PHYSICAL REVIEW C 104, 054324 (2021)

Bayesian uncertainty quantification for nuclear matter incompressibility
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Within a Bayesian statistical framework using the standard Skyrme-Hartree-Fock model, the maximum a pos-
teriori (MAP) values and uncertainties of nuclear matter incompressibility and isovector interaction parameters
are inferred from the experimental data of giant resonances and neutron-skin thicknesses of typical heavy nuclei.
With the uncertainties of the isovector interaction parameters constrained by the data of the isovector giant dipole
resonance and the neutron-skin thickness, we have obtained K, = 2231’; MeV at 68% confidence level using the
data of the isoscalar giant monopole resonance in > Pb measured at the Research Center for Nuclear Physics
(RCNP), Japan, and at the Texas A&M University, USA. Although the corresponding '*°Sn data gives a MAP
value for K, about 5 MeV smaller than the 2°*Pb data, there are significant overlaps in their posterior probability

distribution functions.
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I. INTRODUCTION

The incompressibility Ky, as a curvature parameter of the
nuclear matter equation of state (EOS) at saturation density,
is a fundamental quantity for addressing many critical issues
in both nuclear physics and astrophysics. It can be measured
using multimessengers from nuclear reaction and structure
experiments as well as observations of neutron stars and
their mergers. For example, the incompressibility can be con-
strained by observables sensitive to the EOS at suprasaturation
densities, such as the collective flows [1] or kaon production
[2] in heavy-ion collisions as well as properties of neutron
stars (see, e.g., Refs. [3,4]). It can also be constrained by
observables sensitive to the EOS at subsaturation densities,
among which are the isoscalar giant monopole resonances
(ISGMRs), a breathing oscillation mode of a nucleus. Experi-
ments using inelastic scatterings of « particles on nuclei have
been carried out at several laboratories to extract the excitation
energy of the ISGMR, a sensitive probe of Kj. A pioneering
work by Blaizot gives the constraint of Ky = (210 & 30) MeV
from analyzing the ISGMR data of “°Ca, *°Zr, and 2%®Pb [5],
while early experiments at the TAMU gives Ky =231 +£5
MeV by comparing the ISGMR in “°Ca with microscopic
calculations using the Gogny interaction [6]. Later analyses
give a larger range of Ky = 220-260 MeV [7-9] or around
235 + 30 MeV [10,11]. Although efforts have been devoted to
constraining K, for four decades [5-8,12,13], its confidence
interval has not be accurately determined, mainly due to the
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uncertainties of the isovector interactions and their correla-
tions with the isoscalar ones [14]. On the other hand, within
the same theoretical model, the ISGMR data always favor a
smaller K value for Sn isotopes than heavy nuclei, leading to
the question of why Sn is so soft (soft tin puzzle) [12,15,16].
Considerable efforts have been devoted to answering this
question (see, e.g., Ref. [7]). For instance, it was proposed that
the mutually enhanced magicity effect may play a role in the
nuclear matter incompressibility [17], but this was later ruled
out by the experiments at the RCNP [18].

In the present multimessage era of nuclear physics, the un-
certainties of the isovector interactions can be much reduced
by the experimental data of isovector giant dipole resonances
(IVGDR) and neutron-skin thicknesses of heavy nuclei. The
IVGDR is an oscillation mode in which neutrons and pro-
tons move collectively relative to each other, with its key
observables deduced from its strength function as the centroid
energy E_; and the electric polarizability «p. Both of them
are good probes of the nuclear symmetry energy Egym [8,19-
29] and the isovector nucleon effective mass m] [30-32],
characterizing the isospin dependence of the nuclear matter
EOS and the momentum-dependent single-nucleon potential,
respectively. The neutron-skin thickness Ar,,, is the difference
in root-mean-square neutron and proton radii, and its values
for heavy nuclei have been known as one of the most robust
probes of the nuclear symmetry energy at subsaturation den-
sities [33—43].

All values of the incompressibility Ky mentioned above
have been extracted by using the traditional forward-modeling
approach and their uncertainties are estimated from the stan-
dard x? minimization in fitting the available ISGMR and
IVGDR data. It is known that the Bayesian uncertainty quan-
tification has several advantages over the traditional x? fitting
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in revealing the underlying model parameters [44]. In this
work, we perform a Bayesian uncertainty quantification of K
and isovector nuclear interaction parameters using combined
data of ISGMR, IVGDR, and neutron-skin thicknesses of
208ph and '2°Sn. We also quantify the soft tin puzzle by ex-
amining the degree of overlapping of the posterior probability
distribution functions (PDFs) of K, inferred from the ISGMR
data of 2®Pb and '°Sn. We found an incompressibility of
Ky = 223f; MeV at 68% confidence level using the RCNP
and TAMU data together. Moreover, there is a significant
overlap between the posterior PDFs of K from analyzing the
208pp and '2°Sn data, although the MAP value of K from the
12080 data is about 5 MeV smaller.

II. THEORETICAL FRAMEWORK

We start from the following effective Skyrme interaction
between two nucleons at the positions 7| and 75:

v(71, 72) = to(1 + xoPy )8 (7)
+ 311 (1 + x1 P )[K?S(F) + 8(F)K*]
+6,(1 + 2Pk - 8(F)k
+ ¢3(1 + X3P )p* (R)S(7)
+ iWo(31 + &) x S(P)K]. (1)

In the above, ¥ = 7| — #» and R= (71 4+ 7,)/2 are the relative
and the cental coordinates of the two nucleons, k= (Vy —
V,)/2i is the relative momentum operator and K is its com-
plex conjugate acting on the left, and P, = (1 + &1 - 82)/2 is
the spin exchange operator. The parameters ty, t1, t2, 13, X0, X1,
X, x3, and « can be solved inversely from the macroscopic
quantities [45], i.e., the saturation density py, the binding
energy at the saturation density Ey, the incompressibility K,
the isoscalar and isovector nucleon effective mass m; and
n; at the Fermi momentum in normal nuclear matter, the
symmetry energy and its slope parameter at the saturation
density ESOym and L, and the isoscalar and isovector density
gradient coefficient Gy and Gy. The spin-orbit coupling con-
stant is fixed at Wy = 133.3 MeV fm°. In the present study,
the isoscalar nucleon effective mass is fixed as m} = 0.84m
with m being the bare nucleon mass, which reproduces both
the excitation energies of isoscalar giant quadruple resonance
E, =10.9 £ 0.1 MeV in *®®Pb [46-50] and E, = 12.7 £ 0.4
MeV in '2°Sn [50]. With the help of the experimental data
of IVGDR, ISGMR, and neutron-skin thickness, we qualify
quantitatively the posterior PDFs of EO | L, m};, and Ky
through the Bayesian analysis, while the values of the other
macroscopic quantities, which do not affect much the observ-
ables discussed here, are kept the same as their empirical ones
from the MSLO interaction [45]. We note that the E_; and
op have been shown to be most sensitive to the Ef s L, and
m; [8,19-32], the excitation energy of the ISGMR is most
sensitive to the Ky [5—13], and the neutron-skin thickness Ar,,,
is most sensitive to the slope parameter of symmetry energy
around %pg mostly determined by the Efym and L [51,52].
Based on the Hartree-Fock method, the energy density
functional can be obtained from the above Skyrme interaction
[Eq. (1)]. Here we assume that the nuclei investigated in

the present study are spherical and consider only time-even
terms in the SHF functional. Using the variational prin-
ciple, one obtains the single-nucleon Hamiltonian and the
Schrodinger equation. Solving the Schrodinger equation leads
to the eigenenergies and wave functions of constituent nucle-
ons, based on which the binding energy, the charge radius, and
the neutron-skin thickness can be obtained from this standard
procedure [53].

The nucleus resonances are studied by applying the
random-phase approximation (RPA) method to the Hartree-
Fock basis obtained from the standard SHF functional [54].
The operators for the IVGDR and ISGMR are chosen, respec-
tively, as

N < 7z
Fvepr = 1 ZrinM(f’i) ~a ZriYIM(’A’i)» (2)

i=1 i=1

and

A
Fisomr = Z 7Yoo (7)), (3)

i=1

where N, Z, and A are, respectively, the neutron, proton, and
nucleon numbers in a nucleus, r; is the coordinate of the ith
nucleon with respect to the center-of-mass of the nucleus,
and Y m(7;) is the spherical Bessel function with the magnetic
quantum number M degenerate in spherical nuclei. Using the
RPA method [54], the strength function

S(E) =Y |WIIFI0)8(E — E,) @)

of a nucleus resonance can be obtained, where the square of
the reduced matrix element |(v||F||0)| represents the tran-
sition probability from the ground state |0) to the excited
state |v). The moments of the strength function can then be
calculated from

my = / DOdEE"S(E). (3)
0

The centroid energy E_; of the IVGDR and the electric polar-
izability ap can be obtained from the moments of the strength
function through the relation

E_y = my/m_i, (6)

8 e?
Op = 9 m_i. (7)

For the ISGMR, the RPA results of the excitation energy

Eisgmr = my/mg (3)

are compared with the corresponding experimental data.
The Bayes’ theorem states
P(DIM)P(M)

P(MID) = T P(DIM)P(M)AM’ ©)

where P(M|D) is the posterior probability for the model
M given the data set D, P(D|M) is the likelihood function
or the conditional probability for a given theoretical model
M to predict correctly the data D, and P(M) denotes the

054324-2



BAYESIAN UNCERTAINTY QUANTIFICATION FOR ...

PHYSICAL REVIEW C 104, 054324 (2021)

TABLE I. Experimental data of the centroid energy E_; and electric polarizability «p in the IVGDR, the neutron-skin thickness Ar,,, the
excitation energy Ejsgmr in the ISGMR, the average energy per nucleon Ej, and the charge radius R, in '°Sn and 2®Pb for four data sets used
for the Bayesian analysis. For 208pp, the Ejggur data by TAMU and RCNP are used for comparison. Without special notification, the Ar,, data
are deduced from the L values extracted in Ref. [42], while the Ar,, data for 208pp, by PREXII is also used in the analysis for comparison.

E_, MeV) ap (fm®) Ary, (fm) Eisgmr (MeV) E, (MeV) R. (fm)
208ph . TAMU 13.46£0.10 19.6+0.6 0.170£0.023 14.17£0.28 —7.867452+3% 5.5010+3%
208ph _RCNP 13.46+0.10 19.6+0.6 0.170£0.023 13.9+0.1 —7.867452+3% 5.5010+£3%
208pp, .RCNP-PREXII 13.46+£0.10 19.6+0.6 0.283£0.071 13.91+0.1 —7.867452+3% 5.5010+3%
1208n 15.38+0.10 8.594+0.37 0.150+0.017 15.7£0.1 —8.504548+3% 4.6543+3%

prior probability of the model M before being confronted
with the data. The denominator of the right-hand side of the
above equation is the normalization constant. For the prior
PDFs, we choose the model parameters p; = ESOym uniformly
within 25 ~ 35 MeV, p, = L uniformly within 0 ~ 90 MeV,
p3 = m;/muniformly within 0.5 ~ 1, and p4 = K uniformly
within 200 ~ 300 MeV. The theoretical results of dj" = E_j,
d = ap, d" = Ar,,, and d* = Ejsgmr from the SHF-RPA
method are used to calculate the likelihood for these model
parameters to reproduce the experimental data d; " according
to

P[D(dy, da, d3, d3)|IM(p1, p2, p3, pa)l

1 (@ — )
=1 —_—t 7 10
=1 { 27 0; xp |: 202 - (10

l

where o; is the 1o error of the data d;*". The calculation of the
posterior PDFs is based on the Markov-Chain Monte Carlo
(MCMC) approach using the Metropolis-Hastings algorithm
[55,56]. Since the MCMC process does not start from an equi-
librium distribution, initial samples in the so-called burn-in
period have to be thrown away.

III. RESULTS AND DISCUSSIONS

Besides comparing with the experimental data of E_;, ap,
Aryp, and Eisgmr, we have also used a strong constraint
that the theoretical calculation should reproduce the binding
energy and charge radius of the corresponding nucleus within
3%, an uncertainty range for reasonable SHF parametriza-
tion as shown in Ref. [45], otherwise the likelihood function
[Eq. (10)] is set to 0. This condition guarantees that we are
exploring a reasonable space of model parameters. Details of

0.9

0 30 60 90
L (MeV)

the experimental data for 2°°Pb and '2°Sn used in the present
study are shown in Table I. For 2%8Pb, the experimental results
of the centroid energy E_; = 13.46 MeV of the IVGDR from
photoneutron scatterings [57], and the electric polarizability
ap = 19.6 £ 0.6 fm? from polarized proton inelastic scatter-
ings [58] and with the quasideuteron excitation contribution
subtracted [25], are used in the Bayesian analysis. For 120y,
we use the experimental data of E_; = 15.38 MeV of the
IVGDR from photoneutron scatterings [57], and op = 8.59 +
0.37 fm? from combining the proton inelastic scattering and
photoabsorption data [59] and with the quasideuteron exci-
tation contribution subtracted [25], overlapping with ap =
8.08 + 0.60 fm> from the latest data extracted through proton
inelastic scatterings [60,61]. The 1o error of E_; for both
208pb and !2°Sn is chosen to be 0.1 MeV representing the
scale of its uncertainty so far [57]. For the neutron-skin thick-
ness, knowing the uncertainties from various experimental
measurements (see, e.g., Ref. [42] and references therein), we
adopt the predicted values of Ar,, =0.170 £0.023 fm for
208pp and Aryp, =0.150 £0.017 fm for 12081 from L(p* =
0.10fm™3) = 43.7 4 5.3 MeV extracted in Ref. [42], with the
latter deduced from the neutron-skin thickness of Sn isotopes
from proton elastic scattering experiments [62]. We also use
the latest PREXII data of Ar,, = 0.283 £ 0.071 fm for **Pb
from parity violating electron-nucleus scatterings [63] in a
different data set. For the excitation energy of the ISGMR
from inelastic scatterings of « particles, we use Ejsgmr =
15.74 0.1 MeV for '*Sn by the RCNP, Osaka University
[64], and for **Pb we use both Eisgmr = 14.17 + 0.28 MeV
by the TAMU [6] and Ejsgmr = 13.9 £0.1 MeV by the
RCNP [18,65] for comparison. The experimental data of the
binding energies and charge radii of 2°®Pb and '*°Sn are taken
from Refs. [66,67].
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FIG. 1. Correlated posterior PDFs of isovector interaction parameters from using the 2°Pb -RCNP data in Table I in (a) the L-m’/m plane,

(b) the E2 -m* /m plane, and (c) the EC_-L plane, respectively.
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wm Plane, respectively.

Shown in Fig. 1 are the correlated posterior PDFs of
isovector interaction parameters m/m, L, and ESOym using the

208ph -RCNP data set in Table 1. There is no strong correla-
tion between m}/m and L or Esoym, while a strong positive
correlation is observed between L and E? . The latter is
due to the constraint from the IVGDR data, as discussed in
Refs. [32,42,68]. The correlated PDFs with only IVGDR and
neutron-skin thickness can be found in Fig. 3 of Ref. [68].
It is seen that incorporating the constraint from the ISGMR
data does not affect much the correlated PDFs of the isovector
interaction parameters.

Correlations between the incompressibility Ky and the
isovector interaction parameters from using the 2°’Pb -RCNP
data are displayed in Fig. 2. It is seen that the correlations
between the Kj and the isovector parameters are generally
weaker compared with the strong L-ESOym correlation shown
in Fig. 1(c). Nevertheless, the positive correlation between K

and L or ESOym could lead to uncertainties in constraining Ky

(see, e.g., discussions in Ref. [8]). This actually leads to some
correlation between Ky and the curvature parameter Ky, of
the symmetry energy as well, though Ky, is not an indepen-
dent variable in the present framework but can be calculated

from other quantities, e.g., L, Esoym,

etc. All correlated poste-

0.04

rior PDFs related to ESOym [Fig. 1(b), Fig. 1(c), and Fig. 2(c)]
hit its upper boundary, limited by the empirical prior range of
ESOym deduced from various earlier analyses [69,70].

The posterior PDFs of isovector interaction parameters
from using different data sets are compared in Fig. 3,
where their prior probability distributions are also shown by
dotted lines. The difference between the 2°*Pb-RCNP and
208pp _TAMU data sets is in the ISGMR data, and the resulting
PDFs of isovector interaction parameters are thus almost the
same. Incorporating the PREXII data of neutron-skin thick-
ness to the 2*Pb -RCNP data leads to a larger L and Esoym, and
the MAP value of L changes from about 44 MeV to about
54 MeV. Although the PREXII neutron-skin data itself leads
to a large L (see, e.g., Ref. [71]), its effect in the combined
data analysis is small as the IVGDR data with much smaller
error bars have a stronger constraining power at subsaturation
densities. Combining the neutron-skin and IVGDR data, it
is seen that the '2°Sn data lead to a slightly larger my/m, a
smaller L, and also a different Efym. Interestingly, there are
significant overlaps between the PDFs from analyzing the
1208 and 2%8Pb data.

The PDFs of Kj from using the four data sets are shown
in Fig. 4(a), where its uniform prior distribution is also dis-
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wm from different data sets in Table L.
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FIG. 4. Prior and posterior PDFs of (a) Ky, (b) Ky, and (c) K; from different data sets in Table I.

played. At 68% confidence level, the *°Pb-RCNP data gives
Ky = 221 + 4 MeV, while the 2%®Pb-TAMU data gives K, =
230 £ 10 MeV, since a larger Ejsgmr With a larger error bar
is used in the latter case as shown in Table I. Assuming the
data from RCNP and TAMU are equally reliable, the aver-
age incompressibility from the two analyses is Ky = 223f;
MeV. As shown in Figs. 4(b) and 4(c), the prior Ky, and
K; are uniformly distributed within [—500, 100] MeV and
[—500, —200] MeV, respectively, with [72]

Jo
Ke = Kym — 6L = 1

an
reflecting the isospin dependence of the isobaric incompress-
ibility of asymmetric nuclear matter along its saturation line,
and Jy being the skewness of symmetric nuclear matter EOS.
The ranges of Ky, and K; from the uncertainties of isovector
interactions are narrowed down by comparing with the data in
Table I, helping to put a more stringent constraint on Ky. Com-
pared with the 2*®Pb-RCNP data, the 2**Pb -RCNP-PREXII
data set gives a larger L as shown in Fig. 3(b), and also a larger
Ksym as shown in Fig. 4(b), leading to a smaller K; as shown
in Fig. 4(c).

Indeed, the '2°Sn data gives a MAP value of K about 5
MeV smaller than the 2*®Pb data, qualitatively consistent with
the soft tin puzzle. Interestingly, however, quantitatively there
is a significant overlap in the PDFs of K; from analyzing
the '2°Sn and 2°%Pb data. In addition, the '2°Sn data give
a smaller Ky, but a similar K;, compared with the 208py,
data. At 68% confidence level, the 2%Pb-RCNP data gives
K. = —35073] MeV, and the *®Pb-TAMU data gives K, =
—360 £ 35 MeV. Their average is K; = —355 £ 30 MeV.

IV. CONCLUSIONS

We performed a Bayesian uncertainty quantification for the
incompressibility K, of nuclear matter and the three isovector
interaction parameters using the experimental data of isoscalar
giant monopole resonances, isovector giant dipole resonances,
and the neutron-skin thickness mainly from RCNP and
TAMU. Taking the average results extracted from analyzing
the RCNP and TAMU data for 2°Pb, the isoscalar and isovec-
tor parts of the nuclear incompressibility are constrained to
Ko = 223%] MeV and K, = —355 £ 30 MeV, respectively, at
68% confidence level. We also quantified the soft tin puzzle.
Although the resulting K, is about 5 MeV smaller from ana-
lyzing the '2°Sn data than the *°Pb data, there is a significant
overlap in their posterior PDFs.
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