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Derivation of the Mn/Mp ratio in exotic nuclei
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A generalized formula is provided to calculate the Mn/Mp ratio of the multipole transition matrix elements, in
the framework of the so-called phenomenological analysis. It takes into account the possible difference between
the neutron and proton radii and diffuseness, which can occur especially in exotic nuclei. The validity domain
of the original Bernstein formula is discussed in the case of a proton scattering probe at a few tens of MeV.
The largest discrepancies are obtained for very neutron-rich nuclei (N/Z � 1.6) or when the electromagnetic
deformation parameter is larger than the proton scattering one. The reduction of the statistical error bars, and the
study of very neutron-rich nuclei at facilities of exotic beams of the new generation, should favor the use of the
generalized Bernstein formula.
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I. INTRODUCTION

Information extracted from nuclear excitations can be re-
lated to two main quantities: the energy spectrum and the
excitation probability. The latter is usually decomposed into
a neutron and a proton contribution, leading to the neutron
and proton matrix elements, Mn and Mp, respectively [1–3].
The proton one can be directly determined from electromag-
netic measurements, such as Coulomb excitation. However,
determining the neutron matrix element is more delicate. In
practice, another probe is used, such as proton scattering,
which involves both protons and neutrons of the nucleus of
interest. It is then necessary to combine the electromagnetic
and proton scattering data, to extract the Mn and Mp values.
With the advent of exotic beam facilities, the Mn/Mp ratio
can be now analyzed along several isotopic chains (see, e.g.,
[4–6]), and provide information about, e.g., modification of
the magicity.

In practice, a microscopic analysis is considered the most
relevant method to extract the Mn and Mp values. The angular
distributions are predicted using optical and transition poten-
tials, involving neutron and proton transition densities. When
both the B(EL) and the angular distribution data are well
described, the transition densities are validated, providing the
Mn and Mp values. Of course, this is an ideal case, since
the microscopic transition densities may have to be renor-
malized in order to describe the data [7,8]. The microscopic
approach may also yield some uncertainties, due to the choice
of the parameters of both the optical and transition potentials
(nucleon-nucleus parametrization, double folding, etc.). The
uncertainties on the transition densities should also be consid-
ered, such as the validity of assuming them to be spherically
symmetric. All in all, it may not be efficient to use a fully
detailed microscopic analysis in order to ultimately calculate
an integrated quantity, such as Mn or Mp.

Another way to analyze the data is the so-called phe-
nomenological analysis. In this approach, the Mn/Mp ratio is

directly determined, assuming a macroscopic behavior for the
neutrons and protons of the nucleus of interest. The respective
distributions of neutron and proton fluids are deformed due to
the excitation [3]. In this method, a phenomenological opti-
cal potential is used, such as the Becchetti-Greenlees [9] or
Koning-Delaroche [10] parametrization, in the case of proton
scattering. The corresponding deformation parameter βn,p is
determined by normalizing the predicted angular distribution
to the data (see, e.g., [7,11–13]). In order to further extract
the Mn/Mp ratio, the so-called Bernstein formula [1,2,11] is
used, which allows one to relate this ratio to the two deforma-
tion lengths, extracted from the electromagnetic probe and a
second probe (named hereafter F), such as proton scattering:

Mn

Mp
= bp

bn

[
δF

δp

(
1 + N

Z

bn

bp

)
− 1

]
(1)

δ is the deformation length corresponding to the electromag-
netic (δp) or second (δF ) probe, and relates the transition to
the optical potentials, as recalled in the next section. The
Bernstein formula also involves bn,p, the interaction strength
between the external field and a neutron or a proton of the
nucleus, respectively.

However, the validity of formula (1) may be limited: it
assumes identical neutron and proton radii [1,2], which is
not the case in, e.g., exotic nuclei. It has also been known to
provide questionable results in several isotopic chains, such
as Ar, S, and O isotopes [7,13], although the large statistical
error bars, due to the low rate of events with exotic beams,
preclude making strong statements.

With the advent of new exotic beams facilities, such er-
ror bars are expected to be reduced, and more and more
neutron-rich nuclei will be studied. In this framework, and in
order to provide a phenomenological extraction of the Mn and
Mp values with an extended validity, it could be relevant to
generalize the Bernstein formula to the case of exotic nuclei.
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A byproduct is also to provide a derivation of the original
Bernstein formula, since I could not find it in the literature. A
generalized Bernstein formula could help in providing a quick
method to extract the Mn/Mp ratio, including exotic nuclei and
isotopic chains.

In Sec. II, the generalized Bernstein formula is derived.
Additional hypotheses necessary to reach the original one
are discussed, and differences are also analyzed. Section III
provides a phenomenological input for the neutron and pro-
ton radii and diffuseness, which are necessary to compute,
in a convenient way, the generalized Bernstein formula. The
comparison of the Mn/Mp ratios, between the original and the
generalized Bernstein formulas, is then discussed in the case
of 50 MeV/A proton scattering on the S, Ar, and O isotopic
chains.

II. THE GENERALIZED BERNSTEIN FORMULA

A. Derivation

In this section, a derivation of the generalized Bernstein
formula is provided. The additional hypotheses to reach the
original formula are then discussed.

An optical potential U , corresponding to a given probe F
interacting with a nucleus, can be decomposed as

U = Un + Up (2)

where Un,p is the contribution to the optical potential from the
neutrons (protons) of the nucleus [14].

The transition potential �U is generated by the deforma-
tion of the nucleus, during the excitation, due to the probe F
[14]. The radius R0 is changed by a quantity, the deformation
length δF ≡ R0β, where β is the deformation parameter, such
that

R = R0 + δF (3)

and hence

U (R) = U (R0 + δF ) ≡ U (R0) + �U (4)

with

�U � δF dU

dr

∣∣∣∣
r=R0

. (5)

In order to provide a generalization of the Bernstein for-
mula, let us derive the relation between the transition potential
and its optical potential, assuming a typical Woods-Saxon
shape with potential depth U0 and diffuseness a, for the latter:

U (r) = U0

1 + e
r−R0

a

. (6)

This leads to

dU

dr

∣∣∣∣
r=R0

= −U0

4a
(7)

and, therefore, with Eq. (5)

�U � −R0βU0

4a
. (8)

Equation (2) implies �U = �Un + �Up, which gives, with
Eq. (8),

U0δ
F

a
= Upδp

ap
+ Unδn

an
, (9)

where Un,p now corresponds to the depth of the neutron
and proton contribution to the optical potential, and δn,p ≡
Rn,pβn,p. It should be noted that Eq. (9) is a generalization
of Eq. (14.124) of [14], taking into account the radius and
diffuseness of the potentials.

Equations (2) and (9) allow the calculation of the ratio of
the magnitudes of the neutron and proton contributions to the
optical potential:
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a − 1
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ap

a

. (10)

This ratio can also be written using the interaction strength
bn,p of a single neutron (proton) of the nucleus with the exter-
nal probe, as

Un

Up
= Nbn

Zbp
. (11)

Finally, in the framework of the macroscopic model [2,12],
the multipole matrix transition elements Mn,p are related to the
deformation parameters by

Mn

Mp
= N

Z

βn

βp
. (12)

Equation (12) shows that when Mn/Mp is larger than N/Z, the
amplitude of the neutron oscillation, during the excitation, is
larger than the proton one, and vice-versa.

Equation (12) allows to write the δn/δp ratio of Eq. (10) as
a function of Mn/Mp, and, together with Eq. (11), provides a
generalized expression of the Bernstein formula:
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Z
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)
− 1

]
, (13)

where an,p and Rn,p are recalled to be the neutron and proton
diffuseness and radii, respectively.

B. Reduction to the original Bernstein formula

To recover the original Bernstein formula, it is necessary
to assume identical shapes for the total, neutron and proton
optical potentials, namely a = an = ap and Rn = Rp. In this
case, Eq. (13) becomes the usual Bernstein formula (1).

It should be noted that Eq. (13) still assumes identical
deformation parameters for the potentials and the densities: β

TABLE I. Parameters (in fm) of the neutron and proton radii
phenomenological formulas (14) and (15).

A < 40 A � 40

r0 r1 r2 r3 r4 r5 r6

Rn 1.02 0.75 0.46 1.08 1.18 3.30 0.29
Rp 1.03 0.79 −1.07 0.82 1.24 −0.80 −0.19
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TABLE II. Parameters (in MeV for s1 to s6) for the phenomeno-
logical formula (17) of the neutron and proton separation energies.
The value of s4 in Sn,p should be changed by a minus sign in the case
of an odd value of N or Z , respectively (pairing effect).

s1 s2 s3 s4 s5 s6 α

Sn 6.29 3.43 5.85 10.59 1.51 0 −1
Sp 13.83 0.64 3.56 12.14 1.32 0.98 1

of Eq. (8) is assumed to be the same as the one of Eq. (12). It
also assumes the validity of the macroscopic model [Eq. (12)].

Compared to the original one [Eq. (1)], the general-
ized Bernstein formula (13) is more relevant to study the
(Mn/Mp)/(N/Z ) ratio over isotopic chains involving exotic
nuclei, which can have qualitatively different neutron and
proton densities.

The specific case δF /δp = 1 is useful to illustrate the dif-
ference between the original and the generalized Bernstein
formulas: the former gives Mn/Mp = N/Z , i.e., βn = βp, from
Eq. (12), whereas the latter still allows for a different defor-
mation parameter between neutrons and protons, due to the
possible differences in the shape of the neutron and proton
densities.

III. RESULTS

A. Phenomenological implementation

The generalized Bernstein formula (13) involves the proton
and neutron radii Rn,p and diffuseness an,p. A phenomeno-
logical parametrization for these quantities is provided in the
present section, in order to use Eq. (13) in a convenient way.

In the case of radii, the following parametrization [15,16]
is used, based on the comparison with extensive relativis-
tic mean field (RMF) microscopic calculations. It should be
noted that this parametrization has been also validated by
comparison with the experimental data, and includes the effect
of the isospin dependence.

For light nuclei (A < 40) [16]

Rn,p = r0A1/3 + r1 + r2

(
N − Z

A

)
+ r3

(
N − Z

A

)2

, (14)

where the ri parameters are given in Table I, for both
the neutron and the proton cases. I have taken here the
parametrization which is valid for most of the nuclei, but

TABLE III. Ratio of the neutron to proton interaction probability,
of a probed nucleus, as a function of the probe [1].

Probe Energy bn/bp

Electromagnetic All 0
Protons 10–50 MeV 3
Protons 1 GeV 0.95
Neutrons 10–50 MeV 1/3
α All 1
π+ 160–200 MeV 1/3
π− 160–200 MeV 3
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FIG. 1. (Mn/Mp)/(N/Z ) ratio calculated with Eq. (13) and the
parametrizations of radii and diffuseness from Sec. III A (circles),
for δF /δp ratios ranging from 0.5 to 2 (from bottom to top), with
steps of 0.25, in the case of oxygen isotopes.

not for the halo ones. The binding energy parameter of the
formulas (9) and (10) of Ref. [16] is taken to be 8 MeV. I have
checked that taking different values of binding energy, such
as 6 MeV, changes the final Mn/Mp value by less that 5%.
Finally, it should be noted that the values of the ri parameters
of Ref. [16] are mutliplied by a

√
5/3 factor, due to the relation

between the radii and the rms radii (see, e.g., Eq. (10) of
Ref. [15]).

For heavier (A � 40) nuclei, the parametrization which
best corresponds to the RMF results is [15]

Rn,p = r4A1/3 + r5 + r6(N − Z )

A2/3
, (15)

where the ri parameters, for the neutron and proton cases are
also given in Table I.
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FIG. 2. Same as Fig. 1 but for sulfur isotopes.
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FIG. 3. Same as Fig. 1 but for argon isotopes.

Diffuseness can be related to the separation energy, using
[17]

an,p � h̄

2
√

2mn,pSn,p
(16)

It is then relevant to use a parametrization for the separation
energy, which has been determined in order to best describe
the experimental values [18]:

Sn,p = (s1 + s2A1/3)

(
N

Z

)α

− s3 + s4

A1/2
− ηs5 − s6

Z

A1/3
,

(17)
where the si and α parameters are given in Table II. The η

parameter, in Eq. (17), corresponds to the shell correction
effect: η = 0 if the corresponding N or Z value is lower than
28, η = 1 if this value is between 29 and 50, η = 2 for a value
between 51 and 82, etc.

To summarize, Eqs. (14) and (15) allow the calculation of
the Rp/Rn factor of the generalized Bernstein formula (13).
Equation (16) provides the values of an and ap, using Eq. (17).
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FIG. 4. (Mn/Mp)/(N/Z ) ratio calculated with the original Bern-
stein formula (1) (circles), for δF /δp ratios ranging from 0.5 to 2
(from bottom to top), with steps of 0.25.
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FIG. 5. Relative difference of the Mn/Mp ratios calculated with
Eqs. (1) and (13) (symbols), for δF /δp ratios ranging from 0.5 to
2 (from bottom to top), with steps of 0.25, in the case of oxygen
isotopes. See Fig. 1 for the color code.

Finally, the diffuseness a of the optical potential in Eq. (13) is
taken to be

a = 0.7 fm, (18)

which is a value close to the one used for the diffuseness of the
real part of the phenomenological optical potentials, such as
the Becchetti and Greenlees [9] or the Koning and Delaroche
[10] ones.

Finally, for a convenient use of Eq. (13), Table III re-
calls the usual phenomenological values of the bn/bp ratio
[1,2,11].

B. Results and comparison with the original Bernstein formula

Equation (13) can now be used with the paremeterizations
and values provided in Sec. III A for Rn,p, an,p, bn,p, and a.
In order to evaluate the impact on the Mn/Mp ratio of the
generalization of the Bernstein formula, I consider the case
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FIG. 6. Same as Fig. 5 but for sulfur isotopes.
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FIG. 7. Same as Fig. 5 but for argon isotopes.

of proton scattering at about 50 MeV/nucleon; the O, S, and
Ar isotopic chains have been studied both microscopically and
phenomenologicaly [7,13] in this case.

In a first step, the behaviors of the original and the
generalized Bernstein formulas are compared, as a func-
tion of the δF

δp
ratio of the deformations lengths, which are

usually determined experimentally. Figures 1–3 display the
(Mn/Mp)/(N/Z ) ratios, obtained from Eq. (13), for vari-
ous δF

δp
values, in the case of proton scattering at about

50 MeV/nucleon, for the O, S, and Ar isotopic chains, re-
spectively. For comparison, the same ratio using the original
Bernstein formula is also plotted in Fig. 4. In this latter case,
the calculated Mn/Mp ratio does not depend on the radii and
diffuseness of the considered nucleus [see Eq. (1)].

A striking pattern is that the trend of the Mn/Mp ratios,
which are rather constant for N/Z � 1.6 and increases for
more neutron-rich nuclei with the generalized formula, is
not well described by the original Bernstein formula; in this
last case, a smooth behavior is obtained, without any strong
increase of the Mn/Mp ratio for neutron-rich nuclei. Moreover,
Figs. 1–3 exhibit different behaviors among the three isotopic
chains. This emphasizes the limitation of the original Bern-
stein formula, for which an identical behavior is predicted for
all nuclei, for given N/Z and δF

δp
values.

In order to study more quantitatively the difference
between the original and generalized Bernstein formulas,
Figs. 5–7 display their relative difference on the three iso-
topic chains of oxygen, sulfur, and argon, respectively. The
largest differences are obtained for very neutron-rich nuclei,

with N/Z ratio larger than 1.6 or 1.8, such as 48S and be-
yond. This result is expected because the original Bernstein
formula assumes identical shapes for proton and neutron
densities (radius and diffuseness), which is not the case for
such neutron-rich nuclei. A more unexpected limitation of the
original Bernstein formula impacts nuclei with N/Z = 0.8,
such as 14O, 28S, or 32Ar. In these slightly proton-rich nuclei,
the generalized Bernstein formula leads to variations between
10% and 20% of the Mn/Mp ratio, compared to the original
one. Finally, excited states for which δp is larger than de-
formation length δF of the probe are also significantly not
well described by the original Bernstein formula, namely for
δF /δp = 0.5 or 0.75.

C. Results from the oxygen, sulfur, and argon data

In a second step, I now compare the Mn/Mp values ex-
tracted from the data measured on the first 2+ states in the
oxygen, sulfur, and argon isotopic chains, namely with the
electromagnetic probe and the proton scattering one at around
50 MeV per nucleon [7,8,13]. The Mn/Mp ratio is extracted
in three different ways: (i) I use the original Bernstein for-
mula (1), from a macroscopic analysis using the Becchetti
and Greenlees parametrization of the optical potential [9].
The deformation parameter is obtained by normalizing the
theoretical inelastic angular distribution to the data [see, e.g.,
Eq. (8)]. (ii) The Mn/Mp ratio is also extracted by using the
generalized Bernstein formula (13), with the same method. It
should be noted that, in these phenomenological approaches,
the same radii have been taken for the deformation length
of both probes [12] to extract their deformation parame-
ters. (iii) The Mn/Mp values obtained from the microscopic
calculation of [7,8,13] are also recalled. In this approach,
microscopic transition densities from BCS + QRPA (quasi-
particle random-phase approximation) calculations are used
with the Jeukenne-Lejeune-Mahaux (JLM) proton-nucleus
optical potential [19]. Assuming the shapes of these micro-
scopic densities are relevant, their magnitudes are determined
as follows: the proton one, δρp, from the B(E2) data, and the
neutron one, δρn, using the proton scattering data. The ob-
tained normalization values are then used to microscopically
calculate the Mn/Mp ratio, with

Mn,p =
∫

δρn,p(r)rL+2dr, (19)

where L is the multipolarity of the excitation (here L = 2).
In principle, the better the phenomenological analysis is,

the closer the results are to the microscopic values, which
are usually considered more sound. However, the microscopic

TABLE IV. (Mn/Mp)/(N/Z ) ratios for the sulfur isotopes, calculated with the original Bernstein formula (1), the generalized one (13), and
the microscopic analysis of Ref. [7].

(Mn/Mp )
(N/Z )

30S 32S 34S 36S 38S 40S

Original 0.93 ± 0.20 0.95 ± 0.11 0.91 ± 0.11 1.13 ± 0.27 1.50 ± 0.30 1.25 ± 0.25
Generalized 0.85 ± 0.18 0.87 ± 0.10 0.88 ± 0.13 1.08 ± 0.34 1.53 ± 0.33 1.26 ± 0.31
Micro 0.88 ± 0.21 0.94 ± 0.16 0.85 ± 0.23 0.65 ± 0.18 1.09 ± 0.29 1.01 ± 0.27
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TABLE V. Same as Table IV, but for argon isotopes.

(Mn/Mp )
(N/Z )

34Ar 36Ar 40Ar 42Ar 44Ar

Original 1.18 ± 0.25 1.57 ± 0.25 0.75 ± 0.05 1.14 ± 0.17 1.26 ± 0.16
Generalized 1.06 ± 0.21 1.40 ± 0.25 0.68 ± 0.07 1.05 ± 0.23 1.21 ± 0.19
Micro 0.99 ± 0.17 1.41 ± 0.50 0.68 ± 0.21 1.12 ± 0.26 1.13 ± 0.27

analysis also has its own limitations, such as using spherical
densities for deformed nuclei, or the limitations of the JLM
approach, with a necessary renormalization of the imaginary
part of the optical potential [20].

The (Mn/Mp)/(N/Z ) values for the sulfur isotopes are
displayed in Table IV. The errors bars are determined from
the experimental error bars of both the electromagnetic and
proton scattering data. The two phenomenological analyses
and the microscopic one provide the same trend: an increasing
(Mn/Mp)/(N/Z ) ratio with increasing neutron number, except
in the case of 36S. In this nucleus, the microscopic analysis
finds a decrease of the neutron contribution to the excitation,
which can be understood from the N = 20 shell closure. The
generalized Bernstein formula gives a somewhat smaller value
than the one from the original formula, but it is not possible
to make a strong assessment, because of the error bars. On
average, the generalized Bernstein formula gives values closer
to the microscopic one than the original formula. In the case
of 38S, both macroscopic values are significantly larger than
the microscopic one, although compatible within their error
bars. It should be recalled that the microscopic analysis is not
a straight data value; it also comes with an analysis process
and its own limitations.

In the case of the argon isotopes (Table V), the same trend
is observed, namely the generalized Bernstein formula gives
Mn/Mp values usually closer to the microscopic one than the
original Bernstein formula, but the error bars do not allow one
to make a strong conclusion. This shows that, in principle,
the generalized Bernstein formula is more accurate than the
original one, in the sense that the predicted values are closer to
the microscopic ones. More accurate measurements, with the
upgrade of both detection setups and exotic beam facilities,
should provide a reduction of the errors bars, and confirm the
usefulness of the generalized Bernstein formulas.

In the case of oxygen isotopes (Table VI), the three analy-
ses are still compatible within the error bars. They all describe
a decrease of the neutron contribution, from 20O to 22O, which
is interpreted as an N = 14 shell closure [8]. The original
Bernstein values are at similar level of agreement with the mi-
croscopic one, compared to the generalized formula. It could

TABLE VI. (Mn/Mp)/(N/Z ) ratios for the oxygen isotopes, cal-
culated with the original Bernstein formula (1), the generalized one
(13), and the microscopic analysis of Refs. [8,13].

(Mn/Mp )
(N/Z )

18O 20O 22O

Original 1.05 ± 0.13 2.35 ± 0.37 1.28 ± 0.51
Generalized 1.05 ± 0.14 2.60 ± 0.42 1.48 ± 0.63
Micro 0.88 ± 0.19 2.17 ± 0.53 1.4 ± 0.5

be that, for such light nuclei, the parametrizations described in
Sec. II are less accurate. It could also be that the microscopic
analysis is not much more accurate than the phenomenolog-
ical one, in the case of oxygen isotopes. In any case, the
difference between the original and the generalized Bernstein
formulas is expected to be larger in the case of proton-rich
isotopes, such as 14O, as can be seen from Fig. 5, especially if
the the electromagnetic deformation parameter is larger than
the neutron one.

More generally, the error bars for all these isotopes are
between 10% and 30%; it is difficult to disentangle the results
of the generalized Bernstein formula, from the ones of the
original formula, as shown on Figs. 5–7. Although the original
Bernstein formula does not describe qualitatively the behavior
of the Mn/Mp ratio, it describes it quantitatively, because of
the still large error bars on this ratio.

IV. CONCLUSION

A generalized formula is provided to derive the Mn/Mp

ratio from the deformation parameters obtained from the
electromagnetic probe and a second probe, such as proton
scattering at a few tens of MeV. It also allows one, in the same
way, to rederive the original so-called Bernstein formula: the
generalized formula depends on the neutron and proton radii,
which were assumed to be identical in the original derivation,
as well as on neutron and proton diffuseness.

In order to easily use the generalized formula, phenomeno-
logical parametrizations of radii and diffuseness are recalled,
which are valid over the nuclear chart. This implementation
allows comparison with the original Bernstein formula, in the
case of proton scattering at a few tens of MeV per nucleon.
The difference is usually less than 10%, except for proton-rich
(N � 0.8Z ) nuclei, very neutron-rich nuclei (N � 1.5Z ), or
for cases where the electromagnetic deformation parameter is
larger than the proton scattering one. The original Bernstein
formula does not qualitatively describe the behavior of the
Mn/Mp ratio of the generalized formula.

The present approach has been discussed using the ex-
ample of the sulfur, argon, and oxygen data. On average, a
better agreement with the microscopic analysis is observed
in the case of the generalized Bernstein formula. However,
due to current errors bars, and in the case of not too exotic
nuclei, the original and Bernstein Mn/Mp ratios are compati-
ble. However, with the increase of the detection capabilities,
errors bars are expected to be reduced, and more exotic nuclei
should become accessible. This will allow a better assess-
ment of the improvement brought about by the generalized
formula.

The validity of the present generalized Bernstein formula
has been studied in the case of proton scattering at a few tens
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of MeV per nucleon. It would be relevant to also study it for
other probes, in a future work, although there is a priori no
reason that this formula would be less valid in the case of other
probes.
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