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Description of isospin mixing by a generator coordinate method
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Background: Isospin mixing is an interesting feature of atomic nuclei that plays a crucial role in the astro-
physical nuclear reactions. However, variational nuclear structure models cannot describe it in a straightforward
manner.
Purpose: We propose a tractable method to describe isospin mixing within the framework of a generator
coordinate method and demonstrate its usability.
Method: We generate basis wave functions by applying the Fermi transition operator to the wave functions of
isobars. The superposition of these basis wave functions and variationally obtained wave functions quantitatively
describes isospin mixing.
Results: We apply our method to 14N and show that it reasonably describes both T = 0 and 1 states and their
mixing. The energy spectrum and E1 transition strengths are compared with the experimental data.
Conclusion: The proposed method is effective in describing isospin mixing and is particularly useful for
discussing of α-capture reactions of N = Z nuclei.
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I. INTRODUCTION

Isospin symmetry is a fundamental symmetry of the strong
interaction and nuclear force. Because of this symmetry, iso-
bars share a group of states having the same total isospin,
which are called isobaric analog states [1,2]. For example, the
N = Z nucleus 14N has T = 1 states such as the 0+

1 state at
2.31 MeV and the 1−

2 state at 8.06 MeV which are the isobaric
analog states corresponding to the ground and first excited
states, respectively, of 14C and 14O.

In reality, isospin is an approximate symmetry of atomic
nuclei due to the symmetry-breaking terms of nuclear force
and Coulomb interaction. Consequently, the mixing of states
with different isospins (isospin mixing) occurs especially in
excited states. The above-mentioned 1−

2 state of 14N is a well-
known example of isospin mixing for which the admixture of
the T = 0 and 1 components has been experimentally con-
firmed [3,4].

*masaaki@nucl.sci.hokudai.ac.jp

Isospin mixing has an interesting side effect on the se-
lection rule of E1 transitions [1]. At the first order of the
long-wavelength approximation, the E1 transition operator is
purely an isovector, and hence, the transition between two
T = 0 states is strictly forbidden. The higher-order isoscalar
term potentially contributes to the transition, but the contri-
bution has been confirmed to be minor [5]. However, isospin
mixing causes small contamination of the T = 1 component,
which allows the transition. This E1 transition enabled by
isospin mixing occasionally plays a crucial role in astrophysi-
cal reactions [6,7]. The radiative α-capture reactions of N = Z
nuclei such as 12C(α, γ ) 16O and 16O(α, γ ) 20Ne [5,8,9] are
well-known examples for such reactions. Isospin mixing in-
creases the reaction rate and can affect the evolution of stars
and the abundance of the elements.

Thus, the isospin mixing in N = Z nuclei is an interesting
issue relevant to astronomical nuclear reactions. However, the
descriptions of the isobaric analog states and isospin mixing
are not straightforward for variational models such as Hartree-
Fock models. Since the T = 0 states are usually more deeply
bound than the T = 1 states, the energy variation yields only
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the T = 0 states, and the T = 1 states are hardly obtained.
To overcome this problem, several methods and prescriptions
have been proposed [10–13]. For example, isospin projection
before the variation [14,15] is a solid approach to solving
this problem but computationally demanding. Therefore, the
development of a simpler but accurate method is desirable.

In this paper, we propose a tractable method to describe
isobaric analog states and isospin mixing within the frame-
work of a generator coordinate method (GCM). We generate
the basis wave functions by applying the Fermi transition
operator to the wave functions of isobars. Using 14N as an ex-
ample, we show that the superposition of the generated wave
functions and variationally obtained wave functions quanti-
tatively describes both the T = 0 and 1 states and isospin
mixing.

In the next section, we introduce a method to describe
isobaric analog states and isospin mixing. In Sec. III, we
present numerical results for the T = 0 and 1 states and their
mixing in 14N. The last section summarizes this work.

II. THEORETICAL FRAMEWORK

A. Hamiltonian and variational wave function

We use the A-body Hamiltonian given as

H = −
A∑
i

h̄2∇2
i

2mN
− tc.m. +

A∑
i< j

vNN (i j) +
Z∑

i< j

vC(i j), (1)

where the Gogny D1S density functional [16] is used as an
effective nucleon-nucleon interaction (vNN ) and the proton-
neutron mass difference is ignored. In other words, we
consider only the Coulomb interaction as the source of isospin
symmetry breaking. This simplification may be validated in
the case of 14N, which we will discuss later, because the
Coulomb interaction should dominate over other symmetry-
breaking terms.

The variational wave function is a parity-projected Slater
determinant,

�π = P̂πA{ϕ1ϕ2 . . . ϕA}, π = ±, (2)

where P̂π is the parity projection operator. The single-particle
wave packet ϕi is represented by a deformed Gaussian [17],

ϕi(r) =
∏

σ=x,y,z

e−νσ (rσ −Ziσ )2
χiηi, (3)

χi = aiχ↑ + biχ↓, ηi = {proton or neutron} . (4)

The variational parameters are the width (νx, νy, νz ) and the
centroids Zi of Gaussian wave packets as well as spin direc-
tions ai and bi. They are determined by energy variation with
a constraint on the matter quadrupole deformation parameter
β. We denote the wave function obtained with the energy
variation as �π (β ), which has the minimum energy for a
given value of the parameter β. As expressed in Eq. (2) and
(4), the antisymmetrized molecular dynamics (AMD) wave
function is not an eigenstate of isospin but an eigenstate of
charge (fixed proton and neutron numbers). Therefore, in gen-
eral, it describes an isospin-mixed state. However, the energy
variation tends to yield the minimum isospin state as it is

energetically favored. In short, the energy variation produces
wave functions dominated by the T = 0 component for 14N
and those dominated by the T = 1 component for 14C.

B. Basis wave functions for isobaric analog states

As explained above, it is not straightforward to obtain the
wave functions of isobaric analog states, e.g., the T = 1 states
of 14N, through the energy variation. Here, we propose a sim-
ple method to generate the basis wave functions for describing
the isobaric analog states. Let us explain it by taking the T = 1
states of 14N as examples. Suppose that we have obtained the
wave function of 14C through the energy variation as follows:

�π (β, 14C(T � 1)) = PπA {ϕ1 · · ·ϕ6ϕ7 · · ·ϕ14} , (5)

where ϕ1 · · ·ϕ6 and ϕ7 · · ·ϕ14 are the proton and neutron
single-particle wave packets, respectively. Note that this wave
function is mainly composed of the T = 1 component (min-
imum isospin for 14C). Then, we simply apply the Fermi
transition operator of β− decay to produce the wave function
of 14N:

�π (β, 14N(T � 1)) = T +�π (β, 14C(T � 1))

=
14∑

i=7

PπA { ϕ1 · · · ϕ6ϕ7 · · ·ϕi · · · ϕ14 } ,

(6)

where the ith neutron wave packet (i = 7, . . . , 14) is con-
verted into a proton. Since T + commutes with T 2, this wave
function approximates the isobaric analog state (T = 1 states)
of 14N. We propose the use of each term of Eq. (6) as the
basis wave function for GCM. Thus, we generate eight wave
functions for 14N from a single 14C wave function, which are
denoted as follows:

�π
i (β, 14N(T � 1)) = t+

i �π (β, 14C(T � 1))

= PπA {ϕ1 · · · ϕ6ϕ7 · · · ϕi · · · ϕ14} . (7)

C. Generator coordinate method

Once the basis wave functions are prepared, we perform
angular-momentum projection and GCM calculation. The ba-
sis wave functions are projected to the eigenstates of the
angular momentum and superposed as follows:

�Jπ
M =

∑
βK

fβK PJ
MK�π (β, 14N(T � 0))

+
∑
βKi

gβKiP
J
MK�π

i (β, 14N(T � 1)), (8)

where PJ
MK is the angular-momentum projection operator.

Note that �π (β, 14N(T � 0)) are obtained through the en-
ergy variation and mainly consist of T = 0 component,
whereas �π

i (β, 14N(T � 1)) are generated by Eq. (7) and
mainly consist of the T = 1 component. The eigenenergies
and the coefficients of superposition fβK and gβKi are deter-
mined by solving the Hill-Wheeler equation [18].
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FIG. 1. Energy curves for 14N and 14C as functions of the
quadrupole deformation parameter β obtained through the energy
variation after parity projection.

III. RESULTS AND DISCUSSION

Figure 1 shows the energy curves of 14N and 14C as func-
tions of the quadrupole deformation parameter β, which are
obtained through the energy variation after parity projection.
The positive-parity states have a spherical energy minimum
with the N = 8 closed shell for 14C and a single neutron hole
for 14N, which are the dominant components of the ground
states. As quadrupole deformation grows, the energy increases
rapidly, and level crossing occurs, creating an energy plateau
around β = 0.6. In this plateau, both nuclei have two-particle
and two-hole (2p2h) configurations, which generate highly
excited states [19,20]. The negative-parity energy curves are
located at a much higher energy than the positive-parity states
as they involve particle-hole excitation across the N = Z = 8
shell gap. The particle-hole configuration changes from 1p1h
to 3p3h at β = 0.5, where both 14N and 14C have a kink in
the energy curve. Thus, 14N and 14C have energy curves with
similar behaviors due to the similarity in the single-particle
configurations. The energy difference between 14N and 14C is
due to the difference in the the isospin channel (T = 0 for 14N
and T = 1 for 14C) and the Coulomb interaction.

As explained in the previous section, we apply the Fermi
transition operator of β− decay to the wave functions of 14C
(circles in Fig. 1) to yield the wave functions of 14N with
T = 1. The wave functions thus generated are superposed
with the wave functions of 14N with T = 0 (squares in Fig. 1)
to perform the GCM calculations.

The spectra of 14N obtained from the GCM calculations are
shown in Fig. 2. By using only the variationally obtained wave
functions of 14N (without the T = 1 wave functions generated
from 14C), the GCM calculation (blue lines in Fig. 2) fails
to reproduce several excited states such as the 0+

1,2, 0−
2 , and

1−
2 states, all of which are T = 1 states. Thus, the variational

calculations energetically favor the T = 0 states and leave out
the T = 1 states. On the contrary, by adding the basis wave
functions generated by applying the Fermi transition operator
to the 14C wave functions, the present model plausibly de-
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FIG. 2. Calculated and observed level scheme of 14N up to Jπ �
3±. Black lines show the result of the present model, whereas blue
lines show the results calculated using only the variationally obtained
basis wave functions. The numbers in the figure indicate the amount
of the T = 1 component in percentage for the states with sizable
isospin mixing.

scribes both the T = 0 and 1 states (black lines). Note that
the all the observed states up to Ex < 10 MeV are reasonably
reproduced by our simple method, although the calculation
slightly overestimates the binding energy of the ground state.
To elucidate the accuracy of the present calculations, Table I
lists the electromagnetic properties of the 1+

1,2 (T = 0) and
0+

1 (T = 1) states. It is encouraging that the present calcula-
tion reproduces not only the electromagnetic moments of the
individual states but also the transition probabilities between
the T = 0 and 1 states [21]. Thus, our proposed method is
simple but accurately describes both the T = 0 and 1 states
with a small computational cost.

Now, we discuss the isospin mixing. The present calcula-
tion yielded several states with sizable isospin mixing larger
than 4%, for which the mixing ratios (amount of the T = 1
component) are in Table II and in Fig. 2. Table II indicates that
the conventional method of determining the wave functions
through energy variation does not yield strong isospin mixing;
the resulting isospin mixing is at most 4% even in the highly
excited state. On the other hand, our proposed method, which
explicitly mixes T � 0 and T � 1, yields much stronger mix-
ing. We also note that the states close to the 13C +p or 13N +n

TABLE I. Calculated and observed [21–23] properties of the
low-lying 1+ and 0+ states. The excitation energy, magnetic dipole
moment, and electric quadrupole moment are given in units of MeV,
μN , and fm2, respectively. The reduced transition probabilities of M1
and E2 are given in Weisskopf units.

Ex μ Q

Jπ calc. exp. calc. exp. calc. exp. [23]

1+
1 (T = 0) 0.0 0.0 0.39 0.40 1.7 2.0

1+
2 (T = 0) 4.9 3.9 0.80 − 0.45 −

0+
1 (T = 1) 3.2 2.3 − − − −

B(M1) B(E2)

Jπ
i → Jπ

f calc. exp. calc. exp.

0+
1 → 1+

1 0.023 0.026(1) − −
1+

2 → 0+
1 1.2 1.0(3) − −

1+
2 → 1+

1 1.4×10−4 3.3(13)×10−4a 2.7 2.1(8)a

aCalculated from the lifetime [21] and the E2/M1 mixing ratio [22].
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TABLE II. Amount of the T = 1 component in percentage ob-
tained using the conventional variational AMD method and the
present GCM. The states that have a mixing ratio larger than 4%
or smaller than 96% are listed.

Jπ variational present

2+
1 1.2 4.4

2+
2 2.1 5.5

2+
3 – 94.4

1−
1 0.8 4.7

1−
2 – 95.9

2−
2 – 92.8

2−
3 3.4 10.2

3−
2 – 91.8

3−
3 3.3 10.2

threshold energies have strong isospin mixing, which is re-
lated to the origin of the isospin mixing as explained below.

Among these states, the 1−
1 (5.69 MeV, T = 0) and 1−

2
(8.06 MeV, T = 1) states are a well-known example of isospin
mixing, and their mixing ratio was evaluated experimentally
[4]. In the following, we discuss how these states are de-
scribed by our model and analyze their structure. Table III
lists the electric and magnetic dipole transition probabilities
of these 1− states. Here, we have neglected the higher-order
isoscalar term of the E1 operator as its effect is known to
be minor [5]. First, note that the experimental values of the
electric and magnetic dipole transition strengths of the 1−
states are reproduced accurately. This indicates that our model
precisely describes the wave functions of the 1− states. Sec-
ond, we should focus on the intensities of the E1 transition
strengths. Since 14N is a self-conjugate nucleus, the isospin
selection rule allows only |
T | = 1 transitions and forbids
the |
T | = 0 transitions [1]. In fact, the |
T | = 0 transitions
are suppressed by an order of magnitude compared to the

TABLE III. Electric and magnetic dipole transition strengths for
the 1−

1 and 1−
2 states [21,24–26] given in Weisskopf units. The ex-

perimental B(E1) and B(M1) values of the 1−
2 state are calculated by

averaging the lifetime and branching ratio reported in [21,24–26].

Jπ
i → Jπ

f |
T | B(E1)exp [21] B(E1)calc

1−
1 → 0+

1 1 1.1(5)×10−3 3.2×10−3

1−
1 → 1+

1 0 1.2(7)×10−4 1.8×10−4

1−
1 → 1+

2 0 – 1.5×10−4

1−
2 → 0+

1 0 2.7(4)×10−3a 1.6×10−3

1−
2 → 1+

1 1 4.4(6)×10−2a 3.6×10−2

1−
2 → 1+

2 1 5.4(9)×10−2a 3.4×10−2

Jπ
i → Jπ

f |
T | B(M1)exp B(M1)calc

1−
1 → 0−

1 0 – 0.01
1−

1 → 2−
1 0 – 0.06

1−
2 → 0−

1 1 0.37(5)a 0.36
1−

2 → 1−
1 1 1.9(2)a 1.6

1−
2 → 2−

1 1 0.13(3)a 0.17

aCalculated from the life of the 1+
2 → 1+

1 transition [24] and the
averaged branching ratio of the 1+

2 state given in Table 5 of Ref. [26].

|
T | = 1 transitions for both observed and calculated values.
At the same time, the nonzero values for the |
T | = 0 tran-
sitions indicate the isospin mixing in the 1−

1 and 1−
2 states.

Renan et al. [4] estimated the mixing ratio from the E1 tran-
sition probabilities. They assumed that the 1+

1,2 and 0+
1 states

have no isospin mixing and the 1−
1,2 states are admixtures of

two components as follows:

�(1−
1 ) = α�(1) + β�(0), (9)

�(1−
2 ) = β�(1) − α�(0), (10)

where �(0) and �(1) denote the T = 0 and 1 wave functions.
Then, the ratio of the allowed and forbidden transitions yields
the following estimate of the mixing ratio:

B(E1)forbidden

B(E1)allowed
= α2

β2
= α2

1 − α2
. (11)

Applying the observed 1−
2 → 1+

1 and 1−
2 → 0+

1 transition
strengths, we obtain an estimate of α2

exp = 0.052, whereas
our calculated transition strengths yield α2

calc = 0.042, both of
which are close to the mixing ratio directly calculated from
our 1− wave functions (α2 = 0.047 for 1−

1 and 0.041 for 1−
2 ).

Other combinations of the transition strengths also suggest
similar values; for example, the 1−

1 → 1+
1 and 1−

1 → 0+
1 tran-

sitions yield α2
exp = 0.09 and α2

calc = 0.053.
To understand the origin of isospin mixing, we investigate

the spectroscopic factors and overlap functions. We calculate
the overlap between the wave function of 14N with the spin-
parity J ′π ′

and that of 13N with Jπ [27]:

ϕ(r) =
√

13
〈
�Jπ

M ′−m(13N)
∣∣�J ′π ′

M ′ (14N)
〉
. (12)

The overlap function is given as the multipole decomposition
of ϕ(r),

ϕ jl (r) =
∫

dr̂[Yl (r̂) × χ1/2]†
jmϕ(r), (13)

which is the radial wave function of a valence neutron in the
Jπ ⊗ ν(l j ) channel. The spectroscopic factor is the norm of
ϕ jl (r),

S(Jπ ⊗ ν(l j )) =
∫

r2dr|ϕ jl (r)|2. (14)

The spectroscopic factors in the Jπ ⊗ π (l j ) channels (the
overlap between 14N and 13C) are also calculated in the same
manner. The calculated spectroscopic factors and the overlap
functions of the 1− states are given in Table IV and Fig. 3,
respectively. For comparison, we also present spectroscopic
factors for the 1+

1 (T = 0) and 0+
1 (T = 1) states, which have

no isospin mixing. If we assume that both 13C and 13N are
the eigenstates of isospin with T = 1/2, which is a reasonable
assumption indeed, the spectroscopic factors in the Jπ ⊗ ν(l j )
and Jπ ⊗ π (l j ) channels should be equal for the pure T = 0
or 1 states. In fact, we found that the equality holds for
the low-lying 1+

1 and 0+
1 states. However, the spectroscopic

factors for the 1−
1 and 1−

2 states show significant asymmetry
between two channels because of the isospin mixing. The
1−

1 state has a larger contribution from the 1/2− ⊗ π (s1/2)
and 1/2+ ⊗ ν(p1/2) channels than from the 1/2− ⊗ ν(s1/2)
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TABLE IV. Spectroscopic factors of the 1+
1 , 0+

1 , and 1−
1,2 states in

the Jπ ⊗ ν(l j ) and Jπ ⊗ π (l j ) channels, where Jπ denotes the spin-
parity of 14N and 14C and l j denotes the orbital and total angular
momenta of a valence neutron or proton.

1
2

− ⊗ ν(p1/2) 1
2

− ⊗ π (p1/2) 5
2

− ⊗ ν(p3/2) 5
2

− ⊗ π (p3/2)
1+

1 0.87 0.87 1.28 1.29
1
2

− ⊗ ν(p1/2) 1
2

− ⊗ π (p1/2) 3
2

− ⊗ ν(p3/2) 3
2

− ⊗ π (p3/2)
0+

1 0.90 0.90 0.99 1.04
1
2

− ⊗ ν(s1/2) 1
2

− ⊗ π (s1/2) 1
2

+ ⊗ ν(p1/2) 1
2

+ ⊗ π (p1/2)
1−

1 0.23 0.43 0.47 0.25
1−

2 0.38 0.23 0.28 0.42

and 1/2+ ⊗ π (p1/2) channels, whereas the 1−
2 state shows the

opposite trend.
The origin of the asymmetry may be understood as follows.

Notice that 13N(1/2+) and 13C(1/2+) are approximated as the
π (s1/2) and ν(s1/2) states on top of the 12C ground state as
an inert core. Thus, the π (s1/2) and ν(s1/2) orbits are always
implicated in the dominant component of the 1−

1,2 states. Fur-
thermore, Table IV indicates that the proton excitation into
the π (s1/2) orbit has a larger probability than the neutron
excitation into ν(s1/2) for the 1−

1 state, and the opposite is
true for the 1−

2 state. This indicates that the proton excitation
into the π (s1/2) orbit is energetically favored over the neutron
excitation. Consequently, the symmetry between protons and
neutrons is broken, leading to the isospin mixing. We consider
that this asymmetry originates from the Coulomb energy. As
shown in Fig. 3, the π (s1/2) orbit is spatially extended as
compared to π (p1/2) as it is close to the threshold energy.
Consequently, π (s1/2) has smaller Coulomb repulsion than
π (p1/2) and π (p3/2), and hence, the single-particle excitation
energy for proton excitation is smaller than that for neutron
excitation. We also found that other excited states with isospin
mixing such as the 2+

1,2,3, 2−
2,3, and 3−

2,3 states always involve
the single-particle excitation to s1/2. Therefore, we conclude
that the Coulomb energy shift of the proton s1/2 orbit is a
major source of the isospin mixing in the excited states close
to the proton and neutron decay thresholds.

0

-0.2

0.2

0.4

0.6

-0.4

-0.6

2 4 631 5

1-

1-
1

2

FIG. 3. Overlap functions of the 1+
1 , 0+

1 , and 1−
1,2 states in the

Jπ ⊗ ν(l j ) and Jπ ⊗ π (l j ) channels. The phases of the overlap func-
tions are arbitrarily chosen for presentation.

IV. SUMMARY

In this work, we proposed a tractable method to describe
the isospin mixing within the framework of GCM. By ap-
plying the Fermi transition operator to the wave functions of
isobars, we generated the wave functions of the isobaric ana-
log states, which are used as the basis of GCM calculations.
We have applied this method to 14N and demonstrated that
it plausibly describes both the T = 0 and 1 states and their
mixing. We have also discussed that our model reasonably
describes the strengths of the allowed and forbidden E1 tran-
sitions that are consistent with the mixing ratio. Furthermore,
based on the spectroscopic factors and overlap functions, we
deduced that the Coulomb energy shift of the s1/2 orbit is a
major source of the isospin mixing.
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