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We study the chiral condensates in neutron star matter from nuclear to quark matter domain. We describe
nuclear matter with a parity doublet model (PDM), quark matter with the Nambu–Jona-Lasino (NJL) model,
and a matter at the intermediate density by interpolating nuclear and quark matter equations of state. The
model parameters are constrained by nuclear physics and neutron star observations. Various condensates in the
interpolated domain are estimated from the chemical potential dependence of the condensates at the boundaries
of the interpolation. The use of the PDM with substantial chiral invariant mass (m0 � 500 MeV, which is
favored by the neutron star observations) predicts the mild chiral restoration, and the significant chiral condensate
remains to baryon density nB ≈ 2–3n0 (n0 � 0.16 fm−3: nuclear saturation density), smoothly approaching the
NJL predictions for the color-flavor-locked phase at nB � 5n0. The same method is applied to estimate diquark
condensates, number densities of up-, down- and strange-quarks, and the lepton fraction. In our descriptions the
chiral restoration in the interpolated domain proceeds with two conceptually distinct chiral restoration effects; the
first is associated with the positive scalar density in a nucleon, relevant in dilute regime, and the other primarily
arises from the modification of the quark Dirac sea, which is triggered by the growth of the quark Fermi sea. We
discuss several qualitative conjectures to interpolate the microphysics in nuclear and quark matter.
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I. INTRODUCTION

The chiral condensates are important quantities to charac-
terize the state of matter in quantum chromodynamics (QCD).
While its high temperature behavior at low baryon density has
been studied in the lattice Monte Carlo simulations [1–3] its
behavior at low temperature and high baryon density remains
unknown due to the lack of reliable first principle computa-
tions.

In this situation recent neutron star (NS) observations,
which tightly constrain the equations of state (EOS) of matter,
are useful tools to access the properties of dense matter (see,
e.g., Ref. [4] for a review and Ref. [5] for a mini-review).
The existence of two-solar mass (2M�) NSs with 1.91M�
[6–8], 2.01M� [9], and M = 2.08 ± 0.07M� [10], the ra-
dius constraint R1.4 � 13 km for 1.4M� NS deduced from
the gravitational event GW170817 [11], and recent NICER
constraints on R1.4 � R2.08 � 12–13 km [12–14], disfavor the
strong first-order phase transitions for the domain between
the nuclear saturation density (n0 � 0.16 fm−3) and the core
density achieved in the 2M� NSs. The core baryon density
of 2M� NS is nB � 4–5n0, presumably high enough to apply

*minamikawa@hken.phys.nagoya-u.ac.jp
†torujj@mail.ccnu.edu.cn
‡harada@hken.phys.nagoya-u.ac.jp

quark matter descriptions, so we infer that nuclear matter
smoothly transforms into quark matter (modulo weak first-
order phase transitions).

Following the three-window picture developed in Refs.
[15–17], we have been constructing series of unified EOS
covering from nuclear to quark matter, and used the NS ob-
servations to constrain them [18–21]. We use a nuclear model
at nB � 2n0, a quark model at nB � 5n0, and then interpolate
them to construct EOS for nB � 2–5n0. The resulting EOS can
be made consistent with available NS constraints by choosing
the proper range of parameters in our model. Meanwhile, the
real strength of our approach is that, with the microscopic
degrees of freedom being manifest, we can use the model
to predict physical quantities other than EOS and get some
insights on the microphysics [4].

The previous works based on interpolation schemes
[15–21], however, did not manifestly address the microscopic
quantities in the interpolated domain, and thus did not utilize
the full potential of the framework. In this paper, we examine
various condensates and matter compositions by construct-
ing unified generating functionals for the pressure, including
external fields coupled to condensates. The condensates are
obtained by differentiating the functionals with respect to
the external fields. In this way it is possible to examine the
chiral and diquark condensates as well as lepton fractions
from nuclear to quark matter domain. The condensates in the
interpolated domain are affected by the physics of nuclear
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and quark matter through the boundary conditions for the
interpolation. We examine condensates in nuclear and quark
matter models in detail, and then infer the physics relevant in
the interpolated domain.

In this work, a nuclear matter is described by a parity
double model (PDM) for nucleons [22,23] coupled to the
meson potentials. (For nuclear matter descriptions based on
the PDM, see, e.g., Refs. [24–51].) In the PDM, nucleons
with positive and negative parities form a doublet in which
the masses are split by the chiral condensates; in chiral sym-
metric phase the masses get degenerated with the finite chiral
invariant mass, m0. Finite-temperature lattice simulations in-
dicated the parity degeneracy of nucleons at finite mass [52],
supporting the idea of the chiral invariant mass. With a larger
m0, the nucleon mass can reach the experimental value within
weak couplings between nucleons and the chiral condensates;
in turn the chiral condensates become less sensitive to changes
in the nuclear medium, and hence the chiral restoration driven
by the increase of density proceeds more mildly. This feature
also affects the structure of neutron stars. In the context of
the σ -ω-ρ–type models [53–55] for neutron star matter, the
reduced σN coupling leads to a less attractive σ exchange,
so that a weaker repulsion by the ω exchange is sufficient to
reproduce the physics near the saturation density. This trends
becomes more important at higher baryon density where the
σ fields decrease but ω fields increase. In the context of NS
observations, the reduction of ω-repulsion reduces NS radii
from 13–14 km to 12–13 km [21].

A quark matter is described by the standard Nambu–
Jona-Lasinio (NJL) model [56] plus additional effective
interactions, the vector repulsion and diquark attraction [18].
The vector repulsion is particularly important in the context
of the chiral restoration, as it tempers the growth in density,
smoothing out the chiral restoration [57,58]. Meanwhile, the
inclusion of diquark terms leads to the color-flavor-locked
(CFL) phase in which ud-, ds-, and su-diquark pairs condense,
and these pairings favor a larger quark Fermi sea [59]. After
including these two competing effects, we found that the
substantial amount of the chiral condensates remain in quark
matter, and the effective quark masses at nB ≈ 5n0 for up- and
down-quarks are ≈50 MeV, for strange quarks ≈300 MeV [4].

The chiral condensates in the interpolated domain, which
are influenced by matching to nuclear and quark matter mod-
els, are supposed to contain the mixture of two distinct chiral
restoration effects. The first type is the chiral restoration due
to the positive scalar charge in a nucleon; the sign is opposite
to the negative vacuum chiral density so that these charges
cancel in spatial average, leading to the reduction of chiral
condensates. This sort of chiral restoration does not necessar-
ily demands the knowledge about the structural changes of
hadrons in medium, and the estimate is valid at least in dilute
regime. Meanwhile, the NJL quark models describe more
fundamental changes associated with changes in the Dirac sea
or in the constituent quark properties [4]. Implementing such
information through the high density boundary conditions
introduces a qualitative trend that differs from the high density
extrapolation of the PDM.

The recipe to calculate chiral condensates in the interpo-
lated domain is also usable for other condensates, such as

diquark condensates and quark densities for various flavors.
In particular, the strangeness and lepton fractions have distinct
trends from those in purely hadronic models.

This paper is structured as follows. In Sec. II, we discuss
the PDM as a nuclear matter model. The equations of state
and chiral condensates for light (u, d) and strange quarks are
discussed. In Sec. III, we discuss the NJL model with effective
diquark and vector interactions. In Sec. IV, we discuss the
recipe to compute condensates in the interpolated domain, and
examine the behaviors of various condensates. In Sec. V, we
give several conjectures to describe our results in the micro-
physics language. Section VI is devoted to the summary.

In this paper we write the integrals over space,
∫

x = ∫
d4x,∫

x = ∫
d3x, and over momentum,

∫
p = ∫ d3p

(2π )3 .

II. NUCLEAR MATTER

A. Parity doublet model (PDM)

The mean-field grand potential functional in our PDM con-
sists of the meson and baryon contributions [21],

�bare(μB, μQ; ϕ) = �M (ϕ) + �B(μB, μQ; ϕ), (1)

where ϕ collectively denotes the meson fields (σ, ω, ρ), and
μB and μQ are the baryon number and the electrical charge
chemical potential, respectively. The meson part is

�M = − 1
2 μ̄2σ 2 + 1

4λ4σ
4 − 1

6λ6σ
6 − m2

π fπσ

− 1
2 m2

ωω2 − 1
2 m2

ρρ
2, (2)

where mπ and fπ are the pion mass and decay constant in
vacuum, respectively, and the baryon part is [	(x) is the step
function]

�B = −2
∑
i=±

∑
α=p,n

∫
p

(
μ∗

α − Ei
p

)
	

(
μ∗

α − Ei
p

)
, (3)

where the index i = ± is for the parities of nucleons and α for
protons and neutrons. Here we used the no-sea approximation
which neglects the Dirac sea contributions from nucleons. The
single-particle energies for nucleons and chemical potentials
are respectively given by

Ei
p =

√
p2 + m2

i , (4)

μ∗
p = μB − gωNNω − 1

2 gρNNρ + μQ,

μ∗
n = μB − gωNNω + 1

2 gρNNρ. (5)

In the PDM, there are doublet fields N1 and N2 that couple
to the σ with the couplings g1 and g2. By calculating the
eigenstates for coupled equations of N1 and N2, the masses
for positive and negative parity nucleons are given by the
following form:

m± ≡
√

m2
0 +

(
g1 + g2

2

)2

σ 2 ∓ |g1 − g2|
2

σ, (6)

where m0 is the chiral invariant mass. Actually m− does not
appear for nB � 2n0 in our choices of m0, so we will use
the notation mN for the positive parity nucleon mass m+;
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TABLE I. Physical inputs in vacuum in unit of MeV.

mπ fπ mω mρ m+(= mN ) m−

140 92.4 783 776 939 1535

mN ≡ m+. The parameters used in our analyses and the output
are summarized in Tables I–III.

We minimize the functional �bare at given μB and μQ by
varying fields ϕ, and write the solutions ϕ∗(μB, μQ). The sub-
stituting ϕ∗ into the functional, and normalize it by subtracting
the vacuum contributions, our thermodynamic potential for
the hadronic part is given by

�h(μB, μQ) ≡ �bare(μB, μQ; ϕ∗) − �bare(0, 0; ϕvac), (7)

where we have chosen the model parameters in such a way
that ϕvac = (σ∗, ω∗, ρ∗)|μB=μQ=0 = ( fπ , 0, 0). In the follow-
ing we will drop off the subscript ∗ to simplify the notation,
unless otherwise stated.

Finally, we impose the charge neutrality and β-equilibrium
condition. The lepton part is

�lepton = −2
∑

l=e,μ

∫
p

(
μl − El

p

)
	

(
μl − El

p

)
, (8)

where μl = −μQ, common for electrons and muons, and

El
p =

√
m2

l + p2 with me = 0.5 MeV and mμ = 105.7 MeV.
For a given μB, we tune μQ to μ∗

Q that satisfies the neutrality
condition,

∂ (�h + �lepton )

∂μQ

∣∣∣∣
μ∗

Q

= 0. (9)

In the following, whenever we mention EOS at a given μB, we
will implicitly choose μQ = μ∗

Q(μB), so that EOS depends on
μB only.

B. Chiral condensate in the PDM

To calculate the chiral condensate in the PDM, we dif-
ferentiate the thermodynamic potential with respect to the
current quark mass. In our model the explicit chiral symmetry
breaking enters only through the term −m2

π fπσ ; we neglect

TABLE II. Values of model parameters determined for several
choices of m0. The values of the slope parameter L0 is also shown as
output.

m0 [MeV] 500 600 700 800 900

g1 9.02 8.48 7.81 6.99 5.96
g2 15.5 14.9 14.3 13.4 12.4
μ̄2/ f 2

π 22.7 22.4 19.3 11.9 1.50
λ4 41.9 40.4 35.5 23.1 4.43
λ6 f 2

π 16.9 15.8 13.9 8.89 0.636
gωNN 11.3 9.13 7.30 5.66 3.52
gρNN 7.31 7.86 8.13 8.30 8.43
L0 [MeV] 93.76 86.24 83.04 81.33 80.08

TABLE III. Saturation properties used to determine the model
parameters: the saturation density n0, the binding energy B0, the
incompressibility K0, and the symmetry energy S0.

n0 [fm−3] B0 [MeV] K0 [MeV] S0 [MeV]

0.16 16 240 31

the mass dependence in the other coupling constants in front
of higher powers in meson fields. Such couplings are supposed
to appear in the form of ≈(ϕ/Mq)n with the effective quark
mass Mq � 300 MeV from the integration of quarks. Hence,
we expect that those couplings depend mainly on the distance
scale shorter than the physics of pions, and hence the current
quark mass is expected to be a small perturbation in powers
of ≈(mq/Mq)n. Using the Gell-Mann–Oakes–Renner relation,
the explicit symmetry breaking term can be written as

�ESB = −m2
π fπσ = mq〈(ūu + d̄d )〉0

σ

fπ
, (10)

where mq = (mu + md )/2 is the average of current quark
masses of up- and down-quarks and 〈(ūu + d̄d )〉0 is the chiral
condensate in vacuum. Accordingly,

〈(ūu + d̄d )〉 ≡ ∂�ESB

∂mq
= 〈(ūu + d̄d )〉0

σ

fπ
, (11)

is the in-medium chiral condensate in our PDM (here we
neglected mq dependence of 〈(ūu + d̄d )〉0 which is higher
orders in mq/Mq). Below we focus on how σ changes as
baryon density increases.

C. Chiral scalar density in a nucleon

For the estimate of in-medium chiral condensates, it is
useful to use the scalar charge in a nucleon, Nσ . It can be
related to the nucleon mass in vacuum as

Nσ =
∫

x
〈N |(ūu + d̄d )(x)|N〉

= 〈N | ∂HQCD

∂mq
|N〉 = ∂mvac

N

∂mq
, (12)

where HQCD is the QCD hamiltonian, and in the last step we
used the Hellmann-Feynman theorem [60].

In the PDM, the nucleon mass depends on the current quark
mass only through the modification of σ , so we calculate the
scalar charge at vacuum as

Nσ = ∂mvac
N

∂mq
= ∂σ vac

∂mq

(
∂mN

∂σ

)
σ=σvac

. (13)

When we calculate the variation of σ vac, we prepare the ther-
modynamic potentials at various mq, calculate σ vac for each
potential, and evaluate the impact of the mass variation on
σ vac. The mass derivative of σ vac is proportional to the static
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TABLE IV. Values of PDM in vacuum.

m0 [MeV] 500 600 700 800 900

(∂mN/∂σ )vac. 7.97 7.01 5.87 4.56 3.07
mσ [MeV] 396 414 388 332 271

N [MeV] 91.9 74.0 70.5 74.6 75.7

correlator1∼〈(σ − 〈σ 〉)2〉 ∼ m−2
σ , so it is bigger for a smaller

scalar meson mass.
Multiplying mq to the scalar charge, we get the so-called

nucleon sigma term,


N = mqNσ =
∫

�x
〈N |mq(ūu + d̄d )|N〉, (15)

in which the combination mq(ūu + d̄d ) is renormalization
group invariant. The scalar density is often discussed in this
form as it is more directly related to the experimental quan-
tities. The traditional estimate [61] is 
N � 45 MeV (which
includes up- and down-quark contributions), but currently the
estimates based on lattice QCD or combined analyses of the
lattice QCD and the chiral perturbation theory range over
40–70 MeV (see the review in Ref. [60] and the references
therein). Substituting mq � 5 MeV, we get Nσ � 8–14, so the
scalar density is

Nσ

4πR3
N/3

=
[

(0.24–0.30) GeV
1 fm

RN

]3

, (16)

where RN is the size of a nucleon, which is ≈1 fm. This is
roughly the same order of magnitude as the vacuum scalar
density but with the opposite sign. The scalar isoscalar radius
is 〈r2

s 〉 � (0.7–1.2 fm)2 [62]. For comparison, the values in the
PDM for various m0 are listed in Table IV.

We note that our mσ � 270–410 MeV is smaller than
the mass of the scalar meson f0(500) (with the width
≈500 MeV),2 while 
N in our model is larger than the tradi-
tional value �45 MeV. Recalling that 
N ∝ ∂σ vac/mq ≈ m−2

σ ,
better agreement with empirical values may be achieved by
improving our model to accommodate a larger mσ . This can
be done by, e.g., adding higher order polynomials of σ fields
to modify the curvature of the effective potential. Such a fine
tuning is beyond the scope of this paper; we keep using the
parameter set used for analyses of EOS in Ref. [21], and shall
not redo EOS construction. We expect that overall qualitative
trends of chiral restoration can be studied within the present
setup.

1The mass derivative of the quark condensate is related to the
(connected) scalar correlator at zero momentum,

∂〈q̄q(x)〉
∂mq

∼
∫

DqDq̄ [q̄q(x)]
∂

∂mq
(e− ∫

x′ mqq̄q(x′ )+.../Z )

∼
∫

x′
〈[q̄q(x)][q̄q(x′)]〉conn. ∼ lim

q→0

1

q2 + m2
σ

. (14)

2It is not a trivial issue whether one should interpret σ in mean-field
models as the physical scalar meson.

FIG. 1. Chiral condensates in dilute regime. The region domi-
nated by the vacuum chiral condensate has the negative scalar charge
while in nucleons the scalar charges are positive.

The relation Nσ = ∂mvac
N /∂mq tells us that the scalar charge

should be positive, as the nucleon mass is supposed to increase
with the current quark masses. Since the chiral condensate in
vacuum is negative, the nucleon scalar charges tend to cancel
the vacuum chiral condensate.

D. Dilute regime

In the dilute regime (see Fig. 1) we can make a solid state-
ment; here nucleons are widely separated, so the scalar density
in medium is estimated by simply adding the scalar charges of
nucleons to the vacuum condensate, and then taking the spatial
average, i.e.,

〈(ūu + d̄d )〉 � 〈(ūu + d̄d )〉0 + nBNσ , (17)

or equivalently one can write

σ � fπ

(
1 + nBNσ

〈(ūu + d̄d )〉0

)
. (18)

This is the famous linear density approximation, which im-
plies that the value of σ decreases as nB increases.

The violation of this approximation signals the end of the
dilute regime. Figure 2 shows the ratio of the quark conden-
sate, 〈ūu〉/〈ūu〉0 = σ/ fπ , versus the neutron number density
nn in pure neutron matter and compare it with the linear den-
sity approximation. Our mean-field results have milder chiral
restoration than in the linear density approximation. Similar
trends have been found in the analyses based on the chiral
effective theories including the fluctuations of pions [63–65]

We stress that, in light of the PDM, the chiral restoration
discussed here does not necessarily have the immediate im-
pacts on the properties of baryons nor the Dirac sea. These
considerations are consistent with our no sea approximation
for the thermodynamic potential for nucleons [see Eq. (3)]
and modest changes in nucleon mass in the PDM. We also
note that, in a high temperature transition from a hadron res-
onance gas (HRG) to a quark gluon plasma (QGP), the chiral
condensates substantially decrease just below the transition
temperature, but at such temperature the HRG model with
the vacuum hadron masses still work well to quantitatively
describe the lattice data [66,67]. We will address this point
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FIG. 2. Ratio of the quark condensate in the PDM 〈ūu〉/〈ūu〉0 =
σ/ fπ versus the neutron number density nn.

again when we discuss the chiral restoration in quark matter
where the modifications in the Dirac sea are likely.

E. Strange quark condensate

The increase in nuclear density also affects the strange
quark condensate, as nucleons contain the sea strange quarks.
The abundance of sea strange quarks in a nucleon can be
estimated by using the strangeness sigma term,


sN = ms
∂mN

∂ms
=

∫
�x
〈N |mss̄s|N〉 = msNs. (19)

Our PDM does not manifestly include the strangeness so that
we simply substitute the vacuum value for the linear density
approximation,

〈s̄s〉 � 〈s̄s〉0 + nBNs. (20)

This estimate will be used when we consider the interpolation
between nuclear and quark matter.

Our estimate of the strange quark condensate contains
several errors even in dilute regime. In fact, the strangeness
content in a nucleon is difficult to determine, as it is a small
effect not related to the valence quarks. The estimates from
the lattice QCD range from �17 MeV to �42 MeV. Taking
ms � 100 MeV, we estimate Ns � 0.2–0.4, which is about
≈(0.01–0.05)Nσ .

The positivity of strangeness sigma-term found on the lat-
tice implies that ∂mN/∂ms is positive. This is by no means
trivial, as strange quarks are not valence quarks in a nucleon,
and increasing strange quark does not readily increase the
valence quark mass nor the nucleon mass. One possible way
to express ∂mN/∂ms > 0 is to assume the validity of the
expression as in Eq. (13),

Ns = ∂mvac
N

∂ms
� ∂σ vac

∂ms

(
∂mN

∂σ

)
σ=σvac

, (21)

(reminder: σ is made of the sum of up- and down-quarks,
not including strange quarks) and to consider the Kobayashi-

Maskawa-’tHooft term for the U (1)A anomaly,

LKMT ≈ C(ūu)(d̄d )(s̄s) + · · · , (22)

where we wrote only the product of scalar densities. A larger
strange quark more explicitly breaks the chiral symmetry and
hence enhances the size of strange quark condensate in vac-
uum. Within mean-field treatments (as in the NJL model), a
larger strange condensate contributes to the term like

LKMT ≈ C〈s̄s〉0[ 〈d̄d〉0 × ūu + 〈ūu〉0 × d̄d ] + · · · , (23)

which, for C < 0, assists the chiral symmetry breaking and
increases the effective quark masses for up- and down-quarks.
These relations suggest that a larger ms first enhances 〈s̄s〉0,
and then the effective masses of up- and down-quarks through
the anomaly term. Within this description, mN or σvac in-
creases for a larger ms, and hence Ns > 0 follows.

III. QUARK MATTER (CFL PHASE)

A. Overall picture

We use the NJL model for our quark matter descriptions.
The model does not describe the confinement, but explains
the hadron phenomenology not very sensitive to the confining
effects [56], e.g., the low-energy constants for a hadronic
effective Lagrangian for energies �1 GeV. The NJL model is
supposed to capture the physics at semihard scale, 0.2 GeV �
p � 1 GeV, the scale between confinement and chiral sym-
metry breaking [68,69]. In terms of the distance scale, those
quark models capture the physics in a hadron, ≈1 fm, but do
not resolve the partonic structure of constituent quarks [70].
We expect the NJL-type constituent quark models to give
reasonable descriptions on the bulk quantities at density where
baryons begin to overlap.

Our NJL model includes the vector repulsion and diquark
attraction in addition to the standard NJL model [56]. These
additional interactions are motivated by the fact that the suc-
cessful hadron description needs not only the use of proper
constituent quark masses but also the color interactions at
semihard scale. For instance the color magnetic interactions
are needed to account for the level splitting such as N − �

or π − ρ [71]. We try to include the attractive part of such
interactions in our diquark terms. At high density they lead
to the diquark condensation, and, in three-flavor model, the
color-flavor-locked (CFL) pairing. Meanwhile, the magnetic
interactions in repulsive channels can be used to explain the
channel dependence in baryon-baryon interactions at short
distance [72,73], e.g., hard-core repulsion between nucleons.
Our vector repulsion can be thought of the parametrization of
such short distance repulsion.

While the vector and diquark interactions contribute to the
energy density with the opposite signs, their effects do not
cancel much as the density dependence are different. The
vector repulsion acts on the whole bulk part of the quark Fermi
sea, contributing εvector ≈ +n2

B, while the diquark attraction
mainly affects on quarks near the Fermi surface, contributing
εdiquark ≈ −�2n2/3

B . Both contributions can stiffen equations
of state [18].
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B. NJL model

Our NJL Lagrangian is [18]

L = LNJL + LV + Ld . (24)

The first term is the standard three-flavor NJL model with
the anomaly term (λA and τA (A = 0, . . . , 8) being the
identity element (A = 0) and Gell-Mann matrices (A =
1, . . . , 8) in color and flavor spaces, respectively, normalized
as tr[λAλB] = tr[τAτB] = 2δAB),

LNJL = q̄(i/∂ − m̂q + μ̂γ0)q

+ G
8∑

A=0

[(q̄τAq)2 + (q̄iγ5τAq)2]

− K

[
det

f
q̄(1 − γ5)q + det

f
q̄(1 + γ5)q

]
, (25)

where m̂q = diag.(mu, md , ms) is the current quark mass ma-
trix for u, d, s-quarks, and μ̂ is

μ̂ = μB/3 + μc3λ3 + μc8λ8 + μQQ, (26)

with μc3, μc8, μQ being the third and eighth components of
color charges and the electric charges; the charge matrix is
Q = diag.(2/3,−1/3,−1/3). For the values of the coupling
constants (G, K ) and the UV cutoff of the model �NJL, we
chose the values of Hatsuda-Kunihiro parameters: G�2

NJL =
1.835, K�5

NJL = 9.29, with �NJL = 631.4 MeV. This set
of parameters successfully describes the low-energy hadron
physics in vacuum, such as masses of Nambu-Goldstone
bosons, decay constants, and so on.

The vector and diquark interactions are

LV = −gV (q̄γ μq)(q̄γμq), (27)

Ld = H
∑

A,B=2,5,7

[(q̄τAλBCq̄t )(qtCτAλBq)

+ (q̄iγ5τAλBCq̄t )(qtCiγ5τAλBq)], (28)

where C = iγ0γ2 is the charge conjugation matrix. In mean-
field approaches, the coupling constants (gV , H ) are not well
constrained in vacuum as the density and diquark mean fields
(see below) are vanishing. But the impacts of these cou-
plings are very large at finite baryon density, and the range
of the couplings has been constrained by neutron star ob-
servables [20,21,74] and by a model of nonperturbative gluon
exchanges [75].

The chiral and diquark condensates (σ̃ slightly differs from
the σ in the PDM by a factor)

σ̃ f = 〈q̄ f q f 〉, da = 〈qtCγ5Raq〉, (29)

where the indices f = 1, 2, 3 correspond to u, d, s-flavors,
(R1, R2, R3) = (τ7λ7, τ5λ5, τ2λ2). The quark density
nq(= NcnB) is the sum of u, d, s-quark densities

nq =
∑

f

n f , n f = 〈q†
f q f 〉. (30)

Within the mean-field approximation, the single-particle ener-
gies are obtained by diagonalizing the matrix

S−1(k) =
(

/k − M̂ + γ 0μ̂MF γ5�iRi

−γ5�
∗
i Ri /k − M̂ − γ 0μ̂MF

)
, (31)

whose eigenvalues, εi=1,..,72 (among which 18 eigenvalues are
independent), give the single-particle (sp) energies of quarks.
The effective chiral mass, diquark gap, and effective chemical
potential are

Mi = mi − 4Gσi + K|εi jk|σ jσk, (32)

�i = −2Hdi, (33)

μ̂MF = μB/3 − 2gV nq + μ3λ3 + μ8λ8 + μQQ. (34)

Here −2gV nq is from the mean-field repulsion. The μ3 and
μ8 will be tuned to enforce the color-neutrality constraints,
∂�/∂μ3,8 = 0.

With the single-particle energies and condensation terms,
the thermodynamic functional is given by �[φ] = �sp[φ] +
�cond[φ] + �lepton, where the quark part is

�sp[φ] = −2
18∑

i=1

∫ � d3p
(2π )3

εi

2
, (35)

�cond[φ] =
∑

i

(
2Gσ 2

i + Hd2
i

) − 4Kσuσdσs − gV n2
q, (36)

and the lepton part is treated in the same
way as in the PDM [Eq. (8)]; the value of
μQ is tuned to satisfy the charge neutrality
condition. The φ in quark part collectively describes
(σ, d ). After minimizing �[φ] by φ = φ∗ under the
neutrality constraints, we obtain the thermodynamic potential
� = �[φ∗].

C. Chiral condensates in the CFL quark matter

In quark matter, the quark Fermi sea disfavors the quark-
antiquark pairing which triggers the formation of the chiral
condensates (Fig. 3). This is because having an antiquark
costs the energy of the order of the quark Fermi energy;
regarding an antiquark as a hole in the Dirac sea, its creation
needs to bring the particle in the Dirac sea to the domain
beyond the Fermi sea, avoiding the Pauli blocking. Hence, as
density increases, the chiral condensates naturally dissociate.
Alternatively, the particle-particle or particle-hole pairings are
favored as they involve only the degrees of freedom near the
Fermi surface [76].

It is important to note that the chiral restoration discussed
here differs from what we have described in dilute nuclear
matter; there the chiral restoration is due to the cancellation
between positive and negative charges. But the positive scalar
charge in each nucleon nor the negative scalar charges from
the vacuum do not change much with density; only the sum
does. Meanwhile, in quark matter we do consider the reduc-
tion in each of positive and negative scalar charges; both the
Dirac sea and the constituent quark masses change. In the
context of the PDM, the Dirac sea modification should be
responsible for the reduction of the chiral invariant mass m0.
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FIG. 3. The chiral symmetry breaking by condensation of quark-
antiquark pairs; (upper) in vacuum; (lower) in medium. In the latter
the pairing is blocked by the quark Fermi sea.

IV. CONDENSATES IN A UNIFIED EOS

In this section we construct a unified EOS and condensates
by interpolating the nuclear and quark models in the previous
sections. We compute the chiral and diquark condensates, and
the composition of matter with (u, d, s)-quarks and leptons
(electrons and muons, e, μ).

A. Unified generating functional

To compute a unified EOS and a condensate φ, we first
construct a generating functional P(μB; J ) in which J is the
external field coupled to the condensate φ. After computing
the generating functional, one can differentiate it with respect
to J ,

φ = − ∂P

∂J

∣∣∣∣
J=0

, (37)

to calculate the condensate at a given μB.
The generating functional for the nuclear domain, nB �

2n0, is given by the PDM, and for the quark matter domain,
nB � 5n0, by the NJL model. These functionals are interpo-
lated by requiring the continuity up to the second derivatives
at the boundaries, 2n0 and 5n0. As an interpolating function
we use a polynomial function with six constants an(J ),

PI(μB; J ) =
5∑

n=0

an(J )μn
B, (38)

for the intermediate region 2n0 < nB < 5n0. We write the
chemical potentials at the boundaries as μL

B and μU
B which

satisfy

nB
(
μL

B; J
) = 2n0, nB

(
μU

B ; J
) = 5n0. (39)

It is important to remember that, as we use the fixed densities
for the boundaries, μL

B and μU
B depend on J . The six parame-

ters an are determined from the six boundary conditions,

∂kPI

(∂μB)k

∣∣∣∣
μL

B (μU
B )

= ∂kPPDM(NJL)

(∂μB)k

∣∣∣∣
μL

B (μU
B )

, (40)

where k = 0, 1, 2. Determination of an at J = 0 gives us the
unified EOS.

The model parameters of the generating functional are
restricted by the causality condition,

c2
s = dP

dε
= nB

μBχB
� 1, (41)

where cs is the sound velocity and χB = ∂2P/∂μ2
B is the

baryon number susceptibility.

B. A practical method to compute condensates

In this subsection, we explain a practical method to com-
pute condensates from our generating functional. In this
method, it is not necessary to manifestly compute P(μB, J )
for various J , but we utilize only the μB-dependence of the
condensate at J = 0 for each interpolating boundary. This
method is useful especially when we need to compute many
condensates.

For our interpolating function, the expression of conden-
sate φ in the interpolated domain is given by

φI = −∂PI

∂J

∣∣∣∣
J=0

= −
5∑

n=0

∂an

∂J

∣∣∣∣
J=0

μn
B. (42)

Thus, the determination of φI is equivalent to the determina-
tion of six constants ∂an/∂J (n = 0, ..., 5) at J = 0. Recalling
that our matching condition at a given J is given in Eq. (40),
we obtain the ∂an/∂J by taking the μB-derivatives of Eq. (40),

∂

∂J

(
∂kPI

(∂μB)k

∣∣∣∣
μL

B (μU
B )

)
= ∂

∂J

(
∂kPPDM(NJL)

(∂μB)k

∣∣∣∣
μL

B (μU
B )

)
, (43)

where k = 0, 1, 2. We set J = 0 in the end. When we compute
the derivatives, we should remember that μL

B(μU
B ) depend on

J , see the Appendix for the details. Importantly, all these
derivatives at J = 0 can be obtained using only quantities at a
given μB and J = 0; it is not necessary to refer to the quanti-
ties for various J nor μB; our computations are local. Hence,
our method reduces computational efforts significantly.

C. Numerical results

Using the method presented in the last section, we compute
the light quark chiral condensate 〈(ūu + d̄d )〉, the strange
quark condensate 〈s̄s〉, the diquark gaps �i, and the quark
number densities n f , from nuclear to quark matter domain.
Unless otherwise stated we pick up three sample parameter
sets for (m0 [MeV], H/G, gV /G) as

(500, 1.30, 0.7) [blue solid],

(700, 1.40, 0.8) [orange dashed], (44)

(900, 1.45, 0.7) [green dash dotted],

all of which lead to EOS with the causal speed of sound.
Here [...] indicates the types of lines used in figures for these
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FIG. 4. Density dependence of the ratio of the chiral condensates.

parameters. As a guide, we will also show the extrapolation of
the PDM results by black dotted lines.

1. Light quark chiral condensates

Figure 4 shows the ratio of the chiral condensate in medium
to the vacuum counterpart, 〈(ūu + d̄d )〉/〈(ūu + d̄d )〉0. It is
clear that the condensate at the boundaries put strong bias to
the condensate in the interpolated domain.

The PDM results are sensitive to the choice of m0. For
m0 = 500 MeV, the chiral condensate reduces radically, as the
N-σ coupling must be strong to reproduce mN = 939 MeV
and hence changes in nuclear medium have large impacts on
the behavior of σ . For a larger m0, the medium effects on
σ are smaller. Meanwhile, the NJL model typically leads to
the chiral condensates whose magnitudes are 20–30% of the
vacuum values.

As we have mentioned in Sec. II D, the chiral restoration
within the PDM may underestimate or neglect the chiral
restoration at the quark level. At higher density the effects of
interactions among nucleons are stronger, and it is natural to
consider structural changes of nucleons and the modifications
of m0 and the couplings. The bias from the quark matter side
is used to infer the trends of these effects. Therefore, although
phenomenological, we believe that our interpolating method
offers reasonably balanced descriptions.

2. Strange chiral condensates

Another quantity of interest is the strange quark conden-
sate, as shown in Fig. 5. Let us first look at the trend at nB �
2n0. Although the strange quark contributions are not defined
in the PDM of this work, we estimate them by assuming the
linear density approximation Eq. (20) with the strangeness
sigma-term. For the sigma-term we use 
sN = 0, 17, 41 MeV.
For 
sN = 0, the strange quark condensate is density inde-
pendent, while the values 
sN = 17, 41 MeV are picked up
from Ref. [60]. We fixed the parameters m0 = 700 MeV and
(H, gV )/G = (1.4, 0.8), and then vary the values of 
sN . As
expected, Fig. 5 shows that the chiral restoration in the strange
quark sector is very small in the nuclear domain.

FIG. 5. Density dependence of the strange quark condensate nor-
malized by the vacuum counterpart.

Beyond 2n0, the strange quark condensate starts to re-
duce, and the reduction from the vacuum value is ≈20% at
nB � 3n0. By construction, this reduction is due to the bias
from the boundary condition in the quark matter side. In the
quark matter at nB � 5n0, the reduction is �50%. This chiral
restoration should mainly come from two effects. One is the
suppression of the anomaly term, ≈〈ūu〉〈d̄d〉(s̄s), associated
with the reduction of light quark condensates. The other is
due to the appearance of the strange quark Fermi sea. In our
model the strangeness density begins to share ≈10% of quark
density at nB � 3n0, where we suppose that the strange quark
sector is modified at the quark level.

3. Diquark gaps and number density

Figure 6 shows the numerical result of the interpolated
diquark gaps in the ud-pairing channel (upper panel) and
ds-pairing channel (lower panel) for the same choice of pa-
rameters in Fig. 4. The diquark condensates are assumed to be
zero at nB � 2n0. In the CFL quark matter, the isospin sym-
metry holds in very good accuracy, while in nuclear matter the
pairing is zero, so �ds � �us hold in good accuracy for whole
domain.

Next we examine the correlation between the diquark con-
densates and quark number density shown in Fig. 7. In the
nuclear domain, the quark density for each flavor is calcu-
lated from the proton and neutron densities (np and nn) as
nu = 2np + nn, nd = np + 2nn, and ns = 0. We note that the
growth of the diquark condensates is strongly correlated with
the growth of quark number density, as can be seen from the
comparison of Figs. 6 and 7. This is qualitatively reasonable;
a larger Fermi surface allows more diquark pairs, and the
associated energy reduction of the system in turn assists the
growth in density. Another important effect is on the flavor
asymmetry. In particular, the number density of the strange
quark in the nuclear matter is zero, while the strong pairing
between the strange quark and the other light quarks favor the
equal population of u, d, s-quarks in the quark matter. As a re-
sult the number density of the strange quark rapidly increases
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FIG. 6. Diquark condensates as functions of density: (upper)
�3 = �ud and (lower) �1 = �ds.

in the interpolated region and the onset of the strangeness
takes place at lower density than without the pairings. This
competition between the mass asymmetry and the pairing
effects determines the fraction of each quark.

4. Compositions

Finally, we examine the composition of matter including
leptons. Figure 8 shows the fraction of quark density for each
flavor and lepton fraction per baryon density,

n f

nB
,

nl

nB
, (45)

where f = u, d, s, and the subscript l refers to electron or
muon densities. The lepton fraction is determined by the
charge neutrality and β-equilibrium condition, which is con-
trolled by the charge chemical potential μQ.

One of distinct features in our unified model is the evo-
lution of the strangeness fraction. The strangeness fraction
becomes significant around nB � 2.5n0, and strange quarks
are as abundant as up- and down-quarks at nB � 4.5n0. At
nB = 5n0, the matter becomes the CFL quark matter where the
sum of quark densities satisfies the charge neutrality condi-

FIG. 7. Number density for (upper) up-quarks and (lower)
strange-quarks.

FIG. 8. Matter composition nf /nB ( f = u, d, s) and nl/nB as
functions of baryon density.
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FIG. 9. Helicity and spin conservation due to the emergence of the (σ, �π ) fields. The confinement turns a right-moving quark, uR, into a
left-moving quark, uL (dL), but without changing the spin. The helicity is conserved by fields made of ūLuR (d̄LuR). The (σ, �π) fields fluctuate
whenever the chirality of quarks flip.

tion; no leptons needed in the CFL phase. This trend with the
strangeness differs from pure nuclear models in which lepton
fraction increases as the baryon density does.

V. DISCUSSIONS

In this work, the chiral condensates in the crossover do-
main are based on the interpolation of those in nuclear and
quark matter domains, so our pictures for the chiral restoration
are somewhat indirect. Especially the role of confinement has
been obscure. In this section we conjecture several scenarios
to infer the microphysics in the interpolated domain.

A. Casher’s argument and the chiral scalar density in nucleons

For the relation between confinement and chiral symmetry
breaking, Casher suggested that the absence of the chiral
symmetry breaking effects do not allow the descriptions of
quark confinement [77]. In our arguments we slightly relax
Casher’s arguments by just assuming the presence of chiral
variant fields (σ, �π ). The overall size of the chiral variant
fields is characterized by φ2 ≡ (σ 2 + �π2) which is chiral in-
variant, while the direction of the four-vector (σ, �π ) is chiral
variant.

The Casher’s argument focus on the helicity for a mass-
less quark. The confinement requires the massless quarks to
change the directions, but it does not flip the spin, violating
either the conservation of the helicity or angular momentum.
To avoid such violation the confining boundaries must develop
fields3 which can carry the quanta of quarks just before the
reflection; see Fig. 9. The candidates of such fields are σ and
�π which transform a left-(right-)handed quark into a right-
(left-)handed one, and at the same time the four-vector (σ, �π )
rotates to conserve the helicity. (This intuitive picture will be
further developed in the next section.)

Now let us apply this picture and see what consequences
would follow. First, the Casher’s argument naturally leads
to the chiral scalar density in hadrons. This may be related

3One can also think of the instantons as the sources of the chirality
flipping; in this picture σ appears due to quarks bound to instantons
[78].

to the so-called in-hadron condensate [79]. Meanwhile, to
phrase the vacuum condensates in this context, one should
first consider the σ meson as a confined particle, and then
argue the condensation of the σ mesons. Once the space
is filled with many σ , the quarks can flip the chirality
anywhere.

B. Topology of pion clouds and spatial modulations
of the chiral scalar density

The nucleon scalar density has the sign opposite to the
vacuum chiral condensate but with the similar magnitude.
Extrapolating this picture would lead to the expectation
that, as nucleons overlap, they form a large domain with
the positive chiral scalar density (negative σ ), dominat-
ing over the negative chiral scalar density (positive σ )
from the vacuum; see Fig. 10. This consideration does not
smoothly match with quark model descriptions at high den-
sity, where the chiral scalar density approaches zero, rather
than the positive value. To understand this discrepancy, be-
low we first consider a two-baryon system and chiral scalar
density in it.

For this purpose we first examine in more detail how
the σ field changes the sign from the vacuum to the inside
of a nucleon. Considering that the effective Lagrangian is
chiral symmetric, the effective potential is a function of φ2.
It takes a minimum at φ = σvac for the vacuum. We sup-
pose that the field variation along this circle (φ = const.)

FIG. 10. Naive extrapolation of the linear density approximation
for the chiral condensate. As baryons overlap, the positive chiral
scalar density (negative σ ) from baryons dominates over the negative
scalar density from vacuum one (σ > 0).
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FIG. 11. The expected behavior of chiral scalar (σ ) and pseudo
scalar fields (�π) near a nucleon (one dimensional slice). The chiral
invariant combination of these fields are σ 2 + �π 2 � const. The right
is the hedgehog profile.

does not cost much energy. Then the σ around a nucleon
should accompany π fields whose magnitudes are large near
the surface of nucleons, and are vanishing at the center, as
shown in Fig. 11. The spatial average of π fields is zero. If
we arrange isospin distributions for these �π fields properly
to generate the topological number one as in the hedgehog
form, we arrive at descriptions similar to the chiral soliton
models [80–87].

The topological numbers of pions around nucleons give
important constraints on how baryons come close together.
Let us consider two nucleons which are close in distance
(Fig. 12). As we mentioned, in a naive description two do-
mains of the positive scalar density simply merge to form
one large domain with the positive scalar density (negative
σ ) as was shown in Fig. 10. This picture is corrected by
considering the topological constraint as shown in Fig. 12. For
two nucleon problems, the configuration of (σ, �π ) must have
nodes to generate topological numbers two4 instead of zero.
Hence, (σ, �π ) should have spatial modulations with positive
and negative scalar densities, instead of forming single large
domain with the positive scalar charge. As more and more
nucleons are packed, the spatial modulations of (σ, �π ) fields
become finer. The positive and negative σ fields tend to cancel
only in the spatial average. The magnitudes of the modulations
are controlled by the size of φ, not by the value of σ . As
far as φ is nonzero, it is natural to expect that the nucleon
and constituent quark masses are substantial, but still we can
describe the chiral restoration in the sense of

∫
x σ (x) = 0.

This picture fits to the concept of the chiral invariant mass in
the PDM which can be nonzero even for σ = 0 as discussed
in Refs. [96,97].

In the above argument we address the possibility that each
nucleon accompanies the spatial modulations in σ and �π in
a topological configuration. (For chiral density waves in the
PDM, see Refs. [35,45,46].) In compressing nuclear matter,
such modulations do not cancel, but just get squeezed alto-
gether as far as φ remains finite. This picture shares several
viewpoints with the scenarios of the soliton crystals [98–102]
or chiral spirals [76,103–112]; if the compressed nucleons

4In (1+1)-dimensional models such statements become exact by
applying the bosonization method [88–91]; nB ≈ ∂1ϕ, σ ≈ cos ϕ,
and π ≈ sin ϕ [for U (1)]. Studies of dense systems can be found,
e.g., in Refs. [92–95].

FIG. 12. Two nucleons at close distance, with the hedgehog pion
configurations, where the vectors �π and �x are parallel. The rightmost
part shows the baryon density, π1 fields, and σ fields along the x1

axis. The negative σ fields are accumulated at the center of baryons,
while the positive σ are accumulated at the interface of two baryons.

favor the periodic structure, then they also lead to the lat-
tice in (σ, �π ). Such inhomogeneous chiral condensates have
been discussed in both nucleonic models and quark models.
Whether they can connect by the quark-hadron continuity is
an interesting question; see Ref. [113] and references therein,
for instance.

C. Diquarks

Finally, we consider how diquark condensates develop
from nuclear to quark matter. As we have assumed that nu-
cleon fields (before the diagonalization of the mass matrix)
transform as (1/2, 0)L ⊕ (0, 1/2)R in terms of the chiral mul-
tiplet, a simple way to combine three quarks is to first consider
diquarks in the color antitriplet representation and then put a
leftover quark. The diquarks

[uLdL]I=0, [uRdR]I=0, (46)

are SU(2)L and SU(2)R singlet, respectively, and hence
are invariant under the chiral transformations for SU(2)L ⊗
SU(2)R. We attach the leftover quark to these diquarks, then
the resulting nucleon follows the chiral transformation of the
leftover quark. Below we further assume that the diquark
takes JP = 0+ and the spatial S-wave, for which the attractive
correlations are the largest. In this respect, the nucleon already
contains the source of diquark condensates for the high den-
sity matter.

At low density the diquark correlations may exist but a
diquark is tightly bound to a leftover quark to form a nucleon.
In this regime the diquarks are hidden inside of nucleons;
the diquark fields may be associated with nucleons, but they
do not take the form of condensates which spread over the
system. The bulk properties of the system are described in
terms of nucleons. The trend begins to change when quark
exchanges between nucleons become very frequent. Here di-
quarks are available not only as constituents of nucleons but
also as participants to the bulk properties of the system. As
the diquark fields overlap, they develop the coherence; the
phase of condensates, ϕ in � = |�|eiϕ , correlate over long
distance. In these pictures, the diquark condensates begin to
develop when nuclear many-body forces become important
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(nB � 2n0), gradually develop toward quark matter, and get
established at high density (nB � 5n0).5

Based on the same picture, we expect that diquark fields
with strangeness are introduced to the system as the con-
stituents of hyperons. Then the diquark fields gradually
develop as the hyperons dissociate through the quark ex-
changes.

VI. SUMMARY

In this paper, we have elaborated a recipe to compute
various condensates in the domain between nuclear and quark
matter, assuming the quark-hadron continuity picture. After
looking at the behaviors of these condensates, we then conjec-
ture qualitative scenarios which interpolate nuclear and quark
matter descriptions.

We found that the PDM with the substantial chiral invariant
mass, m0 � 500 MeV, has a number of favorable properties
in descriptions for EOS (as found in the previous works)
and also for various condensates. In particular, the substantial
reduction of σ in dilute regime (driven by the positive scalar
charge in nucleons) does not change the nucleon properties
drastically. This is consistent with our neglect of the nu-
cleon Dirac sea and use of fixed nucleon-meson couplings
for nB � 2n0. In our view, the intrinsic properties of nucle-
ons begin to substantially change at nB � 2n0, where quark
exchanges among baryons become frequent; since baryons
are made of quarks, the quark exchanges are supposed to
change the baryon structure. The quarks, which are partially
released, are also affected by the medium and should change
the properties such as the effective mass. The direct de-
scriptions of such changes is difficult, but at least we can
constrain it through the quark matter constraints at high den-
sity. Our interpolation scheme is a practical way to implement
these ideas.

This work has addressed only few aspects on the chiral
symmetry in dense matter. There remain many issues to be
addressed. Here we list up some:

(i) The PDM model can be extended to include hyperons
[33,117–121]. For NS matter, the charge chemical
potential μQ ranges from −100 MeV to −200 MeV
around nB ≈ 1–2n0, and hyperons may appear for 2 −
3n0, not far from our choice for the hadronic boundary
nB = 2n0 (see for instance Sec. III in Ref. [122]).
The slight extension from nB = 2n0 to higher density
and manifest treatment of hyperons would give more
concrete descriptions of the strangeness than in this
work.

(ii) The detailed understanding of a nucleon and its
meson cloud should give a guide on the chiral sym-

5The onset of diquark pair condensations may be constrained by NS
cooling. In particular, some cooling curves disfavor substantial CFL
cores which would induce too rapid cooling [114,115]. One possible
interpretation is that such observed NSs are too light and do not have
large core densities. But if those NSs turn out to be heavy and have
large core densities, they put stringent constraints on the CFL phase.
For cooling of accreting NSs, see Ref. [116].

metry in dense matter. An important question in
the context of the PDM is how a (σ, �π ) cloud
differs for the positive [N (939)] and negative par-
ity [N (1535)] nucleons. In terms of the constituent
quark models, N (1535) contains the P-wave exci-
tation of a quark, with the larger spatial size than
N (939). How this size scale estimate and σ in the
PDM are related is an important question to under-
stand the medium effects in the PDM. In general
the medium effects should influence hadrons with
the larger size, as they have closer in distance to the
other hadrons.

(iii) Ultimately our patchwork of nuclear and quark matter
descriptions should be replaced with a description
based on a single model. Baryons should be con-
structed explicitly in terms of quarks. Several recent
works [123–126], although schematic, have given
concrete descriptions of quarks from nuclear to quark
matter domains. One of the important outcome is
the peak in the speed of sound [124–126] which has
been a puzzling feature inferred from NS observations
[127]. But detailed questions such as the fate of chiral
symmetry breaking or diquark correlations have not
been addressed in such modelings. Our descriptions
in this paper should give some hints for the fuller un-
derstanding of nuclear-quark matter phase transitions.
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APPENDIX: CALCULATION OF ∂an/∂J IN EQ. (42)

We write �P as the vector which has the components of
the six values of ∂kP/(∂μB)k (k = 0, 1, 2) at the boundaries
μB = μL

B, μU
B calculated from the PDM and the NJL model.

Since PI is a polynomial of μB, the vector of the values of
∂kPI/(∂μB)k (k = 0, 1, 2) at the boundaries is represented as
M�a, where �a = (an) and M is a matrix of μL

B, μU
B . Therefore,

the J derivative of an is calculated as

∂an

∂J
= −M−1 ∂M

∂J
M−1 �P + M−1 ∂ �P

∂J
. (A1)

Since �P is evaluated at the boundaries, ∂ �P/∂J is calculated as,
for example,

∂

∂J

(
P|μL

B

) = ∂μL
B

∂J

∂P

∂μB

∣∣∣∣
μL

B

+ ∂P

∂J

∣∣∣∣
μL

B

, (A2)

∂

∂J

(
∂P

∂μB

∣∣∣∣
μL

B

)
= ∂μL

B

∂J

∂2P

∂μ2
B

∣∣∣∣
μL

B

+ ∂2P

∂J∂μB

∣∣∣∣
μL

B

, (A3)

∂

∂J

(
∂2P

∂μ2
B

∣∣∣∣
μL

B

)
= ∂μL

B

∂J

∂3P

∂μ3
B

∣∣∣∣
μL

B

+ ∂3P

∂J∂μ2
B

∣∣∣∣
μL

B

. (A4)
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Since the density at the boundaries are fixed for any J ,
Eq. (A3) equals zero and

∂μBL

∂J
= − ∂2P

∂J∂μB

∣∣∣∣
μL

B

/
∂2P

∂μ2
B

∣∣∣∣
μL

B

. (A5)

Moreover, ∂k+1P/∂J (∂μB)k = −∂kφ/(∂μB)k is determined
from the derivation of the gap equation, for example,

0 = ∂

∂J

(
∂�

∂φ

∣∣∣∣
φ∗

)
= ∂φ∗

∂J

∂2�

∂φ2

∣∣∣∣
φ∗

+ ∂2�

∂J∂φ

∣∣∣∣
φ∗

, (A6)

where φ∗ is the solution of the gap equation.
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