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Spin-polarized phases of 3P, superfluids in neutron stars

Takeshi Mizushima,"-" Shigehiro Yasui ©,>3" Daisuke Inotani,>* and Muneto Nitta>-$
' Department of Materials Engineering Science, Osaka University, Toyonaka, Osaka 560-8531, Japan

2Department of Physics and Research and Education Center for Natural Sciences, Keio University,
Hiyoshi 4-1-1, Yokohama, Kanagawa 223-8521, Japan
3Interdisciplinary Theoretical and Mathematical Sciences Program, RIKEN, Wako, Saitama 351-0198, Japan

® (Received 8 August 2021; accepted 29 September 2021; published 12 October 2021)

The interior of a neutron star is expected to be occupied by a neutron 3P, superfluid, which is the condensate
of spin-triplet p-wave Cooper pairs of neutrons with total angular momentum J = 2. Here we investigate the
thermodynamic stability of 3P, superfluids in a neutron-star interior under a strong magnetic field. Using the
theory incorporating the finite-size correction of the neutron Fermi surface, we show that the spin-polarized
phases of *P, superfluids, the magnetized biaxial nematic phase, and the ferromagnetic phase appear in high
temperatures and high magnetic fields. These phases were missed in the previous studies using the quasiclassical
approximation in which dispersions of neutrons are linearized around the Fermi surface. In particular, the
ferromagnetic phase, which is the condensation of Cooper-paired neutrons with fully polarized spins, appears
between the normal phase and the biaxial nematic phase and enlarges the thermodynamic stability of *pP,
superfluids under strong magnetic fields. Furthermore, we present the augmented Ginzburg-Landau theory that
incorporates the thermodynamic stability of spin-polarized P, superfluid phases.

DOI: 10.1103/PhysRevC.104.045803

I. INTRODUCTION

A neutron star, which is composed almost entirely of dense
neutrons, is a colossal superfluid in the Universe [1-3]. When
the temperature of a neutron star falls below a certain critical
value it becomes energetically favorable for neutrons to form
Cooper pairs. The neutron superfluidity is a key ingredient for
understanding the vital properties of neutron stars, including
the long relaxation time observed in the sudden speed-up
events (pulsar glitches) of neutron stars [4-6] and the en-
hancement of neutrino emission at the onset of superfluid
transition [7—12]. Pulsar glitches may also be explained by the
existence of superfluid components with quantized vortices
[13,14].

The condensates of paired neutrons exist under extreme
conditions prevailing in the interiors of neutron stars such
as high density, rapid rotation, and a strong magnetic field
[15,16]. In particular, magnetars are known as neutron stars
accompanied by the most intense magnetic field (B = 10—
10'® G) observed in the Universe. Neutrons in the inner crust
form spin-singlet s-wave Cooper pairs via the 'S attractive
interaction [17], while the 'Sy channel becomes repulsive
due to the strong core repulsion in the high density regime
[18]. The 3P, interaction stemming from a strong spin-orbit
force between nucleons remains attractive, leading to the
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formation of spin-triplet p-wave Cooper pairs preserving total
angular momentum J = 2. Neutron P, superfluids have been
predicted to occupy the neutron-star interior instead of the
conventional 'S, superfluids near the surface [19-37]. In con-
trast to ' Sy superfluids, the 3P, superfluids are tolerant against
a strong magnetic field to the spin-triplet pairings. Thus the
3P, superfluids will be more important in magnetars. It has
been discussed that the enhancement of neutrino emission
from the onset of the breaking and formation of *P, Cooper
pairs may explain the observed rapid cooling of the neutron
star in Cassiopeia A [10-12] (see also Refs. [38—40]).

Let us consider neutrons interacting via a strong spin-
orbit force, which are invariant under a gauge transformation
[U(1),] and spin-momentum rotation [SO@3),]." The sym-
metry group, G =U(1), x SO(3);, has three continuous
subgroups, U(1);,, U(1)2y,—y, and U(1),,_,. The first case is
the uniaxial nematic (UN) phase. The UN phase is thermo-
dynamically stable at zero magnetic fields, while a magnetic
field induces successive phase transitions from the UN phase
to biaxial nematic (BN) phases with the dihedral-two (D) or
dihedral-four (D4) symmetries [41-43]. These nematic phases
appear also in spin-2 Bose-Einstein condensates (BECs) [44].
However, one of the most salient features coming from the
fact that 3P, superfluid is composed of fermion Cooper pairs
is that all the nematic phases are prototypes of topological
superfluidity accompanied by topologically protected Bogoli-
ubov quasiparticles [41,45]. In addition to these fermionic

'In this paper, we consider the presence of a uniform magnetic field
along the z axis, which explicitly breaks SO(3); down to U(1)y,.
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excitations, there are also rich massless and massive bosonic
excitations [46—58], which might provide sources of cool-
ing and transport phenomena in neutron stars. The ordered
states characterized by the other two subgroups, U(1),;,_, and
U(1);,—y, are referred to as the ferromagnetic (FM) phases.
These are the condensation of 3P, Cooper pairs with fully
polarized spins. The interaction of neutron spins with strong
field in magnetars gives rise to the Zeeman splitting of the
neutron Fermi surface, amounting to the critical field of the
Pauli depairing of 'Sy Cooper pairs (= kgT.) or more, where
the superfluid critical temperature is about T, ~ 10° K. The
spin-polarized states are compatible with a strong Zeeman
splitting, and may become competitive to nematic states at
strong magnetic fields. Nevertheless, no previous works have
predicted the thermodynamic stability of spin-polarized su-
perfluid states.

In this paper, we report the thermodynamic stability of
spin-polarized 3P, superfluid phases, such as the magnetized
BN and FM phases, at strong magnetic fields relevant to
magnetars. In general, the superfluid phase transition dras-
tically changes a low-energy dispersion of neutrons near
the Fermi surface. The Cooper pairs are confined to a low-
energy band near the Fermi surface and a shell in momentum
space, |k — kg| < kg, where kg is the Fermi momentum of
normal neutrons. In previous works [41,59], therefore, we
employed the quasiclassical approximation. We used the same
approximation in our studies on 3P, superfluids based on the
Ginzburg-Landau (GL) theory [42,43,60,61]. The approxi-
mation incorporates quasiparticles confined to a low-energy
shell near the Fermi surface, and quasiparticles away from the
Fermi level are renormalized to the critical temperature and
Fermi liquid parameters. The quasiclassical approximation
postulates an infinitely large Fermi surface and cannot prop-
erly incorporate the Zeeman splitting of the neutron Fermi
surface. In this paper, we perform the microscopic calculation
of the Luttinger-Ward thermodynamic potential without the
quasiclassical approximation. The finite-size correction of the
neutron Fermi surface favors the FM state at high tempera-
tures and strong magnetic fields, while the D4-BN phase still
survives in low temperatures. The Zeeman splitting does not
exclude the D4-BN phase under strong magnetic fields, but
induces spin polarization of Cooper pairs, which is referred
to as the magnetized BN phase.> We also discuss the impact
of such spin polarization on topological excitations, such as
Abelian and non-Abelian fractional vortices. Furthermore, we
extend the GL theory to incorporate the finite-size effect of
the Fermi surface. The augmented GL theory properly cap-
tures the thermodynamics of the spin-polarized P, superfluid
phases.

The organization of this paper is as follows. In Sec. II, we
present the Luttinger-Ward functional for neutron 3P, super-

>The magnetized D;-BN is also called a broken axisymmetric
phase in the context of spin-2 BECs [44]. For rotationally symmetric
d-wave superconductors, the stability of the C; symmetric nematic
state with broken time-reversal symmetry is demonstrated using the
mean-field theory at 7 = 0 and the sixth-order GL theory near T
[62,63].

fluids and symmetry classification of *p, superfluid phases
including UN/BN phases and FM phases. Here we empha-
size that the particle-hole asymmetry is indispensable for the
thermodynamic stability of the spin-polarized phase. Based
on the theory, in Sec. III, we show the phase diagram of 3p,
superfluids at strong magnetic fields. In Sec. IV, we present
the augmented GL theory which properly takes account of the
leading-order contributions of the particle-hole asymmetry.
Section V is devoted to a summary and discussion.

II. 3p, SUPERFLUID THEORY

A. Luttinger-Ward thermodynamic functional

Here we introduce the theoretical formulation for neutron
3P, superfluids on the basis of the Luttinger-Ward thermody-
namic functional. Let us start to define the Nambu-Gor’kov
Green’s function in terms of a grand ensemble average of the
fermion-field operators in the Nambu (particle-hole) space,

v = (’ﬁm ¢¢, &Tv lpi)tr’ as

G(x1, x2)

Gm¢ﬁ=%ﬂm&ﬁ%»=Gvbm ”“”v

G(xy, x2)

ey
where V,(t) = e e and ¥, (v) = €’'* w;'e’H’ (a=
1, J for spins) are the field operators for fermions with spin
a =1, and momentum k in the Matsubara representa-
tion. In this paper, we set i = kg = 1 and set the volume
of the system to V — 1. We have introduced an abbrevi-
ation, x; = (r;, T;), representing the three-dimensional space
position r; and the imaginary time t; for the neutron (i =
1,2). a denotes the transpose of a matrix a. The elements
of G obey the symmetry relations in the Nambu space,
Gap(x1, x2) = —Gpa(x2, x1) and Fop(x1, x2) = Fg, (x2, x1). In
this paper, we consider translationally invariant neutron matter
and transform the space-time position x to the momentum k
and Matsubara frequency at temperature 7', ¢, = 2n + 1)z T
(neZ): (x1,x) — (k, &,). The self-consistent formalism is
derived from the Luttinger-Ward thermodynamic functional
which is given in terms of the full Nambu-Gor’kov Green’s
function G and the self-energy ¥ as

QA6) =~ 5T 2;/@)3 (£6+1n (-G +$)}

Y L oG 2
E/Wr2§k+ [G], ()

where the trace Try, (trp) is taken over the spin and Nambu
spaces (spin space). The inverse propagator for free fermions
is given by

Gyl (k, iey) = ie, — &, 3)

where & is the 2 x 2 spin matrix of the single-particle Hamil-
tonian for neutrons under a magnetic field B:
K 1

=~ - -y0-B, 4
&k o T N0 4

where m and p are the mass and the chemical potential. Here
Yo = 1.2 x 1073 MeV/T is the gyromagnetic ratio for a neu-
tron. We use o = (01, 02, 03) and 7 = (71, T, T3) to denote
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the matrices in the spin and Nambu spaces, respectively. The
last term in Eq. (4) is the interaction of neutron spins with
magnetic field. The Green’s function and the self-energy are
related to the functional ®[G] by the stationary conditions
with respect to the Green’s function, §$2/ 8G™ = 0, and the
self-energy, §Q/85" = 0. The former is recast into the defi-
nition of the self-energy in terms of the functional derivative

A sO[Gl (= A

Dyson’s equation for the full Green’s function is obtained
from the latter stationary condition as

G ' =G, - 26l (6)

To discuss the thermodynamic stability of *p, super-
fluid phases, we employ the mean-field approximation in the
Luttinger-Ward thermodynamic functional. We take account
of the following mean-field self-energies into Eq. (2) through
the & functional. First, the off-diagonal submatrix of the self-
energy, Aqp(k), in Eq. (5) is the mean field associated with
effective interaction in the Cooper channel of neutrons:

d% ' air / /.
Agpk) =T Z / Gy Vapas e KOFs K i), ()
where we assume a condensate of neutron pairs with zero
center-of-mass energy and momentum. Second, the diagonal
self-energy,

a3k
S =T 3 / s Vo KOGy K i), ®)

describes the Fermi liquid corrections to the quasiparticle
excitation energies. The @ functional in Eq. (2) is constructed
from these mean-field self-energies as

dk a3k
Z/Qﬂ)* Z (2m)?

x [Gyq(k, ian)VaFﬂLys(k’ k)G (K, i)

+2Fup(k, ien)Vfgiry,;(k, K)E,5 (k' igy)]. €))

The interaction in the Cooper channel is decomposed into
the spin-singlet (e: even parity) and spin-triplet (o: odd parity)
functions: V5o (ke k) = V.S (k. k) + V. ik, k), where

we have introduced k = k/kg. At low density of neutrons,
the 'Sy channel is attractive and dominant in Cooper pair
channels. At the high density regime p > 10'%g/cm® (p is
the particle density of neutrons), the 'Sy channel remains
repulsive due to the strong core repulsion, while the 3p, in-
teraction stemming from a strong spin-orbit force between
two nucleons remains attractive. As the interactions in the 3P,
and 3P, channels are repulsive at high density [20,21,64], they
are irrelevant to the formation of the superfluidity. Hence we
consider the attractive 3P, interaction as a dominant pairing
interaction of neutrons in the inner cores of neutron stars:

Vit ko) =

—v Z T/’«V“ﬂ(k) u_vﬁy(k/)' (10)

wv=1

The traceless and symmetric tensor, 7}, «g (k), is given by

Tyiv.ap (k) 18uhask, (1D

with A“ﬁ = i(0,,0y)ap, Which obeys T}, op (k) =T, O,,g(k)

T, pa (k) and tr[T (k)] = Zu Tyap (k) = 0[25]. The general
form of the spin-triplet p-wave superfluid order is expressed
in terms of a symmetric traceless tensor, A,; € C, as

Agp(k) = ZAW wap k). (12)

= S(ALky + Alghy) —

Another interaction potential, (V. Ly s)» 1s expanded in
terms of the Legendre polynomials P, and parametrized with
Landau’s spin-independent and spin-dependent Fermi liquid
parameters F[(S) and Fl(a) €=0,1,...)as

Vagiys k&) = N&' Y [F80, 885 + F 00y -0 5| Pe k),
14
(13)

where Np is the neutron density of states at the Fermi energy
er. Among the dimensionless parameters, Fo(a) gives rise to the
spin-exchange interaction with the magnetization density of
neutrons, and significantly affects the equilibrium properties
of 3P, superfluids under a magnetic field. In this paper, there-
fore, we only take account of the lowest-order terms (£ = 0).
The 2 x 2 self-energy matrix in the spin space is then given
by

Bup = o [Fy " ndup + FS-045], (14)

2Nk

and 2,5 = —Xg,. The particle density 7 and the spin density
S are obtained as

d*k .
n=T Z/ (2m)3 tro[G(k, ig,)], (15)
d*k
=T Zf mtrz[%(?(k, ien)], (16)

respectively. Although the thermodynamic properties are in-
sensitive to Fz(if , the fermionic vacuum polarization steaming
from the Fermi liquid corrections with £ > 1 may affect the
spectrum of bosonic excitations, i.e., collective excitations of
P Cooper pairs [65].

The full Green’s function, G, is determined from the self-
consistency condition in Eq. (5) as

G (k, iey) = ien — Hpac(k), (17)
where the Bogoliubov—de Gennes (BdG) Hamiltonian is given
by

2 Eetr (k) A(k)
k) = " 18
HBdG( ) <—A (—k) eff( k) ( )

The self-energies associated with the particle density and spin
density are renormalized to the chemical potential and the
magnetic field as

"M

1
()
Meff = U — mFo By =B — XI(\)I , (19)
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where M), = %ynSM is the magnetization density of neutron
3P, superfluid and xJ is the Pauli spin susceptibility of a
normal neutron gas with effective mass m* and the density
of state Ng. We define &5 (k) = k2/(2m) — et — (1/2)p00
B.. Let U (k) be a 4 x 4 unitary matrix that diagonalizes the
Bogoliubov—de Gennes Hamiltonian as

w(k)’i%BdG(k)zﬁf(k):(E(k) _E(_k)), 20)

where E(k) = diag(E; (k), E»(k)) is the energy eigenvalues of
the Hamiltonian. The thermodynamic stability of 3P, superflu-
ids is determined by minimizing the thermodynamic potential
Q(T, u, B). The potential is equivalent to the Luttinger-Ward
functional Q[G, fl] when G and ¥ satisfy the stationary con-
ditions in Egs. (5) and (6). On the basis of the quasiparticle
energy, E, (k), the thermodynamic potential is recast into

=5 Z/ @y [£4(k) — Eq(k) — 2T In(1 + e E®/Ty)

1.
+ —tr3 [ATA] — —Fn* + F(")SZ Q21

2v 4Nk 4Np
where we utilize the relations trlnA =IndetA and
> ln[(eﬁ +&)/T1=¢/T +2In(l+e*T)+a (a is a
T-independent constant). The gap equation for the 3P, order
parameter is derived from the stationary condition of the
thermodynamic potential. The total particle density n and

magnetization density M, = %ynS , are also obtained from
the thermodynamic relations
082 M 02 22)
n—-—— . = -,
B . 3B,

respectively. The gap equations for A,; are derived from the
stationary condition of the thermodynamic potential:
39
SAY,
The equilibrium state is determined by solving the self-

consistent equations (19) and (22), and the gap equation (23)
for A,;.

=0. (23)

B. Symmetry classification of *P, order parameters

In the absence of external fields, the normal neutron system
is invariant under a gauge transformation [U(1),] and the
three-dimensional spin-orbit rotation [SO(3),]

G =U(), x SO3),. 24)

The order parameter for 3P, superfluids is the 3 x 3 traceless
symmetric tensor, A,;, defined in Eq. (12). The continuous
symmetry, G, acts on the tensor as

A — e%gAg", €Y e U(l), g e SO3) 25)

in the 3 x 3 matrix notation. The ordered state spontaneously
breaks the symmetry of the Hamiltonian, G, to H C G. The
group H describes the remaining symmetry of the ordered
state and the tensor is invariant under a transformation by
the group element 2 € H, hA = A. The element h is written
as h = e/t where ® and J,, are the generators for a

gauge transformation and simultaneous spin-orbit rotation,
respectively, and « is an infinitesimal parameter.

There are three continuous subgroups of G, Hpy =
U(l)(pfllz’ HFM/ = U(l)lﬂ*‘/z’ and HUN = U(l)‘/L The ele-
ments of these subgroups are given by i = ¢/@~2k:@)_pil@=d:0),
and ¢™-*, respectively. In the first two subgroups, the gauge
transformation A — Ae™® is compensated by the spin-orbit
rotation about the z axis by —« or —2«, which manifestly
exhibits the equivalence between phase change and spin-orbit
rotation. The order parameters of two ferromagnetic (FM and
FM') phases are given by

1+ 0 0 0 1
ANM=al+i -1 0], AM=al0 0 =i ,
o o0 o, 1+ 0/,
ni i
(26)

where we omit the U(1) phase degrees of freedom. The former
(latter) state corresponds to a condensation of neutrons into
Cooper pairs with J, = £2 (J, = £1), the spins of which
are fully (partially) polarized. The ordered state with Hyy =
U(1)y, is the UN nematic state.

In addition to the ordered states preserving continuous
symmetry, there exist competitive orders with discrete sym-
metry. When the ordered state preserves the time-reversal
symmetry, A,; must be a real symmetric traceless tensor.
Hence, the order parameter with time-reversal symmetry is
given by a diagonal form:

1 0 0
Ayi=A10 r 0 . 27
0O 0 —-1-r

i

The eigenvalue r € [—1, —1/2] is the order parameter that
represents the biaxiality of the nematic order parameter. The
most symmetric state is the UN state at r = —1/2, which
maintains the U(1) symmetry about the % axis in the spin-orbit
space. When r deviates from the UN point, the ordered state
breaks the U(1) symmetry down to the discrete symmetry. The
BN state at » = —1 remains invariant under dihedral-four D4
symmetry, which has the C; and C, axes. The intermediate r
holds dihedral-two D, symmetry with the three C, axes.

Below, we focus on the high temperature and high mag-
netic field regime of 3P, neutron superfluids. The 3P, order
parameter under a magnetic field is expressed in terms of three
real parameters (A, «, r) as

1 ik 0
Aui=Alik r 0 . (28)
O 0 —-1-r

ni

Without loss of generality, we assume that the magnetic field
is applied along the z axis. The order parameter in Eq. (28) has
three real variational parameters, A, r € [—1, —1/2], and k €
[—1, 1], which are determined by solving the self-consistent
equations in Sec. Il A. The amplitude of the order parameter
is represented by A, while r € [—1, —1/2] and k € [—1, 1]
quantify the biaxiality and spin polarization of the nematic
order parameter, respectively. The order parameter in Eq. (28)
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TABLE I. The remaining symmetries (H ), order parameter manifolds (R = G/H), and topological vortices [;(R)] in possible phases of
3 p, superfluids, the uniaxial /biaxial nematic phases, the cyclic phase, the magnetized BN phase, and the ferromagnetic phase. The magnetized
D4-BN phase with r = —1 and « # 0 is also called a broken axisymmetric phase in spin-2 BEC [44]. “No. NG” and ‘“No. qNG” count the
number of Nambu-Goldstone (NG) modes and quasi-Nambu-Goldstone (QNG) modes, respectively. A* indicates the universal covering group
of A, and Q = Dj is a quaternion group (see Appendix A of Ref. [66] for the definition of the product x ).

Phase O.P. [see Eq. (28)] H R=G/H m1(R) No. NG No. gNG [67]
Uniaxial nematic r=-—1/2,k=0 Dy >~ 0(2) U(1) x RP? 7 & Z, [42,68] 3 2

.. . re(—1,-1/2),k =0 D, U(1) x SO(3)/D, 7 @ Q [42,68] 4 1
Biaxial nematic r=—1,k=0 D, [U(1) x SOB)I/Ds 7 x, D [42,43,66] 4 1
Cyclic r=e%nk k=0 T [U(1) x SO3)]/T 7Z x;, T* [66,69-71] 3
Magnetized re(—1,-1/2),k € (0, 1) 0 SO(3) x U(1) Ty ® 7 4
biaxial nematic r=—1,k€(0,1) Cy [U(1) x SO3)]/Z4 7 x, Cy 4

. r=-1k=1 U420 SOQ3)s,—20/Z 7.4 170,72] 3

Ferromagnetic Eq. (26) Ure  SOB)—o/Z Z,170,72] 3
contains the FM states in (r = —1, x = —1) and nonmagnetic where R,(0) € O(2) is the n-fold rotation matrix about the z

UN/BN states in k = 0.

For r = —1 and « € (0, 1) in Eq. (28), the order parame-
ter is invariant under the cyclic group C4 C G, the elements
(e, g) of which are

Gy ={(1,13), (=1, R3), (1, ), (=1, R3)},  (29)
where I3 and R3 represent v and 7 /2 rotations around the third

(z) axis, respectively,

—1
0

S = O
—_ O O
=
(98]
|
S = O
- O O

and 13 is the 3 x 3 unit matrix. The mixing of the nonzero
k component in the Ds-BN state lowers the symmetry to the
cyclic group Cy.

In Table I, we summarize the remaining symmetries (H),
order parameter spaces (R = G/H), and topological (vortex)
excitations [77;(R)] in possible phases of *p, superfluids. In
the nonmagnetic BN state with r = —1 and ¥ = 0, the unbro-
ken symmetry is the dihedral-four Dy, and the fundamental
group is m(R) = Z xj D}, which includes the possibility
of non-Abelian half-quantized vortices [42,43]. Recently, the
thermodynamic stability of non-Abelian half-quantized vor-
tices has been discussed by means of the Ginzburg-Landau
theory [43] and microscopic quasiclassical theory [73]. In the
magnetized BN state with r = —1 and 0 < ¥ < 1, however,
the D, symmetry reduces to C4. The fundamental group,
m(R) = Z x;, Cf, indicates that possible vortex excitations
include half-quantized vortices. In Fig. 1, we illustrate the
gap structure and U(1) phase in a half-quantized vortex of the
nonmagnetic D4-BN state. The & phase jump is compensated
by the fourfold rotation about the z axis, Cy4 .. In the magne-
tized BN state, the element (—1, R3) ensures the topological
stability of the half-quantized vortices. The spatial profile of
the order parameter along the azimuthal angle 8 € [0, 2r) is
represented as

ALi(0) = Ae™R,(0)A,:R(0) 31

axis:

cos(nf) —sin(nfd) O
R,(6) = | sin(nf) cos(mf) O]. (32)
0 0 1

The integer vortex is k =1 and n =0, while the half-
quantized vortex is k =1/2 and n = £1/4. They obey
Abelian exchange statistics. In the case of the nonmagnetic
D4-BN (r = —1,k =0), each non-Abelian half-quantized
vortex hosts a single zero energy mode, which behaves as a
non-Abelian anyon [73]. The non-Abelian anyon is protected
by topological invariants, such as the mirror Chern number.
The nonzero « induces the spin polarization of the BN order
and changes the order parameter manifold R, but does not
affect the topological stability of the non-Abelian anyon.

FIG. 1. Schematics of the texture of the gap structure and U(1)
phase in a half-quantized vortex of the unitary (D) BN state. The
gap structure shows the energy gap E, at k = kg and the thick arrows
denote the spin degrees of freedom of 3P, Cooper pairs, d (k).
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I11. 3p, SUPERFLUID PHASE DIAGRAM

A. Particle-hole asymmetry and Zeeman splitting
of transition temperatures

At zero magnetic fields, the excitation energy of Bogoli-
ubov quasiparticles is obtained from Eq. (20) as

Eqes(k) = \/ [EQW0T + ld@)? £ 1dk) x d* k)], (33)

where 552)(k) =k’ /(2m) — g is the energy of the normal

neutrons at zero magnetic fields and the d vector is defined as
d, (k) = Ltro[—ioyo, A = A, kj, (34)

which represents the spin degrees of freedom of *p, Cooper
pairs. When the time-reversal symmetry is preserved (x = 0),
the d vector is real and the eigenstates are doubly degen-
erate as a Kramers doublet. A state with nonzero « breaks
time-reversal symmetry, and the energy gap of the fermionic
excitations at k = kg is determined by

Ey =\l Al AT )] /2
= VU £ dke) xd ). (35)

The ordered state with d(k) x d*(k) # 0 is referred to as a
nonunitary state. In such nonunitary state, the *P, Cooper
pairs at the point k have spin [74]

The spin polarization of P, Cooper pairs splits the degen-
eracy of Bogoliubov excitations at k, leading to two distinct
excitation gaps, |d(k)|*> £ |d (k) x d*(k)|. In particular, when
k # 0, the order parameter in Eq. (28) has a net average spin
on the Fermi surface:

5

pair

) =2k(1 —r)A?/3, 37)

where (---) is the average over the neutron Fermi surface.
The net spin of 3P, Cooper pairs leads to the polarization of
neutron spins S at zero magnetic fields. The spin polarization
of 3P, Cooper pairs may stabilize the nonunitary states with
k # 0, such as the magnetized D4-BN and FM states, under a
strong magnetic field.

In previous works [41,59], employing the quasiclassical
approximation, we found that the UN state is thermodynam-
ically stable at zero magnetic fields, while the phase diagram
in nonzero magnetic fields is occupied by the D, and D4s-BN
states with x = 0. The superfluid phase transition drastically
changes the properties of normal neutrons, but the change
occurs in a low-energy dispersion near the Fermi surface.
The Cooper pairs are confined to a low-energy band near
the Fermi surface |&.f| ~ A < &g and a shell in momentum
space, |k — kg| < kg, where ¢F is the Fermi energy of normal
neutrons. Hence, the quasiclassical approximation incorpo-
rates only quasiparticles confined to a low-energy shell near
the Fermi surface as a leading-order contribution of 7. /Tr <
1 and A/ep < 1. The quasiparticles away from the Fermi
level are renormalized to the physical parameters, such as
the effective mass of neutrons, spin susceptibility, the critical
temperature, and so on. However, the quasiclassical approxi-
mation cannot properly describe the thermodynamic stability

(b)

Tc,rc/T(:,O
1.4

ir=3

FIG. 2. (a) Schematics of the particle-hole symmetry emergent in
the quasiclassical approximation (top) and the leading-order correc-
tions of the particle-hole asymmetry (bottom). The latter corresponds
to the finite-size corrections of the Fermi surface, and properly takes
account the Zeeman splitting of the Fermi surface. (b) Critical tem-
peratures as functions of k and 8, where the former (latter) represents
the spin polarization of the P, Cooper pairs (the Zeeman splitting of
the Fermi surface due to the particle-hole asymmetry). Here we fix
r=-—1.

of the spin-polarized superfluid states. This is because, as
shown in Fig. 2(a), the approximation assumes the infinitely
large Fermi surface and the particle-hole symmetry in the
quasiparticle density of states. The self-consistent equations
in Sec. IT A are thus computed with

dk
()}

which cannot incorporate the Zeeman splitting of the neutron
Fermi levels and asymmetry in density of states, where (- - -)
is the average over the neutron Fermi surface.

To properly discuss the thermodynamic stability of spin-
polarized 3P, superfluids under strong magnetic fields, we
compute the momentum integral in self-consistent equations
in Sec. IT A without employing the quasiclassical approxi-
mation. This incorporates the finite-size effect of the Fermi
surface and asymmetry of density of states (particle-hole
asymmetry), which are regarded as the higher-order correc-
tions on T/Tr and A/ep. It is demonstrated below that the
corrections split the critical temperatures of the nonmagnetic
UN/BN states and the FM states, and thermodynamically
stabilize the spin-polarized P, states under a strong magnetic
field.

To see the role of particle-hole asymmetry on the splitting
of the critical temperatures, we start with the order parameter
in Eq. (28), which connects the nonmagnetic UN/BN states
(k = 0) and the FM state («x = #1). We first note that the
critical temperatures in D4-BN and FM states are the same in
the quasiclassical approximation with accidental particle-hole
symmetry. A strong magnetic field then gives rise to Pauli
depairing of A4y = A4, and favors the ordered state Ajs
and A, with » = —1. Then, the order parameter in the spin
representation is given as

%Np/de@--), (38)

Aryll) = =A(1 + 1)k, + iky), (39)
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Ay k) = —A( — k) (ky — iky), (40)

and Ay (k) = A 4(k) = 0. The BdG Hamiltonian is decom-
posed to the spin sectors

? _ [ &)
Hraal) = (Awk) &, (k)
(4D
where &; and &, are the single-particle energies of spin-up and
-down neutrons, respectively. The Bogoliubov quasiparticle
excitation energy is obtained as

AM“‘)) o ( £, (k)

Ay (k)
—&0) P\ AT, ’

E k) = \J&200 + A2(1 + a2 (2 +82).  (42)

where we have taken o = + (—) for spin up (down).

The variational parameters « and A are determined by
solving the gap equation. From the saddle point condition of
the thermodynamic potential for 4, given by Eq. (28), the
equations for k and A are obtained as

I 1] +4)? (1—x)
5_5[1+K2£”+1+K2ﬁl’ )
1
%=§K1+Mf;—u—xﬂlL (44)
where
2+ k2 E, (k)
Fo = Ek 2B tanh< T ) (45)

The inverse of the coupling constant is associated with the pa-
rameter Ag/er through the gap equation at 7 = B = 0, where
Ay is the superfluid gap at 7 =0 and B = 0. To quantify
the finite-size correction of the neutron Fermi surface and
particle-hole asymmetry, we introduce the parameter

NF,T — Npqi

d= .
Nr,y + Ng,

(46)

To determine the critical temperatures, we linearize the
gap equations (43) and (44) with respect to A. The critical
temperatures in the nonmagnetic D4-BN state (7;. ) and in the
spin-polarized * P, state (T ) are given by

Lo S MG 25 7
=exp|——= — ,
T:o P 2vNg 1+ «2

where Np = (Ng,4 + Ng,;)/2. In the spin-polarized state with
k > 0 (k < 0), the spins of Cooper pairs are aligned parallel
(antiparallel) to the applied magnetic field. The finite-size
correction of the neutron Fermi surface, §, splits the critical
temperatures, which is crucial for the thermodynamic stability
of the magnetized BN and ferromagnetic states with « > 0
at high magnetic fields. As shown in Fig. 2(b), the critical
temperature of the magnetic state (k  0) is the same as that
of the nonmagnetic D4-BN state at the quasiclassical (particle-
hole symmetric) limit, § = 0, while T , for « > 0 increases as
the particle-hole asymmetry parameter § increases. This indi-
cates that the spin-polarized states, such as the FM state and
magnetized D4-BN state, can be thermodynamically stable in
a strong magnetic field, where the magnetic field gives rise to

the Fermi level shift and particle-hole asymmetry of spin-up
and -down neutrons.

B. 3P, superfluid phases under a magnetic field

Let us now clarify the thermodynamically stable 3P, su-
perfluid phases under a strong magnetic field. In the previous
works based on the quasiclassical approximation [41,59], we
find that the UN phase appears at B = 0, while the D, and
D4-BN states with k = 0 are thermodynamically stable in the
presence of magnetic fields. As mentioned in Sec. III A, the
approximation postulates that the neutron Fermi surface is
infinitely large, and the Zeeman splitting effect of the neutron
Fermi surface becomes negligible. In the quasiclassical limit,
T/ Tz — 0, therefore, a magnetic Zeeman field along the Z
direction gives rise to the pair breaking effect of the spin state,
14 + 1), while it does not affect the spin configurations of
[11) and [|{), leading to A4y = A . As the Cooper pairs
in the D4-BN state are equally distributed to the spin states,
[11) and || ), it is tolerant against pair breaking effect by
magnetic fields. The lower and higher region of the magnetic
field in the phase diagram are occupied by the D, and D4-BN
phases, respectively, and the two phases are separated by
the second-order (first-order) phase boundary in the higher
(lower) temperature regime. The phase boundaries meet at the
(tri)critical end point [59].

Here we determine the order parameters A(7, B), (T, B),
and «(T, B) in Eq. (28), by numerically solving the self-
consistent equations in Sec. ITA without employing the
quasiclassical approximation. We introduce the dimensionless
parameter

Teo/Tr ~ Ao/ek. (48)

This is related to the dimensionless parameter § in Eq. (46)
representing the particle-hole asymmetry due to the finite-size
correction of the neutron Fermi surface. The quasiclassical
limit corresponds to Too/7r — 0 and § — 0, while the finite-
size correction of the Fermi surface is taken into account as
T.o/Tr increases. In Figs. 3(a) and 3(b), we plot the thermo-
dynamic potential (7, B) and the superfluid gap A(T, B),
respectively, as functions of the nonunitarity «, where we set
Teo/Tr = 0.025 and y,iB/mkgTyp = 0.42. In this high mag-
netic field regime, » = —1 is favored in the entire 7. The
spin polarization of Cooper pairs, «, stays zero in the low
temperature region, which coincides with the superfluid phase
diagram within the quasiclassical limit. As T approaches T,
however, « gradually increases and reaches x = 1. The region
with ¥ € (0, 1) and r = —1 corresponds to the magnetized
D4-BN state with nonzero spin polarization, where Cooper
pairs are condensed into 14 and | | spin states but the popu-
lation is imbalanced as shown in Egs. (39) and (40).

The FM state with « = 1 and r = —1 appears in the narrow
region around 7. In Fig. 3(c), we plot the * P, superfluid phase
diagram in the 7-B plane for 0.005 < Tyo/Tr < 0.05. The sta-
bility region of the fully spin-polarized state enlarges and the
critical temperature T, corresponding to Eq. (47) with x = 1,
increases as T¢o /T increases. In contrast to the enlargement of
the spin-polarized state, the phase boundary between the D,-
and D4-BN states, Tl;:, is insensitive to the parameter 7¢o/7r.
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FIG. 3. Thermodynamic potential (k) (a) and the superfluid gap A(k) (b) as functions of the temperature 7 and the spin polarization of
Cooper pairs, «, at y,iB/mkg Ty = 0.42, where we set T,y /Tr = 0.025. In this high magnetic field regime, r = —1 is favored in the entire 7.
() 3P, superfluid phase diagram in the T-B plane for various Tyo/7x. In all data, we take FO(S) = FO(“) =0.

Let us now discuss the role of the Fermi liquid parameter,
Fo(a). The parameter Fo(a) <0 (Fo(a) > 0) induces the Fermi
liquid correction associated with a ferromagnetic (antifer-
romagnetic) exchange interaction, which alters the effective
magnetic field via Eq. (19). Here we ignore the contribution
of other Fermi liquid parameters, e.g., F; ) since it is renor-
malized to the chemical potential, and p ~ g > Fo(s)n/NF.
Figure 4(a) shows the shift of the critical magnetic fields,
B.(T), in the FM state [« = 1 in Eq. (28)] for several values
of Fo(a) (0.05 for each interval in T¢o/Tr = 0.025 and 0.1 for
each interval in Tyo/Tr = 0.005). For nonzero Fo(a), the local
magnetization density induced by the spin-polarized *P, pair-
ing and the external magnetic field is fed back to the effective
ma%netic field in Eq. (19). As shown in Figs. 4(b)—-4(d), for
F® <0 (Fo(a) > 0), the induced M enhances (decreases) the
effective magnetic field via the ferromagnetic (antiferromag-
netic) spin exchange interaction. This effective magnetic field
enlarges (suppresses) the thermodynamically stable region of

the FM state as B increases. We note that at B = 0 all the
possible P, pairing states have the same critical temperature
T, = T, regardless of FO(S) .

In the high magnetic field regime, the neutron P, super-
fluid undergoes double second-order phase transitions at 7. _
and T ;: the transition from the magnetized Ds-BN (¢ < 1)
to the FM state (k = 1) at 7. _ and the transition from the
FM state to the normal state at 7. .. The signature of the
multiple phase transitions is reflected as the successive jumps
of the specific heat of neutrons, Cy = —TBZQ/ 3T2. It has
been demonstrated in previous work [41,59] that the symme-
try breaking driven by the phase transition from the D4-BN
to D>-BN phases gives rise to the discontinuity of the specific
heat jumps. Similarly, the multiple phase transitions are ac-
companied by the successive jumps of the specific heat at 7;, _
and T; 4. The first jump is attributed to the condensation of
only up-spin neutrons into * P, Cooper pairs with orbital angu-
lar momentum L, = +1, Ay & (lgx + iley), while the second

(a) (b) (©) (d)
F”=02 0 —0.1 @)
Teo/Tr = 0.005 i § L 02 Fy” =02 K
0.8 T ‘ 0.8y N
3
0.8
& 06 06
R
& & 0.6
= 0.4 Lo4 , il
& | m 0.4
3 =
S o > Teo/Tr = 0.025 o
= 0.2
0 Dy BN
L I I I L 1 I I L L L I I I 0
(9.98 1.00 1.02 1.04 1.06 1.08 1.10 07 08 09 10 1107 08 09 10 1.107 08 09 1.0 1.1

T/Teo T/Teo

T/Teo T/Teo

FIG. 4. (a) Critical magnetic fields B.(T) in the fully spin-polarized 3p, state for several values of FO(S) (0.05 for each interval in Ty /Tr =
0.025 and 0.1 for each interval in T3y /7 = 0.005), where T is the critical temperature at zero magnetic fields. Phase diagram in the 7-B plane
for FO(“) = 0.2 (b), 0 (¢), and —0.2 (d) for Tox/Tr = 0.005, where T3, is the phase boundary between D,- and D,4-BN states.

045803-8



SPIN-POLARIZED PHASES OF *p, SUPERFLUIDS ...

PHYSICAL REVIEW C 104, 045803 (2021)

jump involves another spin component of neutrons to con-
dense into the Cooper pairs with L, = —1, A | o (ky — iky).

IV. GINZBURG-LANDAU THEORY FOR 3p, SUPERFLUIDS

Around the transition point from the normal phase to the
superfluid phase, the * P, superfluids allow bosonic excitations
as collective modes [46—48,50-58]. Such modes are important
not only in microscopic physics but also in astrophysics, be-
cause they can be relevant to the cooling process by neutrino
emissions from neutron stars.? Generally, bosonic excitations
around the transition point can be described by the GL theory
as a low-energy effective theory [24,25,42,43,59-61,76-83].
The GL equation is expressed by a series of power terms of the
order parameter as a systematic expansion. This is obtained
through the fermion loops by integrating out the fermion
degrees of freedom.

In many cases, the GL expansion may be given up to
the fourth order. In the case of P, superfluids, however, the
expansion up to the fourth order is not enough to determine
uniquely the ground state due to a continuous degeneracy
among the UN, D,-BN, and D4-BN phases at the fourth order.
At this order, in fact, an extended symmetry, SO(5), happens
to exist though it is absent in the original Hamiltonian.*
Such degeneracy can be resolved at the sixth order in the
GL expansion [42]. However, the sixth-order term is still not
enough because it brings only the local stability for the small
amplitude of the order parameter and it does not ensure the
global stability for the large amplitude. This problem can be

J

cured at the eighth order [61]. Therefore, the expansion up
to the eighth order is the minimum set of terms for allowing
the ground state with uniqueness and globally stability. As a
by-product, the expansion up to the eighth order enables us
to identify the (tri)critical end point separating the transition
lines of the first and second order between the D,-BN and
D4-BN phases [59].°

So far the GL expansion was given under the quasiclassical
approximation at high density region. In this approximation,
the coefficients of the GL equation can be expressed in sim-
ple forms according to the scaling behavior. At low density,
however, the quasiclassical approximation is not ensured any-
more, and its violation should be considered carefully, as we
have already discussed for the BdG equation in Sec. III. The
violation of the quasiclassical approximation is relevant to the
curvature of the Fermi surface, and it leads to the modification
of the coefficients in the GL equation [see " and ¥V in
Egs. (61) and (62)]. After some calculations, we obtain the
GL free energy expressed by

F@) =@ + AP@) + 52(0) + OB" ") pnz7,
(49)

where 7 is a complex 3 x 3 matrix for the * P, order parameter.
In the GL equation, we use the notation t,; for the order
parameter of the > P, superfluids, which is different only by a
factor from .A,,; used in the BdG theory in Sec. II. Each term
in Eq. (49) is explained as the following. fg(o) (7) is the term
up to the eighth order of the superfluid condensate without
magnetic fields:

fg(o)(r) = K(O)(inrﬂj*vxirﬂj + ViiTuin Vi Tuj + VaiTujs Ve Tui) + aOtr(r* ) + BOlr(r*0)tr(r*r) — tr(t¥r¥77)]

+yO[=3tr(rt*) tr(rr) tr(t* %) 4+ dtr(r) tr(r ) tr(v ) + 6tr(v ) tr(v*v*vT) + 12tr(z* ) tr(v¥ v 1)

—6tr(t*t*) tr(t*rr7) — 6tr(rT) tr(v*c* ¥ 1) — 12tr(zv*c*t*rrr) + 12tr(z* ¥ rrT7) + Str(v ™7 7)]

+8O[(tr T2)2(tr t2)% + 2(tr T2 (tr ) — 8(tr ) (tr Tt ¥ )(tr v2) — 8(tr T¥%)(tr T 7)*(tr t2)

—32(tr ) (tr T )(tr t*7%) — 32(tr ) (tr T v ) — 16(tr T2)(tr T2 T¥7?) + 2(tr ) (tr 72)?

+4(tr TN (tr ) — 32(tr TR T)(tr TR T)(tr v2) — 64(tr ) (tr T8 ) — 32(tr T T r)(tr v2) — 64(tr 1% ¢?)

—64(tr T3 (tr v T) — 64(tr 21123 — 64(tr T T ) (tr T8 T) + 16(tr T2 12)? + 32(tr T2 ?) (tr vFT)?

+32(tr T2 (tr T T) 4 64(tr T2 ?) — 16(tr T (tr v2) 4+ 8(tr T )t

+48(tr T ) (tr T TTT) + 192(tr ThT)(tr T2 e?) + 64(tr T ) (tr T TR T T ) — 128(tr T TY)

+64(tr T T TY) 4 24(tr TR T T)? + 128(tr T et ? ) + 48(tr T e T T TR T T ). (50)

Notice that the §® term is the eighth-order term for the global
stability which was found in Ref. [61]. The other two terms in

*Note that the cooling process is relevant also to quantum vortices
[75].

“In this case, the spontaneous breaking of the extended symmetry
eventually generates a quasi-Nambu-Goldstone mode [67].

[
Eq. (49) contain the magnetic fields:
£59() = pLiB* tr(f et + pPB'TT*B
+ Y |BI’B'tt*B, (51)

>The existence of the critical end point was first found in the
analysis of the BAG equation [41].
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and
f”(t) = yWiB*[tr(efre")r(rt*) — tr(efrre*c?)

—tr(eftt* ) + y P2 |B)? tr(vT) tr(t¥T*)
—4 B tr(zt*) tr(xt*) + 4 |B)* tr(rT¥TTY)
+8 B> tr(ztt*t*) + B rtBtr(t*t*)
+B't*t*Btr(tt) — 8B tt*Btr(rt*)
+2B'tt*t*tB+2B't*ttt*B — 8B’ ttt*t*B
—8B'tt*rTt*B]. (52)

In the above equations, the coefficients are uniquely deter-
mined by the loop calculation for fermions:

77 (3)Nok?
K(()) = {( ) 0 F , (53)
240m2 (7w Ty )?
Nok:2 T —T.
0) = (193] c0 54
o R (54)
4
) _ 7§(3)N0k1:’ (5%)
60( Teo)?
312 (5)Nok§
Oz 2 F 56
v 13440(x Ty )" (56)
1272 (7)Npk?
5(0) = C( ) OrE ’ (57)
387072(n Typ)®
7¢ (3)Nok?
2) = F *(2 58
B T |m|°, (58)
312 (5)Nok?
(4) = — F x4 59
B I8To) lm,,|", (59)
312 (5)Nok?
(2) = F *12 60
Y 9600t T |m;|°, (60)
and
7¢ (3)Nom k?
1) _ F |, % 61
Y M Ta)? ||, (61)
Nom
B = —%Jl (D/T)Im], (62)

with the state-number density Ng = m kr/(27?) at the Fermi
surface, the magnitude of the magnetic moment |m)| =
(ya/2)/(1 +F0(a)), the superfluid transition temperature at
zero magnetic fields Ty, and the polarization vector e* (k =
1,2, 3) defined by

0 0 0 0 0 -1
=10 0 1|, e€=(0 0o o],
0 -1 0 1 0 0
0 1 0
eS=[-1 0 0 (63)
0 0 0

We note that K@, o©@, O O 5O g2 and @ are
obtained under the quasiclassical approximation, where the
Fermi surface is regarded as the flat surface approximately. On
the other hand, the 8" and y" terms represent the violation

of the particle-hole symmetry. Those two terms are beyond
the quasiclassical approximation and they are relevant to the
curvature of the Fermi surface. In the definition of BV, the
function J; (x) is given by

D/To (g _ 2
1,(D/T) E/ (sinh x — x) sech (x/2)dx S0, (64)

—D/To 2x

where D > 0 is the cutoff parameter for the energy measured
from the Fermi surface: &, € [—D, D]. D should be a finite
value, because the scaling behavior does not hold at the lowest
order for the violation of the particle-hole symmetry. In fact,
the value of J;(D/To) becomes divergent for the infinite value
of D. There is no such divergence in the coefficient y () due to
the higher-order loops of fermions. We confirm that the g
and y( terms vanish in the quasiclassical approximation with
the large kp limit. Thus, those terms are relevant at the low
density region only.

Here, we comment that the 8 term was first given for
the *He superfluids in the GL formalism [84]. The authors
in Ref. [84], however, regarded it as the phenomenological
parameter the values of which should be fitted to the ex-
perimental data. In our paper, in contrast, the S term as
well as the ¥ term are determined microscopically in the
expansions of the fermion loops.

Similarly to Eq. (28), we parametrize t,,; by

roix 0
T, =T | ik 1 0 , (65)
0O 0 —-1-r

i

with real parameters 7o > 0, —1 <r < —1/2,and —1 <« <
1. We recall that the amplitude 7y can be different from that in
the BAG theory due to the different overall factor as discussed
already. The nonzero value of « is relevant to the magnetized
D4-BN and FM phases. The values of 7y, r, and « are deter-
mined uniquely by minimizing the GL free energy for given
temperature, magnetic field, and particle density.

Let us show the numerical result of the phase diagram by
the GL free energy. As the input parameter, we determine
the cutoff parameter D in the following way. According to
Ref. [22], the momentum cutoff parameter A = 1.509 fm~!
was introduced for the interaction potential between two neu-
trons.® Utilizing this value as a reference, we estimate the
value of D as D ~ A%/(2m) = 47.17 MeV where m is the
mass of a neutron. We show the result of 7y, r, and « on the T -
B plane in Fig. 5. It is confirmed that, in the superfluid phase,
there exist the UN phase at zero magnetic field, the D,-BN
phase at weak magnetic fields, and the D4-BN phase at strong
magnetic fields, as known in the past studies. Interestingly, we
find that that the FM phase (k = 1) appears around the bound-
ary region between the D4-BN phase and the normal phase at
nonzero magnetic fields. This is consistent with the result in
the self-consistent calculation of the thermodynamic potential
for fermions (Fig. 3). In the GL equation, the appearance of

SNotice that a, is used as the momentum cutoff parameter in
Ref. [22].
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FIG. 5. The phase diagram by the GL equation: (a) 1, (b) r, and
(c) k on the T-B plane, where “UN,” “BN,” “FM,” and “N” denote the
uniaxial nematic, biaxial nematic, ferromagnetic, and normal states,
respectively. We also plot the critical field between D,- and D4-BN
states, B*.

the FM phase is caused mainly by the 8 term.” Therefore,
the B term in the GL equation is essentially important for
realizing the spin-polarized phase beyond the quasiclassical
approximation.

V. CONCLUDING REMARKS

We have investigated the thermodynamic stability of neu-
tron 3P, superfluids under a strong magnetic field. A 3p,
superfluid is expected to exist in the interior of neutron stars
under extreme conditions. In particular, magnetars have the
most intense magnetic field in the Universe. The strong field,
B =10-10'"® G, amounts to the critical field (~ kgT;) of
spin-singlet Cooper pairing, corresponding to y,iB/mkgT. ~
0.1-100 for T, = 10° K. The interaction of neutron spins with
such strong magnetic field breaks spin-singlet Cooper pairs,
and the conventional 'S, superfluids are thermodynamically
unstable against the Zeeman splitting of the neutron Fermi
surface. Employing the self-consistent calculations properly
incorporating the Zeeman effect, we have demonstrated that

"Because the FM fields exist at nonzero magnetic fields, it is
enough to consider only the terms coupling to the magnetic fields,
such as the B term, as relevant terms in the next-to-leading order.

spin-polarized 3P, Cooper pairs are tolerant against a strong
magnetic field. A Zeeman field induces the successive phase
transitions from the UN state (r = —1/2 and « = 0) to the
D,- and D4-BN states [r € (—1,1/2) and « € (0, 1)] and
the FM state (r = —1 and « = 1). The variational parame-
ters, r € [—1, —1/2] and « € [0, 1], quantify the biaxility and
the spin polarization of 3P, order parameters, respectively.
The FM state becomes thermodynamically stable in the high
temperature and strong magnetic field, and the critical tem-
perature rather increases with increasing B. Therefore, the
spin-polarized *P, superfluid is expected to survive in the
interior of magnetars with intense magnetic field.

We have also presented the eighth-order GL theory, which
takes account of the linear Zeeman effect. This is a finite-
size correction of the Fermi surface on the order of y,B/¢g.
The augmented theory properly describes the thermodynamic
stability of the magnetized D4-BN and FM states under a mag-
netic field. It has also been pointed out that strong coupling
corrections to the bulk fourth-order term may stabilize the FM
state even at zero external field [76,85]. The strong coupling
correction is leading order in 7T;. /Tr, stemming from quasipar-
ticle interactions via spin-orbit and central forces [79]. Our
results with the augmented theory indicate that the FM state
can be stabilized by the linear Zeeman effect even without
strong coupling corrections, which gives a new insight on *p,
superfluidity of neutron stars under a strong magnetic field.

Neutron 3p, superfluids have two key ingredients, Bo-
goliubov quasiparticles and *p, Cooper pairs. The former
is the elementary fermionic excitations from the superfluid
ground state, while the latter behaves as long-lived bosons
with internal degrees of freedom J, =0, £1, 2. The su-
perfluids share many common interests in condensed-matter
physics, including d-wave superconductors [86], the super-
fluid *He [72,87-89], and Weyl superconductivity, e.g., in
heavy-fermion superconductors. All 3P, superfluid phases
are prototypes of topological superconductors and Weyl su-
perconductors, where low-lying Bogoliubov quasiparticles
behave as Majorana and Weyl fermions [41]. In addition, the
order parameter manifold is similar to that in spin-2 BECs
[44]. The order parameter manifolds of magnetic 3P, super-
fluid phases, such as the magnetic D4-BN and FM phases, are
similar with those of the broken axisymmetric and FM phases
in the context of spin-2 BECs, respectively, which bring
about a variety of exotic topological defects [44,90]. Hence,
neutron stars have colossal topological superfluidity in the
Universe.

The Bogoliubov quasiparticles can be main carriers in
thermal and spin transport phenomena. In 3P, superfluids,
their gap symmetries and topological properties are sensitive
to the biaxility r and nonunitarity «. In the UN state, the
excitation energy in Eq. (33) is gapped out on the entire
Fermi surface of neutrons, and the excitation gap is uniaxially
elongated in the momentum space. The uniaxial gap structure
continuously deforms into D, and D4 symmetric shape with
changing the biaxiality r, and becomes gapless, E (k) = 0, at
the pairwise points, kg = £kgZ, in the D4-BN state, where the
z axis is parallel to the magnetic field. In the lower field, the
BN state with « = 0 is stabilized, while the strong magnetic
field favors the magnetized BN state with k # 0. The gapless
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quasiparticle excitations in the case of k = 0 are spin degen-
erate, but the nonzero « induces the spin polarization of the
superfluid ground states and thus the gapless excitations are
magnetized. As B further increases, its value reaches k = 1
and the quasiparticle excitations are fully spin polarized in
the sense that only the 11 Cooper pairs survive and the
other spin channels are broken by the strong Zeeman effect.
The gapless points are protected by topological invariants
and the low-lying Bogoliubov quasiparticles behave as Dirac
and Weyl fermions. As shown in the current paper, a strong
magnetic field in neutron stars and magnetars gives rise to the
successive phase transitions in 3P, superfluids and makes the
quasiparticle spectrum anisotropic and magnetized. Hence, it
is expected that thermal transport mediated by anisotropic
and gapless Bogoliubov quasiparticles leads to the anisotropic
thermal evolution of neutron stars. The thermal transport by
Weyl and Dirac fermions in 3P, superfluid ground states
remains as an important key for understanding the thermal
evolution of neutron stars and magnetars.

In addition to fermions, the condensation of 3P, Cooper
pairs is accompanied by rich order parameter manifolds and
thus paves a way for understanding the thermal evolution of
neutron stars and a longstanding issue on glitches in pulsars.
As discussed in Sec. II B, there are several Nambu-Goldstone
bosons associated with nontrivial broken symmetries in 3P,
ordered states. Such bosonic excitations might be relevant for
the cooling process by neutrino emission [46-58]. The GL
equation can be easily applied to describe the condensations
nonuniform in space. In *p, superfluids, the GL equation
was utilized to investigate topological objects such as spon-
taneously magnetized vortices [24,42,43,77,78], vortices with

Majorana fermions [91], solitonic excitations on a vortex [80],
coreless vortices [92], non-Abelian half-quantum vortices
[43,73], and topological defects (boojums) on the boundary
of 3p, superfluids [82]. The boojums on the boundary of 3P,
superfluids have similarities to the objects on the boundary of
spin-2 BECs [93] and liquid crystals [94]. The GL equation
was adopted to investigate the quasistable domain walls in
the neutron 3 P, superfluids [83]. At lower density, the neutron
1Sy superfluid plays the important role. Around the boundary
region of the 'Sy and 3P, superfluids, both phases can coexist
as shown by the GL equation [95]. The effect of the spin-
polarized 3P, phase on the 'Sy superfluids is an interesting
subject left for future works.
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