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Recent experimental results for the cascade hypernucleus '3C (14N +E7) are analyzed together with data for
1éBe and '3B within a Skyrme-Hartree-Fock theoretical approach. Optimal Skyrme parameters are determined
for a consistent description of the KISO, IBUKI, KINKA, BNL-E885, BNL-E906, KEK-E224, and KEK-E176
data regarding these nuclei. The important role of deformation for '3B is pointed out. The shape of the 2~ mean

field in '2Be is analyzed in some detail.
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Introduction. The experimental and theoretical study of
hypernuclei is important because it allows access to the
strangeness sector of the strong interaction and related physi-
cal phenomena at high energies and densities, in particular in
astrophysics [1-3].

While A hypernuclei have been amply studied for several
decades and the properties of the A-nucleon interaction are
reasonably well known [4-6], the situation for the heavier X
and E hyperons is much more difficult and only a few hyper-
nuclear data are available that are furthermore often burdened
by ambiguities in their identification and interpretation [7-9].
Recently, however, new data on E~ hypernuclei have become
available at the J-PARC and KEK experimental facilities [ 10].
This work is an attempt to analyze all current data within the
Skyrme-Hartree-Fock (SHF) theoretical approach and to de-
termine an optimal set of EN interaction parameters capable
of describing consistently most data.

We first briefly review the available data for the E hyper-
nuclei 3¢ (*N+E87), 3B (>C+E7), and '2Be (!'B+E").
Most of them are nuclear emulsion events occurring after
a K~p — KTE™ reaction. The most recent results regard
13C. Analysis of the KEK-E373-T2 (KISO) event [9,11] pro-
vided the first clear evidence that this is a (Coulomb-assisted)
strongly bound hypernucleus, produced in the reaction E~ +
YN — 3¢ — "\Be +3He. It is interpreted [9,12,13] as
production of a E~ 1p state with a removal energy Bg =
1.03 £ 0.18 MeV, leaving ' Be in an excited state after its
decay. More recently, the J-PARC-E07-T006 (IBUKI) event
[14] confirmed this result with Bg = 1.27 + 0.21 MeV, and
also KEK-E176 #14-03-35 indicates a possible compatible
value, Bz = 1.18 £ 0.22 MeV [15]. The combined analysis
of KISO and IBUKI yields Bz = 1.13 £ 0.14 MeV [14].

Recently higher Bz values have been extracted for some
events and are interpreted as possible - 1s bound states [13].
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These are the J-PARC-E07-T010 (IRRAWADDY), Bz =
6.27 £ 0.27 MeV, and the KEK-E373-T3 (KINKA), Bz =
8.00 = 0.77 MeV or Bg = 4.96 + 0.77 MeV, events. None of
these are uniquely identified and therefore only one or none
of these values may be realistic. In fact their error bars are
nonoverlapping. We therefore consider in the following only
one of these values as realistic and examine the consistency
with the other data. This is the KINKA (8.00 MeV) result. We
verified that the lower values produce a very inferior global
description of the complete data set, as discussed in detail
later.

Regarding the '2Be hypernucleus, in the BNL-E885
counter experiment [16] the cross section for E~ production
in the threshold region of the Rok—,Kh) 1éBe reaction was
interpreted by assuming a E~-nucleus Woods-Saxon (WS)
potential with a depth of about 14 MeV. In contrast with
the individual emulsion events, this analysis was based on
A3 x 103 scattering events. The result is consistent with the
estimate Vs < 20 MeV of the preceding KEK-E224 [17],
and Vs = 17£6 MeV in LHe (*Li+E~) of BNL-E906
[18], while the sequel J-PARC-E(Q5 experiment on 1éBe re-
mained so far inconclusive, reporting a preliminary possible
one-peak interpretation with Bz =~ 6.3 MeV or a two-peak
interpretation with Bg &~ 9 and 2 MeV [19].

Finally, there are several older KEK-E176 emulsion data
[15,20] that can be understood as possible formations of
13B. However, for none of those is a unique interpreta-
tion given. In particular, the events KEK-E176 #10-9-6,
Bz =0.82£0.17 MeV, and KEK-E176 #13-11-14, Bz =
0.82 £ 0.14 MeV, might both be interpreted as 13B(1p) states
[20-22], and this will also be included in our analysis.

These are the data that we confront with the theoretical
SHF model in the following. This work is organized as fol-
lows: First the theoretical method and interaction are briefly
described. Then the numerical results and corresponding dis-
cussions for 12C, 13B, and '2Be are presented, and a summary
is given.

©2021 American Physical Society
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Formalism. The SHF mean-field method is a powerful
theoretical density-functional approach which can be globally
applied from light to heavy (hyper)nuclei [23,24]. In partic-
ular, this approach has also been employed successfully for
light A hypernuclei with A ~ 10 [25-28] and a global AN
Skyrme force SLL4 has been devised that fits very accu-
rately the complete data set of currently known A hypernuclei
[27,28].

In the present work, we study E hypernuclei with A = 12,
13, and 15 and focus on the E~ 1s and 1p states and their
hyperon separation energy,

BE = E([}’l, P, _]) - E([l’l, 12 Ei])
=E["'(Z+ ] - E[£Z]. (1)

Thus, as long as the rearrangement of the nuclear core [n, p]
by the added hyperon is not very large, for this observable
one can expect that a major part of an inaccurate description
of the common nuclear core cancels out, and that other un-
certainties regarding the core such as center-of-mass (c.m.),
pairing, deformation corrections, etc. become much less rele-
vant. The removal energy then depends predominantly on the
phenomenological EN interaction parameters that we adjust
to the data, i.e., the hyperon-nucleus mean field. Therefore, it
is expected that we can make robust theoretical predictions for
the removal energies of these hypernuclei. As a further con-
sequence, the hyperon removal energy is nearly independent
of the specific (realistic) NN interaction that is used in the
calculation [29].

It should also be noted that the E~ hypernuclei decay
into double-A hypernuclei by the EN-AA coupling [30].
Therefore, the EN interaction should have an imaginary part
to represent the decay width. However, since we have so
far no useful experimental information on this coupling by
Refs. [11,13-17], here the imaginary part is omitted.

We employ a model based on the self-consistent SHF
method [23,24], first extended to the theoretical description
of A hypernuclei in Ref. [25], and now used for hyperons
Y = E~ here. The fundamental SHF local energy-density
functional of hypernuclear matter is written as

ESHF = &N + ¢y, (2)

and depends on the one-body densities o, kinetic densities t,,
and spin-orbit currents J ;,

Ng

log: 74> Jql = Z”;[W’fi[

i=1

2
El

Vel 8 (Ve % 0)/i]
3

where ¢; (i=1,N,) are the self-consistently calculated
single-particle (s.p.) wave functions of the N, occupied states
for the species g = n, p, Y in a hypernucleus.

The functional ey is the usual nucleonic part [23,24] and
a possible standard parametrization for the hyperonic part is
[12,21,25,27,28]

Ty
o 2my

— ax(py Apy + pnApy ) 2—as(pyV - In + onV - Jy),
4

&y + aopy pn + azpy Py + a1(py T + pNTy)

from which one obtains the corresponding hyperonic SHF
mean fields

Vv = aopn + a1ty — axApy — asV - Iy +azpy,  (5)

V" = aopy +aity — axApy — asV - Jy + azapy pi” ",
(6)

and a hyperon effective mass

1 1
= ) 7
2o = 2my + aipy )

The relation to the equivalent YN Skyrme-force parameters
YN ;
fo.1.0.3 [25]1s

H+0b 3t —t 313
=Ty =g o v ®
The “three-body” parameter « is kept here at its standard value
of two, but also an alternative value of 7/6, used in several NN
Skyrme forces, is evaluated.

Minimizing the total energy of the hypernucleus, E =
f d*resyr(r), one arrives at the SHF Schrodinger equation

ap =1y, ai as

|:V . 2m;(l‘)v — Vq(") — quC(r) + iWq(r) (V x 0.):|¢;(r)

= el ¢ (r), ©)

where V¢ is the Coulomb field and Wy the nucleonic spin-
orbit mean field [24]. In contrast to A hypernuclei, the
Coulomb interaction is very important for the light £~ hyper-
nuclei discussed here and provides a substantial part of the E~
binding. An approximate c.m. correction is applied as usual
[23,24,31] by replacing the bare masses:
1 1 1
—_— - — ==, (10)
my m, M
where M = (N, + N,)my + Nymy 1is the total mass of the
(hyper)nucleus. Solving the Schrédinger equation provides
the wave functions ¢f](r) and the s.p. energies —eg for the
different s.p. levels i and species g. We use in this work the
standard nucleonic Skyrme force SLy4 [32], but the results
for hyperonic observables hardly depend on that choice [29].
While the core nuclei '*N and !'B are (nearly) spheri-
cal, 12C is an axially deformed oblate nucleus [21,33-38],
and this will be very important for the data analysis later.
Therefore, in this case a 2D SHF calculation is required.
In our approach, we assume axial symmetry of the mean
field, and the deformed SHF Schrodinger equation is solved
in cylindrical coordinates (r, z) within the axially deformed
harmonic-oscillator basis [23,24]. The geometric quadrupole
deformation parameter of the nuclear core is expressed as

R (2722 — r?)
e ““

We now discuss the choice of the five EN interaction pa-
rameters a;. There are currently not enough data to determine
uniquely all of them. We therefore proceed as follows: The
effective-mass parameter a; is kept zero, motivated by the fact
that recent Brueckner-Hartree-Fock calculations [39] indicate
that the E™ s.p. spectrum is rather flat and thus m}/mg is
close to unity. Also, the spin-orbit parameter is disregarded,
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TABLE 1. The removal energies Bg (in MeV) for the E~ 1s
and 1p states of '2B and '2Be, obtained with EN Skyrme forces
of different parameters « and ay [MeV fm’], a, [MeV fm’], and
az [MeV fm3°‘] (a; = a4 = 0). With these parameters, the E~ 1s
and 1p removal energies of '3C are fixed to 8.00 and 1.13 MeV,
respectively. '2B values in brackets are for spherical calculations.

o a ao az SB 1_:3pB 2 Be
0 —200.3 7048 6.62(6.71) 0.86(-0.12) 5.83
10 —198.7 6413 6.49(6.65) 0.75(-0.11) 5.72
2 20 —196.9 576.8 6.37(6.59) 0.65(-0.09) 5.61
30 —194.7 5093 6.25(6.53) 0.56 (—0.08) 5.51
40 —192.5 443.0 6.14(6.46) 047(-0.07) 5.40
0 —498.6 5513 6.44(6.84) 0.84(-0.07) 587
10 —470.8 503.0 6.32(6.76) 0.73(-0.06) 5.76
7/6 20 —439.4 4493 6.21(6.69) 0.63(-0.06) 5.64
30 —409.0 3973 6.10(6.61) 0.54(-0.05) 5.53
40 3789 3455 6.02(6.54) 047(-0.04) 5.42

as = 0, as an inclusion of E~ spin-orbit splitting is clearly
premature. For the same reason we do not introduce further
parameters for the isospin dependence of the interaction, e.g.,
appn — agpn + aj pp, at this stage.

The surface-energy parameter a, has no directly observable
effect but is essential to determine the shape of the 2~ mean
field Vg in the hypernucleus, Eq. (5), which is important for
comparison with the WS mean field that was used in the ex-
perimental analysis of '2Be [16]. Motivated by the equivalent
parameter value (al2V A 220 MeV fms) of the recently derived
SLL4 AN Skyrme force [28], we use several trial values of
this parameter, a; = 0, 10, ..., 40 MeV fm’.

For fixed a; = a4 = 0 and the chosen a,, the remaining
and most important volume parameters ag and a3 are then
determined by fitting the removal energies Bz = 8.00 and
1.13 MeV for the E~ 1s and 1p states in '3C, respectively, as
claimed for the KINKA and KISO + IBUKI events. The E~
mean field Vg of the resulting solutions can then be compared
with the WS mean field in 1éBe,

Vi ml

WS () = e [ = 2.52 fm);0.63 fm]’
with Vp = 12, 14, 16, 18, 20 MeV used in the analysis of
BNL-E885, Refs. [11,16], and Vi ~ 14 MeV identified as the
preferred value. We now present the results of this procedure.

Results and discussion. Table I lists the parameter values
ay, az, and aj obtained following the above procedure, to-
gether with the E~ s and 1p removal energies of '2B and
1éBe that are predicted. Strongly bound 1 p states with positive
removal energies are only found for deformed 3B nuclei, but
not in spherical approximation (numbers in brackets).

In general one obtains reasonable values for the parameters
ap and as, in particular for the parameter a; that can be related
to the nonlinear density dependence of the E~ mean field in
homogeneous nuclear matter,

Ve(on) = aopn + aity + azpy. (13)

For comparison, in the SLL4 AN Skyrme force [27,28],
the equivalent optimal parameter is af" ~ 700 MeV fm°,
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FIG. 1. Local E~ mean field Vz and Coulomb field —V
in '2Be obtained with the SHF models with various forces in
Table I. Increasing values of a, produce deeper well depths Vz(0).
The Woods-Saxon mean field deduced in Ref. [16] is shown for
comparison.

whereas a)V &~ 0(2000 MeV fm®) in typical nucleonic
Skyrme forces [24]. For increasing surface parameter a,, an
increasing part of the E~ binding is provided by the associated
terms in Eqgs. (4) and (5), and therefore both ay and a3 decrease
in magnitude.

To interpret the different results we now discuss the asso-
ciated potentials Vz. In Fig. 1, the different SHF mean-field
potentials in the 1éBe hypernucleus are plotted, including the
local Coulomb field V, the strong mean field Vg, Eq. (5),
and for comparison the WS mean field (12) with V) = 14, 16,
18 MeV, as used in the analysis of BNL-E885 [11,16]. One
observes that the SHF results cover the range between the 14
and 18 MeV curves, with Vz(0) &~ 15 MeV. We consider this
as a very good agreement with the analysis of E885. In fact, in
that analysis the quasiparticle peak of IEZSBe for Vo = 14 MeV
is located at about 5 MeV [16], although spread out by the
experimental resolution (see also Refs. [8,12,20,40,41]), close
to our results in Table I. It can clearly be seen in the figure
that the zero-momentum value Vz(0) alone is obviously not
a useful unique indicator of the interaction strength, as the
shape of the mean field controlled by the parameter a, plays
an essential role. A value of about a, =~ 20-30 MeV fm’ gives
the closest correspondence to a WS shape, whereas a; = 0
generates a flat or nonmonotonic shape in the core region.
Values of Vg(0) obtained in theoretical approaches different
from a WS description have therefore to be interpreted with
great care in confrontation with E885.
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The hypernuclei '3C and '3Be and their core nuclei dis-
cussed so far are spherical nuclei. The case of '3B is more
delicate, as the core nucleus '2C is axially deformed in the
SHF approach [21,33-38]. As discussed in detail in Ref. [21],
its oblate deformation favors the binding of a E~ 1p orbital
because of the improved geometrical overlap of wave function
and embedding potential, such that this state becomes more
bound than in spherical approximation.

The deformation of the core nucleus '>C derived from its
proton quadrupole moment Q,, is rather large [42],

V57 0,
3 ZR

B ~ —0.58 £0.03, (14)

(=) )

with Ry = 1.2A'/3 fm. In the SHF approach the size of nuclear
deformation can be controlled by adjusting the spin-orbit pa-
rameter of the NN Skyrme force [21,33-38], and we follow
this procedure to reproduce the proper 8 value and to estimate
quantitatively the effect on the embedded E~. The results of
Table I for '2B are obtained in this way and demonstrate that
the proposed interpretation of the KEK-E176 events as 153pB
states might be purely due to the fact that '>C is a strongly
deformed nucleus. Excellent agreement with the experimental
value Bz ~ 0.82 MeV is obtained with small values of a, and
both choices of «. Thus, in principal, the proper a, value could
be determined by fitting Bz = 0.82 MeV, but with the current
state of the art it seems premature to draw a quantitative
conclusion here.

To illustrate the mechanism that lowers the p-state energies
in the deformed core nucleus, we plot in Fig. 2 the total E~
mean field Vg — V¢ (upper panel) and the density distribution
pz (lower panel) in the deformed nucleus IE3PB for the parame-
ter set with « = 2 and a, = 0 in Table I. The results for z = 0
(solid curves) and r = 0 (dashed curve) are shown, in compar-
ison with those of the spherical calculation (dotted curves).
One sees clearly that for the oblately deformed nucleus the
potential well in the z = 0 plane is deeper by several MeV in
the region around r ~ 3 fm, where a major part of the oblate
E~ 1p [101] wave function resides. This leads to an energy
gain of the order of 1 MeV for the binding of the E~.

One also notes that the density of the E~ 1p states is
well concentrated inside the core nucleus and they are there-
fore states bound by the EN strong interaction, assisted by
the Coulomb attraction. This is in contrast with the infinite
set of weakly bound atomic Coulomb states 2P, 3D, ... lo-
cated far outside the nuclear core with s.p. energies of about
0.3, 0.1,... MeV [9,22], which are not addressed in this
work. Their properties have been amply studied in the past
[43—-47], but their modification by the nuclear core is practi-
cally negligible.

Finally, we remark that the alternative and mutually ex-
clusive interpretations of the KEK-E176 #13-11-14 event
[11,15,20] with Bz =2.84+£0.25MeV or Bz =3.89 +
0.14 MeV are excluded by our combined analysis as either
5.Bor 1E3pB states, since they would be incompatible with both

the '3C and '2Be data.

-12
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- - - Deformed (r=0)
~~~~~~~~~~ Undeformed

-16
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FIG. 2. Total &~ mean field Vz — V¢ (upper panel) and density
distribution pz (lower panel) in the deformed nucleus ';I,B, obtained
with the SHF model with « = 2 and a, = 0 in Table 1. The results
for z = 0 (solid curves) and r = O (dashed curves) are shown. The
dotted curves show the result for the spherical calculation.

Summary. We have tried to fit all current data for the
cascade hypernuclei '3C, '2Be, and '2B within a global SHF
approach for the EN interaction. Our main conclusions are as
follows:

(1) Of all proposed BE(IESSC) values, the KINKA (8.00
MeV) interpretation seems to be the one most com-
patible with both the '2Be and 'iB data, although
slightly lower values down to about 7 MeV might also
be possible and consistent with léBe, but would not
allow interpretation of the KEK-176 events as ng
states. This means that both the IRRAWADDY (6.27
MeV) and the KINKA (4.96 MeV) interpretation of
13 C clash with the '2Be and '3B data.

(2) Combining KINKA (i£,C) and KISO + IBUKI (3,C)
data, the predicted E~ mean field in '2Be is very sim-
ilar to the best-choice WS mean field for BNL-E885
of Ref. [16] with a depth of about 14-16 MeV, and
also compatible with KEK-E224 [17] and BNL-E906
[18]. Also the preliminary one-peak interpretation of
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the J-PARC-EO5 experiment [19] would be in good
agreement with this result. The limited resolution of
BNL-ES885, the large error bar of KINKA (8.00 £ 0.77
MeV), and the dependence on the a, parameter mean
that only a qualitative conclusion can be drawn here at
this time.

3) léB is a delicate case, as in the current model this hy-
pernucleus and its core nucleus '>C are strongly axially
deformed, and the claimed Bz ~ 0.8 MeV values of
some KEK-E176 emulsion data might be explained
as a consequence of this deformation, which ener-
getically favors the extended E~ 1p orbit. Again the
global Skyrme force would be quantitatively compat-
ible with this interpretation. Treating these nuclei as
undeformed will not produce a sufficiently bound E~
1p state (which is in fact another possible interpreta-
tion of the data).

The proposed Skyrme force SLX3 with moderate values
of the parameter a; is thus able to fit satisfactorily all current
data, although due to the limited accuracies and the ambigu-
ities of the data a firm statement cannot yet be made. This
situation is expected to improve soon because a large number
of emulsion events obtained in KEK-E373 and J-PARC-EQ7
still await their analysis. Our prediction will be confronted
with these future data, which will also serve to constrain
better the SHF EN interaction parameters, including the less-
important parameters a; and « and the isospin dependence of
the interaction. Further improvements of the approach would
also include going beyond the mean-field treatment and in-
cluding the imaginary parts due to the EN-A A decay.
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