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Background: At the forefront of nuclear science, unstable nuclei are of special significance, in which the
deformation and pairing correlations play an essential role in determining the nuclear structure. Under the mean
field approach, the pairing and deformation effects have been uniformly considered within the deformed non-
relativistic Hartree-Fock-Bogoliubov model and the deformed relativistic Hartree-Bogoliubov (D-RHB) model.
However, due to the limitation of the Hartree approach, an important ingredient of the nuclear force—the tensor
force that contributes via the Fock diagram—is missing in the D-RHB model. Recently, the axially deformed
relativistic Hartree-Fock (D-RHF) model was established for deformed nuclei, in which the π -pseudovector
(π -PV) coupling can take into account the tensor force effects naturally. While limited by the BCS pairing, it
cannot be safely applied to describe unstable nuclei.
Purpose: The aim of this work is to develop the axially deformed relativistic Hartree-Fock-Bogoliubov
(D-RHFB) model for the reliable description of a wide range of unstable nuclei, by utilizing the spherical Dirac
Woods-Saxon (DWS) base.
Method: Staring from the Lagrangian density that is based on the meson-propagated picture of nuclear force,
the full Hamiltonian, that contains both mean field and pairing contributions, is derived by quantizing the Dirac
spinor field in the Bogoliubov quasiparticle space, and the expectation with respect to the Bogoliubov ground
state gives the full energy functional. As an extension of the D-RHF model, the degree of freedom associated
with the ρ-tensor (ρ-T) coupling is implemented, and incorporating with the Bogoliubov scheme the finite-range
Gogny force D1S is utilized as the pairing force. Moreover, qualitative analyses on the nature of the π -PV and
ρ-T couplings are presented to better understand their enhancements on the deformation effects.
Results: Space convergence related to the spherical DWS base is confirmed for the D-RHFB model by taking
light nucleus 24Mg and mid-heavy one 156Sm as candidates. Compared to light nuclei, extraordinarily more
negative energy states are necessitated to keep the expansion completeness on the spherical DWS base for
mid-heavy and heavy nuclei, due to the enhanced correlations between the expansion components with large
κ quantity, as indicated by the nature of the π -PV and ρ-T couplings. Furthermore, because of the enhanced
deformation effects by the π -PV and ρ-T couplings, the RHF Lagrangian PKA1 presents a deeper bound ground
state for 24Mg than the other selected Lagrangians, in addition to predicting a fairly deep bound local minimum
with large oblate deformation.
Conclusions: The axially deformed relativistic Hartree-Fock-Bogoliubov model has been established with
confirmed convergence checks. The effects of the π -PV and ρ-T couplings, coupled with nuclear deformation,
are analyzed in both light and mid-heavy nuclear systems, and are expected to be manifested in a wide range of
unstable nuclei.
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I. INTRODUCTION

The worldwide developments of the new generation
radioactive-ion-beam (RIB) facilities, including the Cooler
Storage Ring (CSR) at the Heavy Ion Research Facility in
Lanzhou (HIRFL) in China [1], the RIKEN Radioactive Ion
Beam Factory (RIBF) in Japan [2], the Rare Isotope Science
Project (RISP) in Korea [3], the Facility for Antiproton and
Ion Research (FAIR) in Germany [4], the Second Generation
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System On-Line Production of Radioactive Ions (SPIRAL2)
at GANIL in France [5], the Facility for Rare Isotope Beams
(FRIB) in the USA [6], etc., have greatly enriched nuclear
science, and the boundary of the nuclear chart is being ex-
tended continuously. One of the common targets of these new
generation RIBs is to explore the unstable nuclei (also referred
to as exotic nuclei) far away from the β-stability line [7–11].

Exploring from the stable to unstable regions of the nuclear
chart, plenty of novel phenomena have been discovered in un-
stable nuclei, for instance, the quenching of traditional magic
shells and the emergence of new ones [12–21], dilute mat-
ter distributions—halo structures [22–26], etc. Accompanying

2469-9985/2022/105(3)/034329(26) 034329-1 ©2022 American Physical Society

https://orcid.org/0000-0002-8132-0385
https://orcid.org/0000-0002-3245-765X
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevC.105.034329&domain=pdf&date_stamp=2022-03-25
https://doi.org/10.1103/PhysRevC.105.034329


JING GENG AND WEN HUI LONG PHYSICAL REVIEW C 105, 034329 (2022)

the novel phenomena, the weak binding mechanism, that ac-
counts for the stabilization of unstable nuclei, challenges our
understanding of nuclear physics from both experimental and
theoretical aspects. On the other hand, the rapid neutron-
caption process (r process), that accounts for the origin of
heavy elements in the universe [27–29], involves a large
amount of unstable nuclei, which calls for precise understand-
ing of the structures, decays, and reactions of those nuclei. In
addition to nuclear physics, unstable nuclei are also of special
significance in relevant fields such as astrophysics, which calls
for continuous devotion of effort. Despite rapid development
of modern nuclear facilities and advanced nuclear detectors,
many of the unstable nuclei are not synthesized experimen-
tally, and pioneering theoretical exploration can be rather
helpful.

In contrast to stable ones, the one- and/or two-nucleon
separation energies of unstable nuclei can be as small as
1–2 MeV or even less, due to the extremely imbalanced
neutron-proton ratio. For such weakly bound nuclear systems,
nucleons can be gradually scattered into the continuum by,
for example, pairing correlations, and the deduced continuum
effects should be treated carefully. In fact, as one of the
crucial weak binding mechanisms, pairing correlations play
an important role not only in stabilizing unstable nuclei but
also in developing novel nuclear phenomena such as halo
structures [25,26,30–34]. Compared to the BCS method [35],
which is widely used to describe the pairing correlations in
stable nuclei, the Bogoliubov transformation [36–38] has the
advantage of providing unified treatments of both pairing and
continuum effects [32–34], which is essential for the reliable
description of unstable nuclei.

On the other hand, as revealed by many experimental
and theoretical studies, most of nuclei in nuclear chart, ex-
cept for a few elements near magic numbers, have deformed
shapes deviating from spherical symmetry for both ground
and exited states. As we learn from the literature, nuclear
structures can be changed systematically with the defor-
mation. Benefiting from the notable progress achieved in
laser spectroscopy at RIB facilities, more and more novel
nuclear phenomena which couple with the deformation ef-
fects have been discovered, such as the island of inversion
[39–42], shape coexistence [43–45], superdeformed and hy-
perdeformed configurations [46,47], etc. Not only stable
nuclei, but many unstable nuclei can also be deformed. As in-
dicated in Ref. [48], the deformation affects can be significant
in deciding the boundary of the nuclear chart, which the new
generation RIB facilities focus on. For the reliable description
of unstable nuclei, it becomes necessary to incorporate the
deformation effects, in addition to the careful treatment of the
weak binding mechanisms, such as the pairing correlations.

Under the mean field approach, the nonrelativistic Hartree-
Fock-Bogoliubov (HFB) theory (see the review [49] and
references therein), including the Skyrme [50–54] and Gogny
[55,56] interactions, has long been developed and applied in
studying aspects of unstable nuclei, such as novelty[57–60],
pairing correlations [61–64], and tensor force effects [65–68].
Compared to the nonrelativistic ones, the relativistic mod-
els have the advantage of natural consideration of strong
spin-orbit couplings, which is meaningful for the reliabil-

ity of an extensive study of unstable nuclei. In this work,
we restrict ourselves within the relativistic scheme. As one
of the typical relativistic models, the relativistic mean field
(RMF) theory [69,70] (also referred as covariant density
functional theory), which contains only the Hartree dia-
gram of the meson-propagated nuclear force, has achieved
many successes in describing various nuclear phenomena
[32–34,49,71–74]. Aiming at the reliable description of un-
stable nuclei, continuous efforts have been devoted to the
extension of the RMF model resulting in the axially deformed
relativistic Hartree-Bogoliubov model [75–80], referred as
the D-RHB model here, by incorporating the effects of the
deformation and pairing correlations which are treated within
the Bogoliubov scheme. Recall that it is not an easy task to
solve the derived RHB equation directly in coordinate space;
it is a partial differential equation, and can be even an integral
one if utilizing the finite range pairing force.

At the early stage, the axially deformed harmonic oscil-
lator (HO) base was introduced to expand the Bogoliubov
spinors and the local mean fields [75,81–84]. It was further
extended to describe triaxially deformed nuclei by performing
the expansions over the three-dimensional Cartesian HO base
[85]. However, due to the nature of the HO potential, the
D-RHB model with the HO base met with difficulty in provid-
ing appropriate asymptotic behaviors of the wave functions,
particularly for the unstable nuclei of dilute matter distri-
butions. Such difficulty might be overcome by considering
a fairly large amount of oscillator shells, while leading to
huge numerical cost. Another alterative recipe is to perform
the expansions over the transformed HO base that can mod-
ify the unphysical asymptotic properties [76,77]. Although
the HO base has the advantage of simplicity, lots of efforts
were devoted to developing the D-RHB model by expand-
ing the Bogoliubov spinors on the complete set made of the
solutions of the Dirac equation with a spherical Dirac Woods-
Saxon (DWS) potential, which is referred as the DWS base
[79,80,86]. In contrast to the HO base, the DWS base has the
advantage in providing appropriate asymptotic behaviors of
the wave functions because of the nature of the Woods-Saxon
type potential [87], and such advantage is essential for the
reliable description of unstable nuclei. The D-RHB model
with the spherical DWS base has achieved great successes in
describing axially deformed nuclei [78–80,88–92], as well as
in providing a global nuclear mass table [93,94].

Despite the successes achieved by the RMF models,
one may notice that only the Hartree terms of the meson-
propagated nuclear force are considered, and the Fock
diagrams are excluded just for simplicity. In addition to pro-
viding a complete picture of the meson-propagated nuclear
force, the presence of the Fock terms can also take the im-
portant ingredient of nuclear force into account, that is, the
tensor force component carried by the π - and ρ-tensor cou-
plings [95–99], which contribute mainly via the Fock diagram.
Based on the density-dependent relativistic Hartree-Fock
(RHF) theory [100,101] and its extension—the relativistic
Hartree-Fock-Bogoliubov (RHFB) theory [102]—significant
improvements due to the Fock terms have been achieved
for the self-consistent description of nuclear shell evolu-
tions [95–97,103], the spin and isospin excitations [104–108],
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symmetry energy [109–111], new magicity [21,97,112,113],
pseudospin symmetry [26,114–116], novel nuclear phenom-
ena [21,26,117], etc. In addition to the π - and ρ-tensor
couplings, it was illustrated that the tensor force components
can be naturally manifested in the Fock terms of other meson-
exchange channels [98,99,118]. This is quite meaningful for
the reliable description of unstable nuclei, in which the tensor
force can play a significant role not only in determining the
shell evolution but also in describing the excitation modes
[66,67,119].

In contrast to the simple Hartree terms, the Fock terms
contribute complicated nonlocal mean fields, which makes
the RHF calculations quite time consuming and limits its
extensive applications in deformed nuclei [120]. Recently,
by expanding the Dirac spinor on the spherical DWS base,
the axially deformed relativistic Hartree-Fock model [121]
was established, here referred as the D-RHF model, in
which the pairing correlations are treated by using the BCS
method. Taking the deformed 20Ne as an example, it is
found that the π -pseudovector coupling, coupled with the
deformation effects, presents notable improvement in repro-
ducing the binding energy of 20Ne, and the carried tensor
force components essentially change the evolution behavior
of single-particle (s.p.) spectra with respect to the deforma-
tion [121]. This encourages us much to further improve the
description of the pairing effects by incorporating with the
Bogoliubov transformation.

Aiming at reliable description of wide-range unsta-
ble nuclei, the axially deformed relativistic Hartree-Fock-
Bogoliubov model, here referred as the D-RHFB model, is
developed in this work. The paper is organized as follows.
In Sec. II, the complete theoretical framework is briefly in-
troduced, and the D-RHFB frame is established by quantizing
the Dirac spinor field in the Bogoliubov quasiparticle space, in
which the Bogobliubov quasiparticle spinors are expanded on
the spherical DWS base, like we did in developing the D-RHF
model. Afterwards, by taking the deformed light nucleus 24Mg
and mid-heavy one 156Sm as candidates, the space truncations
related with the spherical DWS base are discussed in Sec. III,
and in particular we focus on the role of the ρ-tensor couplings
in describing the structure properties of the selected nuclei.
Finally, we give a summary in Sec. IV. In addition to the
Appendix in Ref. [121], the detailed formulas of the ρ-tensor
and ρ-vector-tensor couplings are list in Appendix A, and
Appendices B and C show the details of pairing potentials
with Gogny-type pairing force and microscopic center-of-
mass corrections, respectively.

II. GENERAL FORMALISM

To provide a complete understanding on the theoretical
framework, first we briefly recall the general formalism of
the relativistic Hartree-Fock (RHF) theory. In addition to the
D-RHF model in Ref. [121], the degrees of freedom associ-
ated with the ρ-tensor (ρ-T) coupling is implemented in this
work. Afterwards, the relativistic Hartree-Fock-Bogoliubov
model for axially deformed nuclei, referred as the D-RHFB
model, will be introduced in detail in which the Bogoliubov

quasiparticle wave functions are expanded on the spherical
Dirac Woods-Saxon (DWS) base [86].

A. RHF Lagrangian and Hamiltonian

Under the meson-exchange diagram of nuclear force, the
Lagrangian density for the nuclear systems, the starting point
of the theory, can be constructed by considering the degrees of
freedom associated with the nucleon field (ψ) and meson and
photon (Aμ) fields. For the meson fields, which propagate the
nucleon-nucleon interaction, two isoscalar mesons σ and ωμ

and two isovectors ones �ρμ and �π of the following quantum
numbers (Iπ , τ ) are considered:

σ (0+, 0), ωμ(1−, 0), �ρμ(1−, 1), �π (0−, 1), (1)

where I , π , and τ are the spin, parity, and isospin of the se-
lected mesons, respectively. Here and in the following, arrows
are used to denote the isovectors and the boldface to denote
the space vectors. Thus, the Lagrangian density of nuclear
system can be expressed as

L = LN + Lσ + Lω + Lρ + Lπ + LA + LI , (2)

in which the Lagrangians Lφ (φ = N, σ, ω, ρ, π and A) of the
nucleon, meson, and photon fields read as

LN = ψ̄ (iγ μ∂μ − M )ψ, (3a)

Lσ = + 1
2∂μσ∂μσ − 1

2 m2
σ σ 2, (3b)

Lω = − 1
4μνμν + 1

2 m2
ωωμωμ, (3c)

Lρ = − 1
4

�Rμν · �Rμν + 1
2 m2

ρ �ρμ · �ρμ, (3d)

Lπ = + 1
2∂μ �π · ∂μ �π − 1

2 m2
π �π · �π, (3e)

LA = − 1
4 FμνFμν, (3f)

with the field tensors μν ≡ ∂μων − ∂νωμ, �Rμν ≡ ∂μ�ρν −
∂ν �ρμ, and Fμν ≡ ∂μAν − ∂νAμ. Considering the Lorentz
scalar (σ -S), vector (ω-V, ρ-V, and A-V), tensor (ρ-T),
and pseudovector (π -PV) couplings, the Lagrangian den-
sity LI , that describes the interactions between nucleon and
meson/photon fields, can be written as

LI = −gσ (ψ̄ψ )σ − gω(ψ̄γ μψ )ωμ

− gρ (ψ̄γ μ�τψ ) · �ρμ + fρ
2M

(
ψ̄σμν �τψ

) · ∂ν �ρμ

− fπ
mπ

(ψ̄γ5γ
μ�τψ ) · ∂μ �π − e

(
ψ̄γ μ 1 − τ

2
ψ

)
Aμ. (4)

In the above expressions, M and mφ are the masses of nucleon
and mesons, and gφ (φ = σ , ω, and ρ) and fφ′ (φ′ = ρ and
π ) represent various meson-nucleon coupling strengths. For
the isospin projection τ , the convention that τ |n〉 = |n〉 and
τ |p〉 = −|p〉 is used in this work.

From the Lagrangian density (2), one can obtain the Hamil-
tonian via the Legendre transformation. After neglecting the
retardation effects, namely ignoring the time component of
the four-momentum carried by the mesons and photon, and
substituting the form of solution of the meson and photon field
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equations, the Hamiltonian can be derived as [122]

H = T +
∑

φ

Vφ, (5)

where the kinetic energy (T ) and potential energy (Vφ) parts
read as

T =
∫

dr ψ̄ (r)(−iγ · ∇ + M )ψ (r), (6)

Vφ = 1

2

∫
dr dr′ψ̄ (r)ψ̄ (r′)�φDφ (r − r′)ψ (r′)ψ (r). (7)

In the above expressions, φ represents various two-body
interaction channels, namely the σ -S, ω-V, ρ-V, ρ-T, ρ-
vector-tensor (ρ-VT), π -PV, and A-V couplings, and the
relevant vertex �φ (x, x′) read as

�σ -S ≡ −gσ (x)gσ (x′), (8a)

�ω-V ≡ (gωγμ)x(gωγ μ)x′, (8b)

�ρ-V ≡ (gργμ�τ )x · (gργ
μ�τ )x′ , (8c)

�ρ-T ≡ 1

4M2
( fρσνk �τ∂k )x · ( fρσ

νl �τ∂l )x′, (8d)

�ρ-VT ≡ 1

2M

(
fρσ

kν �τ∂k
)

x · (gργν �τ )x′

+ 1

2M
(gργν �τ )x · ( fρσ

kν �τ∂k )x′, (8e)

�π-PV ≡ −1

m2
π

( fπ �τγ5γμ∂μ)x · ( fπ �τγ5γν∂
ν )x′ , (8f)

�A-V ≡ e2

4
[γμ(1 − τ )]x[γ μ(1 − τ )]x′ . (8g)

After neglecting the retardation effects, the propagators
Dφ (r − r′) of the meson and photon field in Vφ are of the
Yukawa form,

Dφ = 1

4π

e−mφ |r−r′|

|r − r′| , DA = 1

4π

1

|r − r′| . (9)

B. Quantization of the Hamiltonian

In this work, we intend to derive the full energy functional
from the Hamiltonian (5) by considering its expectation with
respect to the Bogoliubov ground state, which may be used
to deduce contributions from both the mean field and pairing
correlations. However, it is not so straightforward to quantize
the Dirac spinor field ψ and further the Hamiltonian (5) in the
Bogoliubov quasiparticle space, as was done in the particle
space to derive the RHF energy functional [121,122].

Under the RHF approach, the Dirac spinor field ψ can be
quantized as

ψ (x) =
∑

l

ψl (x)cl , ψ̄ (x) =
∑

l

ψ̄l (x)c†
l , (10a)

where x = (t, r), the creation and annihilation operators c†
l

and cl in the Hartree-Fock (HF) space are defined by the
positive energy solutions of the Dirac equation, and ψl (x) is
the s.p. wave function. In quantizing the Dirac spinor ψ , i.e.,

Eq. (10), the contributions from the negative energy solutions
of the Dirac equation are ignored to keep consistency with the
mean field approach, namely the no-sea approximation. Thus,
the HF ground state |HF〉 can be defined as

|HF〉 ≡
A∏

l=1

c†
l |−〉, (11)

where |−〉 is the vacuum state. The expectation of the Hamil-
tonian (5) with respect to |HF〉 leads to the RHF energy
functional, whereas the pairing effects in open-shell nuclei are
considered for instance by the BCS method [121].

The Bogoliubov scheme is another efficient way to
describe the pairing correlations. From the Bogoliubov trans-
formation, that defines the relation between the HF particle
and Bogoliubov quasiparticle spaces as(

βk

β
†
k

)
=
∑

l

(
U ∗

lk V ∗
lk

Vlk Ulk

)(cl

c†
l

)
, (12)

where βk and β
†
k are the annihilation and creation operators of

the Bogoliubov quasiparticle, respectively, one may establish
the following specific relationship between the HF and HFB
wave functions:

ψV
k (x) =

∑
l

Vlkψl (x), ψ̄V
k (x) =

∑
l

V ∗
lkψ̄l (x), (13)

ψU
k̄ (x) =

∑
l

Ulkψl̄ (x), ψ̄U
k̄ (x) =

∑
l

U ∗
lkψ̄l̄ (x), (14)

where ψV and ψU denote the V and U components of the
Bogoliubov quasiparticle spinor, respectively. In the above
expressions, the indices l and k denote the HF s.p. states and
the Bogoliubov quasiparticle states, respectively, and l̄ and k̄
hold for the relevant time-reversal partners. Thus, in terms of
βk and β

†
k , the Dirac spinor field ψ can be expanded as

ψ (x) =
∑

k

(
ψU

k̄ (r)e−iεktβk + ψV
k (r)e+iεktβ

†
k

)
, (15a)

ψ̄ (x) =
∑

k

(
ψ̄V

k (r)e−iεktβk + ψ̄U
k̄ (r)e+iεktβ

†
k

)
, (15b)

in which εk is the quasiparticle energy, and the explicitly
introduced time-reversal partners are necessary to form the
Cooper pairs. One may notice that it is not trivial to go from
Eq. (10) to the above expansions. This is due to the fact that
the relation between the HF ground state (11) and HFB one is
not as straightforward as one expects. The HFB ground state
|HFB〉 must fulfill the condition [123]

βk|HFB〉 = 0. (16)

With this condition, it is hard to have a unique form similar to
the HF one |HF〉.

Since the expansion (15) is deduced from the quantization
(10) and the Bogoliubov transformation (12), the quasiparticle
operators βk and β

†
k also obey the anticommutation relation of

fermions. With the quantization form (15) for the Dirac spinor
field ψ , the kinetic energy (6) and potential energy (7) terms
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in the Hamiltonian can be expressed as

T =
∑
kk′

∫
d rψ̄V

k (r)(−iγ · ∇ + M )ψV
k′ (r)βkβ

†
k′ , (17)

Vφ = 1

2

∑
k1k2k′

2k′
1

∫
dr dr′[ψ̄V

k1
(r)ψ̄V

k2
(r′)�φ (r, r′)Dφ (r − r′)ψV

k′
2
(r′)ψV

k′
1
(r)βk1βk2β

†
k′

2
β

†
k′

1

+ ψ̄V
k1

(r)ψ̄U
k̄2

(r′)�φ (r, r′)Dφ (r − r′)ψU
k̄′

2
(r′)ψV

k′
1
(r)βk1β

†
k2
βk′

2
β

†
k′

1

]
, (18)

in which the terms with zero expectation referring to |HFB〉
are omitted. Obviously, the first term in Vφ corresponds to the
contribution of the mean field, and the second one accounts
for the pairing correlations.

Thus, instead of deriving an explicit form of |HFB〉 before-
hand, one can obtain the full energy functional directly from
the expectation of the Hamiltonian (5) with respect to |HFB〉
as

E =〈HFB|H |HFB〉
=Ekin. +

∑
φ

(
ED

φ + EE
φ + E pp

φ

)
, (19)

where the kinetic energy Ekin., the Hartree potential energy
ED

φ and Fock one EE
φ , and the pairing energy E pp

φ read as

Ekin. =
∑

k

∫
drψ̄V

k (r)(−iγ · ∇ + M )ψV
k (r), (20a)

ED
φ = +1

2

∑
kk′

∫
dr dr′ψ̄V

k (r)ψ̄V
k′ (r′)

×�φDφ (r − r′)ψV
k′ (r′)ψV

k (r), (20b)

EE
φ = −1

2

∑
kk′

∫
dr dr′ψ̄V

k (r)ψ̄V
k′ (r′)

×�φDφ (r − r′)ψV
k (r′)ψV

k′ (r), (20c)

E pp
φ = +1

2

∑
kk′

∫
dr dr′ψ̄V

k (r)ψ̄U
k̄ (r′)

×�φDφ (r − r′)ψU
k̄′ (r′)ψV

k′ (r). (20d)

Notice that the expectation of the quantized two-body interac-
tion Vφ (18) does give the Hartree and Fock potential energies,
namely Eqs. (20b) and (20c), while the pairing energy (20d)
does not contain commutative antisymmetric contributions.

Although there exist some attempts at the relativistic treat-
ments of the pairing correlations [124–126], it still fails to
provide reasonable results with a uniform effective interaction
for both mean field and pairing potential. In order to get
reasonable description of the pairing effects, researchers often
utilize the phenomenological pairing force, such as the zero-
range delta force [127], finite-range Gogny force [102,127],
separable pairing force [128], etc. In this work, we choose
the finite-range Gogny force D1S [129] as the pairing force.
Specifically, the term �φDφ (r − r′) in E pp

φ is replaced by
(γ0)x(γ0)x′V pp

Gogny(r − r′); see the following for details.

With the obtained energy functional (19), one can derive
the RHFB equation for the Bogoliubov quasiparticles follow-
ing the variational principle. One may also notice that only
the V components of the quasiparticle spinors remain in the
kinetic and potential energies; see Eqs. (20a)–(20c). If one
is performing the variation with respect to the V component,
only part of the RHFB equation can be deduced. In fact, the
U and V components must fulfill certain conditions due to
the unitarity of the Bogoliubov transformation [123]. Thus,
obtaining the full RHFB equation requires one to perform the
variation of the energy functional with respect to the general-
ized density matrix R as

R ≡
(

ρ κ

−κ∗ 1 − ρ∗

)
, (21)

where ρ is the density matrix and κ is the pairing tensor
[123]. Following the procedure detailed in Ref. [130], one
may obtain the quasiparticle Hamiltonian H as

H = ∂E

∂R
=
(

h �

−�∗ −h∗

)
, (22)

where h = ∂E/∂ρ and � = ∂E/∂κ are respectively the s.p.
Hamiltonian and pairing potential, which will bedescribed in
the following.

For spherical nuclei, the deduced RHFB equation is an in-
tegrodifferential equation because of the nonlocal Fock terms
and pairing potentials [102]. This equation is hard to solve
in coordinate space. For axially deformed nuclei, the RHFB
equation becomes an integral partial-differential equation,
leading to an even more complicated numerical problem. In
this work, we will expand the U and V components of quasi-
particle wave functions on the spherical Dirac Woods-Saxon
(DWS) base [86], like we did in Refs. [102,121].

In addition to the convenience of solving the RHFB equa-
tion, it is shown in Ref. [121] that one can avoid the singularity
at r = r′ in the propagators (9) by introducing the expansion
on the spherical DWS base, since only finite terms among the
propagator decompositions can contribute with a given space
truncation; see Eqs. (31) and (32) in Ref. [121]. This is one
of the reason why we do not utilize the axially deformed
harmonic oscillator base to expanded the quasiparticle wave
functions, although it has a simple analytic form. In addition,
the spherical DWS base can provide appropriate asymptoti-
cal behaviors of the wave functions. It is not so significant
for the stable nuclei, but can be essential when extending
from the stable to unstable region of the nuclear chart. For
weakly bound unstable nuclei, the continuum effects can be
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involved and thus the appropriate asymptotical behaviors of
the wave functions are significant for a reliable description
[25,30,32,127].

C. RHFB energy functional and eigenvalue
equations with spherical DWS base

From spherical to axial symmetry, the s.p./quasiparticle
angular momentum j is no longer a conserved physical quan-
tity, and its projection m remains a good quantum number.
In addition to the axial symmetry, another restriction, the
reflection symmetry with respect to the z = 0 plane, is also
introduced for the axially deformed nuclei in this work, which
indicates conserved parity π for s.p./quasiparticle states. In
the following, we utilize the index i = (νπm) to denote the
quasiparticle orbits of axially deformed nuclei, ν for the index
of the orbits in the (πm) block.

Using the spherical DWS base, the U and V components of
the quasiparticle wave functions ψU and ψV can be expanded
as

ψU
νπm =

∑
a

CU
a,iψam, ψV

νπm =
∑

a

CV
a,iψam, (23)

where the coefficients CU
a,i and CV

a,i are restricted to real
numbers, and the index a = (nκ ) together with the angular
momentum projection m define the states in the spherical
DWS base, with κ = ±( j + 1/2) and j = l ∓ 1/2, l for or-
bital angular momentum, and n for the principle number.
For the spherical DWS base, the wave function ψnκm can be
explicitly expressed as

ψnκm = 1

r

(
Gnκ (r)κm(ϑ, ϕ)

iFnκ (r)−κm(ϑ, ϕ)

)
, (24)

where κm is the spinor spherical harmonics [131].
Like we did in Ref. [121], the expansions of ψU

νπm and
ψV

νπm are further abbreviated as

ψV
νπm =

∑
κ

1

r

( GV
iκκm

iFV
iκ−κm

)
, (25a)

ψU
νπm =

∑
κ

1

r

( GU
iκκm

iFU
iκ −κm

)
, (25b)

where the quantities G and F contain the superposition of
radial wave functions G and F as

GV
iκ =

∑
n

CV
nκ,iGnκ , FV

iκ =
∑

n

CV
nκ,iFnκ , (26a)

GU
iκ =

∑
n

CU
nκ,iGnκ , FU

iκ =
∑

n

CU
nκ,iFnκ . (26b)

Employing the expansions (25), the kinetic energy func-
tional (20a) can be explicitly expressed as

Ekin. =
∑

iκ

∫
dr

{
FV

iκ

[
dGV

iκ

dr
+ κ

r
GV

iκ − MFV
iκ

]

− GV
iκ

[
dFV

iκ

dr
− κ

r
FV

iκ − MGV
iκ

]}
. (27)

For the potential energies, there exist the Hartree and Fock
terms. For the Hartree terms (20b), the contributions from
various meson-nucelon coupling channels can be derived as

ED
σ -S = 2π

2

∫
r2dr

∑
λd

�
λd
S,σ -S(r)ρλd

s (r), (28a)

ED
ω-V = 2π

2

∫
r2dr

∑
λd

�
λd
0,ω-V(r)ρλd

b (r), (28b)

ED
ρ-V = 2π

2

∫
r2dr

∑
λd

�
λd
0,ρ-V(r)ρλd

b,3(r), (28c)

ED
ρ-T = 2π

2

∫
r2dr

∑
λd μ

�
λd μ
T,ρ-T(r)ρλd μ

T,3 (r), (28d)

ED
ρ-VT = 2π

2

∫
r2dr

[∑
λd μ

�
λd μ
T,ρ-TV(r)ρλd μ

T,3 (r)

+
∑
λd

�
λd
0,ρ-VT(r)ρλd

b,3(r)

]
. (28e)

In the above expressions, �S,φ , �0,φ , and �T,φ represent re-
spectively the local scalar, vector, and tensor self-energies
from various channels φ, including the contributions of the
Hartree terms and rearrangement term due to the density de-
pendence of the meson-nucleon coupling strengths [100,101].
For the A-V couplings, the expressions can be obtained sim-
ilarly to the ω-V and ρ-V ones. The details can be found in
Appendix A 2 of Ref. [121]. In Appendix A 2, the details of
the ρ-T and ρ-VT couplings are implemented, namely �

λd μ
T,ρ-T,

�
λd μ
T,ρ-TV, �

λd
0,ρ-VT, as well as the tensor density ρ

λd μ
T,3 .

The Fock terms of the two-body interactions present rather
complicated contributions to the energy functional. Even so,
the Fock energy functional EE

φ , i.e., Eq. (20c), can be uni-
formly described as

EE
φ = 1

2

∫
drdr′ ∑

iκ1κ2

(
GV

iκ1
FV

iκ1

)
r

×
(

Y κ1,κ2;φ
G,πm Y κ1,κ2;φ

F,πm

X κ1,κ2;φ
G,πm X κ1,κ2;φ

F,πm

)
r,r′

(
GV

iκ2

FV
iκ2

)
r′
, (29)

where φ represents the coupling channels σ -S, ω-V, ρ-V, ρ-T,
ρ-VT, π -PV, and A-V. The details of the ρ-T and ρ-VT cou-
plings are given in Appendices A 3 and A 4, and the others can
be found in Appendix A 3 of Ref. [121]. For the nuclei with
odd neutron and/or proton numbers, the blocking effects must
be considered, and one needs to replace the V components by
the U components for the blocked orbits in dealing with the
kinetic energy and potential energy terms.

For the contributions from the pairing correlations, i.e.,
Eq. (20d), we adopt the Gogny force D1S as the pairing force,
due to the advantage mentioned in Ref. [121] that the finite-
range nature of Gogny force can lead to a natural convergence
with the configuration space in evaluating the pairing effects.
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The Gogny-type pairing force reads as

V pp
Gogny(r − r′) =

∑
i=1,2

exp

(
(r − r′)2

μ2
i

)
× (Wi + BiP

σ − HiP
τ − MiP

σ Pτ ), (30)

with the parameters μi, Wi, Bi, Hi, Mi (i = 1, 2) as the finite
range part of the Gogny force, and Pσ and Pτ are the spin
and isospin exchange operators, respectively. Employing the
expansions (23), the pairing energy can be derived as

E pp = 1

2

∑
mκ1κ2

∫
dr dr′

±∑
σσ ′

Kσσ ′
mκ1κ2

(r, r′)�σσ ′
mκ1κ2

(r, r′), (31)

where the pairing potential �σσ ′
is given by the variation with

respect to the pairing tensor components Kσσ ′
[130],

�σσ ′
mκ1κ2

=
∑

m′κ ′
1κ

′
2

�σσ ′
mκ1κ2,m′κ ′

1κ
′
2
Kσσ ′

m′κ ′
1κ

′
2
. (32)

In the above expressions, �σσ ′
is the combination of the

Clebsch-Gordan (C-G) coefficients and the radial part of the
Gogny force, and σ, σ ′ = ± correspond to the upper (+)
and lower (−) components of ψU,V

νπm in Eqs. (25). In deriving
pairing energy, the L-S coupling scheme is used [127]. In
order to fully evaluate the pairing effects, the contributions
of all J (J = L + S) components are considered in this work,
rather than only J = 0 component as in Ref. [121]. The details
are given in Appendix B.

Since the quasiparticle spinors ψU and ψV are expanded
on the spherical DWS base, the RHFB equation for the Bo-
goliubov quasiparticles turns out to be an eigenvalue equation,

∑
a′

(−hi
aa′ + λ �i

aa′

�i
aa′ hi

aa′ − λ

)(
CU

a′,i

CV
a′,i

)
= εi

(
CU

a,i

CV
a,i

)
, (33)

where the chemical potential λ is introduced to conserve the
particle number on average. In the above equation, the s.p.
Hamiltonian hi

aa′ contains three parts,

hi
aa′ = hm,kin.

aa′ + hm,D
aa′ + hm,E

aa′ , (34)

which correspond to the kinetic, local mean field and nonlocal
mean field terms, respectively. The kinetic energy term hm,kin.

aa′
reads as

hm,kin.
aa′ =

∫
dr

{
−Ga

[
dFa′

dr
− κ

r
Fa′ − MGa′

]
+ Fa

[
dGa′

dr
+ κ

r
Ga′ − MFa′

]}
, (35)

in which κ = κ ′. The local mean field term hm,D
aa′ , that con-

tains the Hartree mean field and rearrangement term, can be
expressed as

hm,D
aa′ =

∫
dr
∑
λd

(−1)m+ 1
2 (Ga Fa)r

×
(

�
λd+ �

λd+
�

λd− �
λd−

)
r

(
Ga′

Fa′

)
r

, (36)

where the local self-energy terms �± and �± read as

�
λd±

(∑
φ′

�
λd
0,φ′ ± �

λd
S,σ -S

)
Dλd 0

κm,κ ′m, (37)

�
λd± =

∑
μ

(
�

λd μ
T,ρ-T + �

λd μ
T,ρ-VT

)
Qλd μσ

±κm,∓κ ′m. (38)

In the above expressions, φ′ corresponds to the vector (ω-V,
ρ-V, and A-V) and ρ-VT coupling channels, and the rear-
rangement terms �R due to the density dependencies of the
coupling strengths. The details of D and Q symbols are given
in Appendix A 1.

The nonlocal term hm,E
aa′ , that contains the contributions of

the Fock terms, can be written in a compact form as

hm,E
aa′ =

∑
φ

∫
dr dr′(Ga Fa)r

×
(

Y κκ ′,φ
G,πm Y κκ ′,φ

F,πm

X κκ ′,φ
G,πm X κκ ′,φ

F,πm

)
r,r′

(
Ga′

Fa′

)
r′
, (39)

in which the details of the nonlocal mean fields XG, XF , YG,
and YF can be found in Appendices A 3 and A 4, and Ap-
pendix A 2 of Ref. [121]. Similarly to the nonlocal Fock term
hm,E

aa′ , using the derived pairing potential (32), the pairing term
�m

aa′ can be written as

�m
aa′ =

∫
dr dr′(Ga Fa)r

×
(

�++
mκκ ′ �+−

mκκ ′

�−+
mκκ ′ �−−

mκκ ′

)
r,r′

(
Ga′

Fa′

)
r′
, (40)

where the terms �±±
mκκ ′ are given in Eq. (32).

In addition to the energy functional (19), the corrections on
the center-of-mass (c.m.) motion is introduced as usual. The
c.m. corrections are evaluated in a microscopic way [132,133]
as

Ec.m. = − 1

2AM
〈HFB|P̂2

c.m.|HFB〉, (41)

where A is the nuclear mass number and Pc.m. = ∑
i pi is

the c.m. momentum. Note that the c.m. corrections are not
involved in the variation of the energy functional. For com-
pleteness, we also give the details of the c.m. corrections in
Appendix C.

D. Analysis of the coupling channels

In order to have a better understanding of the deformation
effects, particularly the evolution of the shell structure with
respect to the deformation, it is worthwhile to perform a qual-
itative analysis on the nature of the meson-nucleon coupling
channels. In the following, we focus on the π -PV and ρ-T
coupling channels, and the analysis is carried out using the
momentum representation for convenience.

In the momentum space, the energy functional contributed
by the Fock diagrams of the π -PV and ρ-T couplings can be
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expressed as

Eπ-PV = −1

2

1

(2π )6

f 2
π

m2
π

∫
d p d p′Tττ ′ ū(p)ū(p′)

× (γ5γ · q)(γ5γ · q)′
1

m2
π + q2

u(p)u(p′), (42)

Eρ-T = −1

2

1

(2π )6

f 2
ρ

(2M )2

∫
d p d p′Tττ ′ ū(p)ū(p′)

× (σiνqi )(σ kνqk )′
1

m2
ρ + q2

u(p)u(p′), (43)

where Tττ ′ = 2 − δττ ′ , and the momentum transfer q = p −
p′. In the above contributions, the zero-range parts are can-
celed by adding the following contact terms:

E δ
π-PV = +1

6

1

(2π )6

f 2
π

m2
π

∫
d p d p′Tττ ′ ū(p)ū(p′)

× (
γ5γ

) · (γ5γ
)′

u(p)u(p′), (44)

E δ
ρ-T = +1

6

1

(2π )6

f 2
ρ

(2M )2

∫
d p d p′Tττ ′ ū(p)ū(p′)

× (σμi )(σ
μi)′u(p)u(p′). (45)

For the π -PV coupling, the nonrelativistic reduction leads
to the vertex of the tensor force component as

V π
T = (σ · q)(σ ′ · q) − 1

3
(σ · σ ′)q2

= 4

3
S2q2

√
4π

5
Y20(ϑ, ϕ), (46)

where the total spin S = s + s′, and ϑ denotes the angle be-
tween S and transferring momentum q. Note that, in the above
expressions, the term (σ · q)(σ ′ · q) originates from the π -PV
coupling (43), whereas the term (σ · σ ′)q2 does not simply
correspond to the contact term (44) because

(σ · σ ′)q2

m2
π + q2

= (σ · σ ′) − (σ · σ ′)
m2

π

m2
π + q2

, (47)

in which the first term in the right-hand side corresponds to
the contact term (44), and the second term is introduced to
have the tensor-type vertex (46).

For the time component (μ = 0) of the ρ-T coupling (43),
one can obtain an expression similar to Eq. (46) but with oppo-
site sign, following the procedure of deriving V π

T of the π -PV
coupling. We stress that the derived expression corresponds to
the coupling between the upper and lower components of the
Dirac spinor, in contrast to the π -PV coupling.

For the space components of the ρ-T coupling, the situation
is more complicated, and the vertex (σ jl ql )(σ ′ jkqk ) can be
expressed as

−
((

σ × q
) · (σ ′ × q

)
0

0
(
σ × q

) · (σ ′ × q
)). (48)

Similarly to the derivation Eq. (46), one can deduce the
following results for the space component of the ρ-T

coupling as

−
[

(σ × q) · (σ ′ × q) − 2

3
(σ · σ ′)q2

]
= +4

3
S2q2

√
4π

5
Y20(ϑ, ϕ). (49)

Notice that for the term (2/3)(σ · σ ′)q2, the factor 2 originates
from the contact term (45).

It can be seen that the π -PV and the space component of
the ρ-T couplings lead to similar results; see Eqs. (46) and
(49). However, they do not correspond to the similar tensor
effects, because ϑ and ϕ represent the angles between the
vectors S and q. Qualitatively, considering s = 1

2σ and s′ =
1
2σ ′, both Eqs. (46) and (49) lead to opposite contributions
for the cases of s = s′ and s = −s′. In addition, the ones of
the π -PV coupling [Eq. (46)] are opposite to those of the
ρ-T space components [Eq. (49)], being consistent with the
opposite tensor effects. We stress that such analysis is rather
rough, and the situation in realistic nuclei can be much more
complicated.

Despite the tensor effects, the expressions (46) and (49)
can still help us to understand the effects of the π -PV and
ρ-T couplings in finite nuclei, at least qualitatively. For the
convenience of discussion, we show the two-body interaction
using the L-S coupling scheme as〈(

1
2

1
2

)
S, (l1l2)L; JM

∣∣Vφ

∣∣( 1
2

1
2

)
S′, (l ′

1l ′
2)L′; J ′M ′〉, (50)

in which Vφ represents the coupling channels, and 1
2 and

l are respectively the spin and orbital angular momentum
of the expansion terms of the wave functions ψV

νπm and
ψU

νπm; see Eq. (25). Because of the spherical harmonics func-
tion Y20 in Eqs. (46) and (49), it can be deduced that L =
|L′ − 2|, . . . , L′ + 2. Qualitatively speaking, compared with
the scalar (σ -S) and vector (ω-V, ρ-V, and A-V) couplings,
more expansion terms can be involved, which may lead to
tight correlations between the π -PV/ρ-T couplings and the
deformation effects. In fact, notable enhancement with the
respect to the deformation from the π -PV coupling has been
manifested in 20Ne [121].

III. RESULTS AND DISCUSSIONS

For the newly developed D-RHFB model in this work, we
implement the ρ-T and ρ-VT couplings, in addition to using
the Bogoliubov scheme to deal with the pairing correlations.
For the first attempts, we select the light nucleus 24Mg and
the mid-heavy one 156Sm as candidates, both of which are po-
tentially deformed. The D-RHFB calculations are performed
by utilizing the RHF Lagrangians PKA1 [101], PKO1 [100],
and PKO2 [95], as compared to the newly proposed RMF one
DD-LZ1 [134]. It is worthwhile to mention that in addition to
the ones considered in PKO2 and DD-LZ1, PKA1 contains
the degrees of freedom associated with the π -PV and ρ-T
couplings, and the π -PV coupling is included in PKO1.

In determining the spherical DWS base, the spherical Dirac
equations are solved by setting the spherical box size as 20 fm
with radial mesh step 0.1 fm. Compared to the D-RHF model
with BCS pairing [121], the implemented ρ-T and ρ-VT
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couplings notably increase the numerical complexity, and the
calculations become even more time consuming. Thus, in
dealing with the complicated Fock terms, especially the ρ-T
coupling, the parallel speedup technology has been considered
in developing the D-RHFB code, by using a high performance
GPU for the calculations of the nonlocal Fock mean fields and
pairing potentials. As an example, for a single calculation of
the mid-heavy nuclide 156Sm, it takes about 3.5 and 9.8 hours
respectively for PKO1 and PKA1, by fully using eight GPU
units (Tesla A100-40G) and eighty CPU cores. Comparing
PKO1 and PKA1, it is obvious that the ρ-T coupling re-
markably increases the computing time. Thankfully the GPU
parallel speedup technology notably decreases the computing
time and make the extension to the superheavy region real-
isitic. As a rough estimation for superheavy nuclei, it may
take about one day for a single calculation with the RHF
Lagrangian PKA1, and the memory size will be enlarged at
times due to more extensive configuration space as discussed
in the following.

A. Space truncations and convergence check

In order to provide a reliable description of nuclei, par-
ticularly for weakly bound unstable nuclei, it is necessary to
perform a convergence check with respect to the space trun-
cations for the newly developed D-RHFB model. Similarly
to the D-RHF model, there exist several space truncations,
namely the maximum value of the angular momentum pro-
jection m, the expansion terms (denoted by λp) of the
density-dependent coupling strengths, and the configuration
space of the spherical DWS base, namely the n and κ

quantities in Eqs. (23) and (25). Fortunately, one does not
need to care much about the pairing window because of the
aforementioned advantage of the finite-range Gogny pairing
force.

The maximum value of m, referred as mmax, depends on
the specific nucleus, which can be determined by referring
to the fundamental s.p. level scheme given by the traditional
shell model. Here the mmax value is selected as 11/2 for
24Mg and 17/2 for 156Sm, both of which are large enough
for the selected nuclei. For the expansion terms of the density
dependent coupling strengths, see Eq. (46) in Ref. [121],
we consider five terms λp = 0, 2, 4, 6, 8 for both 24Mg and
156Sm, which is accurate enough. Combined with the follow-
ing discussions, it can be deduced that the numerical cost
will be doubly enlarged with larger mmax and/or more λp

terms.
The space truncation of the spherical DWS base, i.e., the

cutoffs on the principle number n and the κ quantity, depends
on the specific m value, as seen from the expansions (23) or
(25). The detailed cutoff on the κ quantity has been described
in Ref. [121], here recalled as follows for completeness. For
the orbits with the maximum m value mmax, the number of
κ blocks in the expansion (25) is set as Kmmax , giving the
maximum absolute κ value as kmax = mmax + Kmmax − 1/2.
Then, for the orbits with arbitrary m, the κ blocks involved
in Eq. (25) read as |κ| = m + 1/2, m + 3/2, . . . , kmax and
sgn(κ ) = π × (−1)|κ|, π = ± for positive/negative parity.
Here we selected Kmmax = 4 with mmax = 11/2 for 24Mg and

FIG. 1. Binding energy EB (MeV) [plots (a) and (b)] and quadru-
ple deformation β [plots (c) and (d)] for 24Mg with respect to the
positive (+) and negative (−) energy cutoffs EC

± (MeV) in expand-
ing the spinors ψU and ψV . The results are calculated by PKA1,
PKO1, PKO, and DD-LZ1 with the initial deformation β0 = 0.4. The
marked experimental EB-value reads as −198.26 MeV [135].

Kmmax = 3 with mmax = 17/2 for 156Sm, and such selections
are tested to be accurate enough.

For the cutoff over the principle number n in the expansion
(23), the maximum n values for each κ block are determined
by the given energy cutoff. In expanding the spinors ψU

and ψV , both positive and negative energy solutions of the
spherical Dirac equation shall be considered to keep the com-
pleteness of the expansion. One should not mix this with the
no-sea approximation adopted in the mean field approach,
which corresponds to neglecting the Dirac sea in calculating
the densities/currents. The energy cutoffs read as EC

± , corre-
sponding the positive (+) and negative (−) energy cutoffs
in the spherical DWS base. Namely, the states with positive
(negative) energies E , that is E − M < EC

+ (E + M > EC
−),

are considered in the expansion (23). One may notice that it
is different from Ref. [121], in which the maximum n values,
reading as ND and NF therein, are simply fixed as the same
large enough values for all κ blocks. In general, preserving
similar numerical accuracy, the energy cutoff utilized in this
work leads to smaller configuration space for the spherical
DWS base, and the numerical cost can be also reduced by
some amount.

Figures 1 and 2 show the convergence tests respectively
for 24Mg and 156Sm, and the calculations are performed with
the initial deformation β0 = 0.4, using the RHF Lagrangians
PKA1, PKO1, and PKO2, and the RMF one DD-LZ1. In both
figures, plots (a) and (c) present the convergence with respect
to EC

+ respectively for the binding energy EB (MeV) and
quadruple deformation β, in which EC

− is fixed as 0 MeV, and
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FIG. 2. Same as Fig. 1, but for 156Sm. The marked experimental
EB value reads as −1279.98 MeV [135].

plots (b) and (d) show the results with respect to EC
− , in which

EC
+ is fixed as 400 MeV. As seen from Figs. 1 and 2, both

binding energy EB [plots (a)] and deformation β [plots (c)]
tend to converge, when EC

+ > 250 MeV for the light 24Mg and
EC

+ > 200 MeV for the mid-heavy 156Sm. With more negative
energy states involved in the expansion (23), the results for
24Mg remain almost unchanged for all the selected effective
Lagrangians; see plots (b) and (d) in Fig. 1.

However, the situation changes for the mid-heavy 156Sm,
particularly for the RHF Lagrangian PKA1. From the left
panels to right panels of Fig. 2, one can see slight but visible
changes in both binding energy EB and quadruple deformation
β given by PKO1, PKO2, and DD-LZ1. In contrast, notable
changes are surprisingly found in the values of EB and β given
by PKA1. It is also interesting to see that the results quickly
converge with slightly more negative EC

− values.
Combined with Figs. 1 and 2, one may conclude that the

convergence test is no doubt necessary for the positive energy
cutoff EC

+ for both light and heavy nuclei, and EC
+ � 350 MeV

can be accurate enough. Concerning the negative energy cut-
off, negative EC

− value means unbound negative energy states
of the spherical DWS base getting involved in expanding
the ψV and ψU . For the light nuclei, here 24Mg, the results
remain almost unchanged with more negative EC

− value, as
shown in Fig. 1. For mid-heavy and heavy nuclei, it becomes
necessary to have more negative energy states in the expan-
sion (23), particularly for the RHF Lagrangian PKA1, and
EC

− � −100 MeV can be accurate enough for selected 156Sm.
For heavier nuclei, such as the superheavy ones, a careful
convergence test with respect to EC

− is deserved for reliable
calculations. In fact, similar tests under the RMF scheme were
discussed in Ref. [86], and similar trends with respect to EC

−
were found, despite being less notable than those with PKA1.

B. Significance of the negative energy states of the DWS
base for mid-heavy nucleus 156Sm

In order to understand the notable changes from zero EC
−

value to negative ones in Fig. 2 in the quadruple deformation
β and binding energy EB, we show the neutron and proton
canonical single-particle spectra of 156Sm in Fig. 3, and the
results are calculated by PKA1 (left plots) and PKO1 (right
plots) with EC

− = 0 and −200 MeV. In Fig. 3, EF is used
to denote the Fermi levels and mπ

ν for the canonical single-
particle orbits.

We first focus on the results given by PKA1, namely the
left two plots of Fig. 3. For the results with EC

− = 0 MeV,
which indicate that only the bound negative energy states of
the spherical DWS base are involved in expanding ψV and ψU

[Eq. (23)], it can be seen that the neutron orbit 1/2+
11 and the

proton one 1/2−
8 are almost fully occupied. In contrast, the

neutron orbit 11/2−
1 with rather large m value is only partly

occupied, and the proton one 5/2−
3 is almost empty. With more

negative energy states of the spherical DWS base involved
in the expansion (23), i.e., the results with EC

− = −200 MeV
in Fig. 3, the neutron 11/2−

1 and proton 5/2−
3 orbits become

more deeply bound and fully occupied, whereas few particles
populate the much less bound neutron 1/2+

11 and proton 1/2−
8

orbits. Similarly to 11/2−
1 , the neutron orbit 9/2−

1 also be-
comes more deeply bound and fully occupied from zero EC

−
value to −200 MeV.

Compared to the notable changes given by PKA1 from
zero EC

− value to −200 MeV, the results given by PKO1 are
not significantly changed; see the right two plots in Fig. 3.
Even so, with EC

− = −200 MeV, both PKA1 and PKO1 give
similarly populated neutron/proton orbits around the Fermi
levels, but with different ordering. In order to better under-
stand the systematics, Table I shows the quadruple momenta
Q2 (fm−2) of the critical neutron (upper panel) and proton
(lower panel) orbits, whose occupations given by PKA1 are
remarkably changed from zero EC

− value to −200 MeV. As
seen from Table I, the neutron orbits 9/2−

1 and 11/2−
1 carry

evident oblate nature with rather negative Q2 values, and the
others are of prolate distributions. Combined with the results
in the left two plots of Fig. 3 and Table I, it is obvious that
the empty prolate neutron orbit 1/2+

11 and proton one 1/2−
8 ,

as well as the fully occupied oblate neutron orbits 9/2−
1 and

11/2−
1 and proton one 5/2−

3 , account for reduced quadruple
deformation β of 156Sm in the PKA1 results; see Fig. 2.
It is also worthwhile to mention that the Q2 values given
by PKA1 for the occupied prolate neutron orbit 5/2+

5 and
proton one 5/2−

3 are substantially reduced as well, consis-
tent with the deformation reduction from zero EC

− value to
−200 MeV. In contrast to that, the results given by PKO1
remain nearly unchanged, similarly to the systematics shown
in Fig. 2.

As we mentioned before, the negative energy states of the
spherical DWS base must be considered to keep the expansion
completeness of the wave functions ψU and ψV , although
the relevant expansion coefficients are rather small. As seen
from Fig. 2, it can be concluded that the results given by
PKA1 seem more sensitive to the negative energy cutoff EC

− ,
as compared to the other selected effective Lagrangians. In
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FIG. 3. Neutron and proton spectra of 156Sm given by PKA1 (left plots) and PKO1 (right plots) with negative energy cutofsf EC
− = 0 MeV

and −200 MeV, and the positive one EC
+ = 400 MeV. The ultrathick bars represent the occupation probabilities of the orbits mπ

ν and EF

denotes the Fermi levels.

fact, such a notable model difference can be understood qual-
itatively from the role of the ρ-T coupling. According to the
analysis in Sec. II D, the ρ-T coupling, as well as the π -PV
coupling, can get more expansion terms of the wave functions
to contribute in the two-body interactions, particularly for the
ones with large |κ| values whose couplings lead to large L/L′
values. For the mentioned neutron orbits 9/2−

1 and 11/2−
1 ,

which are dominated by the large |κ|-value blocks, it is not
enough to keep the completeness with EC

− = 0 MeV, because
only several bound negative energy states of the DWS base
can contribute to the expansion (23) for the relevant κ blocks.
Compared to the RMF Lagrangians, as well as the RHF ones
PKOi (i = 1, 2, 3), the strong ρ-T coupling carried by PKA1
enhances the correlations between the terms with large |κ|
values, and thus the completeness of the relevant κ-blocks
is essential for a reliable description with PKA1. It is also
worthwhile to recall that the π -PV couplings in PKO1 and
PKO3 [95] are much weaker than the ρ-T coupling in PKA1,
which may explain why PKO1 gives systematics, with respect
to EC

− value, similar to PKO2 and DD-LZ1.

TABLE I. Quadruple momentum Q2 (fm−2) of neutron (N) orbits
9/2−

1 , 11/2−
1 , 1/2+

11, and 5/2+
5 , and proton (P) ones 5/2−

3 and 1/2−
8 .

These results are calculated with PKA1 and PKO1 by selecting the
negative energy cutoff EC

− respectively as 0 MeV and −200 MeV and
EC

+ = 400 MeV.

PKO1 PKA1

EC
− 0 −200 0 −200

N 9/2−
1 −6.184 −6.155 −5.405 −5.980

11/2−
1 −22.940 −22.913 −24.216 −24.107

1/2+
11 57.140 56.775 53.972 64.870

5/2+
5 32.564 32.230 41.796 34.599

P 5/2−
3 23.941 23.715 35.173 27.843

1/2−
8 41.475 40.874 54.807 48.624

C. Description of light nucleus 24Mg

After the convergence check, we performed the D-RHFB
calculations for the light nucleus 24Mg, using the RHF
Lagrangians PKA1, PKO1, and PKO2, and the RMF one DD-
LZ1. Table II shows the binding energy EB (MeV), quadruple
deformation β, and charge radius rc (fm) for 24Mg. The
local minima are obtained by the self-consistent D-RHFB
calculations with different initial deformation, in which the
energy cutoffs of the spherical DWS base are selected as
EC

+ = 350 MeV and EC
− = −100 MeV with mmax = 11/2 and

Kmmax = 4.
From Table II, it is found that all the selected effective

Lagrangians present rather large prolate deformation (β ≈
0.5) for the ground state of 24Mg. The binding energy EB of
the ground state is well reproduced by the selected effective
Lagrangians, among which PKA1 shows the best agreement
with the data [135], and less good agreement is obtained by
the newly developed RMF Lagrangian DD-LZ1. Besides, one
can also find some systematics that may be related to the

TABLE II. Binding energy EB (MeV), quadruple deformation
including the total (β), neutron (βn) and proton (βp) ones, and charge
radius rc (fm) at various local minima of 24Mg, calculated by PKA1,
PKO1, PKO2, and DD-LZ1. The experimental EB value reads as
−198.26 MeV [135], and the experimental value of rc reads as
3.057 fm [136].

EB β βn βp rc

PKA1 −197.656 0.527 0.522 0.532 2.990
−193.580 −0.766 −0.758 −0.774 3.188
−190.569 −0.306 −0.302 −0.311 3.004

PKO1 −195.857 0.515 0.509 0.520 2.972
−190.364 −0.267 −0.263 −0.271 2.935

PKO2 −194.544 0.488 0.483 0.494 2.959
−190.089 −0.185 −0.183 −0.188 2.902

DD-LZ1 −196.214 0.489 0.484 0.495 2.961
−189.847 −0.248 −0.245 −0.252 2.948
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FIG. 4. Neutron (left panel) and proton (right panel) spectra of
the local minimum (denoted by β) of 24Mg, calculated by PKA1 with
EC

+ = 350 MeV and EC
− = −100 MeV. The ultrathick bars represent

the occupation probabilities of the orbits mπ
ν and EF denotes the

Fermi levels.

role played by the π -PV and ρ-T couplings. Specifically,
from PKO2 to PKO1 that contains the π -PV coupling, both
binding energy EB and deformation β increase greatly; and
continuing to PKA1 that takes both π -PV and ρ-T couplings
into account, the values of EB and β are further enlarged.
Compared to the RHF Lagrangians, DD-LZ1 gives deforma-
tion similar to PKO2, but with larger EB value than PKO1 and
PKO2, which might be due to improved in-medium balance
between the nuclear attractions and repulsions as revealed
in Refs. [116,134]. For the charge radius rc, all the selected
effective Lagrangians reproduce well the experimental data
[136], and from DD-LZ1 to PKA1 one can also find some
systematic improvement with the implementation of the Fock
terms.

Moreover, all the selected Lagrangians give the local mini-
mum at β ∈ (−0.18,−0.31) with similar binding energies for
24Mg. Different from the others, PKA1 provides an additional
minimum with rather large oblate deformation β = −0.766,
which corresponds to the second minimum in the PKA1 re-
sults. In fact, not shown in Table II, the shape constrained
calculations with PKO1 also present a weak local minimum
at similar oblate deformation as PKA1, but with rather high-
lying binding energy. A similar minimum has been also found
in the calculations of 20Ne with PKO1 and PKO3 [121]. Com-
bined with the systematics from PKO2 to PKO1 and further
to PKA1 in describing the ground state of 24Mg, the second
minimum with large oblate deformation given by PKA1 can
be taken as more evidence that the ρ-T coupling, as well as
the π -PV coupling [121], enhances the deformation effects.

As an implemented illustration, Fig. 4 shows the canonical
neutron (left panel) and proton (right panel) spectra given by
PKA1 for 24Mg at the local minima β = −0.766, −0.306
and 0.527, in which the ultrathick bars denote the occupation
probabilities and EF for the Fermi levels. Before detailed
discussions, it is worth mentioning the general deformation
behaviors in nuclear structure. Specifically, with branching
from the spherical j orbit, here denoted by the dominant ex-
pansion terms of the spherical DWS base, the orbits with small
m values become more deeply bound and those with large m

TABLE III. Proportions (in percentage) of the main expansion
components of neutron orbits 1/2+

2 and 3/2+
1 at the local minima

(denoted by β) of 24Mg, as well as the quadruple momentum Q2

(fm−2). The results are calculated by PKA1 with EC
+ = 350 MeV

and EC
− = −100 MeV.

1/2+
2 3/2+

1

β 2s1/2 1d5/2 Q2 1d3/2 1d5/2 Q2

0.527 17.8% 75.0% 12.15 9.9% 86.8% 6.12
−0.306 34.2% 63.6% −5.33 19.8% 79.2% −4.40
−0.766 63.2% 27.3% −9.23 52.7% 43.0% −8.62

values tend to be raised with enhanced prolate deformation,
and vice versa for enhanced oblate deformation.

As shown in Fig. 4, both neutron and proton orbits 5/2+
1 ,

which are not occupied for the ground state of 24Mg, become
deeply bound at the oblate local minima. This can be partly
treated as the natural results of the oblate deformation. On
the other hand, such effects can be enhanced by the π -PV
and ρ-T couplings, particularly the latter. According to the
expansion (23), one can easily deduce that the orbits 5/2+

1 are
dominated by the d5/2 components. Following the analysis in
Sec. II D, the couplings between the d5/2 components and the
others (mainly the s1/2, d3/2, p1/2, and p3/2 ones for 24Mg),
leading to more L terms, referred to the L-S scheme (50), can
be enhanced by the ρ-T coupling, as well as by the π -PV one.
Thus, it is not hard to understand that PKA1 gives a more
deeply bound second minimum with larger oblate deformation
than the other selected models, due to the enhanced correla-
tions between the intruded 5/2+

1 orbits and the others.
As shown in Fig. 4, one may also notice that both neutron

and proton orbits 1/2+
2 and 3/2+

1 are nearly degenerate at the
oblate minima. For a qualitative understanding, Table III gives
the proportions of the dominant components given by PKA1
in expanding the neutron orbits 1/2+

2 and 3/2+
1 , as well as

the Q2 values (fm−2). It can be seen that for the ground state
(β = 0.527) the 1d5/2 components play the dominant role for
both neutron orbits 1/2+

2 and 3/2+
1 , consistent with the large

prolate deformation. This may also partly explain why PKA1
presents a more deeply bound ground state for 24Mg than
the others, as indicated by the nature of the π -PV and ρ-T
couplings. From the prolate to oblate minima, the proportions
of the 1d5/2 components tend to be gradually reduced, partic-
ular from β = −0.306 to β = −0.776. In contrast, the 2s1/2

proportion for the orbit 1/2+
2 and the 1d3/2 one for the orbit

3/2+
1 increase greatly with the enhanced oblate deformation.

For the ground state of 24Mg, as shown in Fig. 4, there exist
fairly large gaps between the neutron/proton orbits 1/2+

2 and
3/2+

1 , which is consistent with the deformation effects since
both orbits are dominated by the 1d5/2 components, namely
branchings from the spherical 1d5/2 orbit. When nucleus be-
comes oblately deformed, it is expected that the ordering of
the orbits 1/2+

2 and 3/2+
1 inverts and the distance between

them enlarges with enhanced oblate deformation, if the orbits
are still dominated by the 1d5/2 components. However, as
shown in Fig. 4 and Table III, the orbits 1/2+

2 and 3/2+
1 given
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by PKA1 are nearly degenerate at the oblate minima, and,
consistently with the 2s1/2 and 1d3/2 proportions respectively
in the orbits 1/2+

2 and 3/2+
1 , become the dominant ones.

As is well known, the spherical 2s1/2 and 1d3/2 orbits form
pseudospin partners, which are expected to be degenerate
around the Fermi levels. Thus, the degenerate 1/2+

2 and 3/2+
1

orbits at the oblate minima of 24Mg might be taken as the
qualitative manifestation of the pseudospin symmetry in de-
formed nuclei, which seems to compete with the deformation
effects.

IV. SUMMARY

In this work, the axially deformed relativistic Hartree-
Fock-Bogoliubov (D-RHFB) model is established, and the
spherical Dirac Woods-Saxon (DWS) base is utilized in ex-
panding the Bogoliubov quasiparticle spinors and solving
the RHFB equations. It is shown that, starting from the La-
grangian density, the expectation of the derived Hamiltonian
with respect to the Bogoliubov ground state can give the full
energy functional, that contains contributions from both the
Hartree-Fock mean fields and pairing correlations. Following
this procedure, there do not exist antisymmetric terms in the
pairing energy. In addition, the degree of freedom associated
with the ρ-T coupling, automatically the ρ-VT one, is im-
plemented, and analyses of the nature of the π -PV and ρ-T
couplings are presented to provide a qualitative understanding
of their enhancement of the deformation effects. For practical
applications, the finite-range Gogny-type force is utilized as
the pairing force.

For a reliable description, the space truncations related to
the spherical DWS base are carefully verified by taking the
light nucleus 24Mg and the mid-heavy one 156Sm as candi-

dates. It is found that for light nuclei the completeness of
the expansion on the spherical DWS base can be achieved by
considering less negative energy states in the base than for the
mid-heavy and heavy ones, in which the correlations between
the expansion components of the DWS base with large κ

quantity are enhanced due to the strong ρ-T couplings carried
by the RHF Lagrangian PKA1. This indicates the necessity
of a careful convergence test regarding the completeness of
the expansion in future applications of the D-RHFB model in
heavy and superheavy nuclei.

Taking deformed 24Mg as an example, the roles played by
the ρ-T and π -PV couplings, which can couple with defor-
mation effects tightly, are discussed qualitatively, as is the
pseudospin symmetry. Besides a more deeply bound ground
state than those given by the other effective Lagrangians,
PKA1, that contains the ρ-T coupling, predicts a fairly deep
bound local minimum with large oblate deformation for 24Mg.
As indicated from the nature of the ρ-T and π -PV couplings,
this may result from the enhanced correlations between the
orbits 5/2+

1 and the others. For perspective, the effects of
π -PV and ρ-T couplings, coupled with nuclear deformation,
deserve to be studied systematically in future applications of
the D-RHFB model for a wide range of unstable nuclei.
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APPENDIX A: DETAILED FORMULAS FOR THE ρ-T AND ρ-VT COUPLINGS

1. Compounded symbols

In this work, the density dependences of the meson-nucleon coupling strengths are introduced to evaluate the nuclear in-
medium effects [100,101,116]. Under axial symmetry, together with the reflection symmetry with respect to the z = 0 plane, the
density-dependent coupling strengths can be decomposed as

gφ (ρb) =
√

2π
∑
λp

g
λp

φ (r)Yλp0(ϑ, ϕ), (A1)

in which λp shall be even, and gφ here represents the coupling strengths gρ and fρ . Similarly to the π -PV coupling, there exist
gradients over the propagator in the ρ-T and ρ-VT coupling channels,

∇rDρ (r, r′) = −mρ

∑
λyμy

λy±1∑
λ1

(−1)μyCλ10
λy010Sλyλ1 (r, r′)Y λ1

λyμy
(�)Yλy−μy (�′), (A2)

∇r∇r′Dρ (r, r′) = +m2
ρ

∑
λyμy

λy±1∑
λ1λ2

(−1)μyCλ10
λy010C

λ20
λy010V

λ1λ2
λy

(r, r′)Y λ1
λyμy

(�)Y λ2
λy−μy

(�′), (A3)

where Y λ′
λμ represents the vector spherical harmonics [131], and the radial parts read as

Vλ1λ2
λy

(r, r′) = −Rλ1λ2 (r, r′) + 1

m2
ρr2

δ(r − r′), (A4)

034329-13



JING GENG AND WEN HUI LONG PHYSICAL REVIEW C 105, 034329 (2022)

Rλ1λ2 (r, r′) =
√

1

rr′
[
Iλ1+ 1

2
(mρr)Kλ2+ 1

2
(mρr′)θ (r′ − r) + Kλ1+ 1

2
(mρr)Iλ2+ 1

2
(mρr′)θ (r − r′)

]
, (A5)

Sλyλ1 (r, r′) =
√

1

rr′
[
Iλ1+ 1

2
(mρr)Kλy+ 1

2
(mρr′)θ (r′ − r) − Kλ1+ 1

2
(mρr)Iλy+ 1

2
(mρr′)θ (r − r′)

]
, (A6)

where I and K are the modified Bessel functions.
In practice, we performed the integrations with respect to the angle variables � = (ϑ, ϕ), since the expansion of the wave

functions ψνπm is carried on the spherical Dirac Woods-Saxon (DWS) base. Such integration contains the Harmonic functions
deduced from the decompositions of the propagators and the coupling strengths, and the couplings between the spherical Dirac
spinors,

√
2π

∫
d�Yλd μd (�)Yλμ−μy (�)Yλp0(�) = 1√

2
λ̂d λ̂yλ̂

−1
p C

λp0
λd 0λy0C

λp0
λd μλy−μ ≡ (−1)μ�

λyμ

λd λp
, (A7)

where μ = μd = μy, and (λdμd ), (λyμy), and λp denote the terms originating from the couplings between the Dirac spinors, the
decompositions of the propagators, and the coupling strengths, respectively.

During the derivations of the ρ-T and ρ-VT couplings using the spherical DWS base, it is convenient to introduce the
following symbols, namely D , D̄ , Q, and Q̄, to abbreviate the complicated expressions

Dλμ
κ1m1;κ2m2

≡ 1√
2

ĵ1 ĵ2λ̂
−1CL0

j1
1
2 j2− 1

2
Cλμ

j1−m1 j2m2
, (A8)

D̄λμ̄
κ1m1;κ2m2

≡ (−1)κ1Dλμ̄
κ1−m1;κ2m2

, (A9)

Qλμσ
κ1m1;κ2m2

≡ (−1) j1+l1− 1
2

√
3 ĵ1 ĵ2 l̂1 l̂2

∑
J

Cλ0
l10l20C

JM
λμ1σ

⎧⎨⎩
j1 j2 J
l1 l2 λ
1
2

1
2 1

⎫⎬⎭CJM
j1−m1 j2m2

, (A10)

Q̄λμ̄σ
κ1m1;κ2m2

≡ (−1)κ1Qλμ̄σ
κ1−m1;κ2m2

. (A11)

In the symbols D and D̄ , μ = m2 − m1 and μ̄ = m2 + m1, whereas, for the symbols Q and Q̄, one can find μ + σ = m2 − m1

and μ̄ + σ = m2 + m1.

2. Energy functionals and self-energies of the Hartree terms

In the Hartree diagrams of the ρ-T and ρ-VT couplings, the expansion terms of the local densities, including the baryonic
ρ

λd
b and tensor ρ

λd μ
T , can be expressed as

ρ
λd
b (r) =

∑
i

v2
i

∑
κκ ′

(−1)m+ 1
2 Dλd 0

κm,κ ′m

[
GV

iκ (r)GV
iκ ′ (r)

2πr2
+ FV

iκ (r)FV
iκ ′ (r)

2πr2

]
, (A12)

ρ
λd μ
T (r) =

∑
i

v2
i

∑
κκ ′

(−1)m+ 1
2

[
Qλd μσ

κm,−κ ′m
GV

iκ (r)FV
iκ ′ (r)

2πr2
+ Qλd μσ

−κm,κ ′m
FV

iκ (r)GV
iκ ′ (r)

2πr2

]
, (A13)

in which v2
i represent the degeneracy of the orbit i, in general equal to 2 for axially deformed nuclei, and μ + σ = 0.

Notice that the ρ-VT coupling in fact contains the ρ-vector-tensor and ρ-tensor-vector parts, which are specified as ρ-VT and
ρ-TV respectively, in the following. The self-energies contributed by the Hartree terms of the ρ-T, ρ-VT, and ρ-TV couplings
can be derived as

�
λd μ
T,ρ-T(r) = m2

ρ

4M2

∑
λp

f
λp
ρ (r)

∫
r′2dr′∑

λy

λy±1∑
λ1λ2

Cλ10
λy010C

λy0
λ1μ1σ�

λ1μ
λd λp

Vλ1λ2
λy

(r, r′)Sλyλ2

T (r′), (A14)

�
λd μ
T,ρ-TV(r) = mρ

2M

∑
λp

f
λp
ρ (r)

∫
r′2dr′∑

λy

λy±1∑
λ1

Cλ10
λy010C

λy0
λ1μ1σ�

λ1μ
λd λp

Sλyλ1 (r, r′)Sλy

V (r′), (A15)

�
λd
0,ρ-VT(r) = mρ

2M

∑
λp

g
λp
ρ (r)

∫
r′2dr′∑

λy

λy±1∑
λ1

�
λy0
λd λp

Sλyλ1 (r′, r)Sλyλ1

T (r′), (A16)
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where the source terms S
λyλ1

T and S
λy

V read as

S
λyλ1

T (r′) =
∑

λ′
pλ

′
d μ′

Cλ10
λy010C

λy0
λ1μ′1σ�

λ1μ
′

λ′
d λ′

p
f
λ′

p
ρ (r′)ρλ′

d μ′

T,3 (r′), S
λy

V =
∑
λ′

pλ
′
d

�
λy0
λ′

d λ′
p
g
λ′

p
ρ (r′)ρλ′

d
b,3(r′) (A17)

with ρ
λ′

d
b,3 = ρ

λ′
d

b,n − ρ
λ′

d
b,p and ρ

λ′
d μ

T,3 = ρ
λ′

d μ

T,n − ρ
λ′

d μ

T,p . In terms of the self-energies, the energy functionals contributed by the Hartree
terms can be written as

ED
ρ-T = +2π

2

∫
r2dr

∑
λd μ

�
λd μ
T,ρ-T(r)ρλd μ

T,3 (r), (A18)

ED
ρ-VT = +2π

2

∫
r2dr

[∑
λd μ

�
λd μ
T,ρ-TV(r)ρλd μ

T,3 (r) +
∑
λd

�
λd
0,ρ-VT(r)ρλd

b,3(r)

]
. (A19)

Due to the density dependencies carried by the coupling strengths gρ and fρ , the deduced rearrangement terms from the variation
of the energy functional read as

�D,λ
R,ρ-T(r) = m2

ρ

4M2r2

∑
λpλd μ

[
∂ f

λp
ρ

∂ρλ
b

ρ
λd μ
T,3

]
r

∫
r′2dr′∑

λy

λy±1∑
λ1λ2

Cλ10
λy010C

λy0
λ1μ1σ�

λ1μ

λd λp
Vλ1λ2

λy
(r, r′)Sλyλ2

T (r′), (A20)

�D,λ
R,ρ-VT(r) = mρ

2Mr2

∑
λpλd μ

[
∂ f

λp
ρ

∂ρλ
b

ρ
λd μ
T,3

]
r

∫
r′2dr′∑

λy

λy±1∑
λ1

Cλ10
λy010C

λy0
λ1μ1σ�

λ1μ

λd λp
Sλyλ1 (r, r′)Sλy

V (r′)

+ mρ

2Mr2

∑
λpλd

[
∂g

λp
ρ

∂ρλ
b

ρ
λd
b,3

]∫
r′2dr′∑

λy

λy±1∑
λ1

�
λy0
λd λp

Sλyλ1 (r′, r)Sλyλ1

T (r′). (A21)

3. Energy functionals and self-energies from the Fock terms

In the Fock diagrams of the ρ-T and ρ-VT couplings, the expressions are rather complicated. To abbreviate the expressions,
we introduce the symbols Rσσ ′

with σ , σ ′ = ± to denote the nonlocal density terms, which appear in the nonlocal self-energy
terms YG, YF , XG, and XF as

R++
κκ ′,πm(r, r′) =

∑
ν

v2
i GV

nκm,κ (r)GV
νπm,κ ′ (r′), R+−

κκ ′,πm(r, r′) =
∑

ν

v2
i GV

nκm,κ (r)FV
νπm,κ ′ (r′), (A22)

R−+
κκ ′,πm(r, r′) =

∑
ν

v2
i FV

nκm,κ (r)GV
νπm,κ ′ (r′), R−−

κκ ′,πm(r, r′) =
∑

ν

v2
i FV

nκm,κ (r)FV
νπm,κ ′ (r′). (A23)

In the above expressions, v2
i represents the degeneracy of the orbit i = (νπm), similarly to the local density expressions.

a. Nonlocal mean fields contributed by the ρ-T coupling

The ρ-T coupling contains the time and space components, which are referred as T-t and T-s respectively, in the following.
Using the self-energies YG, YF , XG, and XF , the energy functional can be written as,

EE
ρ-T = 1

2

∫
dr dr′∑

i

v2
i

∑
κ1κ2

(
GV

iκ1
FV

iκ1

)
r

(
Y κ1κ2,ρ-T

G,πm Y κ1κ2,ρ-T
F,πm

X κ1κ2,ρ-T
G,πm X κ1κ2,ρ-T

F,πm

)
r,r′

(
GV

iκ2

FV
iκ2

)
r′
, (A24)

in which the terms YG, YF , XG, and XF contain the time- and space-component contributions, e.g.,

Y κ1κ2,ρ-T
G,πm = Y κ1κ2,T-t

G,πm + Y κ1κ2,T-s
G,πm . (A25)

For the time (T-t) component, the nonlocal self-energies YG, YF , XG, XF are derived as

Y κ1κ2,T-t
G,πm = − 1

2π

m2
ρ

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r′)
∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)Âλpλ
′
p,λyλ1λ2

−κ ′
1−κ ′

2m′;+κ1+κ2m, (A26)

Y κ1κ2,T-t
F,πm = − 1

2π

m2
ρ

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r′)
∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)Âλpλ
′
p,λyλ1λ2

−κ ′
1+κ ′

2m′;+κ1−κ2m, (A27)
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X κ1κ2,T-t
G,πm = − 1

2π

m2
ρ

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R+−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r′)
∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)Âλpλ
′
p,λyλ1λ2

+κ ′
1−κ ′

2m′;−κ1+κ2m, (A28)

X κ1κ2,T-t
F,πm = − 1

2π

m2
ρ

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R++
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r′)
∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)Âλpλ
′
p,λyλ1λ2

+κ ′
1+κ ′

2m′;−κ1−κ2m. (A29)

In the above expressions, Tττ ′ = 2 − δττ ′ is the isospin factor, τ for (πm) and τ ′ for (π ′m′). For abbreviation, we introduce the
symbols Â to denote the combinations of the C-G coefficients given by various couplings,

Âλpλ
′
p,λyλ1λ2

κ ′
1κ

′
2m′;κ1κ2m ≡ 1

2

{∑
σσ ′

Pλp,λyλ1;μσ

κ ′
1m′,κ1m Pλ′

p;λyλ2;μ′σ ′

κ ′
2m′,κ2m +

∑
σσ ′

P̄λp,λyλ1;μ̄σ

κ ′
1m′,κ1m P̄λ′

p,λyλ2;μ̄′σ ′

κ ′
2m′,κ2m

}
, (A30)

in which the symbols P and P̄ read as

Pλp;λyλ1;μσ

κ ′
1m′,κ1m ≡

∑
λd

Cλ10
λy010C

λyμy

λ1μ1σQ
λd μσ

κ ′
1m′,κ1m�

λ1μ
λd λp

, P̄λp,λyλ1;μ̄σ

κ ′
1m′,κ1m ≡

∑
λd

Cλ10
λy010C

λyμy

λ1μ̄1σ Q̄
λd μ̄σ

κ ′
1m′,κ1m�

λ1μ̄
λd λp

. (A31)

Recall that in the symbol P , μ + σ = m − m′ = μy, and, for the symbol P̄ , one has μ̄ + σ = m + m′ = μy. Following these
relations, it can be deduced that finite expansion terms related to μy for the propagators are selected by given m and m′. In

addition, finite (λyλ1) terms are selected by the symbol � and C-G coefficient C
λyμy

λ1μ1σ , as well. Thus, with given space truncations
on the spherical DWS base and expanding the coupling strengths, which give finite λd and λp values, finite expansion terms of
the propagators contribute to the energy functional, which avoids the singularity at r = r′ in the propagators.

For the space component (T-s), the nonlocal self-energies YG, YF , XG, and XF can be written as

Y κ1κ2,T-s
G,πm = + 1

2π

m2
ρ

2M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R++
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λp′
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

F̂λpλ
′
p;λyλ1λ2

+κ ′
1+κ ′

2m′,+κ1+κ2m, (A32)

Y κ1κ2,T-s
F,πm = − 1

2π

m2
ρ

2M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R+−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λp′
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

F̂λpλ
′
p;λyλ1λ2

+κ ′
1−κ ′

2m′,+κ1−κ2m, (A33)

X κ1κ2,T-s
G,πm = − 1

2π

m2
ρ

2M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λp′
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

F̂λpλ
′
p;λyλ1λ2

−κ ′
1+κ ′

2m′,−κ1+κ2m, (A34)

X κ1κ2,T-s
F,πm = + 1

2π

m2
ρ

2M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λp′
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

F̂λpλ
′
p;λyλ1λ2

−κ ′
1−κ ′

2m′,−κ1−κ2m. (A35)

For abbreviations, the introduced symbols F̂ read as

F̂λpλ
′
p;λyλ1λ2

κ ′
1κ

′
2m′,κ1κ2m ≡ 1

2

{∑
δ

∑
σσ ′

N λp,λyλ1;μσ,δ

κ ′
1m′,κ1m N λ′

p,λyλ2;μ′σ ′,δ
κ ′

2m′,κ2m +
∑

δ

∑
σσ ′

N̄ λp,λyλ1;μ̄σ,δ

κ ′
1m′,κ1m N̄ λ′

p,λyλ2;μ̄′σ ′,δ
κ ′

2m′,κ2m

}
, (A36)

where the symbols N and N̄ are of the following forms:

N λp,λyλ1;μσ,δ

κ ′
1m′,κ1m ≡

∑
λd

Cλ10
λy010C

λyμy

λ1μ1νC1σ
1δ1νQ

λd μσ

κ ′
1m′,κ1m�

λ1μ
λd λp

,

N̄ λp,λyλ1;μ̄σ,δ

κ ′
1m′,κ1m ≡

∑
λd

Cλ10
λy010C

λyμy

λ1μ̄1νC1σ
1δ1νQ̄

λd μ̄σ

κ ′
1m′,κ1m�

λ1μ̄
λd λp

. (A37)

Recall that in the symbols N , μ + σ = m − m′, and for the symbols N̄ one may have μ̄ + σ = m + m′.
Similarly to the energy functional, the rearrangement terms �

E ,λd
R,ρ-T contributed by the Fock terms of the ρ-T coupling can be

expressed formally as

�
E ,λd
R,ρ-T(r) = 1

2πr2

∫
dr′∑

i

v2
i

∑
κ1κ2

(
GV

iκ1
FV

iκ1

)
r

(
Pκ1κ2,ρ-T

G,πm,λd
Pκ1κ2,ρ-T

F,πm,λd

Qκ1κ2,ρ-T
G,πm,λd

Qκ1κ2,ρ-T
F,πm,λd

)
r,r′

(
GV

iκ2

FV
iκ2

)
r′
, (A38)
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in which the P and Q terms contain the time- and space-component contributions, e.g.,

Pκ1κ2,ρ-T
G,πm,λd

= Pκ1κ2,T-t
G,πm,λd

+ Pκ1κ2,T-s
G,πm,λd

. (A39)

Concerning the time-component contributions, the terms P and Q read as

Pκ1κ2,T-t
G,πm,λd

= − 1

2π

m2
ρ

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)Âλpλ
′
p,λyλ1λ2

−κ ′
1−κ ′

2m′;+κ1+κ2m, (A40)

Pκ1κ2,T-t
F,πm,λd

= − 1

2π

m2
ρ

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)Âλpλ
′
p,λyλ1λ2

−κ ′
1+κ ′

2m′;+κ1−κ2m, (A41)

Qκ1κ2,T-t
G,πm,λd

= − 1

2π

m2
ρ

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R+−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)Âλpλ
′
p,λyλ1λ2

+κ ′
1−κ ′

2m′;−κ1+κ2m, (A42)

Qκ1κ2,T-t
F,πm,λd

= − 1

2π

m2
ρ

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R++
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)Âλpλ
′
p,λyλ1λ2

+κ ′
1+κ ′

2m′;−κ1−κ2m, (A43)

where Tττ ′ = 2 − δττ ′ . For the space components, the P and Q terms read as

Pκ1κ2,T-s
G,πm = + 1

2π

m2
ρ

2M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R++
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λp′
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)F̂λpλ
′
p;λyλ1λ2

+κ ′
1+κ ′

2m′,+κ1+κ2m, (A44)

Pκ1κ2,T-s
F,πm = − 1

2π

m2
ρ

2M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R+−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λp′
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)F̂λpλ
′
p;λyλ1λ2

+κ ′
1−κ ′

2m′,+κ1−κ2m, (A45)

Qκ1κ2,T-s
G,πm = − 1

2π

m2
ρ

2M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λp′
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)F̂λpλ
′
p;λyλ1λ2

−κ ′
1+κ ′

2m′,−κ1+κ2m, (A46)

Qκ1κ2,T-s
F,πm = + 1

2π

m2
ρ

2M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λp′
ρ (r′)

∑
λy

λy±1∑
λ1λ2

Vλ1λ2
λy

(r, r′)F̂λpλ
′
p;λyλ1λ2

−κ ′
1−κ ′

2m′,−κ1−κ2m. (A47)

b. Nonlocal mean fields contributed by the ρ-VT coupling

To start, recall that the ρ-VT coupling consists of two types of contributions, namely the ρ-VT and ρ-TV parts as mentioned
in expressing the Hartree terms. Similarly to the ρ-T coupling, the ρ-VT coupling contains the time and space components as
well. Combining the contributions from the ρ-VT and ρ-TV terms, the whole contributions of the ρ-VT channel can be formally
expressed as

EE
ρ-VT = 1

2

∫
drdr′∑

i

v2
i

∑
κ1κ2

(
GV

iκ1
FV

iκ1

)
r

(
Y κ1κ2,TV

G,πm + Y κ1κ2,VT
G,πm Y κ1κ2,TV

F,πm + Y κ1κ2,VT
F,πm

X κ1κ2,TV
G,πm + X κ1κ2,VT

G,πm X κ1κ2,TV
F,πm + X κ1κ2,VT

F,πm

)
r,r′

(
GV

iκ2

FV
iκ2

)
r′
, (A48)

in which v2
i denotes the degeneracy of orbit i, and TV and VT are used to mark the tensor-vector (TV) and vector-tensor (VT)

parts, respectively. In the above expression, the YG, YF , XG, and XF terms contain the contributions from both time (t) and space
(s) components, e.g.,

Y κ1κ2,TV
G,πm = Y κ1κ2,TV-t

G,πm + Y κ1κ2,TV-s
G,πm , Y κ1κ2,VT

G,πm = Y κ1κ2,VT-t
G,πm + Y κ1κ2,VT-s

G,πm . (A49)

For the time components of the nonlocal self-energies YG, YF , XG, and XF , one can express the TV parts as

Y κ1κ2,TV-t
G,πm = − 1

2π

mρ

2M

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2
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κ ′

1κ
′
2,π
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p
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ρ (r)g
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p
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1+κ ′

2m′,+κ1+κ2m, (A50)

Y κ1κ2,TV-t
F,πm = − 1

2π

mρ

2M
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Tττ ′
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∑
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′
p,λyλ1

−κ ′
1−κ ′

2m′,+κ1−κ2m, (A51)
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X κ1κ2,TV-t
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X κ1κ2,TV-t
F,πm = − 1
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2m′,−κ1−κ2m (A53)

and the VT terms as

Y κ1κ2,VT-t
G,πm = − 1
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Y κ1κ2,VT-t
F,πm = − 1
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X κ1κ2,VT-t
G,πm = − 1
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In the above expressions, the symbols Ô are introduced to denote the combinations of the following symbols:

Ôλpλ
′
p,λyλ1,m′m

κ ′
1κ

′
2,κ1κ2

≡ 1

2

{∑
σ
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κ ′
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κ ′
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pλy

κ ′
2m′,κ2m

}
, (A58)

in which the symbols P and P̄ have been defined as Eq. (A31), and the symbols S and S̄ correspond to the combination of the
ones D (D̄) and � as defined before,

Sλpλy

κ ′
1m′,κ1m ≡

∑
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Dλd μ
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κ ′
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λyμ̄

λd λp
. (A59)

Recall that in the symbol D , μ = m − m′, and for the symbol D̄ one has μ̄ = m + m′.
For the space component, the TV and VT parts of the self-energies YG, YF , XG, and XF can be written as
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X κ1κ2,TV-s
F,πm = + 1

2π

√
2mρ

2M

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r)g

λ′
p

ρ (r′)
∑
λy

λy±1∑
λ1

Sλyλ1 (r, r′)Q̂λpλ
′
p,λyλ1

−κ ′
1+κ ′

2m′,−κ1−κ2m, (A63)
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X κ1κ2,VT-s
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In the above space-component contributions, the symbols Q̂ are of the following form:

Q̂λpλ
′
p,λyλ1

κ ′
1κ

′
2m′,κ1κ2m ≡ 1

2

{∑
σδ
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∑
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2m′,κ2m

}
, (A68)

where the symbols N and N̄ are defined as Eq. (A37), and the symbols M and M̄ read as

Mλpλy;μδ

κ ′
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Qλd μδ
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. (A69)

Recall that μ + δ = m − m′ in the symbol Q and μ̄ + δ = m + m′ in the symbol Q̄.
Similarly to the energy functional, the rearrangement term �

E ,λd
R,VT contributed by the ρ-VT coupling can be formally expressed

as

�
E ,λd
R,VT(r) = 1
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, (A70)

where the P and Q terms contain the contributions from both time (t) and space (s) components, e.g.,

Pκ1κ2,TV
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. (A71)

The details expressions of the P and Q terms for the time component read as follows:
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For the P and Q terms contributed by the space component, one may obtain the TV and VT parts as
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Qκ1κ2,VT-s
F,πm = +

√
2

2π

mρ

2M

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R+−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂g
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r′)

∑
λy

λy±1∑
λ1

Sλyλ1 (r′, r)Q̂λpλ
′
p,λyλ1

−κ ′
2+κ ′

1m′,−κ2−κ1m. (A87)

4. Contact term related to the ρ-T coupling

For the contributions from the ρ-T coupling, there exist zero-range terms originating from the gradients of the propagators.
Such zero-range contributions are partly removed by adding the so-called contact term as

ED
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EE
ρ-T,δ = −1
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In the following, the detailed expressions of the contact term for the axially deformed nuclei will be listed.
For the Hartree term ED

ρ-T,δ , only the time component of the contact term makes contributions. The local self-energy term can
be obtained as
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∑
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Thus, the Hartree energy functional of the contact term ED
ρ-T,δ can be expressed as
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ρ-T,δ = +2π
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Moreover, the contribution to the rearrangement term from the Hartree term of the contact term reads as
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For the Fock contributions of the contact term, the expressions are much more complicated, and contain the time and space
components. The nonlocal energy functional from the time/space components of the contact term can be expressed as

EE
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, (A93)

in which v2
i denotes the degeneracy of orbit i, and the self-energies YG, YF , XG, and XF contain the contributions from the time

(δ-t) and space (δ-s) components, e.g.,

Y κ1κ2,δ
G,πm = Y κ1κ2,δ-t
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G,πm . (A94)

For the time component, the self-energies read as
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∑
κ ′

1κ
′
2

R−−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r)B̂λpλ
′
p

−κ ′
1−κ ′

2m′;+κ1+κ2m, (A95)

Y κ1κ2,δ-t
F,πm ≡ + 1

6πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r)B̂λpλ
′
p

−κ ′
1+κ ′

2m′;+κ1−κ2m, (A96)

X κ1κ2,δ-t
G,πm ≡ + 1

6πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R+−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r)B̂λpλ
′
p

+κ ′
1−κ ′

2m′;−κ1+κ2m, (A97)

X κ1κ2,δ-t
F,πm ≡ + 1

6πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R++
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r)B̂λpλ
′
p

+κ ′
1+κ ′

2m′;−κ1−κ2m. (A98)

In the above expressions, the symbols B̂ have the following form:

B̂λpλ
′
p

κ ′
1κ

′
2m′;κ1κ2m ≡ 1

2

∑
λd λ′

d λyσ

[
Qλd μσ

κ ′
1m′,κ1mQ

λ′
d μσ

κ ′
2m′,κ2m�

λyμ

λd λp
�

λyμ

λ′
d λ′

p
+ Q̄λd μ̄σ

κ ′
1m′,κ1mQ̄

λ′
d μ̄σ

κ ′
2m′,κ2m�

λyμ̄

λd λp
�

λyμ̄

λ′
d λ′

p

]
. (A99)

For the space components, the self-energies can be obtained as

Y κ1κ2,δ-s
G,πm ≡ − 1

3πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R++
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r)B̂
λpλ

′
p

+κ ′
1+κ ′

2m′;+κ1+κ2m, (A100)

Y κ1κ2,δ-s
F,πm ≡ + 1

3πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R+−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r)B̂
λpλ

′
p

+κ ′
1−κ ′

2m′;+κ1−κ2m, (A101)

X κ1κ2,δ-s
G,πm ≡ + 1

3πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r)B̂
λpλ

′
p

−κ ′
1+κ ′

2m′;−κ1+κ2m, (A102)

X κ1κ2,δ-s
F,πm ≡ − 1

3πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

f
λp
ρ (r) f

λ′
p

ρ (r)B̂
λpλ

′
p

−κ ′
1−κ ′

2m′;−κ1−κ2m, (A103)

where the symbols B̂ read as

B̂
λpλ

′
p

κ ′
1κ

′
2m′;κ1κ2m ≡ 1

2

∑
λd λ′

d λyσ

[
Qλd μσ

κ ′
1m′,κ1mQ

λ′
d μσ

κ ′
2m′,κ2m�

λyμ

λd λp
�

λyμ

λ′
d λ′

p
+ Q̄λd μ̄σ

κ ′
1m′,κ1mQ̄

λ′
d μ̄σ

κ ′
2m′,κ2m�

λyμ̄

λd λp
�

λyμ̄

λ′
d λ′

p

]
. (A104)

Concerning the Fock contribution to the rearrangement term, one can also formally express it as

�
E ,λd
R,ρ-T,δ =

∑
i

v2
i

∑
κ1κ2

(
GV

iκ1
FV

iκ1

)
r

(
Pκ1κ2,δ

G,πm,λd
Pκ1κ2,δ

F,πm,λd

Qκ1κ2,δ
G,πm,λd

Qκ1κ2,δ
F,πm,λd

)
r

(
GV

iκ2

FV
iκ2

)
r

, (A105)

in which the P and Q terms contain the contributions of the time (δ-t) and space (δ-s) components, e.g.,

Pκ1κ2,δ
G,πm,λd

= Pκ1κ2,δ-t
G,πm,λd

+ Pκ1κ2,δ-s
G,πm,λd

. (A106)

For the time and space components, the P and Q terms read as

Pκ1κ2,δ-t
G,πm,λd

≡ + 1

6πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r)B̂λpλ

′
p

−κ ′
1−κ ′

2m′;+κ1+κ2m, (A107)
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Pκ1κ2,δ-t
F,πm,λd

≡ + 1

6πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r)B̂λpλ

′
p

−κ ′
1+κ ′

2m′;+κ1−κ2m, (A108)

Qκ1κ2,δ-t
G,πm,λd

≡ + 1

6πr2

1

4M2

∑
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Tττ ′
∑
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1κ
′
2
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′
2,π

′m′
∑
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p

∂ f
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∂ρ
λd
b (r)
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ρ (r)B̂λpλ
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p

+κ ′
1−κ ′

2m′;−κ1+κ2m, (A109)

Qκ1κ2,δ-t
F,πm,λd

≡ + 1

6πr2

1

4M2

∑
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Tττ ′
∑
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1κ
′
2
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1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r)B̂λpλ

′
p

+κ ′
1+κ ′

2m′;−κ1−κ2m, (A110)

Pκ1κ2,δ-s
G,πm,λd

≡ − 1

3πr2

1

4M2

∑
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Tττ ′
∑
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1κ
′
2
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p
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b (r)
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p
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1+κ ′

2m′;+κ1+κ2m, (A111)

Pκ1κ2,δ-s
F,πm,λd

≡ + 1

3πr2

1

4M2

∑
π ′m′

Tττ ′
∑
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1κ
′
2

R+−
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1κ
′
2,π

′m′
∑
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p

∂ f
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ρ (r)

∂ρ
λd
b (r)
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p
ρ (r)B̂
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′
p
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1−κ ′

2m′;+κ1−κ2m, (A112)

Qκ1κ2,δ-s
G,πm,λd

≡ + 1

3πr2

1

4M2

∑
π ′m′

Tττ ′
∑
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1κ
′
2

R−+
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r)B̂

λpλ
′
p

−κ ′
1+κ ′

2m′;−κ1+κ2m, (A113)

Qκ1κ2,δ-s
F,πm,λd

≡ − 1

3πr2

1

4M2

∑
π ′m′

Tττ ′
∑
κ ′

1κ
′
2

R−−
κ ′

1κ
′
2,π

′m′
∑
λpλ′

p

∂ f
λp
ρ (r)

∂ρ
λd
b (r)

f
λ′

p
ρ (r)B̂

λpλ
′
p

−κ ′
1−κ ′

2m′;−κ1−κ2m. (A114)

Notice that, for the results of contact terms, the nonlocal density R corresponds to R(r, r) because of the zero range.

APPENDIX B: PAIRING POTENTIAL WITH GOGNY FORCE

In this work, the finite-range Gogny force D1S is adopted as the pairing force, and the full contributions from all the J
components are considered instead of only J = 0 contributions adopted in Ref. [121]. Using the spherical DWS base, the pairing
energy for axially deformed nuclei can be expressed in the following form:

Ep = 1

2

∑
mκ1κ2

∫
dr dr′ ∑

σσ ′=±
Kσσ ′

mκ1κ2
(r, r′)�σσ ′

mκ1κ2
(r, r′), (B1)

in which σ, σ ′ = ± (+ and − correspond to the G and F components respectively), and Kσσ ′
represent the components of the

pairing tensor as

K++
mκκ̃ (r, r′) =

∑
ν

v2
i GV

iκ (r)GU
iκ̃ (r′), K+−

mκκ̃ (r, r′) =
∑

ν

v2
i GV

iκ (r)FU
iκ̃ (r′), (B2)

K−+
mκκ̃ (r, r′) =

∑
ν

v2
i FV

iκ (r)GU
iκ̃ (r′), K−−

mκκ̃ (r, r′) =
∑

ν

v2
i FV

iκ (r)FU
iκ̃ (r′). (B3)

Here v2
i denotes the degeneracy of the orbit i = (νπm). Using the pairing tensor components Kσσ ′

, the pairing potential terms
�σσ ′

can be expressed uniformly as

�σσ ′
mκ1κ2

(r, r′) ≡
∑

m′κ ′
1κ

′
2

�σσ ′
mκ1κ2,m′κ ′

1κ
′
2
(r, r′)Kσσ ′

m′κ ′
1κ

′
2
(r, r′), (B4)

in which the symbols � correspond to the combination of the C-G coefficients and the radial part of the Gogny force,

�++
mκκ̃;m′κ ′κ̃ ′ (r, r′) = 1

2

∑
λ

[
Aλ(r, r′)X̂ λ

mκκ̃;m′κ ′κ̃ ′ − Dλ(r, r′)Ŝλ
mκκ̃;m′κ ′κ̃ ′

]
, (B5)

�+−
mκκ̃;m′κ ′κ̃ ′ (r, r′) = 1

2

∑
λ

[
Aλ(r, r′)X̂ λ

mκ−κ̃;m′κ ′−κ̃ ′ − Dλ(r, r′)Ŝλ
mκ−κ̃;m′κ ′−κ̃ ′

]
, (B6)

�−+
mκκ̃;m′κ ′κ̃ ′ (r, r′) = 1

2

∑
λ

[
Aλ(r, r′)X̂ λ

m−κκ̃;m′−κ ′κ̃ ′ − Dλ(r, r′)Ŝλ
m−κκ̃;m′−κ ′κ̃ ′

]
, (B7)
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�−−
mκκ̃;m′κ ′κ̃ ′ (r, r′) = 1

2

∑
λ

[
Aλ(r, r′)X̂ λ

m−κ−κ̃;m′−κ ′−κ̃ ′ − Dλ(r, r′)Ŝλ
m−κ−κ̃;m′−κ ′−κ̃ ′

]
. (B8)

In the above expressions, the symbols X̂ and Ŝ read as

X̂ λ
mκκ̃;m′κ ′κ̃ ′ ≡

∑
JLS

SJLS
mκκ̃X L,λ

κκ̃;κ ′κ̃ ′SJLS
m′κ ′κ̃ ′ , Ŝλ

mκκ̃;m′κ ′κ̃ ′ ≡
∑
JLS

(−1)SSJLS
mκκ̃X L,λ

κκ̃;κ ′κ̃ ′SJLS
m′κ ′κ̃ ′ , (B9)

with the symbols X and S as

X L,λ
κκ̃,κ ′κ̃ ′ = (−1)LCλ0

l̃ ′u0l̃u0C
λ0
l ′u0lu0

{
l ′
u lu λ

l̃u l̃ ′
u L

}
, SJLS

mκκ̃ = (−1) j̃−m ĵ ˆ̃jl̂u
ˆ̃luL̂Ŝ

⎧⎪⎨⎪⎩
j j̃ J

lu l̃u L
1
2

1
2 S

⎫⎪⎬⎪⎭CJ0
j̃−m jm. (B10)

In the 6 j and 9 j symbols, lu corresponds to the orbital angular momentum of upper component of the spherical Dirac spinor
(24), and the one of the lower component reads as ld . That is to say, for the terms with −κ , lu shall be replaced by ld . In the
symbols �, the terms Aλ(r, r′) and Dλ(r, r′) are defined as

Aλ(r, r′) ≡
2∑

i=1

V i
λ (r, r′)Ai, Dλ(r, r′) ≡

2∑
i=1

V i
λ (r, r′)Di, (B11)

where Ai = Wi − HiPτ , Di = Bi − MiPτ , and the radial expansion terms of the Gogny force V i
λ read as

V i
λ (r, r′) = e−(r2+r′2 )/μ2

i

√
2π

μ2
i

2rr′ Iλ+1/2

(
2rr′

μ2
i

)
, (B12)

with the parameters of Gogny force Wi, Hi, Bi, Mi, and μi; see Eq. (30).

APPENDIX C: CENTER-OF-MASS CORRECTION UNDER THE BOGOLIUBOV SCHEME

As we did before, the center-of-mass (c.m.) correction on the binding energy of nuclei are evaluated in a microscopic way by
considering the expectation with respect to the Bogoliubov ground state |HFB〉. Applying the quantization of the Dirac spinor
field (15), the expectation of P2

c.m. can be derived as

〈HFB|P2
c.m.|HFB〉 =

∑
i

p2
ii −

∑
ii′

pVV
ii′ · pVV

i′i +
∑

ii′
pVV

ii′ · pUU
īī′ . (C1)

The second derivative term p2
ii can be expressed as

p2
ii = −

∑
κ

v2
i

∫
dr

{
GV

iκ

[
d2

dr2
− lu(lu + 1)

r2

]
GV

iκ + FV
iκ

[
d2

dr2
− ld (ld + 1)

r2

]
GV

iκ

}
, (C2)

where v2
i denotes the degeneracy of the orbit i. For the first derivative term pVV

ii′ · pVV
i′i , one should be careful in dealing with the

couplings between the orbits i = (νπm) and i′ = (ν ′π ′m′), which can have opposite sign on the m values. Here we use ī/ī′ to
denote the orbits with negative m values, namely the time-reversal partners. Thus, the term pVV

ii′ · pVV
i′i can be derived as,

v2
i v

2
i′

2

[
pVV

ii′ · pVV
i′i + pVV

iī′ · pVV
ī′i

]
, (C3)

where the detailed expressions of both terms read as

pVV
ii′ · pVV

i′i = −
∑
κ1κ

′
1

ĵ1 ĵ′1
3

C10
j1

1
2 j′1− 1

2
C1μ

j′1−m′ j1mAV
iκ1;i′κ ′

1
×
∑
κ2κ

′
2

ĵ2 ĵ′2
3

C10
j2

1
2 j′2− 1

2
C1μ

j′2−m′ j2mAV
i′κ ′

2;iκ2
, (C4)

pVV
iī′ · pVV

ī′i = −
∑
κ1κ

′
1

ĵ1 ĵ′1
3

C10
j1

1
2 j′1− 1

2
C1μ

j′1m′ j1mAV
iκ1;i′κ ′

1
×
∑
κ2κ

′
2

ĵ2 ĵ′2
3

C10
j2

1
2 j′2− 1

2
C1μ

j′2m′ j2mAV
i′κ ′

2;iκ2
(−1) j′1+ j′2+1, (C5)

with

AV
iκ;i′κ ′ =

∫
r2dr

{GV
iκ

r

[
d

dr
+ Al ′ulu

r

]GV
i′κ ′

r
+ FV

iκ

r

[
d

dr
+ Al ′d ld

r

]FV
i′κ ′

r

}
, Al ′l =

{−l ′, l = l ′ + 1,

l ′ + 1, l = l ′ − 1.
(C6)
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Similarly to the term pVV
ii′ · pVV

i′i , the contribution of the term pVV
ii′ · pUU

īī′ also contains two parts,

v2
i v

2
i′

2

[
pVV

ii′ · pUU
īī′ + pVV

iī′ · pUU
īi′
]
, (C7)

where the detailed expressions of both terms read as

pVV
ii′ · pUU

īī′ = −
∑
κ1κ

′
1

ĵ1 ĵ′1
3

C10
j1

1
2 j′1− 1

2
C1μ

j′1−m′ j1mAV
iκ1;i′κ ′

1
×
∑
κ2κ

′
2

ĵ2 ĵ′2
3

C10
j2

1
2 j′2− 1

2
C1μ

j′2−m′ j2mAU
iκ2;i′κ ′

2
, (C8)

pVV
iī′ · pUU

īi′ = −
∑
κ1κ

′
1

ĵ1 ĵ′1
3

C10
j1

1
2 j′1− 1

2
C1μ

j′1m′ j1mAV
iκ1;i′κ ′

1
×
∑
κ2κ

′
2

ĵ2 ĵ′2
3

C10
j2

1
2 j′2− 1

2
C1μ

j′2m′ j2mAU
iκ2;i′κ ′

2
(−1) j′1+ j′2+1. (C9)

with

AU
iκ;i′κ ′ =

∫
r2dr

{GU
iκ

r

[
d

dr
+ Al ′ulu

r

]GU
i′κ ′

r
+ FU

iκ

r

[
d

dr
+ Al ′d ld

r

]FU
i′κ ′

r

}
. (C10)

In all above expressions, lu and ld correspond to the orbital angular momenta of the upper and lower components of the spherical
Dirac spinor (24), respectively.
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