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Resolution of a possible misinterpretation of the nuclear excitation mode along the yrast line:
An investigation on the evolution of rotation and vibration
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An empirical approach, called E-GOS (E -gamma over spin) curves, which is used for discerning the evolution
between vibration and rotation in nuclei as a function of spin, is discussed. Considering the possible mechanisms
and the results of total-Routhian-surface calculations, we find that the decrease in an E-GOS plot may be
misinterpreted as the onset of vibration behavior along the yrast line. The insufficiency of the vibration-like
criterion of the E-GOS curves to determine the transition from rotation to vibration is emphasized. It is
pointed out that the crossing between the ground-state and S bands, especially with a strong interaction, will
be responsible for such vibration-like evolution of nuclear excitation modes.
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I. INTRODUCTION

Atomic nuclei are composed of interacting nucleons
(fermions) but there is increasing evidence that collective
excitations resulting in both vibrations and rotations occur.
Moreover, it has been found that the collective excitation
modes can evolve with respect to different nuclear degrees
of freedom, such as nucleon number, excitation energy, and
angular momentum [1]. Generally speaking, such an evolution
is intimately related to shape/phase transition, which is one
of the most significant topics in nuclear structure research [2].
For instance, it was pointed out that shape or phase transition
from vibration to axial rotation or γ -unstable rotation, or
even a triple point, may appear with the variation of neutron
number [1,3,4]. One is also interested in the state evolution
along the yrast line since the yrast states are usually favorable
to be populated in experiments, especially via the heavy-
ion fusion-evaporation reaction. Note that the yrast line is
formed by the cascades of all yrast states—the lowest energy
state for a given I . Indeed, some interesting phenomena such
as the band crossing (back-bending effect), yrast traps, and
shape transitions were identified and discussed along the yrast
line where various excitation modes may compete and/or
couple in different ways [5,6]. As is known, even in one
motion mode, there may be involved different collective char-
acteristics (e.g., with different configurations) along the yrast
line [7].

In 2003, Regan et al. [8] proposed a new empirical way,
the ratio R(I ) [≡ Eγ (I → I − 2)/I] versus angular momen-
tum I [the so-called E-GOS (E -gamma over spin) curve],
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to determine the vibrational-to-rotational evolution along the
yrast line. For a perfectly harmonic quantum vibrator and
axially symmetric rotor, the energy sequence can be given re-
spectively by EI = nh̄ω [9] and EI = [h̄2/(2J )]I (I + 1) [10],
where the phonon number n = I/2 and J is the static mo-
ment of inertia. Correspondingly, the function relationships
between R(I ) and I are easily derived to be h̄ω

I and h̄2

2J (4 − 2
I )

for the above vibrator and rotor, respectively. In the A ≈ 100
mass region, some nuclei clearly exhibit transitions from vi-
bration to rotation along the yrast line [8]. Soon after, Liu et al.
[2] proposed a model associated with the U(5) symmetry in
the interacting boson model (IBM) to describe the rotation
driven vibrational to axially rotational shape phase transition
along the yrast line.

Naturally, one expects to see whether the opposite evo-
lution, from rotation to vibration, can occur with the help
of such an empirical approach. From the decreasing trends
of the E-GOS curves, it seems that such opposite patterns
appear in some nuclei; see, e.g., Refs. [11–15]. It should be
noted that this reducing behavior is very likely to be mis-
interpreted and rather necessary to be clarified though the
improved centipede-like E-GOS curves given in our previ-
ous publications [12–15]; where we tried to consider the
possible variation of the vibrating frequency and moment of
inertia, and even the first-order vibration-rotation coupling.
One should pay attention to not only the function relation-
ship but also the first and second derivatives of the E-GOS
curve. Even so, it may be still not enough to determine the
evolution from rotation to vibration by this empirical way. In
this paper, we will focus on the possible evolution between
rotation and vibration, discussing the necessary and/or suffi-
cient condition(s) of the shape/phrase transitions based on the
total-Routhian-surface (TRS) calculation [16–19].
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FIG. 1. The general procedure of TRS calculation.

We organize the present project as follows. In Sec. II, we
give a brief description of the TRS method, together with the
necessary references. The results and discussion are presented
in Sec. III. A summary is given in Sec. IV.

II. TOTAL-ROUTHIAN-SURFACE METHOD

We will give a short presentation of the unified proce-
dure of the TRS method below, including the necessary
references. The TRS calculation, combined with the realis-
tic Woods-Saxon potential, is powerful and widely used in
nuclear structure research [17–19]. This theoretical treatment
is based on the macroscopic-microscopic model [20,21] and
the one-dimensional cranking approximation [22–24]. The
usual expression for the total energy of the rotating nuclear
system (namely, the so-called total Routhian) reads (see, e.g.,
Refs. [25,26],

Eω(Z, N, β̂ ) = ELD(Z, N, β̂ )

+ δEshell (Z, N, β̂ ) + δEpair (Z, N, β̂ )

+ [〈Ĥω(Z, N, β̂ )〉 − 〈Ĥω=0(Z, N, β̂ )〉]. (1)

Generally, we can carry out the calculation in six standard
steps, as seen in Fig. 1. Then, one can obtain the total Routhian
by the sum of macroscopic and microscopic energies obtained
in the last two steps.

In this work, we calculate the deformed Woods-Saxon
(WS) potential at each (β2, γ , β4) deformation lattice. The
basis of the axially deformed harmonic oscillator in the

cylindrical coordinate system is used to generate the Hamil-
tonian matrix. Then the single-particle levels and wave
functions are obtained by diagonalizing the Hamiltonian
matrix. The shell and pairing corrections are respectively
calculated by using the Strutinsky method [27] and the Lipkin-
Nogami (LN) method [28]. This LN method can avoid the
spurious pairing phase transition occurring in the traditional
Bardeen-Cooper-Schrieffer (BCS) treatment. Moreover, be-
sides monopole pairing, doubly stretched quadrupole pairings
are considered, which will be important for the proper de-
scription of, e.g., nuclear moment of inertia and back-bending
frequency, though they have a negligible effect on energy
[29]. The monopole pairing strength, G, is estimated by the
average gap method [30] and the quadrupole pairing strengths
are calculated by restoring the Galilean invariance broken
by the seniority pairing force [31,32]. The adopted pairing
windows for both protons and neutrons contain dozens of
single-particle levels, e.g., half of the particle number Z and
N , below and above the Fermi surface. Under rotation, it is
supposed that nuclear system with a fixed shape is cranked
around a principal axis [33]. Equivalently, only one Euler an-
gle changes without the inclusion of nuclear vibration, which
corresponds to the variation of the collective coordinates
around their equilibrium positions. The resulting cranking LN
equation takes the form of the well known Hartree-Fock-
Bogolyubov-like (HFB) equation which can be solved by
using the HFB cranking (HFBC) method [6,34]. While solv-
ing the HFBC equations, pairing is treated self-consistently
at each frequency ω and each grid point in the selected de-
formation space. The macroscopic energy is calculated by
the standard liquid drop (LD) model with the original model
parameters [35].

At the end, the total Routhian of a rotating nucleus can
be calculated according to the procedure described above at
each deformation grid. The smoothed TRS will be obtained
by interpolating between the calculated sampling points. The
nuclear properties including the equilibrium deformations can
be extracted from the minimum of the TRS and other physical
quantities, e.g., aligned angular momenta, can be analyzed at
the equilibrium state.

III. RESULTS AND DISCUSSION

Based on the idealized assumption of collective exci-
tations, we can give some empirical plots as seen below.
Figure 2(a) shows the empirical E-GOS curve for a perfect
harmonic vibrator and axially symmetric rotor with the first
2+ excitations of 500 and 100 keV, respectively (same as
Fig. 2(a) in Ref. [8]). The inset in Fig. 2(a) give the cor-
responding moment of inertia, J (≡ Ix/ω). One can notice
that the moment of inertia J and rotational frequency ω keep
the constant numbers 30 h̄2MeV−1 and 0.25h̄ω for the ideal
rotor and vibrator, respectively, in the J-ω plot. Figure 2(b)
shows the schematic diagrams of the energy sequences E (I )
for two ideal vibrators and two rotors. For the ground-state
bands, these lines and curves, respectively, corresponding to
vibrators and rotors, will cross the origin of the coordinates.
The inset (b1) in Fig. 2(b) shows the rotation driven vibra-
tional to axially rotational phase transition along the yrast
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FIG. 2. (a) Typical E-GOS curves for a perfect harmonic vibra-
tor (red dashed line) and axially symmetric rotor (blue solid line),
respectively. The inset in (a) denotes the moment of inertia for them,
see the text for more details. (b) The energies against spin I for two
ideal vibrators (h̄ω2 = 1.1h̄ω1) and rotors (J2 = 1.1J1). Two insets
(b1) and (b2) indicate the phase transitions from vibration to rotation
and from rotation to vibration, respectively.

line, similar to Fig. 3 in Ref. [2]. In contrast, the inset (b2) in
Fig. 2(b) is expected to describe the rotational to vibrational
phase transition but the experimental evidence is not sufficient
so far.

In the present investigation, we will focus on two groups
of even-even nuclei which have different evolution properties
along the yrast line. Note that all the candidate nuclei are
taken from the previous publications [2,8,11–15]. In Table I,
we list the nuclei with the evolution signature from vibration
to rotation along the yrast line. In contrast, the nuclei listed in
Table II are suggested to have the opposite evolution signature
(from rotation to vibration) based on the emperical E-GOS
curve.

In order to evaluate the ground-state properties of these
candidate nuclei and check the calculated results with two sets
of Woods-Saxon parameters, we show the phenomenological
R4/2 ratio, P factor, and experimental and theoretical β2 de-
formations. The energy ratio of the first 4+

1 and 2+
1 excited

states in even-even nuclei, namely, R4/2 [≡ E (4+
1 )/E (2+

1 )], is
generally regarded as a good indicator of different collective
motions and critical point symmetries of a nucleus, especially
in low-lying nuclear structure (e.g., see Ref. [13] and refer-
ences therein for more details, where nine frequently used
critical points are given and discussed). Besides the R4/2 ratio,
another more sensitive phenomenological quantity related to
nuclear collectivity and deformation is the P factor [40–44].
We point out that when each valence nucleon generally in-
teracts with about 4–5 nucleons of the other type, namely,
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FIG. 3. The centipede-like E-GOS curves along the yrast se-
quences for even-even nuclei 102Ru (a), 110Cd (b), 156Gd (c), and
160Dy (d).

P ≈ 4–5, the transition to deformation will take place.
Indeed, one can see that, in Table I, the nuclei with expected
vibrating properties at ground states have smaller R4/2 and P
values; whereas the nuclei with relatively large R4/2 and P
values in Table II indicate large collectivities. Two sets of WS
parameters can give similar results which slightly underesti-
mate the experimental β2 values, agreeing with the systematic
analysis by Dudek et al. [45]. The experimental β2 obtained
from B(E2) automatically includes the vibrating effect while
the value from Q does not. As expected, the available data
show that the experimental β2 values obtained from B(E2)
are systematically bigger than those from Q values, as seen
in Table I, in good agreement with the vibration mode at
low spins. Two experimental β2 values of those nuclei in
Table II possess the same order of magnitude but several ones
with opposite sign are desired to be studied in the future.
To some extent, the difference between these two kinds of
β2 values may be regarded as an empirical indicator of the
existence of dynamic deformations. Considering the evolution
mode and one type of measured β2 values, one may eval-
uate the other types of measurements [e.g., the B(E2) or Q
values].

Taking as examples four previously published even-even
nuclei, 102Ru, 110Cd, 156Gd, and 160Dy [8,11], Fig. 3 shows the
centipede-like E-GOS curves (e.g., cf. Refs. [12–14]). It was
reported that the nuclei 102Ru and 110Cd evolve from vibration
to rotation [8]. However, in Ref. [11], it was pointed out that
156Gd and 160Dy exhibit the signature from rotation to vibra-
tion along the yrast line based on the evolution trend of the
E-GOS curve. Indeed, this assignment is somewhat risky since
the decrease of the E-GOS curve is not a sufficient condition
of the occurrence of rotation to vibration. For instance, as
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TABLE I. The extracted R4/2 ratios, P factors and the calculated
(Uni.: with universal parameter set [36]; Cra.: with cranking param-
eters [37]) and available experimental (Expt. 1: from B(E2) [38];
Expt. 2: from Q [39]) deformation parameter β2 for nuclei which
have the evolution signature from vibration to rotation along the yrast
line [8,12–14].

Nuclei R4/2 P β2

Uni. Cra. Expt. 1 Expt .2a

98Mo 1.92 3.43 0.20[21]b 0.20[27] 0.17 0.09
100Mo 2.12 4.00 0.24[9] 0.24[21] 0.23 0.10
102Mo 2.51 4.44 0.29 0.28[19] 0.31
104Mo 2.92 4.80 0.31[15] 0.32[17] 0.36
106Mo 3.04 5.09 0.32[18] 0.32[19] 0.35
108Mo 2.92 5.33 0.32 0.33 0.38
100Ru 2.27 3.00 0.16 0.17 0.21 0.12
102Ru 2.33 3.43 0.21[19] 0.21[18] 0.24 0.17
104Ru 2.48 3.75 0.24[25] 0.25[24] 0.27 0.18
106Ru 2.65 4.00 0.26[24] 0.27[23] 0.26
108Ru 2.75 4.20 0.28[24] 0.28[22] 0.29
110Ru 2.76 4.36 0.28[25] 0.29[27] 0.29
102Pd 2.29 2.40 0.14 0.16 0.20 0.06
104Pd 2.38 2.67 0.17 0.17 0.21 0.14
106Pd 2.40 2.86 0.18 0.17 0.23 0.15
108Pd 2.42 3.00 0.21[21] 0.21[16] 0.24 0.17
110Pd 2.46 3.11 0.22[22] 0.24[21] 0.26 0.14
112Pd 2.53 3.20 0.23[51] 0.24[40] 0.22
104Cd 2.27 1.50 0.11 0.13 0.17
106Cd 2.36 1.60 0.13 0.14 0.17 0.08
108Cd 2.38 1.67 0.13 0.14 0.18 0.13
110Cd 2.23 1.71 0.14 0.14 0.18 0.11
112Cd 2.29 1.75 0.14 0.14 0.19 0.11
114Cd 2.40 1.78 0.15 0.15 0.19 0.11
118Ba 2.86 4.00 0.29 0.29
120Ba 2.92 4.20 0.28[7] 0.28[10]
122Ba 2.90 4.36 0.26 0.27 0.35
124Ba 2.83 4.20 0.25 0.26 0.30
126Ba 2.78 4.00 0.24 0.25 0.27
128Ba 2.69 3.75 0.21 0.21 0.25
156Hf 1.85 1.67 0.06 0.08
158Hf 2.17 2.86 0.12 0.13
160Hf 2.30 3.75 0.15 0.16
162Hf 2.56 4.44 0.18 0.18 0.16
164Hf 2.79 5.00 0.20 0.20 0.20
166Hf 2.97 5.45 0.22 0.22 0.25
160W 2.07 2.67 0.11 0.12
162W 2.25 3.43 0.14 0.15
164W 2.48 4.00 0.16 0.17
166W 2.68 4.44 0.18 0.18
168W 2.82 4.80 0.20 0.20 0.23
170W 2.95 5.09 0.21 0.21 0.24

aThe average β2 is adopted if there are several measured Q values.
bThe value in the square brackets denotes the calculated γ which is
given if it is greater than 5◦.

shown in Figs. 3(c) or 3(d), one can see that the decrease of the
E-GOS curve can be reproduced by the variation of moment
of inertia. As can be seen from Fig. 2, the vibrating behavior
exhibits a constant ω value. In the up-bending or back-bending

TABLE II. Same as Table I but for nuclei with the opposite
signature (e.g., evoluving from rotation to vibration) [11,12,14,15].

Nuclei R4/2 P β2

Uni. Cra. Expt. 1 Expt. 2

156Gd 3.24 5.83 0.26 0.26 0.34 0.34
158Gd 3.29 6.46 0.27 0.27 0.35 0.34
160Gd 3.30 7.00 0.28 0.28 0.35 0.35
162Gd 3.30 7.47 0.28 0.29
158Dy 3.21 5.83 0.25 0.26 0.33
160Dy 3.27 6.86 0.27 0.27 0.34 −0.30
162Dy 3.29 7.47 0.28 0.28 0.34
164Dy 3.30 8.00 0.28 0.29 0.35 0.34
170Yb 3.29 7.20 0.29 0.29 0.33 −0.31
172Yb 3.30 7.50 0.29 0.29 0.33
174Yb 3.30 7.76 0.28 0.29 0.32 −0.31
176Yb 3.31 7.50 0.28 0.28 0.30 −0.32
174Hf 3.27 6.67 0.28 0.29 0.29
176Hf 3.29 6.88 0.27 0.27 0.30 0.30
178Hf 3.29 6.67 0.26 0.26 0.28 0.28
180Hf 3.31 6.43 0.26 0.26 0.27 0.28
180W 3.26 5.71 0.23 0.24 0.25 −0.28
182W 3.29 5.54 0.23 0.23 0.25 0.28
184W 3.27 5.33 0.22 0.22 0.24 0.25
186W 3.23 5.09 0.20 0.21 0.23 0.21
236Pu 3.30 6.86 0.21 0.22
238Pu 3.31 7.20 0.22 0.22 0.29
240Pu 3.31 7.50 0.23 0.22 0.29
242Pu 3.31 7.76 0.23 0.23 0.29

region, the vibration-like behavior may appear, indicating that
the band crossing may be responsible for the deduced E-GOS
curve.

To display the possible band crossings, we show, in Fig. 4,
the calculated and experimental kinematic moments of iner-
tia of four even-even nuclei as mentioned above. Note that
the kinematic moments of inertia are, respectively, calculated
by J (1) = Ix/ω and J (1) = h̄2(2I − 1)/Eγ (I → I − 2) theoret-
ically and experimentally [6]. It can be found that near the
band crossing the moment of inertia rapidly increases as the
rotational frequency changes slightly, similar to the case in
the inset of Fig. 2(a). Since the present TRS calculation does
not include the vibrating effect, the disagreement between
experiment and theory at low frequency in 110Cd and 102Ru
may indicate the appearance of the vibrating behaviors to an
extent.

In principle, the onset of the phase transition is related to
nuclear shape and its softness. For instance, as described in
Ref. [2] (e.g., see Fig. 2 therein), the evolution from vibration
to rotation may occur when the shape evolves from spherical
or weakly deformed to well-deformed shape. In contrast, to
observe the evolution from rotation to vibration, one expects
that nuclear deformation, e.g., β2, will shrink and/or nuclear
softness will increase along the yrast line.

We selected 102Ru [8] and 156Gd [11] as example nuclei
to investigate their deformation and softness properties, as
seen in Figs. 5 and 6, respectively. From Fig. 5, one can
see that both nuclei have deformed shapes with relatively
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FIG. 4. The experimental and calculated (with cranking param-
eters) kinematic moments of inertia J (1) for even-even nuclei 102Ru
(a), 110Cd (b), 156Gd (c), and 160Dy (d).

large β2 values. From h̄ω = 0.0 to 0.6 MeV, the spherical
or weakly deformed shape does not appear, not only for
102Ru but also for 156Gd. However, there is a triaxial γ de-
formation jump near h̄ω = 0.3 MeV for 102Ru, indicating a
possibly large softness in the triaxial direction responsible
for the appearance of the vibrating behavior. Indeed, as seen
in Fig. 6(a), one can see that the potential energy surface
near the minimum is rather flat in the γ direction at low
rotational frequency. After the back-bending (cf. Fig. 4), as
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seen in Fig. 6(b), the minimum becomes stiff, in agreement
with the rotational property. It needs to be stressed that neither
deformations nor softness can support the possible evolu-
tion from rotation to vibration in 156Gd from the present
investigation. The vibration-like E-GOS curve should be ex-
plained by the variation of moment of inertia and the band
crossing.

Figure 7 shows the calculated aligned angular momenta,
including the proton and neutron contributions, for the se-
lected nuclei 102Ru and 156Gd. It is seen that the angular
momentum alignment of a pair of neutrons is responsible for
the band crossing. The slow neutron alignment in 156Gd in-
dicates there is a strong interaction between the ground and S
bands. Such a strong interaction will break the I (I + 1) rule of
both interacting rotational bands, resulting in the small energy
difference between two neighboring γ transitions. Therefore,
the vibration-like behaviors seem to occur along the yrast
line, which may be misinterpreted from the empirical E-GOS
curve.

IV. SUMMARY

We discuss the empirical E-GOS curve, which is used
for discerning the evolution between vibration and rotation
based on the available experimental information and TRS
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calculation. We find that the decrease in an E-GOS plot may
be misinterpreted and misused as onset of vibration behavior.

The difference between two kinds of experimental β2 values,
e.g., obtained from B(E2) and Q, may be regarded as an
empirical indicator of the existence of dynamic deformations.
In general, the vibrational-like behavior of the E-GOS curves
from rotation to vibration can be attributed to the band cross-
ing and/or the variation of moment of inertia, especially in
the well-deformed nuclei. It should be pointed out that the
Coriolis force tends to break the pairs and make the moment of
inertia increase, and therefore the nuclei will prefer rotational
excitations. The evolution from rotation to vibration may theo-
retically exist but the experimental evidence is not sufficient at
present. It may be interesting to search the typical candidates
with the evolution properties from rotation to vibration in
experiments.
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