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Diabatic Hamiltonian matrix elements made simple
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With a view to applying the generator coordinate method to large configuration spaces, we propose a simple
approximate formula to compute diabatic many-body matrix elements without having to evaluate two-body
interaction matrix elements. The method is illustrated with two analytically solvable Hamiltonians based on the

harmonic oscillator.
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I. INTRODUCTION

In nuclear physics we use transparent models not only to
understand the observed characteristics of nuclear spectra and
dynamics but also to provide checks and guidance on the
complex computer codes that produce the quantitative theory
of their properties. The Lipkin model is a typical example [1].

In this spirit we derive and apply a simple formula, Eq. (10)
below, for calculating matrix elements between configurations
in the generator coordinate method (GCM). In GCM, many
Slater determinants are linearly superposed to describe low-
energy dynamics of many-body systems [1-3]. Since those
Slater determinants are not orthogonal, one needs to calcu-
late their overlaps and Hamiltonian matrix elements. To this
end, the Hamiltonian matrix elements are computed using the
generalized Wick’s theorem (GWT) [4] as was first done in
Ref. [5].

However, the GWT requires a full knowledge of the Hamil-
tonian in a Fock-space representation. In contrast, Eq. (10)
below only needs the overlap matrix elements of the orbitals
and the orbital energies calculated from the single-particle
Hamiltonian. It is an approximate formula that can be used
with any of the theories in which an effective single-particle
Hamiltonian can be defined. This includes theories based on
energy functionals such as Skyrme, Gogny, and Barcelona-
Catania-Paris-Madrid (BCPM) [6], as well as those making
use of the Strutinsky treatment of the total energy. In this pa-
per, we shall apply the formula to two simple models, namely,
the translational motion in a harmonic oscillator potential and
a simplified Nilsson model.

II. ORBITAL ENERGY FORMULA

We first summarize the usual computational procedure.
The starting point is a configuration space of many-particle
wave functions that have the form of Slater determinants of
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orbitals in some common basis.! The Hartree-Fock method
reduces a Hamiltonian with two-particle interactions to a one-
particle Hamiltonian with the orbitals as its eigenstates.” The
orbitals are obtained by minimizing the single-particle Hamil-
tonian or energy functional. The space of configurations in the
GCM is expanded by introducing a collective coordinate. This
is often implemented by adding a term in the Hamiltonian to
constrain the expectation value of some single-particle opera-
tor, but the coordinate can also be defined in other ways. In the
examples below, it is convenient to introduce the coordinate
directly into the orbital wave functions.

Assuming that the constraint is described by a single
parameter g, the task is to calculate the Hamiltonian ma-
trix element between a configuration |W,) and some other
configuration |W,). The GWT method can be derived from
Thouless’s theorem [8] which is used to express the second
wave function in the orbital basis of the first one. That is,

W) =N]] (1 +Zc,,haj,ah>|\yq>. )
h P

Here /1 and p are occupied and unoccupied orbitals in the basis
of [W,) =TI, a}l [). The Fock-space operators are expressed in
the g orbital basis and V' is a normalization constant given by

N = (detM)~'/? )

where My = py + Zp cpncp- With all of the operators
expressed in the same basis it is easy to apply the ordi-
nary Wick’s theorem to calculate arbitrary many-body matrix
elements.

I'The extension to include pairing by the Hartree-Fock-Bogoliubov
equation is beyond the scope of this paper.

2The method can easily be extended to Hamiltonians with three-
particle and higher terms by the same reduction of the higher-order
density matrices [7] as in the Hartree-Fock approximation.
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To derive the orbital energy formula we place the reference
configuration midway between the two states |¥,) and |W,).
Changing the notation somewhat, the many-particle configu-
rations can be written

W) Ni]_[<1+2 haah>|\llo 3)

where |Wy) is the reference configuration and [W.,) are the
end configurations. The overlap between the two end config-
urations is given by

(W_y|Wiy) = NN det 4)

+ —_
Snw + E ConCp |-
p

The object is to calculate the matrix element of the Hamilto-
nian between them.
We write the effective Hamiltonian in Fock space as

A= Ey + Z 8pa;ap — Zshahaz
p h

+ Z H,-jajaj + Z v,-j,kga;a;agak. 5)
i ij.ke

Here Ey = (\I/0|ﬂ |Wy) is the expectation value of the
Hamiltonian in the reference configuration. The effective
single-particle Hamilton H;; has been split into diagonal con-
tributions H;; = ¢; and off-diagonal ones appearing on the
second line. The last term is the effective two-particle in-
teraction. It contains all the interaction matrix elements not
present in the other terms. We will argue that its contribution is
small when the matrix elements are calculated between states
related by a diabatic transformation.

In a diabatic evolution, each orbit is transformed indepen-
dently according to a local single-particle operator such as
the quadrupole operator O = z> — (x> 4+ y*)/2. Under those
conditions the transition density (¥,|p|W,) = ép is collective
with a strong local component proportional to d p(r)/dq in the
coordinate space representation. The mean field V;; behaves
similarly. The interaction can then be parametrized in the
separable form

MLk A
v,,ke——ZO“*O“ (6)
with single-particle matrix elements

J /d3 ro; (r)qu(r) Yw(") @)

The strength « is determined by the self-consistency condi-
tion [9,10]

£ dr dr ®
In calculating the interaction between many-particle configu-
rations, one includes only the direct term in the interaction;
exchange effects are implicit in the single-particle potential
Vo Except for Ey, the resulting Hamiltonian can be generated
entirely in terms of the effective single-particle mean field and
its variation under the diabatic transformation. Interactions

. foo 2dr dpo(r) dVo(r)
0

of this form have been applied not only to collective excita-
tions [11,12] but even to treat nuclear spectra as a whole [13].

We now estimate many-body Hamiltonian matrix elements
using Eqs. (5)—(8). Several assumptions in the derivation are
justified by considering the limit of a large number N, of
particles together with small displacements in the collective
coordinate. This leads to a simplification of the Lowdin for-
mula [14,15] for matrix elements requiring the minors of the
normalization determinant det(M). The off-diagonal minors
are much smaller than the diagonal ones when the cp;, am-
plitudes are small. Also, the diagonal ones are approximately
equal to det(M). The Hamiltonian matrix element can then be
evaluated as

(Wl AW,
(‘Ij—q|\lj+q>

~ Ey + Z c;hc;h(s,, —&n) + Zth(c;h +c)
ph ph

K
+ - -+ + .+ - -
—1—5 E (cphcp,h, + ConCon + Conow + cphcph)
ph.p'l

x S oMM, ©)

Equation (9) can be further simplified in several ways. First,
we limit the scope to axially symmetric diabatic transforma-
tions. Then the last sum can be restricted to u = 0 operators,
and the amplitudes can be treated as real quantities. Next, we
can assume that ¢~ = —c™ if ¢ is not too large. Then the last
term vanishes. Note that the cancellation requires that the sep-
arable terms in the interaction are even under the time-reversal
transformation. Finally, if the state |0) is a self-consistent
solution of the mean-field equation, the off-diagonal elements
Hypy, vanish as well.

Changing the notation back to the original, the resulting
formula reads

( 111|H|"ij/2 ~

AT Zc,,h<ep (0
where the particle-hole amplitudes have been determined with
respect to a reference configuration at ¢ = (q; + ¢2)/2. It is
remarkable that all dependence on the residual interaction has
disappeared.

The formula can be easily applied to calculate the inertial
parameter associated with the collective coordinate g. For
small g the amplitudes may be expanded as a power series
with the leading term c,, = %(ql — q2) dcpy/dq to give

(W, [H]¥,) 1 <dcph)
W lHWe,) oy 1 B )
(W, [Wg,) ‘g %: dq (g1 = q2)*(ep — &n).
)]

Finally, one can calculate the collective inertial parameter B
by applying the formula to the plane-wave state

k) = / dqlw,)e™. (12)
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Writing the derivative as dc,;,/dq = c;,h, one has
(W, [ Wy) ~ e Tl a=d)/2 (13)

for small (¢ — ¢’). One thus obtains

(kIHNW) o on(Ch)* (ep — &)
ko) 43’
th(c;,h)z(gp — &) 2
K2 14
403 () )2 (1

The third term is the collective kinetic energy k>/2B with B
given by
2
_2AX )
th(clph)z(gp —&n)
This agrees with the inertia derived from GCM with Gaussian

overlap approximation (GOA) using sum rules of a constrain-
ing field [16, Eq. (22)].

5)

III. MODEL 1: TRANSLATIONAL MOTION

Here we consider a Hamiltonian of N distinguishable par-
ticles interacting through a translationally invariant quadratic
potential in one dimension,

N 2 2
Pi mawy 2
H=T+v, = > et ;(x, x)? (16)
The GCM algebra below generalizes the discussion of the
harmonic oscillator model in Ref. [1, Sec. 10.5].

The first task is to find a mean-field ground-state wave
function W,. Since the particles are distinguishable, all the
orbitals ¢; are the same and the many-body ground-state con-
figuration has the form

N
W = [To0). an
i=1

We may assume that the orbitals are Gaussian functions cen-
tered at x = 0,

o\ 2
¢(x)=(;> e /2 (18)

with a common size parameter «. It can be verified later
that the Gaussian form allows a self-consistent solution
of the mean-field equations. The expectation value of the
Hamiltonian is
ali? mw?
(Wo|H| W) =N—+ N(N — 1)—=. 19)
4m 4o
The first term is from the kinetic energy operator 7 and the
second is from the interaction v,. Minimizing this expression
with respect to « yields

a=N—-D"2w,m/h (20)
giving a total energy
N —1)1/2
Ey = (Wo|H|Wy) = N%hwv- (2D

The next GCM task is to define a generator coordinate; we
take it to be a displacement of the ground-state configuration
by an amount z,

N ) al
v, = (_) He—a(x;—z) 12— l_[¢z(xi)~ (22)

T
i=1 i=1

Applications of the GCM require the overlap matrix
elements (W,|W,) and the Hamiltonian matrix elements
(W,|H|¥, ). The overlaps are given by

(W |vy) = exp(—N%(z—z’)z). (23)

Decomposing the matrix elements of the Hamiltonian into the
kinetic term and the interaction term, we have

ah? o?h? o
(W TWy) ={N— —N——(2—2) (¥ |¥;) (24
4m 8m
for the kinetic term and
ma?
(W || W) =NV — 1) ™ (W W), (25)

for the interaction term. Note that it is the same as the expec-
tation value in the ground state except for the overlap factor.
Combining the two terms, the Hamiltonian matrix element can
be expressed

(W_|H W) = (W, | W) (Eg — ha(z — 2)?) (26)
where
oK

8m

hy =N

27)

This is identical to [ 1, Eq. 10.51] except for the N dependence.

One can derive the effective mass associated with the col-
lective coordinate from Eq. (23) and (26). It will be shown
below that it is just the value for translational motion, namely
Nm.

Before that, we verify the orbital energy formula, Eq. (10),
choosing end configurations at =z and the reference configu-
ration at z = 0. The W, particle-hole amplitudes in the basis
of W are calculated by taking orbital overlaps. We only need
orbitals up to the second excited state for our purposes. The
amplitudes are

12
¢-(x) = Yolx — ) = e 2%/ <¢O(X) + Z<%> ¢1(x)

o
+ ) + > (28)
Next we need the orbital excitation energies, obtained from
the spectrum as &, = na/i’/m. Then the orbital excitation
formula gives

oo 1 ,
2 clieiler —e0) = N7 G2 (9)

in agreement with Eq. (26) with Eq. (27).
Let us now discuss the associated mass term in the collec-
tive Hamiltonian. We can construct a plane-wave state from
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the GCM configurations according to Eq. (12). The overlap
with Wy is

4 172 2
(‘P0|k>=(—> e KN (30)
aN
and the Hamiltonian matrix element reduces to
Wolt ) = (woli( X~ @ 31)
0 - 2Nm 4m )’

The first term in parenthesis k?/2Nm is just what we expected
for a free particle of mass m [17, Eq. (43)]. The other term
is the zero point kinetic energy associated with the center-of-
mass coordinate in the original GCM configuration composed
of Gaussian orbitals.

It is not generally recognized that the GCM/GOA method-
ology can deliver exact composite-particle masses for trans-
lational motion. It was noticed as an empirical finding in
Ref. [18] that the translational masses of nuclei calculated
with a Gogny functional were close to Am, the number of
nucleons A times the nucleon mass m.

IV. MODEL 2: DYNAMICS IN A DEFORMATION
COORDINATE

We next consider a simplified Nilsson model to illustrate
the use of the self-consistent separable interaction Eq. (6) to
generate a two-particle interaction from a diabatic treatment
of the mean field. The single-particle potential is given by a
deformed harmonic oscillator potential,

V(r) = imwlz? + imwl (2 +y7), (32)

where a)zz = a)g(l —46/3) and a)ﬁ_ = a)(z)(l +26/3), follow-
ing the notation of Ref. [9, Eq. 5-5]. This potential can also be
expressed as

V() = tmogr® — 2 majlz — (¢ +y*)/2. (33)

We take the parameter § as the generator coordinate.’

The eigenstates of the Hamiltonian are specified by a set of
quantum numbers (7, ny, n;) together with the z components
of spin and isospin; their spatial distributions are determined
by wp and §, combined to give oscillator length parameters
bi = h/ma), fori = Z, J_, 0.

For simplicity, we consider a harmonic oscillator model of
the nucleus '°0. Its eight neutrons and eight protons occupy
the 1s state with Nyse = ny +n, +n; =0 and the three 1p
states with N,,. = 1. The density distribution is given by

p(r) =4 |pu(r)) (34)
k

4 2,2 2
el )
bl \/nb? b b?
< e*zz/bfef(xzﬂz)/bi’ (35)

where k = (n,,n,,n;)=(0,0,0), (0,0,1), (0,1,0), and
(1,0,0).

3 Another parameter in common use is B, ~ 3,/%Z 5.

TABLE 1. Overlaps (nb|nb')={¢,(b)|¢,(V')) and needed matrix
elements for one-dimensional harmonic oscillator wave functions
with oscillator lengths b and &'. The oscillator quanta are denoted
by n.

n (nb|nb') (nb|x*|nb') (nb|p*|nb')
20/ ob (266 \3/? 2 20\ /2

0 b2 +b2 2 (172+b’2) I+b? (b2+b'2)
26 \3/? 3ok (266 \/? 32 aob )32

I (b2+b’2) 2 (h2+b’2) b2 +b/? (b2+b’2)

To the linear order of §, the density distribution (35) is
expanded to

o) = po(r) + p2(r)Py(cos ) (36)

with
n=—2_(1+ 2r2> 1/t 37
pPolr) = W( b—% e (37)

and

) 4% 22\ .
) e
0

Given the form of the potential (33), the many-body Hamil-
tonian with a separable interaction reads

ol o5, Kk 2 ’
H= ,~ ($+§mworl.)+5 ZriPz(cos@-) . (39)

The strength « evaluated with Eq. (8) is

2 4 00 -1 2,3
= ——Smwz(—” / r2drr2pz(r>) = 9 (4
0

pa(r) =

3 5 18

Using orbital overlaps in Table 1, it is easy to evaluate the
many-body overlap and Hamiltonian matrix element,

24 / 12
sy} — (biblb;/z> ( zzbzbza) , @
L + bJ_ bz + bz
(Ws|H|Wy) 24K 2 1
(Ws|Ws)  2m (bi+b/j b§+b;2>
N 1 mw§<48bib/j 24b§b;2>
2 b+ b2+b?

b2 b2 p2b2 2
+ 5[24( A e 2)] . (42)
2 bl +b7 b2+
The result for the overlap can also be obtained as a special case
of the general formula for many-particle harmonic oscillator
configurations given in Ref. [19, Eq. 3.5].%

Finally we expand Eq. (42) to the quadratic order of § and
8’ to obtain

(Ws|H|Wy)
(Ws|Ws)

= 18%wy — hwg(8 — 8" ) + -+ . (43)

“The variable ¢ in the notation of Ref. [19] is identical to (§ — §')/6.
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TABLE II. The contribution of each single-particle wave
function ¥ to the second order term in the energy overlap,
— th |C1,h|2(61, — €,). Here, the particle-hole energy is €, — ¢, =
2hwy, and the spin degeneracy is also taken into account.

Yooo —8hiwo[2(a$V)? + ()]
Yoor —8hw0[2(a;l))2 + (aé"'))z]
Vi —Son[(@ + @ + ()]
Yo oo + @ + ()]
One thus finds

hy = hay. (44)

We now evaluate 5, in the orbital energy formula Eq. (11)
to compare with Eq. (44). We apply the formula to the matrix
elements between Ws and W_; taking W, as the reference
configuration. The main task is to determine the coefficients
cpr of the deformed orbits in terms of the orbitals in the
spherical basis. Since we are interested in the second-order
behavior of the Hamiltonian overlap with respect to §, it is
sufficient to expand the wave functionsupton =2 andn =3
for ¢o(b, x) and ¢, (b, x), respectively. This leads to

do(b, x) o¢ ¢po(bo, x) + aspa(bo, x) + - -+, (45)
¢1(b, x) o ¢1(bo, x) + azp3(bo, x) + - - - (46)
with the coefficients of
a = L ﬂ 47
V2 b*+ b}
and
2 _ g2

for the one-dimensional Gaussians in an orbital. The three-
dimensional orbitals ¢, , . are expanded as

Gooo o Bion + a5 (Bhon + Bong) + a5 B+ (49)
doon o< b1 + a5 ($a01 + 90o1) + ¥ Bogs + o, (50)
bunc o535 + 0 oL D
where ¢k is a spherical orbital. The contribution of each

single-particle state to the second-order term in the energy

overlap, — th |C‘,,;,|2(e‘,7 — €1,), is shown in Table II. From
this table, one has

— Y 1CulP(ep — €n)
ph
= —8han[6(a5”) + 260577 +3(af”)” + (o))
(52)
b b2 P — 2 2
_Sh 6 3 2z 0 . 53
wo{ <b2+b2> + <b§+b(2)> (53)
Expanding this quantity up to the second order of §, one finds

=D ICul*(ep — €n) ~ —4Tan . (54)

ph

This coincides with the second-order term in Eq. (43) with
8’ = —4. Itis easy to confirm that the same relation holds also
with a deformed reference configuration, with by = b(Sref)
and b = (St + 6).

V. SUMMARY

We have derived a simple formula for the Hamiltonian
matrix elements by the generator coordinate method. The
formula is based on a residual interaction of separable form,
determined by a diabatic treatment of the generator coordi-
nate. The formula was shown to be exact for the leading
dependence on g; — g, for two solvable models.

Although it is approximate, the formula has several at-
tractive features. First, it does not require full details of the
many-body Hamiltonian. Thus one can carry out GCM cal-
culations even when only the mean-field potential is known.
This is the case when using a phenomenological mean-field
potential such as a Woods-Saxon potential. Second, the for-
mula is much simpler than the original multistep procedure
based on the generalized Wick theorem or the Lowdin for-
mula. Third, by using a separable interaction, one can avoid
the well-known difficulties of treating energy functionals as
Hamiltonians.

We plan to report numerical calculations of more realistic
models in a separate publication.
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