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Calculating the S-matrix of low-energy heavy-ion collisions using quantum coupled-channels
wave-packet dynamics
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We investigate the fusion and scattering of a 16O projectile on 152,154Sm targets using the time-dependent
coupled-channels wave-packet method. We benchmark calculations of the S-matrix elements, fusion cross sec-
tions, and scattering differential cross sections with those from the time-independent coupled-channels method,
and compare the results to experimental data. We find that our time-dependent method and the time-independent
method produce quantitatively similar results for the S-matrix elements and fusion cross sections, but our method
cannot quantitatively explain the experimental scattering differential cross sections, mainly due to the low
maximum number of partial waves produced by the time-dependent method. Nevertheless, the strong agreements
between our method and the time-independent method demonstrates that the time-dependent coupled-channels
wave-packet method can be used to address fusion reactions for a wide range of energies, with the advantage of
being able to extend to time-dependent Hamiltonians for more advanced modeling of nuclear reactions.
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I. INTRODUCTION

In nuclear reaction theory, there are a host of low-energy
phenomena that are unable to be expressed simultaneously
using many of the contemporary models. In low-energy nu-
clear reactions, there is an interplay between quantum and
dynamical effects such as quantum tunneling and nuclear
friction [1] that can enhance or hinder the formation of the
compound nucleus. Classical attempts at describing nuclear
friction such as solving the Langevin equation have not been
categorically successful in describing low-energy observables
[1–7], and there will always be ambiguity in the sources of
errors due to the nonquantum nature of the Langevin equation.

It is very desirable to use fully quantum mechanical meth-
ods to describe these phenomena. Even in the few-body
perspective, a nuclear reaction Hamiltonian that encompasses
all scattering and fusion phenomena can be very involved,
with many channel labels to consider such as mass asymmetry,
elongation, angular momenta, as well as target and projectile
spins [8]. These large basis sizes can prove difficult to perform
global optimizations such as those used in time-independent
methods in a timely manner, whereas time-dependent methods
may be able to explore the parts of the Hilbert space most rel-
evant to the reaction in less computation time. Specifically, if
one wishes to treat internal radial and/or angular coordinates
of the nuclei explicitly [9,10], or perform calculations using a
heat bath [11], then time-dependent methods can explore these
relatively large Hilbert spaces faster than time-independent
methods. With the upcoming development of exciting tech-
nologies like zeptosecond laser pulses [12], which we hope
can provide better state control of the fusing system, as well
as the inability to model catastrophic astrophysical events with
stellar nuclear plasma in the laboratory [13], there are a lot of

nuanced applications where it seems only time-dependent the-
oretical models can be used. For the latter application that we
described, nuclear reactions in a stellar plasma environment
can be modeled as an open quantum system, which falls under
the class of time-dependent methods.

We find that the time-dependent coupled-channels wave-
packet (TDCCWP) method is a promising path forward in
performing calculations for heavy-ion systems. The TDC-
CWP method is a few-coordinate method, which involves
solving the two body time-dependent Schrödinger equation
(TDSE) using a Chebyshev polynomial propagator [14]. The
potentials used in the TDCCWP method can be built from
microscopical, many body models, and the resulting time
propagation is highly accurate [14]. In order to describe ob-
servables such as scattering differential cross sections, the
TDCCWP method incorporates the use of energy projection
methods, which provide us with results as if we propagated an
energy eigenstate of the Hamiltonian of the collective radial
motion, much like how nuclear reactions are performed in the
laboratory.

Previously, we investigated the use of a window operator in
order to resolve our initial and final states of the time propa-
gation in energy with relative success [14]. However, we were
concerned that for future applications of energy resolution
that the window operator could have inaccurate results even
with optimal parameters (since the window operator only ap-
proximates the energy projection). We were also concerned of
the computation time needed to perform the necessary matrix
inverses to calculate the energy resolution on the Fourier grid
used. The Fourier grid that we need in order to properly prop-
agate the TDSE is larger than typical grids used to solve the
time-independent Schrödinger equation (TISE), and therefore
the matrix inverses are very inefficient on the Fourier grid.
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There have been methods developed in the field of quantum
chemistry that calculate energy projection using integrations
over the time coordinate [15], which have not been used yet
to describe the types of nuclear systems we have mentioned
above.

In the present work we perform a feasibility study of the
TDCCWP method for 16O + 152,154Sm reactions, which is an
extension of the work of the first author’s Ph.D. thesis [16].
The main aim of this paper is to benchmark calculations of
the S-matrix elements, fusion cross sections, and scattering
differential cross sections to time-independent methods. The
paper layout is as follows: Section II details all the nuclear
theory equations that we will attempt to calculate. Section III
features our results and discussion, where we calculate the
S-matrix elements, fusion cross sections, and differential cross
sections using the TDCCWP method, for the first time in the
context of time-dependent quantum nuclear reaction theory.
These results are benchmarked against results generated from
time-independent methods, and compared with experimental
data. Section IV contains our conclusions and some exam-
ples of future work to address problems in the method. The
Appendix details our so called “curation procedure,” which is
used to extract more accurate and useful results from our raw
data.

II. THEORY

A. Coupled-channels Hamiltonian

Consider a projectile nucleus of mass MP and numbers ZP,
AP, incident on a deformed target nucleus of mass MT and
numbers ZT, AT. We assume that the projectile is both spheri-
cal and inert, the target is initially in the ground state with spin
zero, and that the target spin Hamiltonian is approximated by
the rigid rotor model [8]. We express the TDSE for the relative
motion in the isocentrifugal approximation [17,18], for target
spin In channel wave function ψn,J (r, t ), as

ih̄
∂ψn,J (r, t )

∂t
=

(−h̄2

2μ

d2

dr2
+ J (J + 1)h̄2

2μr2
+ U (r) + iW (r)

+ In(In + 1)h̄2

2I

)
ψn,J (r, t )

+
∑

n′
Vnn′ (r)ψn′,J (r, t ), (1)

where r is the inter-nuclear distance, μ = MPMT
MP+MT

is the re-
duced mass of the target-projectile system, J is the total
angular momentum, U (r) is the nuclear radial potential, W (r)
is the radial absorption potential that accounts for fusion, I is
the moment of inertia of the target, and Vnn′ (r) is the coupling
potential between the rotational eigenstates of the target. The
nuclear radial potential has the form

U (r) = − VWS

1 + exp[(r − rWS)/aWS]
+ ZPZTe2

r
, (2)

where VWS is the strength of the Woods-Saxon potential,
rWS = rWS0(A1/3

P + A1/3
T ) is the range of the Woods-Saxon

potential, rWS0 is a constant radius parameter, aWS is the
diffuseness parameter, and e2 ≈ 1.44 MeV fm. The radial

absorption potential is expressed as

W (r) = − W0

1 + exp[(r − rpock)/aW]
, (3)

where W0 is the absorption well strength, aW is the absorption
potential diffuseness parameter, and rpock is the location of the
pocket of the nuclear potential, or the shortest distance where
the nuclear potential in Eq. (2) is minimized.

B. Coupling matrix elements

The coupling potential is expressed as the sum of the nu-
clear and Coulomb couplings, given by [19]

Vnn′ (r) = VN,nn′ (r) + VC,nn′ (r). (4)

The effect of the target-projectile coupling is modeled as
a deformation in the effective radius of the target, which
modifies the unperturbed radius rWS and thus modifies the
Woods-Saxon potential [19]. We describe this deformation
of the effective radius using the operator r̂def. The nuclear
coupling is given by [19]

VN,nn′ (r) =
∑

ζ

〈In| ζ 〉 〈ζ |In′ 〉VN(r, λζ ) − VN(r, 0)δnn′ , (5)

where δnn′ is the Kronecker delta, r̂def |ζ 〉 = λζ |ζ 〉, and

VN(r, λζ ) = − VWS

1 + exp[(r − rWS − λζ )/aWS]
. (6)

The eigenstates |ζ 〉 are composed of the basis spin states
|In〉, so we can find the states |ζ 〉 using the following matrix
elements:

〈In| r̂def |In′ 〉 = rT[β2F (2, In, In′ ) + β4F (4, In, In′ )], (7)

where rT = rcoupA1/3
T , rcoup is the coupling radius parameter,

β2 and β4 are the deformation parameters for the quadrupole
and hexadecapole modes respectively, and

F (I, In, In′ ) =
√

(2I + 1)(2In + 1)(2In′ + 1)

4π

(
In I In′

0 0 0

)2

,

(8)

where the bracketed array is a 3-j symbol. The Coulomb
coupling potential is expressed as [19]

VC,nn′ (r) = 3ZPZT

5

r2
T

r3

(
β2 + 2

7

√
5

π
β2

2

)
F (2, In, In′ )

+ 3ZPZT

9

r4
T

r5

(
β4 + 9

7
√

π
β2

2

)
F (4, In, In′ ). (9)

In the present work, we choose to use only the 0+, 2+,
and 4+ states in the target rotational band. This is because in
this work our main objective is to benchmark the TDCCWP
results to the time-independent methods, and a smaller than
usual rotational band is necessary to reduce computation time
for these tests. That being said, we show later on in Fig. 12
that for 154Sm the introduction of new states in the rotational
band does not drastically affect results such as the fusion cross
sections, so this truncated basis does have applicability and
relevance to some nuclear fusion observables.
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C. Fusion/differential cross sections and S-matrix elements

In general, the scattering differential cross sections for final
channel β given the entrance channel α are given by [20]

dσβα (E , θ, φ)

d

= vβ

vα

| fβα (E , θ, φ)|2, (10)

where E is the kinetic energy of the radial motion,
fβα (E , θ, φ) is the scattering amplitude, and vγ is the velocity
of flux in channel γ . For a beam that is initially aligned in the
z direction [which leads to no φ dependence in Eq. (10)], the
scattering amplitude for collisions involving charged particles
in the isocentrifugal approximation is given by [20]

fβα (E , θ ) = fC (θ )δαβ + 1

2ikα

√
vα

vβ

∑
J

(2J + 1) exp (2iσα,J )

× [
SBF

βα (E , J ) − δαβ

]
PJ [cos(θ )], (11)

where fC (θ ) is the Rutherford scattering amplitude, kα is the
wave number of the entrance channel α, σα,J are the Coulomb
phase shifts, SBF

βα (E , J ) are the body-fixed on-shell S-matrix
elements, and PJ [cos (θ )] are Legendre polynomials. The on-
shell body-fixed S-matrix elements are expressed as [15]

SBF
βα (E , J ) = 〈 χ+

β,E ,J | χ−
α,E ,J〉, (12)

where | χ±
γ ,E ,J〉 are the energy resolved asymptotic states of

the body-fixed Hamiltonian for excitation channel γ with
angular momentum J , with the +/− distinguishing between
outgoing/ingoing radial states. Consider the initial state in
entrance channel α for our time propagation | ψ−

α,J (ti )〉, where
ti is the initial time, which is a superposition of ingoing body-
fixed asymptotic states. We can extract the asymptotic state
from the initial state using an energy projection operator

| χ−
α,E ,J〉 = 1

�α,E ,J
δ(Ĥ − E ) | ψ−

α,J (ti )〉, (13)

where

�α,E ,J = 〈 χ−
α,E ,J | ψ−

α,J (ti )〉, (14)

and similarly for | χ+
β,E ,J〉 via some outgoing final state | ψ+

β,J〉.
By expressing the energy projection as an integral over time,
Eq. (12) can be expressed as [15]

SBF
βα (E , J ) = −1

2π h̄�∗
β,E ,J�α,E ,J

∫ ∞

−∞
dt exp(

iE (t − ti )

h̄
)

×〈ψ+
β,J |ψ−

α,J (t )〉. (15)

We now present a novel choice of initial and final states that
reduce the error in the calculation of the S-matrix elements
significantly (compared to using the more standard Gaussian
wave packets). This extent of the error reduction is shown in
the results section of this work. We choose the final states
| ψ+

β,J〉 so that their radial wave functions are of the form

〈r|ψ+
β,J〉 = exp

(
−(r − r f )2

2σ 2
f

)
× 〈r|χ+

β,E f ,J
〉 , (16)

where E f is an arbitrarily chosen final energy, taken to be
equal to E . Thus for the Hamiltonian in this work, the fi-
nal radial wave functions are the outgoing energy resolved

asymptotic Coulomb wave-functions, modulated by a Gaus-
sian envelope. The incident wave has a similar form,

〈r| ψ−
α,J (ti )〉 = exp

(−(r − ri )2

2σ 2
i

)
× 〈r|χ−

α,Ei,J
〉 , (17)

where ri is the center of the initial wave packet, σi is the radial
width, and Ei is the initial energy. The Gaussian envelope
function for both these choices of initial and final wave func-
tions intends to converge the S-matrix elements calculated
using Eq. (15). The transmission coefficients can be expressed
as

Tα (E , J ) = 1 − Rα (E , J )

= 1 −
∑

β

∣∣SBF
βα (E , J )

∣∣2
. (18)

From the transmission coefficients, we can calculate the fu-
sion cross sections σfus(E ) using [20]

σfus(E ) = π h̄2

2μE

∑
J

(2J + 1)Tα (E , J ). (19)

D. Overlapping of energy resolved results

Much like our previous work [9,10,14], there is a depen-
dence of the generated energy resolved results and the initial
energy Ei of the propagated wave packet. This dependence
is due to the fact that each wave packet is a distribution of
energies. For an arbitrary wave packet, the generated results
match closest to the TISE results (for Hamiltonians where
they should match) for energies E close to Ei. The matching
gets worse the further away E is from Ei, because the absolute
size of the energy coefficients of the wave packet in these
energy regions are too low for accurate numerical calcula-
tions. For the state | ψ〉, its energy coefficients are defined as
〈�E |ψ〉, where Ĥ |�E 〉 = E |�E 〉, and Ĥ is the Hamiltonian.
The low-coefficient problem is avoidable for a wide range
of energies close to the barrier, by varying Ei in a range of
interest.

In the set of initial energies {Ei}, it is optimal to choose
values of Ei where there is overlap in the results for adjacent
Ei values, which occurs for energies E where the energy coef-
ficients for both wave packets are high enough for numerical
calculations to remain accurate. This extent of overlap can be
controlled by adjusting the width parameter of the initial wave
packet σi. There is better overlap between adjacent Ei values
when σi is decreased in value.

III. RESULTS

In this section, we show results for 16O + 152,154Sm colli-
sions. Since the procedures used to generate the results are the
same for both collisions, the only results that we show of the
16O + 152Sm reaction are the fusion cross sections and scatter-
ing differential cross sections, and unless explicitly mentioned
all results pertain to the 16O + 154Sm reaction.

The propagation parameters used, shown in Table I, are
different to our previous work in Ref. [14]. We increase
the number of grid points and reduce rmax, in order to pro-
duce good convergence and smooth integrals when using the
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TABLE I. Model parameters used for the Fourier grid and the
initial and final wave packets.

Parameter Value Description

NGP 3200 No. of Fourier grid points
rmax (fm) 350 Maximum r
ri (fm) 150 Initial wave-packet position
σi (fm) 3 Initial wave-packet width
r f (fm) 120 Final wave-packet position
σ f (fm) 10 Final wave-packet width

Coulomb wave functions. We exploit this necessarily higher
radial grid density by decreasing the initial wave-packet width
parameter σi, in order to produce better overlap between the
results from adjacent Ei values. The final state width param-
eter σ f is chosen to be large in order for the coefficients
〈�E |ψ+

β,J〉 to be large. The nuclear parameters used for both
reactions are shown in Table II.

However, for these grid parameters we cannot calculate
the integral in Eq. (15) directly. This is because when the
propagated initial state is ingoing, the overlap 〈 ψ+

β,J |ψ−
α,J (t )〉

is highly oscillatory over time. It should integrate to zero
analytically (since the final states are outgoing only), but the
grid parameters used are not able to calculate a zero measure
due to the highly oscillatory integrand. Therefore, we choose
to begin calculating the integral in equation (15) only after
the propagated wave packet is outgoing. This is practically
achieved by integrating when 〈k̂〉 is positive. This is a neces-
sary but insufficient condition for a wave packet in our system
to be outgoing. There may be components of the wave that
reflect off of the barrier earlier than others, and therefore
those early reflected components may not be counted using
this condition if they pass the final wave packets before 〈k̂〉
is positive. Therefore, in order to prevent the issue of early

TABLE II. Model parameters pertaining to the coupled-channels
Hamiltonian for the 16O and 152,154Sm collisions, assuming the pro-
jectile is spherical and inert and the target has a ground rotational
band with 0+, 2+, and 4+ states. For 16O and 154Sm: the parameters
are obtained from [21]. For 16O and 152Sm: the Woods-Saxon well
depth was chosen to produce the J = 0 barrier height of 59.53 MeV
(the barrier height is from Ref. [22]). The other Woods-Saxon, imag-
inary potential β4 and coupling radius parameters are from Ref. [23].
The β2 and ε2 parameters are from Ref. [24]. Parameter ε2 is used to
determine the moment of inertia.

Parameter Value (154Sm) Value (152Sm)

VWS (MeV) 165 69.5
rWS0 (fm) 0.95 1.20
aWS (fm) 1.05 0.65
W0 (MeV) 50 30
aW (fm) 0.3 0.4
ε2 (keV) 82 121.7817
β2 0.322 0.3064
β4 0.027 0.037
rcoup (fm) 1.06 1.1

FIG. 1. Energy resolved transmission coefficients for varying
mean incident wave-packet energy Ei and J = 0. Barrier height for
J = 0 is equal to 59.41 MeV.

reflected momentum states from not being counted, we move
the final wave functions to be sufficiently far away from the
barrier.

A. Body fixed transmission coefficients and S-matrix elements

We begin by showing similar results to our previous work
in Ref. [14]. In the present work, we use an overlapping
procedure in order to reproduce the transmission coefficients
from the CCFULL code [19], which are referred to from here
on as the TISE transmission coefficients. We choose the set of
Ei values to be six energy values that are 1 MeV apart, such
that max({Ei}) = ceiling[VB(J )], where VB(J ) is the height of
the barrier from the combination of the Coulomb, nuclear,
and centrifugal potentials. The high fidelity of the propagation
that we reported in Ref. [14] is still maintained, despite the
changes to the grid parameters. Figure 1 shows the calcula-
tions of the transmission coefficients using Eq (18) for J = 0
and our set of Ei values. For energies E above the barrier, there
is a negligible dependence on Ei in the transmission coeffi-
cients, and they effectively are converged to unity. This is not
the case with the window operator that we used in Ref. [14],
which only had convergence of the above-barrier energies for
mean incident wave-packet energies Ei high above the barrier.
This presents an advantage for the S-matrix method over the
window operator method: we can perform more propagations
with mean incident wave-packet energies Ei below the bar-
rier in order to better calculate and describe the nontrivial
behavior for energies E below the barrier. This motivates
our decision to use the set of Ei values that we mentioned
earlier in this paragraph. We can see in Fig. 1 that adjacent
Ei values produce transmission coefficients close in value
to one another for all energies. Adjacent Ei values produce
energy regions where the transmission coefficients are very
close in value as expected. The details on how the S-matrix
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FIG. 2. Transmission coefficients for mean incident wave-packet
energy Ei = 55 MeV for the two cases of initial and final wave
functions explained in the text. Using two boosted Gaussian wave
functions as in Ref. [14] provides poor matching of Eq. (18) to the
TISE at below-barrier energies, while using two modulated Coulomb
initial and final wave functions [Eqs. (17) and (16) respectively]
provides significantly better matching.

elements/transmission coefficients are overlapped are in the
Appendix.

We mentioned above that we use a novel choice of ini-
tial and final wave packets in order to reduce the error in
the calculated results. This is demonstrated in Fig. 2, where
we see that using two Gaussian wave packets (which are a
Gaussian envelope boosted by a plane wave [14]) produces
poor agreement to the TISE results. Using two Coulomb
wave packets like our novel choices of Eqs. (17) and (16)
produces much more accurate results. If one wishes to spend
less computation time on time propagations in order to get a
qualitative birds-eye view of the generated data quickly, then
it is possible using Coulomb initial and final wave packets,
which may be of immense practical advantage for testing new
models in the early stages of development. This is not possible
with the window operator method used previously, since it did
not match nearly as well for a single energy and relied on the
overlapping technique in order to correctly match the TISE.

While these results look promising, we need to go much
deeper below the barrier in order to describe scattering cor-
rectly. This is because for any given energy E , there is a
contribution to the scattering from many partial waves J
where E 	 VB(J ). We investigated the possibility of doing
this by decreasing Ei further below the barrier. While the
time propagations remained stable, the calculated results were
not quantitatively accurate. This is shown in Fig. 3, where
we can see that decreasing Ei further below the barrier does
not improve the matching to the TISE results. There is some
behavior in the S-matrix elements and transmission that we
expect to see analytically as E → 0. As E → 0, the elastic
reflection should tend to unity and the inelastic to zero. This
behavior can be used to estimate the S-matrix elements at low

FIG. 3. Transmission coefficients for varying low mean incident
wave-packet energy Ei. Propagating into lower Ei does not improve
the matching of the TDCCWP transmission coefficients with the
TISE.

energies via extrapolation techniques. To investigate this, we
looked at the elastic and inelastic reflection probabilities from
the S-matrix elements for decreasing Ei, shown in Figs. 4
and 5 respectively. Here, qualitatively we see the pattern we
expect, with the elastic and inelastic reflections increasing
and decreasing respectively as E → 0. For Ei = 55 MeV, we
see an unphysical increase in both the elastic and inelastic

FIG. 4. Reflection probabilities |SBF
βα (E , J )|2 for varying mean

incident wave-packet energy Ei and final target spin state 0+. The
sign of the gradient is conserved as we decrease Ei, supporting the
idea that this gradient stays negative, and brings the elastic S-matrix
elements to unity as E → 0. For decreasing E/VB, each Ei value
eventually generates a curve with unphysical results due to numerical
inaccuracy.
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FIG. 5. Same as Fig. 4, but for (a) 2+ and (b) 4+ target rotational
states. As mean incident wave-packet energy Ei is decreased, the sign
of the gradient is positive and conserved, which will lead the inelastic
S-matrix elements to zero as E → 0.

reflections as E → 0, due to numerical error (the Ei = 55
MeV wave-packet components at these low energies are very
small, numerically speaking). Since the reflection probabili-
ties qualitatively follow the trend we expect, we decided to
use an extrapolation procedure detailed in the extrapolation
section of the Appendix, on top of the overlapping procedure.

The curated transmission coefficients and reflection proba-
bilities for J = 0 are shown in Figs. 6 and 7 respectively. We
show a comparison to results from the TISE from two meth-
ods: the transmission coefficients are from the CCFULL code
[19] and the reflection probabilities are from the FRESCO
code on the isocentrifugal setting [25], as well as the scattering
CCFULL code from Ref. [26]. Figure 6 shows an excellent
agreement between the transmission results, and Fig. 7 shows
similar but reasonable qualitative agreement between the three
methods. The difference between the TDCCWP/CCFULL
method and the FRESCO method is due to the inclusion of
spin-orbit coupling factors in the calculation of the S-matrix
elements in the FRESCO code, even in the isocentrifugal
setting.

The phase angles of the S-matrix elements from the TD-
CCWP method were also different from the FRESCO data
(the FRESCO phase angles tend to zero as E → 0 for the
elastic channel, but the TDCCWP phase angles tended to a

FIG. 6. Curated (overlapped and extrapolated) transmission co-
efficients. The overlapping procedure and logistic fitting procedures
used in the curation process are described in the Appendix.

constant, nonzero value [16]). Since a nonzero phase angle
in the low-energy elastic S-matrix elements prevents conver-
gence of Eq. (11), we shifted the TDCCWP phases for all J by
a constant phase angle in order to match the FRESCO results.
This phase angle “fixing” is the final stage of the curation pro-
cedure of the TDCCWP method described in the Appendix.
Figure 8 shows the curated phase shifts from this method for
J = 0, which show good agreement with the FRESCO phase
shifts for low energies. For high energies above the barrier, the
TDCCWP phase angle becomes erratic, due to the numerical
impossibility of calculating the phase of a fully transmitted
(and thus absorbed) wave in our framework. However, since

FIG. 7. Comparison between the TDCCWP, CCFULL, and
FRESCO results for the reflection probabilities |SBF

βα (E , J )|2 for J =
0. Differences between the methods are detailed in the text. The
results between all methods are qualitatively similar.
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FIG. 8. Total (nuclear + Coulomb) phase shifts for J = 0 and
the (a) 0+, (b) 2+, and (c) 4+ target states. Phase shifts determined by
dividing the phase of the S matrix by 2. The solid line is the FRESCO
calculation and crosses are from the TDCCWP method after adding
a constant phase. The constant phase was chosen to be the value such
that the phase shifts for both methods are equal at E = 35 MeV.

the S-matrix elements tend to zero for high energies (relative
to the barrier), the erratic phases do not affect the calculation
of Eq. (11). The three methods produce similar results for all
final states except for the 2+ state, where the CCFULL results
differ from the TDCCWP and FRESCO results. We will find
that this phase shift difference is a constant, and therefore has
no impact on the inelastic differential cross section results,
since global phases in the S matrix in Eq. (11) are factored out
when calculating the mod squared of the scattering amplitude
for the inelastic case.

FIG. 9. Comparison between TDCCWP, CCFULL, and
FRESCO S-matrix reflection probabilities for (a) J = 20 and (b)
J = 30. Barrier height at J = 20 is 64.69 MeV, and at J = 30 is
71.38 MeV.

Figures 9 and 10 show the reflection probabilities and
the phase shifts respectively for J = 20, 30, with similar
agreement to what we saw between the TDCCWP and TISE
methods for J = 0. For the elastic S-matrix elements for J =
0, 20, 30 in Figs. 8 and 10, we can see that a π phase shift oc-
curs near E = VB(J ), which is what we physically expect from
the system. From Figs. 7 and 9, as J increases we can see the
development of a local maximum in the interval 1 < E/VB <

1.05, and two local minima in the interval 0.9 < E/VB < 1
in the 2+ reflection probability. Figures 7 and 9 also show a
local maximum locating deeper below the barrier energy in
the 4+ reflection probability. These two effects coincide with
one another and produce a situation where the 4+ reflection
probability is greater than the 2+ reflection probability at
E ≈ 66 MeV. To verify this, we propagated a wave packet
with Ei = 66 MeV and J = 30, and we see in Fig. 11 that
the 4+ scattering is at a similar order of magnitude to the 2+
scattering. In Fig. 10, the π phase shift at E ≈ 0.9VB for the 4+
final state is no longer present in the TDCCWP phase, but is in
the CCFULL phase. This is likely due to fixing the TDCCWP
phase angles to the FRESCO J = 0 phase angles for all J , but
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FIG. 10. Same as Fig. 8, but for the J = 20 and J = 30 phase
shifts. Panels (a), (b), and (c) are the 0+, 2+, and 4+ target state phase
shifts respectively for J = 20, and panels (d), (e), and (f) are the 0+,
2+, and 4+ target state phase shifts respectively for J = 30.

we show later in this work that this does not affect the results
for the 4+ differential cross sections. The strong quantitative
similarities between the TDCCWP and CCFULL S-matrix
elements and the TDCCWP and FRESCO phase shifts give
us confidence that we can reasonably attempt a calculation of
the differential cross sections and other observables.

FIG. 11. Time propagation of a radial wave-packet for Ei = 66
MeV and J = 30, which illustrates the effect of the similar inelastic
reflection probabilities at this energy from Fig. 9. The 0+, 2+, and
4+ results are blue (dark grey), cyan (light grey), and orange (grey)
respectively.

FIG. 12. Comparison to experimental data of the 16O + 154Sm
fusion cross sections for the TDCCWP, CCFULL, and FRESCO
models with (a) linear and (b) logarithmic scales. We include up to
J = 30 partial waves in the TDCCWP results. We vary the number
of channels in the CCFULL calculation. Adding more channels does
not affect the fusion cross sections significantly. Experimental data
are from Ref. [27].

B. Fusion cross sections and scattering differential cross sections

We will now compare the TDCCWP, CCFULL, and
FRESCO fusion cross section and scattering differential cross
sections to experimental data. Figure 12 shows the fusion
cross sections, which have good agreement for all methods
for energies near the J = 0 barrier height. The TDCCWP and
CCFULL methods disagree for energies far below the J = 0
barrier due to the nature of our extrapolation, but the re-
sults are of a similar order of magnitude. Further below the
J = 0 barrier, the experimental results show what is known
as “fusion enhancement” [27]. This is expected because the
theoretical models used in this work do not include multinu-
cleon transfer reactions such as deep inelastic collisions in the
Hamiltonian, which can account for the difference seen here.

Figure 13 shows the quasielastic scattering differential
cross sections as a function of energy for θ = 175◦ for up
to J = 30 partial waves for a 16O + 154Sm collision and up
to J = 45 partial waves for a 16O + 152Sm collision. Partial

064601-8



CALCULATING THE S-MATRIX OF LOW-ENERGY … PHYSICAL REVIEW C 104, 064601 (2021)

FIG. 13. Comparison to experimental data of the quasielastic
scattering of (a) 16O + 154Sm and (b) 16O + 152Sm for θ = 175◦ for
partial waves up to (a) J = 30 and (b) J = 45. Converged CCFULL
results for J = 700 are also shown. Experimental data are from
Refs. [22] and [28] for 16O + 154Sm and 16O + 152Sm respectively.

waves up to J = 30, which are sufficient to describe near
barrier fusion for these nuclei, are insufficient for describing
scattering differential cross sections in general. Therefore,
we increased the number of partial waves generated when
we modeled the 16O + 152Sm collision. Going further than
J = 45 produces numerical errors in the curation procedure,
since the gradients like those in Figs. 4 and 5 are no longer
negative and positive respectively, but completely flat. This
makes extrapolation of the same quality and consistency of
those for lower J values impossible. Figure 13(a) shows good
qualitative agreement between the TDCCWP and CCFULL
data sets for energies close to the J = 0 barrier height, but
not enough partial waves to replicate the experimental data.
Figure 13(b) shows similar agreement, but the similarity is
weaker due to the extrapolation methods used for the TDC-
CWP results. As J is increased, the difference between the
TDCCWP and CCFULL S-matrix elements is greater for en-
ergies in the extrapolation region (compare Figs. 7 and 9, and
Figs. 8 and 10 for instance), which manifests itself in Fig. 13.
Despite this, the agreement is still reasonable, but a more
sophisticated extrapolation procedure is desired for describing

FIG. 14. TDCCWP and FRESCO (a) elastic and (b) inelastic
differential cross section calculations compared to the scattering
experimental data for 16O + 152Sm. The computational results were
generated by summing partial waves up to J = 45. Experimental 0+

data are from Ref. [29], and the 2+ (triangles) and 4+ (squares) data
are from Ref. [30]. In panel (b), 2+ and 4+ results are cyan (light
grey, upper) and orange (grey, lower) respectively.

very low-energy phenomena. We have included the converged
CCFULL curves for the fusion cross sections, which includes
partial waves up to J = 700. This is not currently achievable
with the TDCCWP method, since as mentioned previously the
present method only works up to J = 45. The converged CC-
FULL curve is in good agreement with the experimental data
for 16O + 152Sm, meaning that the TDCCWP method can be
a good predictor of experimental data, subject to concentrated
improvement on its weaknesses in predicting low-energy and
high-J S-matrix elements.

Despite the low number of partial waves able to be
generated, we show a comparison between the TDCCWP,
CCFULL, FRESCO, and experimental scattering differential
cross sections for a 16O + 152Sm collision at E = 59 MeV in
Fig. 14. We see near perfect quantitative agreement between
the TDCCWP and CCFULL inelastic scattering differential
cross sections, despite the phase shift differences in Figs. 8
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and 10. We see qualitative agreement between the TDCCWP
and FRESCO scattering differential cross sections in both the
elastic and inelastic cases. However, no data set agrees with
the experimental data for up to J = 45 partial waves. While
the inelastic TDCCWP and CCFULL scattering differential
cross sections follow each other near perfectly, the elastic scat-
tering differs slightly, likely due to slight differences between
the phase angles, courtesy of the angle fixing in our curation
procedure. This is because the angle fixing shifts the S-matrix
phases so that they match the phase of the J = 0 FRESCO S
matrix at E = 35 MeV, but there is a slight J dependence on
the FRESCO and CCFULL S-matrix phases (compare Figs. 8
and 10). Nevertheless, in Fig. 14 the agreement is very strong
between the TDCCWP and CCFULL method results, indicat-
ing a successful benchmark of the scattering differential cross
sections.

We wonder what the TDCCWP results might look like if
the method could produce results at high numbers of partial
waves. Therefore, we show the fully converged CCFULL
and FRESCO scattering differential cross sections and the
experimental data for a 16O + 152Sm collision at E = 59
MeV in Fig. 15. The convergence required partial waves
up to J = 700, which as mentioned before is not currently
feasible with the TDCCWP method. There is a reasonable
agreement between the experimental and FRESCO scattering
differential cross sections, although interestingly there is not
a solid agreement between the elastic scattering differential
cross sections for both methods at forwards angles. The cal-
culations did not include excited states in the target higher
than the 4+ state in 152Sm, which could account for the dif-
ference in the scattering. Notably, the FRESCO results are
closer to the experimental curves, which suggests that the
use of spin-orbit coupling is a solid approach for accurately
calculating the experimental values. Ultimately, given the
quantitative/qualitative similarities between the TDCCWP
and CCFULL/FRESCO method results, we expect that the
TDCCWP method with the isocentrifugal approximation re-
laxed can produce similar results to the experimental data,
provided of course that a sufficient number of partial waves
can be generated.

IV. CONCLUSIONS

By using novel choices of initial states and optimized grid
parameters, we were able to generate transmission coeffi-
cients and S-matrix elements for a wide range of energies,
including some below barrier. The energy range where we
could generate good results was deemed insufficient for de-
scribing scattering differential cross sections, and propagating
wave-packets with lower and lower initial energies was pro-
viding unphysical results. Therefore, we employed a curation
procedure that used extrapolation techniques in order to de-
scribe the transmission and S-matrix elements for E → 0.
This produced quantitatively/qualitatively similar results to
the time-independent coupled-channels method implemented
in the CCFULL/FRESCO code. Only a qualitative agreement
with the FRESCO results was expected since FRESCO uses a
different treatment of the isocentrifugal approximation to the
TDCCWP method. More crucially, despite the simple nature

FIG. 15. Converged CCFULL and FRESCO (a) elastic and
(b) inelastic differential cross section calculations and the experi-
mental data. The computational results were generated by summing
partial waves up to J = 700. Experimental 0+ data are from
Ref. [29], and the 2+ (triangles) and 4+ (squares) data are from
Ref. [30]. In panel (b), 2+ and 4+ results are cyan (light grey, upper)
and orange (grey, lower) respectively.

of the extrapolation methods in the curation procedure, the
TDCCWP results are a similar order of magnitude to the
CCFULL results. The CCFULL results are a much better
benchmark for the performance of the TDCCWP method
in the present work, due to both methods using the same
treatment of the Hamiltonian. For such a simple extrapolation
procedure, the TDCCWP can produce a good approximation
of the CCFULL results for a wide range of energies. More
sophisticated methods can be implemented in the curation
procedure in order to extrapolate the S-matrix elements, some
of which we discuss in more detail below.

When comparing the TDCCWP results to the experimental
data for 16O + 152,154Sm, we found an expected quantitative
disagreement due to the lack of partial waves in the evaluation
of the scattering differential cross sections. The isocentrifugal
approximation is also expected to impact the result, but is less
crucial in terms of the disagreement. While the isocentrifugal
approximation can be relaxed in the Hamiltonian relatively
easily [31,32], generating results using the TDCCWP method
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for high J partial waves is not possible using the proposed
method in this work. This is because the curation procedure
fails to produce accurate results for J > 45.

We have a few suggestions to remedy this obvious prob-
lem, which depend on the system we wish to study. If the
time-dependent effects that we are simulating have a trivial
characteristic in the results for all J values, then we suggest
using the TDCCWP method alongside a time-independent
method such as that implemented in CCFULL or FRESCO in
order to generate high J value partial waves. The TDCCWP
method will be used solely to determine the quantitative na-
ture of the time-dependent effects on the results, which is then
applied to the time-independent results as a correction. How-
ever, if the time-dependent effects do not produce a consistent
and trivial characteristic in the results, then we suggest using
an artificial neural network (ANN) [33] to attempt to learn the
patterns in the S-matrix elements with varying J . The features
(inputs) that should be given to the ANN are properties of the
barrier such as barrier height, width, and position, as well as
the energies E . For the output layer, the ANN should try and
learn the S-matrix elements. A useful aspect of this method
is that training data for the neural network can be provided
at sparse J values, and the ANN can either interpolate to
intermediate J values, extrapolate to higher J values, or both.
This may be able to save a lot computation time.

However, even if an ANN can be used to learn the patterns
of our curated S-matrix elements across different J values,
a more systematic approach to determining low-energy S-
matrix elements is greatly desirable. It would be interesting
to see what happens both mechanistically from the time prop-
agation, as well as what kinds of characteristics appear in
the S-matrix elements at low energies, such as resonances.
A strong and well documented computational approach will
be useful here in order to calculate the integrals of small
numbers. Simulating low-energy reactions using the TDC-
CWP method requires a longer overall reaction time, so wave
packets with minimal to no spreading/diffusion such as those
from the Airy functions [34] may be useful to investigate this
problem.

We expect that the TDCCWP method can be readily used
to describe fusion cross sections for time-dependent Hamil-
tonians without much further work, since the fusion cross
sections converge for smaller J values which are easier to
generate from the TDCCWP method. Overall, the TDC-
CWP method performed well when benchmarked against the
CCFULL scattering method, and can be of great interest
to time-dependent problems in nuclear theory; subject to a
proper and more rigorous treatment of the low-energy and
high angular momenta S-matrix elements.
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APPENDIX: TDCCWP CURATION PROCEDURE

As mentioned in the text, the curation procedure is a com-
bination of overlapping the S-matrix elements, extrapolating
the S-matrix elements to low energies, and fixing the phase
shifts.

1. Overlapping

We find that, in order to best reproduce the results from
the TISE, one uses the S-matrix elements/transmission coef-
ficients of the first Ei value for energies up to 0.5 MeV above
Ei, the second Ei for energies 0–1 MeV above Ei, the third Ei

for energies 0.5–1.5 MeV above Ei, the forth Ei for energies
1–2 MeV above Ei, the fifth Ei for energies 1.5–2.5 MeV
above Ei and the sixth Ei for energies 2 MeV above Ei. This
produces the same quality of convergence demonstrated in
Fig. 6 for all J values.

2. Extrapolation

Given what we know about the low-energy limits of the
complex radii of the S-matrix elements |SBF

βα (E , J )| and Figs. 4
and 5, the behavior of the sub-barrier complex radii of the
S-matrix elements appears similar to the logistic function. We
can express the low-energy complex radii as

∣∣SBF
βα (E , J )

∣∣ =
∣∣SBF

βα (E , J )
∣∣
sigmax

1 + exp[−β(E − Emid)]
+ C, (A1)

where |SBF
βα (E , J )|sigmax is the maximum value of the sigmoid

part of the complex radii within the extrapolation region, β

is the steepness, Emid fixes the midpoint of the curve, and
C is a constant. Assuming β > 0 and C = 0, for E 	 Emid

the curve plateaus at zero, and for E � Emid it plateaus at
|SBF

βα (E , J )|sigmax. This behavior is qualitatively similar to what
we expect from both our S-matrix complex radii and the trans-
mission coefficients, and thus this choice of fitting function
is sensible. For simplicity, both the transmission coefficients
and the S-matrix elements are extrapolated into low energies
using a logistic function, but the resulting S-matrix elements
are normalized using the new transmission coefficients. The
transmission coefficients were extrapolated using the gener-
ated values of the transmission values in the energy range
[min(Ei ) − 0.5, min(Ei ) + 1], and the S-matrix elements were
extrapolated using the generated values in the energy range
[0.7VB(J ), 0.8VB(J )]. To assist the sigmoid fitting for the S-
matrix elements, we fit using extra reflection probabilities for
energies up to 3 MeV, set to 1 if we are fitting the elastic
S-matrix elements and 0 for the inelastic.

3. Angle fixing

The angle fixing procedure involves several parts. First, the
numerically generated results do not explain the low energies
well, and have errors in the phase shifts that seem to originate
from the low-energy errors in Figs. 4 and 5. The complex
phase angles of the S-matrix elements �βα (E , J ) are extrap-
olated using a Taylor expansion using the lowest Ei data set,
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i.e.,

�βα (E , J ) =
nmax∑
n=0

�
(n)
βα (Eex, J )

n!
(E − Eex)n, (A2)

where Eex is a low energy taken to be 0.7VB(J ) and
�

(n)
βα (Eex, J ) is the nth order derivative of �βα (E , J ) evaluated

at Eex, which is approximated using a central finite difference
method,

�
(n)
βα (Eex, J ) = �

(n−1)
βα (Eex + �E , J ) − �

(n−1)
βα (Eex − �E , J )

2�E
,

(A3)

where �E = 0.5 MeV, which is the spacing of our energy
grid. The �

(n−1)
βα (Eex ± �E , J ) are evaluated using backwards

and forwards finite difference methods respectively. To ensure
accuracy, nmax was chosen to be equal to 50. The entire phase
shift profile is then shifted by a constant phase angle. We
shift the angles such that the TDCCWP phase angles at E =
35 MeV match the FRESCO phase angles at E = 35 MeV
for J = 0. For 16O + 154Sm, the low-energy FRESCO phase
angles are 3.16◦, 81.17◦, and 172.75◦ for the 0+, 2+, and 4+
phase angles respectively. For 16O + 152Sm, the low-energy
FRESCO phase angles are 3.88◦, 81.23◦, and 174.91◦ for the
0+, 2+, and 4+ phase angles respectively.
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