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Momentum broadening of energetic partons in an anisotropic plasma
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The quark-gluon plasma produced in heavy-ion collisions is anisotropic throughout its evolution. This
anisotropy changes the physics of jet-medium interaction, making it dependent on the momentum direction
of the jet. In this paper we analyze transverse momentum broadening of a jet parton interacting with soft gluons
in an anisotropic plasma. Our analysis equally applies to momentum broadening of quasiparticles in kinetic
theory. We subtract contribution from instability modes in the deep infrared and discuss how our calculation
should be complemented in that regime. The resulting anisotropic collision kernel for momentum broadening
is qualitatively different from the equilibrium collision kernel and from the isotropic ansatz used in effective
kinetic theory. Because of increased medium screening, there is substantially less transverse broadening at low
and intermediate momenta.
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I. INTRODUCTION

Heavy-ion collisions at RHIC and the LHC produce ex-
tremely dense and energetic matter governed by the strong
interaction: this matter is known as the quark-gluon plasma
(QGP) [1]. One of the primary experimental probes of the
QGP are jets which are produced during the initial hard scat-
tering of nuclei. As these jets traverse the droplet of QGP
their structure is modified, leaving imprints of the medium on
experimental observables.

A great deal of theoretical effort has explored how nearly
on-shell jet partons interact with a weakly coupled QGP
medium. A jet parton receives repeated small momentum
kicks from medium particles leading to diffusion in the par-
ton’s momentum transverse to its direction of motion. These
kicks bring the jet parton slightly off shell, allowing it to
radiate gluons through medium-induced branching, which
changes the jet shower relative to vacuum. In addition, jets
lose energy when traversing the plasma as they interact with
their radiation field, and low-energy jet partons are absorbed
by the medium.

Using thermal field theory, one can evaluate transverse
momentum broadening in a weakly coupled plasma. This is
quantified by the collision kernel C(q⊥) which is the proba-
bility of receiving a transverse kick of momentum q⊥ from
the medium. Such microscopic calculations exist at leading
order in perturbation theory [2] as well as at next-to-leading
order [3]. The collision kernel for transverse momentum
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broadening has furthermore been evaluated nonperturbatively
on the lattice using electrostatic QCD effective field theory
(see, e.g., [4,5]).

Analytic calculations of the collision kernel have so far
assumed a medium in local thermal equilibrium, or with local
isotropy in momentum space [6]. However, we know that
there are sizable deviations from isotropy and thermal equi-
librium at all stages of heavy-ion collisions [7]. This can have
important effects on the phenomenology of jets: an anisotropy
in the local momentum distribution of quarks and gluons leads
to directional dependence in jet evolution. Specifically, jet
partons going through the same patch of QGP but traveling
in different directions will have different rates of momentum
broadening and of medium-induced splitting.

Having an anisotropic collision kernel for momentum
broadening is not only important for jet physics, but also for
formulating a kinetic theory of quarks and gluons [8]. Such
kinetic theories are used to describe early stages of heavy-ion
collisions after the glasma phase and before the hydrodynamic
phase [9,10]. One of the two main processes for quasiparticle
interaction is gluon radiation by a quark or a gluon which is
brought slightly off-shell by momentum broadening. Up until
now, kinetic theory calculations have employed an isotropic
ansatz for the collision kernel [11,12] but consistency re-
quires a nonequilibrium kernel. This could affect results of
kinetic theory simulations. We finally note that calculation
of photon radiation through bremsstrahlung in an anisotropic
medium relies on precisely the same nonequilibrium collision
kernel [6,13,14].

Understanding momentum broadening in an anisotropic
plasma requires a detailed microscopic calculation. In this
paper we provide such a calculation in the hard thermal loop
(HTL) regime where self-interaction of soft gluons can be
ignored. Specifically, we consider a medium in which quark
and gluon quasiparticles are distributed anisotropically in mo-
mentum space. The quasiparticles source soft gluons which
propagate until they give the jet parton a transverse kick. This
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gives rise to a collision kernel C(q⊥) which depends not only
on local properties of the medium but also on the direction of
the jet parton. Our calculation is at leading order in perturba-
tion theory. We subtract instability modes [15] corresponding
to exponential growth in soft gluon density [16], as they have
become saturated during the kinetic and hydrodynamic stages
we are interested in [17–19].

We note that numerical simulations have measured mo-
mentum broadening of jet partons and heavy quarks in a
variety of equilibrium and nonequilibrium situations. These
include classical-statistical field theory [20], an HTL setup
with kinetic theory for quasiparticles and classical field theory
for soft gluons [21–23], as well as the color-glass condensate
(see [24–26]). Furthermore, momentum broadening has been
measured on the lattice in a factorized approach assuming a
single scattering off medium gluons [27]. The effect of insta-
bilities on momentum broadening was furthermore assessed
in [28,29]. We also note that [30] evaluated the effect of
temperature and density gradients on momentum broadening
and jet splitting, assuming a medium composed of massive
particles and working in an opacity expansion. Our analytic
approach complements these studies as it gives results which
are independent of assumptions of numerical simulations.
Furthermore, our results only depend on the instantaneous
properties of the medium. We evaluate the full collision kernel
which is needed for the rate of gluon radiation.

The paper is organized as follows: In Sec. II we discuss the
physics of jet momentum broadening in detail and show how
it differs microscopically from jet energy loss, in a nonequi-
librium medium. In Sec. III we calculate the density of soft
gluons in an anisotropic medium. In Sec. IV we discuss our
treatment of instabilities in an anisotropic plasma. Finally,
results are presented in Sec. V. Some additional details are
provided in the Appendices.

II. JET MOMENTUM BROADENING AND ENERGY LOSS

As a jet parton passes through a plasma it loses energy
and gains momentum transverse to its direction of motion.
This happens through three different processes: hard two-
to-two scattering with plasma constituents, medium-induced
bremsstrahlung, and interaction with soft gluons [31]. In this
paper we focus on interaction with soft gluons, which has
been less studied in a nonequilibrium medium and which
furthermore is the basis of medium-induced splitting.

In thermal equilibrium the physics of energy loss due to
soft gluons is different from that of momentum broadening
from soft gluons: momentum broadening results from trans-
verse kicks of gluons that exist in the medium and have been
radiated by quasiparticles, while energy loss results from soft
gluons that the jet parton itself radiates, and not gluons present
in the medium.

It is important to establish that energy loss and momentum
broadening differ in the same way in a nonequilibrium system,
i.e., that momentum broadening is due to soft gluons in the
medium while energy loss is due to the soft gluon radiation
field of the parton itself. We will show this using the real-
time formalism [32,33] which will furthermore establish our
conventions. We focus on an energetic quark parton traversing
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FIG. 1. Self-energy diagram for a jet quark K interacting with a
soft gluon Q. The soft gluon propagator is resummed.

the plasma but the argument for a gluon parton or a heavy
quark is nearly identical.

A quark parton flying through the plasma with momentum
Kμ = (k0, k) interacts with soft gluons. This leads to a decay
rate [32]

� = 1

4k
Tr[ /K�21] (1)

where the self-energy component

�21(K ) =g2CF

∫
d4Q

(2π )4
Dμν

21 (Q)γμ( /K − /Q)

× γν[1 − fq(k − q)]2πδ[(K − Q)2] (2)

is given by the diagram in Fig. 1. Using that the soft gluon
momentum Q is much smaller than the jet parton momentum
K we get a differential decay rate

d�

d4Q
= g2CF

(2π )4
Dμν

21 (Q)vμvν δ(v · Q) (3)

where vμ = Kμ/k is the normalized parton momentum. To
generalize our results for a heavy quark, one simply substi-
tutes vμ with (k0/k, k̂) = (

√
k2 + m2/k, k̂). In either case,

the essential ingredient is the resummed propagator for soft
gluons

Dμν
21 (Q) =

∫
d4(x − y) eiQ(x−y)〈Aμ(x)Aν (y)〉 (4)

which can be written more physically as1

Dμν
21 (Q) = 1

2 [Dμν
ret (Q) − Dμν

adv(Q)] + Dμν
rr (Q) (5)

The two terms in Eq. (5) have different interpretations. The
rr propagator is

Dμν
rr (x, y) = 1

4 〈{Aμ(x), Aν (y)}〉. (6)

It is nonvanishing even for classical fields, and describes the
density of soft gluons in the medium. The contribution of the
rr correlator to the decay rate in Eq. (3) thus corresponds
to the jet parton interacting with soft gluons that are already
present in the medium.

1In a nonequilibrium plasma one uses a Wigner trans-
form Dμν

21 (Q, X ) = ∫
d4(x − y) eiQ(x−y)〈Aμ(x)Aν (y)〉 where X =

(x + y)/2 is the position in the plasma. In this section we assume
that changes in X are slow and we omit writing dependence on X
explicitly.
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Meanwhile, the retarded correlator in Eq. (5) is given by

Dμν
ret (x, y) = θ (tx − ty)〈[Aμ(x), Aν (y)]〉. (7)

It describes the causal propagation of soft gluons forward
in time. Similarly, the advanced correlator is Dadv(x, y) =
−θ (ty − tx )〈[Aμ(x), Aν (y)]〉. The contribution of these cor-
relators to the differential decay rate describes soft gluons
radiated by the jet parton. These soft gluons propagate in the
medium before giving the same parton a kick. In other words,
in the regime of soft gluons the contribution of the retarded
and advanced correlators does not represent gluons already
present in the medium, but rather the interaction of the jet with
its own radiation field.

The rate of energy loss of a jet parton due to soft gluons is

ê = d〈p0〉
dt

=
∫

d4Q q0 d�

d4Q
. (8)

Since Dμν
rr (x, y) = Dνμ

rr (y, x), one gets that

Dμν
rr (Q)vμvν = Dμν

rr (−Q)vμvν . (9)

Thus, the jet is equally likely to gain four-momentum Q from
soft gluons in the medium as to lose four-momentum Q.
Therefore,

ê = g2CF

∫
d4Q

(2π )4
q0 1

2
(Dμν

ret − Dμν
adv)(Q)vμvν 2πδ(vQ),

(10)

which is solely due to the jet’s radiation field.
Equation (10) for energy loss has a simple physical inter-

pretation given, e.g., in [34,35]. The jet parton’s radiation field
is described by classical field theory. The rate of energy loss
is then

ê = Re
∫

d3x Jext (x) · Eind(x) (11)

where the current is the jet parton itself, Jext = gvδ(3)(x − vt ),
and Eind is the electric field it induces. Linear response theory
gives that

Ei
ind(Q) = iq0Di j

ret (Q)J j
ext (Q). (12)

Combining these equations and taking care of color factors
reproduces our formula for energy loss, Eq. (10). This shows
that energy loss is indeed due to fields induced by the jet
parton.2

Equation (10) for energy loss has been evaluated in an
anisotropic medium along with the contribution of hard
medium particles [37,38] (see Appendix D for a discussion).
Their formalism was based on the equilibrium calculation in
[39,40]. Jet energy loss has furthermore been evaluated in an
evolving unstable plasma [36] (see also [22]).

2The expression given in [34,35] has Dret − D0
ret instead of Dret

where D0
ret is the bare propagator. It is easy to see that the contri-

bution of the bare propagator is phase space suppressed and can
be omitted. Their expression furthermore assumes a temporal axial
gauge, A0 = 0. In a more general gauge, current conservation needs
to be postulated explicitly for the classical argument to go through
(see [36]).

The physics of jet momentum broadening differs from that
of energy loss. In the HTL regime Drr (Q) ∼ 1/g3 because of
high occupation density of soft gluons while Dret ∼ 1/g2. This
can be seen immediately in thermal equilibrium from Eq. (17),
and in an anisotropic system we will show this below. The rate
of jet transverse momentum broadening is therefore

q̂ = d〈(	p⊥)2〉
dt

=
∫

d4Q q2
⊥

d�

d4Q

≈
∫

d2q⊥
(2π )2

q2
⊥ C(q⊥)

(13)

where the collision kernel for momentum broadening is

C(q⊥) = g2CF

∫
dq0dqz

(2π )2
Dμν

rr (Q)vμvν 2πδ(v · Q) (14)

with z the direction of motion of the jet. We see that jet
momentum broadening is due to soft gluons already present in
the medium and not due to the jet’s radiation field. The main
task of this paper is to calculate the collision kernel C(q⊥)
and the transport coefficient q̂ in an anisotropic plasma.3

This requires evaluating the rr correlator microscopically in a
nonequilibrium plasma. We note that longitudinal momentum
broadening is

q̂L := d〈(	pz )2〉
dt

=
∫

d4Q q2
z

d�

d4Q
(15)

for a parton traveling in the z direction which can similarly be
shown to be

q̂L ≈ g2CF

∫
d4Q

(2π )4
q2

z Dμν
rr (Q)vμvν 2πδ(v · Q). (16)

In thermal equilibrium, many of our results simplify. The
Kubo-Martin-Schwinger (KMS) relation gives that

Dμν
rr (Q) =

(
1

2
+ fB(q0)

)
[Dμν

ret (Q) − Dμν
adv(Q)], (17)

where fB(q0) = 1/(eq0/T − 1) is the Bose-Einstein distribu-
tion. Using that fB(q0) ≈ T/q0 for soft gluons, the KMS
relation leads to

q̂L = T ê (18)

which is a fluctuation-dissipation relation linking momentum
broadening due to fluctuating soft gluons in the medium and
energy loss which happens through dissipation by the jet’s ra-
diation field. Furthermore, in thermal equilibrium, the integral
in Eq. (14) can be evaluated giving a simple, analytic result for
the collision kernel [2,3]

C(q⊥) = g2CF T

(
1

q2
⊥

− 1

q2
⊥ + m2

D

)
(19)

3References [41,42] aimed to evalute momentum broadening in an
anisotropic plasma. We believe they incorrectly assumed a KMS
condition in the nonequilibirum setup [see, e.g., Eq. (5) in [41]].
Doing so ignores the details of how soft gluons are emitted by an
anisotropic distribution of quasiparticles.
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where T is the temperature and m2
D is the Debye mass. We

emphasize that Eqs. (17)–(19) do not hold out of equilibrium
and the rr propagator and the collision kernel C need to be
evaluated in detail.

III. DENSITY OF SOFT GLUONS IN AN ANISOTROPIC
MEDIUM

The collision kernel in Eq. (14) for transverse momen-
tum broadening depends on soft gluon density through the
rr correlator. We will now derive the correlator’s symmetric
component in an anisotropic medium. The state of the medium
is determined by the momentum distribution of hard quarks
and gluons which are distributed anisotropically in momen-
tum space. We assume that an equilibrium distribution, i.e., a
Bose-Einstein distribution for gluons and a Fermi-Dirac dis-
tribution for quarks, is elongated or contracted in a direction
n. This leads to the momentum distribution introduced by
Romatschke and Strickland [43],

f (p) =
√

1 + ξ feq(
√

p2 + ξ (n · p)2), (20)

where the parameter ξ quantifies the degree of anisotropy. We
use � for the parameter corresponding to temperature in ther-
mal equilibrium. The normalization factor

√
1 + ξ guarantees

that the number density of hard particles is the same as in
thermal equilibrium. More general anisotropic distributions
and the corresponding plasmons have been considered in the
literature (see, e.g., [44,45]). These would lead to an even
more involved calculation of the rr correlator.

In momentum space the rr correlator is

Dμν
rr (Q) = Dμω

ret (Q) ωξ
aa (Q) Dξν

adv(Q), (21)

where identical indices are contracted.4 Here two soft gluon
excitations are sourced with probability εμε∗

ν
μν
aa where εμ

is the gluon polarization. The index aa on the self-energy
comes from the r/a basis in the real-time formalism [33]. The
gluons then evolve in time as given by Dret and Dadv. This
expression assumes a system initialized at time t0 = −∞ with
the initial condition specified by quark and gluon momentum
distributions. It furthermore assumes that the medium changes
slowly enough to use Fourier transforms. We will discuss the
validity of these assumption in Sec. IV.

We assume that the system is in the HTL regime. The hard
quasiparticles at energy � then source soft gluons at energy
g�. These soft gluons have occupancy of order ∼1/g and can
be described with classical field theory. Their self-interaction
is suppressed relative to interaction with hard quasiparticles
[46]. In this regime

μν
aa = g2

∫
d3 p

(2π )3
vμvν2πδ(v · Q)

∣∣∣∣
v=(1,̂p)

× {2Nf fq(p)[1 − fq(p)] + 2Nc fg(p)[1 + fg(p)]},
(22)

4We use modern summation convention where AμBμ = AμBμ =
gμνAμBν .

which gives the radiation of soft gluons by hard quarks, fq(p),
and hard gluons, fg(p), including Bose enhancement and Pauli
blocking [8]. As usual, Nf is the number of quark flavors and
Nc is the number of colors. The retarded correlator Dμν

ret in the
HTL approximation in the Feynman gauge is

Dμν
ret = i([P2 − ret]

−1)μν (23)

where


μν
ret (Q) = −g2

∫
d3 p

(2π )3

∂ ftot

∂Pω

[
−vμgων + Qωvμvν

v · Q + iε

]∣∣∣∣
v=(1,p̂)

(24)

with ftot (p) = 2Nf fq(p) + 2Nc fg(p) [47]. It describes the
propagation of soft gluons as they interact with hard particles
in the medium. This retarded correlator has been evaluated in
[43] with the momentum distribution in Eq. (20) (see also [48]
for a detailed discussion). We will reproduce this derivation
for completeness as our conventions differ. The advanced
propagator is given by Dadv = D†

ret. It is easy to see that
Drr ∼ 1/g3.

Using the ingredients we have assembled, we can eval-
uate the rr correlator in an anisotropic plasma defined by
the momentum distribution in Eq. (20). This requires han-
dling the tensor indices correctly. There are only four tensors
in our medium: the metric gμν , the soft gluon momentum
Qμ = (q0, q), the fluid’s velocity which is uμ = (1, 0) in the
fluid’s rest frame, as well as the direction of the anisotropy
nμ = (0, n) which is defined to be a spatial vector. The calcu-
lation could be done in a different rest frame which would give
identical results. It is convenient to define a new anisotropy
vector as ñμ = (0, n̂i√

n̂2
) where

n̂ = n − q · n
q2

q. (25)

This guarantees that ñμ is a unit spatial vector, orthogonal to
both uμ and Qμ.

Using gμν , Qμ, uμ, and ñμ, we can construct seven sym-
metric, second-rank tensors.5 Additionally, both aa and ret

satisfy Qμμν = 0 as a result of gauge invariance in the
HTL approximation. This requirement gives three indepen-
dent equations since there are three vectors in ν. Therefore,
the number of tensors we need to express the self-energies is
reduced to 4. These four tensors can be chosen as any linear
combination X μν of the seven original tensors that satisfies
QμX μν = 0. In the fluid’s rest frame, a convenient choice for
the first tensor is

Pi j
T = δi j − qiq j

q2
(26)

which is transverse to the gluon momentum, with all other
components zero. We choose the second tensor to be longitu-
dinal to the gluon momentum:

Pμν
L = QμQν

Q2
− gμν − Pμν

T . (27)

5These can for example be chosen to be gμν , QμQν , uμuν , ñμñν ,
Qμuν + uμQν , Qμñν + ñμQν , and uμñν + ñμuν .
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Both of these tensors are present in thermal equilibrium [49].
The third tensor describes propagation along the anisotropy
axis:

Cμν = ñμñν . (28)

Finally, the fourth tensor is given by

D00 = 0,

D0i = Di0 = q2

q0
ñi,

Di j = qiñ j + q jñi,

(29)

which mixes the anisotropy direction and the gluon three-
momentum.6 The most convenient choice of the four tensors
turns out to be PL, C, D, and E = PT − C, which we will use
in what follows. An alternative definition of tensors is found
in [50].

Using this basis of tensors, the aa self-energy is

−iaa = αPL + βE + γC + δD, (30)

and it is straightforward to show that

α = Q2

q2
00,

γ = i j ñiñ j,

δ = q0

q2
0iñi,

β = −α − γ − μ
μ.

(31)

Explicit expressions for the components are collected in
Appendix C, with one integral left to be done numerically.
Similarly, the retarded self-energy is

−iμν
ret = LPμν

L + eEμν + cC
μν + d Dμν (32)

with the components, which reproduce [43], found in
Appendix C. Substituting in Eq. (23) then gives the well-
known result for the retarded propagator in the Feynman
gauge:

Dμν
ret = −iQμQν

(Q2)2 + iEμνD̃B
ret + i[(Q2 − c)Pμν

L

+ (Q2 − L )Cμν + d Dμν]D̃A
ret (33)

where the denominators D̃A
ret and D̃B

ret are defined in Eqs. (42)
and (43).

In order to derive the rr correlator, we must contract
different tensors. This can conveniently be described by com-
mutators and anticommutators. The anticommutator

{X,Y }μν = X μω Y ν
ω + Y μω X ν

ω (34)

6In a general rest frame this tensor can be written as Dμν = Qμñν +
ñμQν − Q2

uQ (uμñν + ñμuν ), which manifestly obeys QμDμν = 0.

is guaranteed to be symmetric so our set of four tensors is
closed under anticommutation. In fact, one can show that

P2
L = −PL,

E2 = −E ,

C2 = −C,

D2 = −Q2q2

q2
0

(C + PL ),

{E , PL} = {E ,C} = {E , D} = {PL,C} = 0,

{PL, D} = {C, D} = −D.

(35)

It can be shown that our choice of tensors makes the greatest
number of anticommutators vanish, justifying the choice of
E = PT − C. Nevertheless, the tensors do not form an orthog-
onal basis as some anticommutators of different tensors do not
vanish.

Momentum broadening depends on Dμν
rr K̂μK̂ν so we only

need the symmetric part:

D(μν)
rr := 1

2 [Drr + D†
rr]μν

= 1
2 [Dret (−iaa)Dadv + Dadv(−iaa)Dret]

μν. (36)

Using the general relation

XY Z + ZY X = 1
2 [{X, {Y, Z}} − {Y, {Z, X }} + {Z, {X,Y }}]

(37)

for tensors X , Y , Z , we can evaluate the symmetric component
of Drr using the anticommutation relations in Eq. (35). The
final result is that

D(μν)
rr = − D̃A

ret

(
D̃A

ret

)∗

× [{α|X |2 − 2δR Re(XW ∗) + γ R|W |2}Pμν
L

+ {γ |Z|2 − 2δR Re(ZW ∗) + αR|W |2}Cμν

+ {−α Re(XW ∗) − γ Re(ZW ∗)

+ δ Re(XZ∗) + δR|W |2}Dμν] − D̃B
ret

(
D̃B

ret

)∗
βEμν

(38)

where

X = Q2 − c, (39)

Z = Q2 − L, (40)

W = −d (41)

and

D̃A
ret = 1

(Q2 − L )(Q2 − c) − R 2
d

(42)

and

D̃B
ret = 1

Q2 − e
(43)

with R = Q2q2/(q0)2. Further details of this derivation can be
found in Appendix A. Previously, the 00 component of the rr
correlator had been derived [51].
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IV. INSTABILITIES IN AN ANISOTROPIC PLASMA

Having calculated the density of soft gluons in an
anisotropic medium, Eq. (38), we expect to obtain the rate
of transverse momentum broadening from Eq. (14). However,
this gives a divergent collision kernel C(q⊥) (see Appendix B
for the mathematical details). The divergence is due to in-
stabilities that are always present in an anisotropic plasma.
The physical origin of these instabilities is widely discussed
in the literature (see [52,53] for an early discussion, as well
as [16,54,55] for a review). In essence, hard quasiparticles
spontaneously break into filaments of currents which source
soft chromomagnetic fields. These soft fields deflect the hard
quasiparticles which makes the currents even stronger. This
sources even stronger soft gluon fields, and so on, leading to
an exponential growth in the density of soft gluons.

The divergence in the collision kernel forces us to examine
implicit assumptions we made in Sec. III. First, we assumed
a slowly changing medium. This means that the momentum
distribution of hard quasiparticles, which appear in bare prop-
agators, remains constant during jet momentum broadening.
Second, we specified these momentum distributions at time
t0 = −∞. This made Fourier transforms possible, leading to
simple expressions such as the self-energies in Eqs. (22) and
(24) in momentum space.

Specifying an initial condition at time t0 = −∞ might
seem justified in a slowly changing medium. However, this
assumption is invalidated by instabilities. In a strict HTL
regime, the density of soft gluons continues to grow from the
initial time due to instabilities. Thus at the time of a gluon
kick on a jet parton, the density of gluons will have grown to
be infinite and the rate of momentum broadening diverges.7

The solution to this problem is to specify the initial mo-
mentum distribution at a finite time, t0 = 0, and to take into
account its time evolution. Our recent work [15] did this
analytically by deriving the evolution of the rr correlator in
an anisotropic system. We assumed a small anisotropy in the
momentum distribution of hard particles, ξ 3/2 
 g2, where

ξ ∼ |〈pz〉 − 〈p⊥〉|
〈pz〉 . (44)

This small anisotropy is needed for an adiabatic approxi-
mation. Specifically, the growth rate of instabilities is γ ∼
ξ 3/2g� [56] and we need the growth rate to be slower than
the process of interest.

7This problem of a divergent rate due to instabilities is not unique
to momentum broadening. All probes that depend on the density
of soft gluons suffer from the same spurious divergences in an
anisotropic medium with initial condition specified at time t0 = −∞.
This includes the rate of photon production through bremsstrahlung,
medium-induced jet splitting, and medium-induced quasiparticle
splitting [8], which all depend on momentum broadening. Further-
more, the imaginary part of the heavy quark potential also diverges
under these assumptions [51].

Assuming a small anisotropy, ξ 
 1, the retarded
correlator is

Gret (tx, ty; p) =
∫

α

d p0

2π
e−ip0(tx−ty )Gret (p0, p) (45)

shortly after initialization in our setup when the HTL ap-
proximation is still valid. Here Gret (p0, p) = [(G0

ret (P))−1 −
ret (P)]−1 where α is a contour that goes above all poles (see
[15]), and the self-energy is given by Eq. (24). In particular it
goes above poles ω = iγ with γ > 0 that correspond to insta-
bility modes and lie in the upper half of the complex plane in
ω [43]. Such an instability pole gives exponential growth in
the time domain where Gret (tx, ty) ∼ θ (tx − ty) eγ (tx−ty ).

Some earlier work on energy loss in an anisotropic plasma
[37,38] implicitly assumed an integration contour along
the real axis. This gives an incorrect contribution θ (ty −
tx )eγ (tx−ty ) to the retarded propagator in the time domain and
leads to incorrect results for energy loss. We discuss this
further in Appendix D.

In [15] we furthermore used a separation of scales to eval-
uate the rr correlator in a system initialized at time t0 = 0. We
write the retarded correlator in momentum space as

Gret (K ) = Ĝret (K ) +
∑

i

Ai

k0 − iγi
(46)

where iγi are all poles of order ξ 3/2g� including instability
poles and Ĝret describes modes of order g�.8 Then

Grr (tx, ty; k) ≈
∫

dk0

2π
e−ik0(tx−ty )Ĝrr (K )

+
∑
i, j

Aiaa(0)A∗
j

γi + γ j
[eγi tx eγ j ty − 1] (47)

shortly after initialization in our setup where

Ĝrr (K ) = Ĝret (K ) aa(K ) Ĝadv(K ) (48)

and Ĝadv = Ĝ∗
ret. Modes of order g� are described by Ĝrr .

These fluctuating soft modes are continuously sourced by
hard particles in the medium and they only depend on the
particles’ instantaneous momentum distribution f (p), given
that the HTL approximation is valid. Furthermore, their den-
sity does not depend on how much time has passed since
initialization. Instability modes at energy ξg� are described
by the second term. They grow exponentially in time shortly
after initialization.9

Equation (47) for the rr correlator in an anisotropic plasma
is only valid for the first instants after a system is initial-
ized. It corresponds to the early times in classical-statistical
simulations of heavy-ion collisions [17,18]. However, we are

8The power in ξ 3/2g� is for example derived in [56]. More gener-
ally, we are separating into modes with frequency ∼g� and modes
with frequency 
 g�.

9Further discussion can be found in Appendix E. In particular,
we correct some wrong signs in a heuristic discussion of the rr
propagator in an unstable plasma in our earlier paper [15]. These
sign mistakes in no way change the results of that paper.
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γ

q

|ωcut|

FIG. 2. Definition of ωcut. Instability poles iγ are plotted with
momentum q for a particular direction. All poles in red are sub-
tracted, i.e., all poles in the upper half plane, as well as all poles
in the lower half plane with |γ | < ωcut.

interested in the collision kernel at later stages of heavy-ion
collisions where instability modes have been saturated and
the system has achieved a HTL-like scale separation after
going through a nonthermal fixed point [19]. During these
later stages, namely, the kinetic theory stage and hydrody-
namics stage, the part of (47) describing fluctuating modes
remains valid: Those gluons are continuously sourced by the
hard quasiparticles in the medium and their density does not
depend on the history of the medium. On the other hand,
the ultrasoft instability modes at scale ξ 3/2g� have evolved
through self-interaction which is not captured by our analytic
calculation.

In this paper, we focus on momentum broadening due
to the fluctuating modes. More precisely, we choose a scale
ωcut separating the fluctuating modes at energy g� and the
instability modes at energy ξ 3/2g� with

ξ 3/2g� 
 ωcut 
 g�. (49)

We will focus on modes at ω > ωcut which are captured by
the HTL rr correlator in Eq. (38). Conversely, we will not
include the effect of ultrasoft modes, including instability
modes, at ω < ωcut, as their dispersion relation in heavy-ion
collisions is not captured by our analytic calculation. These
ultrasoft modes only occupy a small portion of momentum
space and should give a limited contribution to momentum
broadening, except for potential divergences. We explore this
further below.

In practice, we locate instability poles numerically and
subtract their contribution from the retarded and advanced
correlators. These poles are only present for small momenta,
q ∼ ξ 1/2g�. We subtract all instability poles in the upper
half complex plane which correspond to exponential growth
and which should not be treated in momentum space. We
furthermore subtract poles in the lower half plane with ω = iγ
and |γ | < ωcut (see Fig. 2). These modes are on the second
Riemann sheet in [57] which appears when the branch cut
corresponding to Landau damping is modified [15].10 This
gives an rr correlator for fluctuating modes

Ĝrr (K ) = Ĝret (K ) aa(K ) Ĝadv(K ) (50)

10Modifying the branch cut does not change the correlator in the
time domain where it is properly defined (see [58]).

FIG. 3. The jet parton direction is defined through θ , the angle
between the jet momentum k̂ and the anisotropy vector n. Pictured
is the case of ξ > 0 where the momentum distribution is oblate. For
ξ < 0 the distribution is prolate.

which coincides with that of Eq. (38) except that ultrasoft
instability poles are subtracted in the retarded and advanced
correlator. For numerical convenience we perform the subtrac-
tion of a pole ω = iγ in D̃A

ret and D̃B
ret from Eqs. (42) and (43).

Defining D̃A
ret = 1/A(ω), we write exactly

1

A(ω)
= 1

A(ω)
(ω−iγ ) (ω − iγ )

= 1

A(ω) − ( A(ω)
ω−iγ

)2 − 1

(ω − iγ ) − A(ω)
ω−iγ

1

ω − iγ
(51)

and subtract the second term which has a pole at ω = iγ and
the correct residue as ω ≈ iγ . The first term has no pole at
ω = iγ because

A(ω) −
(

A(ω)

ω − iγ

)2

= A(ω)

ω − iγ

[
ω − iγ − A(ω)

ω − iγ

]
(52)

where A(ω)
ω−iγ is finite everywhere and nonzero at ω = iγ .

V. RESULTS

A. Dependence on ωcut

The collision kernel C(p⊥) depends on both medium prop-
erties and the direction of the jet. Specifically, the kernel
depends on the anisotropy ξ of the medium, the jet direction
θ , the magnitude of the transverse momentum kick p⊥, and its
direction φ. The medium anisotropy ξ is defined in Eq. (20)
for the momentum distribution of quasiparticles. It describes
elongation or contraction of an isotropic distribution in a di-
rection n. The direction of the jet is specified by θ , the angle
between the jet momentum and n (see Fig. 3). The symmetry
of our setup means that only values of 0 � θ � π/2 need
to be considered. The direction of a momentum kick in the
plane transverse to the jet momentum is given by an angle φ.
We choose φ = 0 when p⊥ is in the plane defined by the jet
direction and n.

We have obtained consistent expressions for the collision
kernel by subtracting ultrasoft instability poles at frequency
below a cut ωcut, leaving fluctuating modes at energy ω > ωcut

which are the focus of this paper. It is important to explore
how sensitive our results are to the exact value of the cut.11

11To subtract instability poles in the lower half plane on the second
Riemann sheet, one needs the analytic continuation of the propagator
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FIG. 4. The amount of transverse momentum broadening
p2

⊥C(p) at momentum p⊥ in units of g2�. (a) Anisotropy ξ = −0.1,
jet direction θ = π/2, angle in transverse plane φ = 0. (b) ξ = −0.1,
θ = π/3, φ = 0. The transverse momentum p⊥ is measured in units
of g�. The different curves have different ωcut = acut ξ

3/2g�, the
cut between fluctuating modes and ultrasoft instability modes which
are subtracted. The equilibrium result with temperature T = � and
ξ = 0 is shown for comparison. The dependence on the cut is mild
for these values of ξ and θ . A similar picture holds in general for
ξ < 0 at π/4 < θ � π/2, and for ξ > 0 at 0 � θ < π/4.

This measures the robustness of our results and the importance
of ultrasoft modes in momentum broadening. We will write
ωcut = acut ξ

3/2g� where acut is a number.12 All our results
will assume a QCD plasma with three flavors of massless
quarks.

The sensitivity of momentum broadening on the cut ωcut is
moderate and depends on the direction of the jet: in Figs. 4 and
5 we show the amount of transverse broadening at momentum
p⊥ as the cut is varied.13 These figures are representative for
the results at a negative anisotropy, ξ < 0. For jet direction
π/4 � θ � π/2 as in Fig. 4, there is limited dependence
on the cut and one gets consistent results by subtracting the

to that Riemann sheet. The self-energies in Eq. (32) have one remain-
ing integral and thus cannot be analytically continued in any simple
way. Instead, we will use the expansion at low ξ for ret derived
in [43,48] when estimating the effect of ωcut in Figs. 4 and 5. As we
subsequently choose ωcut = 0.0, with no poles in the lower half plane
subtracted, we use the full results valid at all ξ in all other figures.

12For comparison the maximal growth rate from instabilities in D̃A
ret

in Eq. (42) is γmax ≈ 0.15g�ξ 3/2 [48]. Thus a reasonable choice for
the cut in the lower half plane is acut ≈ 0.1 − 0.5.

13Subtracting poles with |γ | < ωcut introduces kinks in C(p⊥) (see
Fig. 5). Including the physics of ultrasoft modes would give a con-
tinuous description and remove these kinks.

FIG. 5. The dependence of transverse momentum broadening on
ωcut = acut ξ

3/2g� for two values of θ . (a) ξ = −0.1, θ = 0, φ = 0.
(b) ξ = −0.1, θ = π/6, φ = 0. The dependence on the cut is more
pronounced than in Fig. 4 due to slowly decaying modes transverse
to the jet direction. A similar picture holds in general for ξ < 0 at
0 � θ < π/4 and for ξ > 0 at π/4 � θ � π/2.

instability poles. For 0 � θ < π/4 as in Fig. 5 there is more
dependence on the value of the cut.

The different qualitative behavior in Figs. 4 and 5 can be
understood by analyzing the structure of instability poles. For
negative anisotropy, when π/4 � θ � π/2 there are instabil-
ity poles in DA

ret with momentum transverse to the direction of
the jet [48]. Even after subtracting the poles below ωcut there
remain very slowly decaying modes with ω = −iγ , γ � ωcut

which have momentum nearly transverse to the jet direction.
Due to the slow decay of these modes, each excitation can
impart transverse momentum to the jet for a long time. Thus
these modes can impart a great deal of transverse momen-
tum which explains the rapid rise in Fig. 5. As there are no
such slowly decaying modes transverse to the jet direction
for 0 � θ < π/4 one gets much less sensitivity to the cut.14

The picture is opposite for positive anisotropy. Due to the
location of instability poles, one gets little sensitivity to the
cut for 0 � θ < π/4 like in Fig. 4 and more sensitivity for
π/4 � θ � π/2 like in Fig. 5.

14For these values of θ , one would get a convergent result without a
cutoff. However, such a calculation would not be physical as it would
treat exponentially growing modes incorrectly. Specifically, it would
assume that the contribution of the instability modes to the retarded
correlator Dret (tx, ty ) was at ty > tx , which is not in accordance with
properties of the retarded propagator. (See Appendix C for a discus-
sion on this in the case of heavy quarks.)
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FIG. 6. Transverse momentum broadening for a jet parton par-
allel to the anisotropy vector, θ = 0, for positive anisotropy.
Momentum broadening is reduced as the anisotropy increases, es-
pecially for low and intermediate values of p⊥. The hard scale of the
problem � is roughly the temperature of the medium. Its values in
heavy-ion collisions are in the range of roughly 150 and 300 MeV.

The dependence of q̂ on the frequency cut can be estimated
analytically (see Appendix B). One gets that

q̂ ∼ g4�3ξ 3/2 log(
√

ξ ωcut ). (53)

This relatively mild dependence is because of the small phase
space in which one finds instabilities.

For the rest of this paper we will focus on values of ξ and
θ where there is less sensitivity to the cut, like in Fig. 4. For
simplicity we will choose ωcut = 0.0. For other values of ξ

and θ like in Fig. 5, the collision kernel is sensitive to the exact
dispersion relation and occupation density of ultrasoft modes.
Thus our calculation should eventually be complemented by
detailed information on the far infrared in heavy-ion colli-
sions. This would of course cancel any dependence on ωcut

in our calculation.

B. Dependence on anisotropy and jet direction

Medium anisotropy reduces momentum broadening be-
cause medium screening is increased. In Fig. 6 momentum
broadening is shown for different positive values of ξ where
the jet parton is parallel to the anisotropy vector, θ = 0. In
Fig. 7 momentum broadening is shown for negative values of

FIG. 7. Transverse momentum broadening for a jet parton trans-
verse to the anisotropy vector, θ = π/2, for negative anisotropy. As
in Fig. 6, momentum broadening is reduced in a more anisotropic
medium. Here φ = 0.

FIG. 8. Transverse momentum broadening at high negative val-
ues of ξ with θ = π/2 and φ = 0. An additional peak develops at
p⊥ ∼ 0.5g� relative to low and intermediate values of ξ as in Fig. 7.
This regime of extreme anisotropy stretches our assumption that
modes can be separated into instability modes and anisotropy modes.

ξ with the jet transverse to the anisotropy vector, θ = π/2.
Both results are qualitatively similar. Deviation from equilib-
rium universally results in less momentum broadening.15 This
reduction is clear even at small anisotropy. The deviations
from equilibrium are most pronounced at low and interme-
diate values of p⊥ as at high values medium screening is
unimportant. We have also checked the dependence on the
angle θ between the jet parton and the anisotropy vector. It
is found to be fairly mild.

The qualitative difference between equilibrium and
nonequilibrium momentum broadening is due to additional
screening in the nonequilibrium plasma. The equilibrium col-
lision kernel is C ∼ 1/q2

⊥ for low transverse momentum as can
be seen in Eq. (19). This is because of the absence of static
screening for magnetic modes in a quark-gluon plasma in
thermal equilibrium [2] while the electric mode gets screening
from the Debye mass m2

D. Conversely, our nonequilibrium
collision kernel goes to a constant at very low q⊥. This is
a sign of additional screening in a nonequilibrium medium.
In particular, the self-energy component c goes to zero in
thermal equilibrium in the limit ω → 0, denoting absence of
magnetic screening, but remains finite in the anisotropic case.
This is true even for moderate values of the instability cutoff
ωcut.

Our separation of physics into instability modes and fluc-
tuating modes makes the most sense for low and intermediate
values of ξ . It is nevertheless interesting to see how the col-
lision kernel behaves at extreme anisotropy in our setup. In
Fig. 8 we show the kernel for very large negative values of
ξ which must be bounded from below by −1. At extreme
anisotropy, the collision kernel develops a pronounced peak
around p⊥ = 0.5g�.

A nonequilibrium collision kernel is needed to calculate
the rate of quasiparticle one-to-two radiation in kinetic theory

15This is universally true for values of ξ and θ like in Fig. 4
which have little sensitivity to ωcut . For values of ξ and θ where
information on ultrasoft modes is required like in Fig. 5, it is not clear
to us whether the same reduction in momentum broadening will take
place.
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FIG. 9. Comparison between the isotropic parametrization used
in effective kinetic theory and our anisotropic collision kernel for ξ =
−0.5 and θ = π/2. The isotropic parametrization does not capture
the anisotropic behavior and incorrectly shows increased momentum
broadening. The comparison for other values of ξ and θ is similar.

[8]. In the absence of an anisotropic nonequilibrium colli-
sion kernel, kinetic theory simulations have used an isotropic
parametrization [11,12] which is exact in an isotropic medium
and is given by Eq. (19) where the equilibrium Debye mass is
replaced by

m2
D = 2

∫
d3 p

(2π )3 p
[2Nf fq(p) + 2Nc fg(p)] (54)

and the temperature is replaced by an effective temperature

T∗ =
1
2

∫ d3 p
(2π )3 {2Nf fq(p)[1 − fq(p)] + 2Nc fg(p)[1 + fg(p)]}∫ d3 p

(2π )3 p [2Nf fq(p) + 2Nc fg(p)]

(55)

(see [8]). In Fig. 9, we compare this parametrization, as well
as the equilibrium collision kernel at temperature T = �, with
our full anisotropic calculation of the collision kernel. Clearly,
the isotropic parametrization does not capture the behavior
of the collision kernel in an anisotropic medium. Including
a full anisotropic collision kernel could affect the rate of
quasiparticle splitting in kinetic theory simulations, and this
influences the entire space-time evolution.

C. Angular dependence of q̂

In an anisotropic medium, momentum broadening is dis-
torted with more broadening in one direction of the transverse
plane than the other. In other words, the collision kernel C(q⊥)
depends on the direction of q⊥. One way to quantify the total
transverse momentum broadening in a particular direction is
to consider

q̂i j =
∫

d2q⊥
(2π )2

q⊥iq⊥ j C(q⊥). (56)

There always exist orthogonal principal axes so that q̂xy = 0.
In our case, one axis is in the plane spanned by the jet direction
and the anisotropy vector, with the other one being orthogonal.
The total transverse momentum broadening in Eq. (13) is
given by q̂ = q̂xx + q̂yy and in general q̂xx �= q̂yy.

Equation (56) is UV divergent and needs a cutoff. This
cutoff depends on the process being considered. As an ex-

FIG. 10. The transport coefficients qxx and qyy in units of g4�3 in
a medium with positive anisotropy. The jet parton travels parallel
to the medium anisotropy, θ = 0. (a) UV cutoff of qmax = 3.2g�
corresponding roughly to jet energy E ∼ 100�. (b) qmax = g�, cor-
responding roughly to E ∼ �.

ample the cutoff for radiation off a highly energetic jet is
roughly

qmax ∼ g�(E/�)1/4 (57)

where E is the energy of the jet parton [59] and � is the
medium scale. This scaling relation becomes progressively
better as the energy of the jet parton increases.

In Fig. 10, we show transverse momentum broadening for
a parton that travels in the direction of the medium anisotropy,
i.e., θ = 0. In this case the transverse plane is the same in all
directions and q̂xx = q̂yy. We consider a medium with positive
anisotropy. As the energy of a jet partons increases it receives
transverse kicks of higher energy which are less sensitive to
details of medium screening. Therefore, anisotropy has more
effect on low-energy jet partons. As an example, for a jet par-
ton with E ∼ 100�, the anisotropy gives a modest decrease
of 15% to momentum broadening, while for medium particles
or very low-energy jet partons with E ∼ �, the decrease is
nearly 45% (see Fig. 10).

In Fig. 11, we show transverse momentum broadening for a
jet parton that travels orthogonally to the medium anisotropy,
i.e., θ = π/2. We assume a medium with negative anisotropy.
The effect of the anisotropy for a jet parton with energy
E ∼ 100� is small. However, for energy E ∼ � there is a
decrease of around 20% for qxx and around 15% for qyy due
to the anisotropy. Thus there is modest distortion in transverse
broadening anisotropy.

The effects of anisotropy on momentum broadening are
most substantial for low-energy particles such as medium
particles. Therefore, the effects we have described should
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FIG. 11. The transport coefficients qxx and qyy in a medium with
negative anisotropy. The jet parton is orthogonal to the medium
anisotropy, θ = π/2. (a) qmax = 3.2g�, corresponding roughly to
E ∼ 100�. (b) qmax = g�, corresponding roughly to E ∼ �.

be particularly important for quasiparticle interaction in ki-
netic theory as well for photon radiation from a medium.
In these cases a medium quark with E ∼ � receives trans-
verse momentum kicks, causing it to radiate a gluon or a
photon. Figures 10(b) and 11(b) give a rough indicator of
how important the effect of anisotropy on momentum broad-
ening could be for the rate of those processes. In particular,
Fig. 10(b) suggests that the effect could be sizable. In this
regime one must solve the full equations for rates of gluon
and photon radiation derived in [13,60] which require the full
collision kernel C(q⊥). We will explore this further in a future
publication.

VI. CONCLUSIONS

The rate of transverse momentum broadening is an integral
part of the physics of relativistic plasmas. This rate is given
by the collision kernel C(q⊥), the probability that a jet parton
gets transverse kicks of momentum q⊥ from the medium. The
collision kernel also describes momentum broadening of a
quasiparticle in the medium.

For the first time, we have calculated the collision kernel
in a nonequilibrium plasma [see Eq. (14)]. This is motivated
by the quark-gluon plasma in heavy-ion collisions, which is
anisotropic and at times far from equilibrium. We assume
an anisotropic momentum distribution of quasiparticles and
calculate the rr correlator of soft gluons in the medium [see
Eq. (38)]. Even at small values of anisotropy, the collision
kernel changes qualitatively from the equilibrium result (see
Figs. 6 and 7). In those figures, additional screening leads to
less momentum broadening, especially at small and interme-

diate transverse momenta, an effect which is not captured by
the isotropic ansatz used in kinetic theory simulations [11,12].
This gives a sizable decrease in the transport coefficient q̂, as
well as mild angular dependence (see Figs. 10 and 11).

The collision kernel for momentum broadening determines
the rate of medium-induced gluon radiation off a jet parton. It
also determines the rate of one-to-two scattering of quasipar-
ticles in a medium, as well as the rate of photon production
through bremsstrahlung. With an anisotropic collision kernel
in hand, we can therefore calculate consistently the rate of
all these different processes in an anisotropic plasma. We will
report on progress in a future publication.

A central challenge in this calculation is the presence of
unstable modes in an anisotropic plasma. These modes lead
to exponential growth in soft gluon density at very early times
but numerical simulations suggest that at later times the modes
become saturated in heavy-ion collisions [17–19]. This is not
captured by our analytic calculation, leading us to subtract
ultrasoft instability modes with exponential growth. Our focus
is thus on fluctuating modes which are sourced at each instant
by quasiparticles in the medium and the contribution of which
to momentum broadening does not depend on the detailed
history of the medium. However, we note that for certain
values of the anisotropy and jet direction, the collision kernel
is sensitive to the ultrasoft modes subtracted and thus our
calculation needs to be complemented by a description of the
deep infrared in heavy-ion collisions. An alternative would be
to measure the collision kernel defined in terms of Wilson
lines [61] directly from, say, classical-statistical simulations
of heavy-ion collisions.
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APPENDIX A: DERIVATION OF EQ. (38)

In this Appendix we give further details for the derivation
of Eq. (38). Combining Eqs. (36) and (37) we get that

D(μν)
rr = 1

2 [{Dret, {−iaa, Dadv}} − {−iaa, {Dadv, Dret}}
+ {Dadv, {Dret,−iaa}}]μν (A1)

where anticommutators act on Lorentz indices. The in-
gredients in this equation are the self-energy for gluon
production,

−iμν
aa = αPμν

L + βEμν + γCμν + δDμν, (A2)

the retarded correlator

Dμν
ret =−iQμQν

(Q2)2 + iEμνD̃B
ret

+ i[XPμν
L + ZCμν − W Dμν]D̃A

ret, (A3)
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and the advanced correlator

Dμν
adv = −iQμQν

(Q2)2 + iEμνD̃B ∗
ret + i[X ∗Pμν

L + Z∗Cμν − W ∗Dμν]D̃A ∗
ret . (A4)

The quantities X , Z , W , D̃A
ret, and D̃B

ret can be found in Eqs. (39)–(43).
To evaluate the anticommutators in Eq. (A1), we need anticommutators of the tensors PL, E , C, and D. These are given in

Eq. (35). As an example, these relations can be used to show that

{Dadv, Dret}μν = {
iEμνD̃B ∗

ret + iD̃A ∗
ret (X ∗Pμν

L + Z∗Cμν − W ∗Dμν ), iEμνD̃B
ret + iD̃A

ret (XPμν
L + ZCμν − W Dμν )

}μν

= ∣∣D̃B
ret

∣∣2
Eμν + ∣∣D̃A

ret

∣∣2
(
|X |2Pμν

L + |Z|2Cμν + |W |2 Q2q2

(q0)2
(C + PL )μν − 2Re (X ∗W )Dμν − 2Re (Z∗W )Dμν

)
(A5)

where we evaluated the anticommutators term by term. Using
this result one can then evaluate the term {−iaa, {Dadv, Dret}}
in Eq. (A1) using the same relations for anticommutators.
A straightforward but tedious calculation of all the terms in
Eq. (A1) then results in Eq. (38).

APPENDIX B: ESTIMATE OF DEPENDENCE
ON MOMENTUM CUTOFF

We will now show in detail the logarithmic divergence that
occurs due to instability modes when momentum broadening
is evaluated as in Sec. III making the (incorrect) assumption of
an initial condition at time t0 = −∞. For simplicity, we will
consider the case where the jet parton momentum k̂ is parallel
to the anisotropy vector n which we choose to be the z axis.
Momentum broadening is given by

q̂ ≈ g2CF

∫
d4Q

(2π )4
q2

⊥Dμν
rr (Q)vμvν δ(v · Q) (B1)

where

Drr = DretaaDadv (B2)

in this naive setup. The blowup due to instabilities comes
from the instability poles in Dret and Dadv. We focus on the
instability poles coming from the term with e. The other
contribution can be evaluated similarly. Using results from
[37,48] one can show that at small anisotropy

e = m2
D

(
ω

q

)2

− iπ

4
m2

D

ω

q
+ O

[(
ω

q

)3]

+ ξ

[
−1

6
(1 + cos 2θ )m2

D + O

(
ω

q

)]
. (B3)

We verify below that the expansion in ω/q 
 1 is consistent.
This clearly shows the presence of instability poles as

ω2 = q2 + e ≈ q2 − ξ 1
6 (1 + cos 2θ )m2

D (B4)

has an imaginary solution ω = iγ for sufficiently small values
of q. For our simple estimate we can ignore the dependence of
the pole on the angle θ between the gluon momentum q and
the anisotropy vector n.

Ignoring all numerical factors and substituting Dret →
1/(Q2 − e) and Dadv = D∗

ret in Eq. (B1), we get

q̂ ∼ g3�2
∫

d4Qq2
⊥δ(ω − qz )

× 1(
q2

⊥ + m2
D

(
ω
q

)2 − ξm2
D

)2 + (
m2

D
ω
q

)2
. (B5)

It is clear that this expression diverges when q⊥ ∼ √
ξmD

and ω ∼ q3
⊥/m2

D ∼ ξ 3/2mD, justifying our approximation that
ω/q 
 1 in Eq. (B3) when the anisotropy is small. Rewriting
gives

q̂ ∼ g3�2
∫

dqz
∫

dq⊥
q3

⊥(mDqz√
ξ

)2 + (
q2

⊥ − ξm2
D

)2 . (B6)

Scaling all variables by mD and introducing a cutoff δ defined
by q⊥ ≈ q >

√
ξmD + δmD gives that

q̂ ∼ g4�3
∫

dx
∫

√
ξ+δ

dz
z3

x2/ξ + (z2 − ξ )2
. (B7)

The remaining integrals can be done analytically by a change
of variables x → x/

√
ξ and y = z2 − ξ , and then going to ra-

dial coordinates. The result is that dependence of momentum
broadening on the cutoff is

q̂ ∼ g4�3ξ 3/2 log(
√

ξδ). (B8)

Our derivation of the logarithmic blowup in Eq. (B8) was
done in a naive framework where the initial condition is at
t0 = −∞. However, this derivation also tells us about the case
where the initial condition is specified at t0 = 0 (see Sec. IV).
When specifying a cut ωcut, below which instability poles are
subtracted, the treatment for modes of energy greater than ωcut

is the same as in the derivation of Eq. (B8). Given a relation
between the three-momentum cutoff δ and the frequency cut-
off ωcut, we therefore see that the dependence on the frequency
cutoff is

q̂ ∼ g4�3ξ 3/2 log(
√

ξ ωcutoff ). (B9)

APPENDIX C: GLUON SELF-ENERGY
IN AN ANISOTROPIC MEDIUM

To evaluate the rr correlator we need the self-energy
aa given by Eq. (22). Doing a change of variables to p̃ =
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p
√

1 + ξ (v · n)2 shows that

μν
aa = 2πm2

D,eq �Pμν (C1)

where the angular part is

Pμν =
∫

d�

4π
vμvν δ(ω − v · q)

(1 + ξ (v · n)2)3/2

∣∣∣∣
v0=v

. (C2)

Furthermore,

m2
D,eq = g2

2π2

∫ ∞

0
d p̃ p̃2

× [
2Nf f 0

q

(
1 − f 0

q

) + 2Nc f 0
g

(
1 + f 0

g

)]
(C3)

is the Debye mass in thermal equilibrium with f 0
q and f 0

g the
equilibrium distributions with the temperature substituted by
�. Using the delta function in Eq. (C2) we get that

P00 = 1

4πq

∫ 2π

0
dφ

× 1

[1 + ξ (q̃‖ω̃ − q̃⊥
√

1 − ω̃2 cos φ)2]3/2
,

(C4)

P0ini = 1

4πq

∫ 2π

0
dφ

× q̃‖ω̃ − q̃⊥
√

1 − ω̃2 cos φ

[1 + ξ (q̃‖ω̃ − q̃⊥
√

1 − ω̃2 cos φ)2]3/2
, (C5)

Pi jnin j = 1

4πq

∫ 2π

0
dφ

× (q̃‖ω̃ − q̃⊥
√

1 − ω̃2 cos φ)2

[1 + ξ (q̃‖ω̃ − q̃⊥
√

1 − ω̃2 cos φ)2]3/2
, (C6)

where q̃‖ = n · q/q is the normalized component of the gluon
momentum that is parallel to the anisotropy vector n, q̃⊥ =
|q − (n · q)n|/q is the normalized transverse component, and
ω̃ = ω/q. We do the remaining integral numerically. See [45]
for an alternative evaluation, partially in terms of special
functions.

We can finally assemble the components of aa found in
Eq. (30):

−iaa = αPL + βE + γC + δD. (C7)

They are

iα = 2π� m2
D,eq

ω2 − q2

q2
P00, (C8)

iδ = 2π� m2
D,eq

ω/q√
q2 − (q · n)

(
P0ini − q · n ω

q2
P00

)
,

(C9)

iγ = 2π� m2
D,eq

1

1 − (q · n)2/q2

×
(

Pi jnin j − 2q · n ω

q2
P0ini + (q · n)2ω2

q4
P00

)
,

(C10)

iβ = −iα − iγ . (C11)

For the convenience of the reader we also collect the com-
ponents of the retarded self-energy in Eq. (32):

−iμν
ret = LPμν

L + eEμν + cC
μν + d Dμν. (C12)

They were first derived in [43]. They have the same form as
the components of aa except that 2π�m2

D,eq is replaced by
1
2 m2

D,eq and the angular integrals become

P00
ret =

∫ 1

−1
dz

1

(1 + ξz2)2 [−1 + (ω + ξq‖z)

× R(ω − q‖z, q⊥
√

1 − z2)], (C13)

P0i
retn

i =
∫ 1

−1
dz

z

(1 + ξz2)2 [−1 + (ω + ξq‖z)

× R(ω − q‖z, q⊥
√

1 − z2)], (C14)

Pi j
retn

in j = 1 + ξ

ξ 3/2

(
arctan

√
ξ −

√
ξ

1 + ξ

)
+

∫ 1

−1
dz

z2

(1 + ξz2)2

× [−1 + (ω + ξq‖z)R(ω − q‖z, q⊥
√

1 − z2)]

(C15)

where

R(a, b) =
∫ 2π

0

dφ

2π

1

a − b cos φ + iε

= θ (a2 − b2)
sgn(a)√
a2 − b2

− θ (b2 − a2)
i√

b2 − a2
.

(C16)

Furthermore,

e = −L − c + arctan
√

ξ√
ξ

m2
D,eq. (C17)

APPENDIX D: ENERGY LOSS IN AN UNSTABLE MEDIUM

In Eq. (45) we showed that a contour α that goes above
all instability poles in the frequency domain is needed to
transform the retarded correlator to the time domain [15].
Assuming the factorization in Eq. (46) this gives that

Gret (tx − ty, k) =
∫

d p0

2π
e−ip0 (tx−ty )Ĝret (p0, p)

+ θ (tx − ty)
∑

i

Aie
γi (tx−ty ) (D1)

which guarantees that Gret (tx, ty) = 0 for tx < ty, i.e., that all
propagation is causal and that instabilities give exponential
growth. If we were to use an incorrect contour along the real
line, the retarded correlator in the time domain would become∫

d p0

2π
e−ip0 (tx−ty )Ĝret (p0, p) + θ (ty − tx )

∑
i

Aie
γi (tx−ty ).

(D2)

This is nonvanishing for tx < ty and thus does not describe
causal evolution.

Earlier work on heavy-quark energy loss in an anisotropic
plasma [37,38] implicitly used a contour along the real line,
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i.e., Eq. (D2). An easy way to see this is to note that their end
result for energy loss was Eq. (10) which we derived using
regular Fourier transforms and not the contour α. Alterna-
tively, the origin of the incorrect contour can be understood
using the classical derivation in Eq. (11). This relied on
Eq. (12) from linear response theory which describes how
an electric field is induced by a current. The linear response
relation comes from Fourier transforming the fundamental
relation for the electric field:

Ei(X ) = ∂x0

∫
d4Y Di j

ret (X − Y )J j
ext (Y )

= ∂x0

∫
d4Y

∫
d4Q

(2π )4
e−i(X−Y )QDi j

ret (Q)

×
∫

d4K

(2π )4
e−iKY J j

ext (K ). (D3)

Doing the Y integral then gives a delta function δ(4)(Q − K ),
leading to Eq. (12). However, in a system with an instability,
things are not so simple. To preserve causality, we must use
the contour α for the q0 integral in Eq. (D3). Thus q0 can be
in the upper half complex plane. For an instability pole q0 =
iγ , the integral is

∫ x0

−∞
dy0e−i(x0−y0 )q0 =

∫ x0

−∞
dy0e(x0−y0 )γ = ∞ (D4)

which is divergent. The interpretation here is straightforward.
Assuming a plasma that has existed for a long time compared
to the rate of energy loss, the jet parton will have sourced

unstable fields a long time ago that will have had time to grow
to very large amplitudes leading to extremely large energy
loss. Thus using the setup of [37,38] should give infinite en-
ergy loss due to instabilities. It should be emphasized that the
calculations of heavy quark energy loss in [37,38] correctly
got the involved contribution of fluctuating soft modes and
hard scattering.

The correct procedure in an unstable plasma is to use equa-
tions in the time domain like in the first line of Eq. (D3) and
start the system at some finite time t0 = 0. Then the integral
in Eq. (D4) is ∫ x0

0
dy0e(x0−y0 )γ = eγ x0 − 1

γ
. (D5)

For later times tx the system will have evolved and the retarded
correlator should be modified. This requires numerical calcu-
lations and has been performed in, e.g., [22,36]. Alternatively,
if one is simply interested in fluctuating modes such as in this
paper, one could subtract instability poles below a cutoff ωcut.

Other earlier calculations of probes in an anisotropic
plasma do not suffer from this flaw. Calculation of photon
emission through two-to-two scattering (see, e.g., [62]) only
uses a resummed quark propagator which has no instability
poles [63]. Furthermore, the heavy-quark potential [50] de-
scribes equal-time correlators and thus there is no room for
instabilities to grow.

APPENDIX E: CORRECTION TO [15]

In our earlier paper [15], we showed that the rr propagator
in an unstable plasma is

Grr (x0, y0) ≈
∫

dk0

2π
Ĝret (k

0) aa(k0) Ĝadv(k0) e−ik0 (x0−y0 ) +
∑

i

∫
dk0

2π

Ai

k0 − iγi
aa(k0) Ĝadv(k0) (e−ik0x0 − eγix0

)eik0y0

+
∑

j

∫
dk0

2π
Ĝret (k

0) aa(k0)
A∗

j

k0 + iγ j
e−ik0x0

(eik0y0 − eγ j y0
)

+
∑
i, j

∫
dk0

2π

Ai

k0 − iγi
aa(k0)

A∗
j

k0 + iγ j
(e−ik0x0 − eγix0

)(eik0y0 − eγ j y0
), (E1)

assuming the factorization in Eq. (46). The first term de-
scribes fluctuating modes, the last term describes instability
modes, and the middle terms are cross-terms between fluc-
tuating and instability modes. Using a set of controlled
approximations, Eq. (E1) can be shown to be equivalent to
Eq. (47) [15].

In [15], we gave a heuristic discussion of Eq. (E1). This
discussion, given in Eqs. (37)–(39) of [15], contained some
wrong signs which we correct here. We emphasize that all
results of [15], including Eq. (E1), remain unaffected.

The rr propagator can be written as

Grr (x0, y0, k) =
∫

dw0
∫

dz0 Gret (x
0,w0; k)

× aa(w0, z0; k)Gadv(z0, y0; k). (E2)

Omitting dependence on the three-momentum k, this is

Grr (x0, y0) =
∫

dw0
∫

dz0
∫

dk0

2π
Gret (x

0,w0)

× e−ik0 (w0−z0 ) aa(k0)Gadv(z0, y0) (E3)

where we Fourier transformed the self-energy aa. This equa-
tion can easily be evaluated schematically. A mode in the
retarded propagator with energy E and decay rate � is

Gret (x
0,w0) ∼ θ (x0 − w0)e−iE (x0−w0 )−�(x0−w0 ) (E4)

in the time domain. In thermal equilibrium, or generally any
system starting at time t0 = −∞, this contributes

∫ x0

−∞
dw0 e−ik0w0

e−i(E−i�)(x0−w0 ) = ie−ik0x0

k0 − E + i�
(E5)
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to the rr correlator in Eq. (E3). However, in a system that is
started at time t0 = 0, the contribution of this mode is∫ x0

0
dw0 e−ik0w0

e−i(E−i�)(x0−w0 )

= i

k0 − E + i�
[e−ik0x0 − e−i(E−i�)x0

]. (E6)

Generally speaking, for a pole b in the retarded propagator,
we should have a contribution

1

k0 − b
(e−ik0x0 − e−ibx0

) (E7)

in Eq. (E1). However, controlled approximation allows us to
drop terms e−ibx0

when b ∼ g� since those terms either decay

rapidly or oscillate too fast to contribute to momentum broad-
ening [15]. This explains the form of (E1): For instability
poles b = iγ , we get a contribution

1

k0 − iγ
(e−ik0x0 − eγ x0

) (E8)

while for poles with b ∼ g�, we simply get a contribution

1

k0 − b
e−ik0x0

. (E9)
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