inbetween [16]
187Au LW 23◦ 0.23 38 sin2(γ − 2kπ/3) 1/0.37/0.15 1/0.37/0.15 1/0.91/0.78 Hyd. [20]

tive rotor to avoid the ambiguity due to coupling of a particle
to a rotor core. The classical orbits of angular momentum
are obtained from the intersection of the angular momentum
sphere R2

m + R2
s + R2

l = R(R + 1) with the energy ellipsoid
R2

m/Jm + R2
s /Js + R2

l /Jl = 2E [17,37,60]. For the quantum
probability density distribution of angular momentum, it is
obtained by the quantum triaxial rotor model [1] with the
probability distribution calculated by Eq. (12). In Figs. 7(a),
7(b), 7(c), and 7(d), the ratios of MOI Jm/Js/Jl are adopted
respectively as 1/0.25/0.25, 1/0.33/0.18, 1/0.43/0.12, and
1/0.54/0.07. These ratios are corresponding to the hydro-
dynamical MOI with γ = 30◦, 25◦, 20◦, 15◦. The obtained
energy E calculated by quantum triaxial rotor model for spin

13h̄ are respectively 1.48, 1.48, 1.49, and 1.51 MeV, which
are input to get the classical trajectories.

The classical trajectories and quantum probability density
distribution of the angular momentum are circles only in the
case of Js = Jl , as shown in Fig. 7(a). In general, the classical
trajectory are not circles, as shown in Figs. 7(b), 7(c) and 7(d).
Correspondingly, the maximum probabilities of the angular
momentum locate at two symmetrically points about the m
axis in the quantum case. A tunneling should occur if the
barrier between them is high enough. Thus, precession and
tunneling are two aspects of the quantum wobbling motion.
Modes I, II, and III in our calculation for 105Pd, as shown in
Figs. 1(d), 1(e), 1(f), exhibit a tunneling between two sym-
metrically orientations of angular momentum for the yrare

FIG. 7. The classical trajectory (upper panels) and quantum probability density distribution (lower panels) of angular momentum for a
triaxial rotor at spin 13h̄ with differnent MOI. The ratios Jm/Js/Jl are respectively 1/0.25/0.25 (a), 1/0.33/0.18 (b), 1/0.43/0.12 (c), and
1/0.54/0.07 (d). The obtained quantum energy E = 1.48, 1.48, 1.49, 1.51 MeV are input to get the classical trajectory.
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band. It seems that the tunneling between two orientations of
angular momentum is preferable to constitute the TW and LW.

IV. SUMMARY

We have reinvestigated the reported TW band in an
odd-mass nucleus 105Pd based on the triaxial particle rotor
model. The experimental data of wobbling band could be
reproduced by the calculated results adopting different pa-
rameter sets of MOI. By analyzing the azimuthal plot of the
angular momentum of nucleus and valence nucleon, different
types of rotational modes are shown. It is confirmed that these
modes are sensitive to the ratio between the MOI at the m and
s axis, namely Jm/Js. The TW mode appears approximately
when the ratio agrees with the rigid-body MOI, i.e., the total
angular momentum wobbles around the s axis. When the ratio
agrees with the hydrodynamical MOI, a wobbler around the
m axis occurs. When the ratio is between the above two, the
planar tilted rotation occurs for both of the yrast and yrare
band. The mechanism of rotational bands in 105Pd might be

one of these three modes. In addition, it is exhibited that
precession and tunneling are two aspects of the quantum wob-
bling motion. The tunneling aspect dominates in the present
yrare states of 105Pd. The further understanding of nuclear
MOI in theory is necessary to clarify the debates on wobbling
motion, and further experimental explorations to identify the
TW mechanism are also expected.
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