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Unified description of fusion and multinucleon transfer processes within the dinuclear system model
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To compare fusion-evaporation (FE) and multinucleon transfer (MNT) approaches and make more reliable
predictions for producing superheavy nuclei, the unified description of FE and MNT processes is performed in
the reaction 48Ca + 238U within the (DNS) model. We extend the fusion concept in the DNS model based on the
deformation degree of freedom. Our calculations support the experimental result [Nishio et al., Phys. Rev. C 77,
064607 (2008)] that compact configuration enhances the fusion probability. The experimental production cross
sections of isotopes in FE and MNT processes can be simultaneously reproduced. By comparing the production
cross sections in the MNT reaction 238U + 248Cm with the FE reactions 48Ca + 238U and 54Cr + 248Cm, we find
that the FE process shows great advantages of cross sections for producing Cn isotopes and is the only approach
that could produce superheavy elements beyond oganesson.
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I. INTRODUCTION

The heavy-ion collisions around the Coulomb barrier have
attracted a lot of attention in the past decades, especially the
fusion-evaporation (FE) process for synthesizing the super-
heavy nuclei (SHN) [1] and the multinucleon transfer (MNT)
process for investigating the equilibration mechanism in quan-
tum many-body systems [2] and the production of exotic
nuclei as well as SHN [3–6].

The main characteristic for the formation of the compound
nucleus (CN) is full equilibration. The CN forgets the infor-
mation in the entrance channel. In the MNT process, several
nucleons are transferred from one nucleus to another with
dissipation of incident energy and only partial statistical equi-
librium can reach [2]. The fusion probability for producing
SHN is extremely small. With increase of Coulomb repulsion,
the CN formation probabilities decreases strongly. The domi-
nant events end with separation of two fragments after a short
contact time in MNT approach.

The elements with Z = 102–118 were synthesized in the
approaches of the cold fusion reactions based on the 208Pb
and 209Bi targets [7,8] and the 48Ca-induced hot fusion re-
actions [9–15]. In recent years, the projectiles of 50Ti-, 51V-,
54Cr-, 58Fe-, and 64Ni-induced hot fusion reactions have been
investigated and proposed to synthesize the elements beyond
oganesson [16–27]. And the search for the new elements
Z = 119 and 120 will be carried out in several laborato-
ries in the short term. On the other hand, the MNT process
was demonstrated as one promising approach for producing
neutron-rich isotopes around N = 126 [28,29] as well as one
alternative approach for producing SHN [30,31], especially
neutron-rich SHN.
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Inspired by intriguing questions of partly fundamental
character and abundant experimental data, many approaches
have been used to investigate the mechanism of the FE re-
action for synthesizing SHN [20,23,32–43]. Also, in recent
years, due to the great potential for producing neutron-rich
isotopes, several theoretical models were developed to explore
the mechanism of the MNT process [44–54]. Among these ap-
proaches, the dinuclear system (DNS) model has been widely
used in studying the mechanism of the synthesis of SHN in FE
reactions [55–60] and the MNT process for producing exotic
nuclei far from the stability line and SHN [61–70]. However,
few works within the DNS model showed a unified description
of the both FE and MNT processes. Actually, to compare the
FE and MNT processes and make the reliable predictions for
producing SHN, a unified description of the two approaches
is indispensable.

In this work, we obtain a unified description of the FE and
MNT processes based on the code of DNS-SYSU and compare
the two approaches for producing SHN, including the element
Z = 120. The article is organized as follows: In Sec. II, we
describe the theoretical method in detail. The results and dis-
cussion are presented in Sec. III. Finally, we summarize the
main results in Sec. IV.

II. THEORETICAL METHOD

The cross section for the production of nuclei with proton
number Z f

1 and neutron number N f
1 in heavy-ion collisions can

be written as

σ
(
Z f

1, N f
1, Ec.m.

) = π h̄2

2μEc.m.

Jmax∑
J=0

(2J + 1)Tcap(J, Ec.m.)

×
∑
β2

P(Z1, N1, β2, J, Ec.m., t = τint )W (Z1, N1, J, E∗).

(1)
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Here, T is the transmission probability, P is the for-
mation probability of primary fragments, including the
formation probability of compound nucleus, W is the
deexcitation probability of primary excited fragment (Z1, N1)
in specific channels to form the objective nucleus (Z f

1, N f
1),

and τint is the interaction time calculated with the deflection
function [71,72].

A. Capture probability

The transmission probability is calculated by using the
Hill-Wheeler formula in combination with the barrier distri-
bution function, which can be written as

Tcap(J, Ec.m.)

=
∫

f (B)dB

1+exp
{− 2π

h̄ω(J )

[
Ec.m. − B − h̄2

2μR2
B (J ) J (J + 1)

]} , (2)

where h̄ω(J ) = h̄(− 1
μ

∂2V
∂r2 )1/2|R=RB is the width of the

parabolic Coulomb barrier at the position RB(J ). The enhance-
ment of the subbarrier capture cross section can be attributed
to the coupling between the relative motion of the two nu-
clei and other degrees of freedom and couplings to positive
Q-value neutron transfer channels. These couplings lead to a
distribution of barriers f (B) rather than a single barrier [73].

B. Diffusion process

1. The master equation

In heavy-ion collisions near the Coulomb barrier, the pri-
mary fragment distribution probability can be obtained by
using the master equation, which can be written as [74]

dP(Z1, N1, β2, J, t )

dt

=
∑

Z ′
1

WZ1,N1,β2;Z ′
1,N1,β2 (t )

[
dZ1,N1,β2 P(Z ′

1, N1, β2, J, t )

− dZ ′
1,N1,β2 P(Z1, N1, β2, J, t )

]
+

∑
N ′

1

WZ1,N1,β2;Z1,N ′
1,β2 (t )

[
dZ1,N1,β2 P(Z1, N ′

1, β2, J, t )

− dZ1,N ′
1,β2 P(Z1, N1, β2, J, t )

]
+

∑
β ′

2

WZ1,N1,β2;Z1,N1,β
′
2
(t )

[
dZ1,N1,β2 P(Z1, N1, β

′
2, J, t )

− dZ1,N1,β
′
2
P(Z1, N1, β2, J, t )

]
. (3)

Here, P(Z1, N1, β2, J, t ) is the distribution probability for
fragment 1 with proton number Z1 and neutron number N1 at
time t . β2 is related to the dynamical deformation parameter
of the collision partners. J is the entrance angular momen-
tum. δβ1

2 + δβ2
2 = 2β2, C1δβ

1
2 = C2δβ

2
2 . δβ1

2 and δβ2
2 are the

dynamical quadrupole deformations of fragment 1 [projectile-
like fragment (PLF)] and fragment 2 [target-like fragment
(TLF)], respectively. C1 and C2 are the liquid drop model
stiffness parameters of the fragments [75]. WZ1,N1,β2;Z ′

1,N1,β2 de-
notes the mean transition probability from the channel (Z1, N1,
β2) to (Z ′

1, N1, β2), which is similar to N1 and β2. dZ1,N1,β2 is the

microscopic dimension (the number of channels) correspond-
ing to the macroscopic state (Z1, N1, β2) [76]. For the degrees
of freedom of charge and neutron number, the sum is taken
over all possible proton and neutron numbers that fragment 1
may take, but only one nucleon transfer is considered in the
model (Z ′

1 = Z1 ± 1; N ′
1 = N1 ± 1). For β2, we take the range

of −0.5–0.5. The evolution step length is 0.01. The transition
probability is related to the local excitation energy [74,77].

2. Potential-energy surface

The potential-energy surface (PES) is defined as

U (Z1, N1, β2, J, Rcont ) = 	(Z1, N1) + 	(Z2, N2)

+V (Z1, N1, β2, J, r = Rcont )

+ 1
2C1

(
δβ1

2

)2 + 1
2C2

(
δβ2

2

)2
. (4)

In the DNS model, the nucleon transfer process takes place
at the bottom of potential pocket, which is denoted as Rcont.
Here, 	(Zi, Ni ) (i = 1, 2) is mass excess of the fragment
i, including the paring and shell corrections, which can be
written as [78]

	(Zi, Ni ) = Zi	(1H ) + Ni	(n) − av(1 − κI2)Ai

+ as(1 − κI2)A2/3
i + acZ2

i A−1/3
i − c4Z2

i A−1
i

− Epair(Zi, Ni ) + Esh(Zi, Ni ). (5)

The liquid drop parameters can be seen in Ref. [78].
The pairing energy Epair(Zi, Ni ) = E0

pair(Zi, Ni )e−(E∗/a)2
. The

shell correction energy Esh(Zi, Ni ) = E0
sh(Zi, Ni )e−E∗/Ed . Ed =

5.48A1/3
i /(1 + 1.3A−1/3

i ) MeV. a = A/12 MeV−1. E0
pair is the

pairing energy of the ground state, which is given by [78]

E0
pair =

⎧⎨
⎩

2ap/A1/2
i , for even Z, even N nuclei

ap/A1/2
i , for odd A nuclei

0, for odd Z, odd N nuclei.
(6)

Other liquid drop terms weakly depend on the fragment tem-
perature.

The effective nucleus-nucleus interaction potential V can
be written as

V (Z1, N1, β2, J, r) = VN(Z1, N1, β2, r)

+VC(Z1, N1, β2, r) + (Jh̄)2

2ζrel
. (7)

The detailed description of nuclear potential and Coulomb
potential can be seen in Refs. [78,79].

C. Deexcitation process

The statistical approach is applied to deal with the deexci-
tation process. The Monte Carlo method is used to obtain the
probabilities of all main possible decay channels. The decay
chain is ended when fission happens or the fragments reach
the ground state. In the ith deexcitation step the probability of
the decay channel s can be written as

Ps(E
∗
i ) = �s(E∗

i )

�tot(E∗
i )

, (8)
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where s denotes different decay channels, such as neutron (n),
proton (p), and α evaporation, γ emission, and fission (f).
�tot = �n + �p + �α + �γ + �f. E∗

i is the excitation energy
before the ith decay step, which can be calculated from the
equation E∗

i+1 = E∗
i − Bi. Bi is the separation energy of parti-

cle or energy taken by the γ ray in the ith step. The partial
decay widths of the excited nucleus for the evaporation of
the light particle ν = (n, p, α) can be estimated by using the
Weisskopf-Ewing theory [80],

�ν (E∗, J ) = (2sν + 1)mν

π2h̄2ρ(E∗, J )

×
∫

Iν

ερ(E∗ − Bν − ε, J )σinv(ε)dε, (9)

where Iν = [0, E∗ − Bν] and σinv is the inverse reaction cross
section for particle ν with channel energy ε. The Coulomb
barrier for charged particle emission is calculated as shown in
Ref. [81].

The fission decay width is usually calculated within the
Bohr-Wheeler (BW) transition-state method [82]

�f(E
∗, J ) = 1

2πρf(E∗, J )

×
∫

If

ρf(E∗ − Bf − ε, J )dε

1 + exp[−2π (E∗ − Bf − ε)/h̄ω]
, (10)

where If = [0, E∗ − Bf].
The γ emission width can be written as

�γ (E∗, J ) = 3

ρ(E∗, J )

∫ E∗

0
ρ(E∗ − ε, J ) fE1(ε)dε. (11)

Here, fE1 is the strength function, the detailed description of
which can be seen in Ref. [83].

The level density is calculated as [20,84],

ρ(E∗, J ) = Kcoll
(2J + 1)

√
a

24(E∗ − δ − Erot )2

(
h̄2

ζ

)3/2

× exp[2
√

a(E∗ − δ − Erot )], (12)

where Erot = h̄2J (J+1)
2ζ

. δ is the shift energy as shown in Eq. (6).
Kcoll is the collective enhancement factor [20].

III. RESULTS AND DISCUSSION

The PES of the reaction 48Ca + 238U is shown in the space
of mass asymmetry and dynamical deformation in Fig. 1(a).
The injection point for the initial configuration is denoted with
a black solid circle. Figure 1(b) shows the driver potential as
a function of mass asymmetry with β2 = 0. In the concept of
the DNS model, the CN is formed when the mass asymmetry
of the DNS system overcomes the inner fusion barrier Bfus,
as shown in Fig. 1(b). And the sum of probabilities of frag-
ments on the left side of the Businaro-Gallone (B.G.) point
is considered as the fusion probability. Here, we extend the
above definition to the case with dynamical deformation. The
position (value of η) of the B.G. point as a function of β2

is denoted with a wine line as shown in Fig. 1(a). In this
work, we call this line the “B.G. line.” For this case, the

FIG. 1. (a) PES as a function of mass asymmetry η and β2 for
the reaction 48Ca + 238U. The wine line connects the B.G. points for
different β2. The injection point is denoted with the black solid circle.
(b) Potential energy as a function of mass asymmetry with β2 = 0 for
the reaction 48Ca + 238U. The B.G. point and inner fusion barrier is
denoted.

configurations on the left side of the B.G. line are considered
as the occurrence of fusion.

The code DNS-SYSU has been successfully used in inves-
tigating the MNT process for producing neutron-rich light,
heavy, and superheavy nuclei. In this work, we apply the
code in the FE process for synthesizing the SHN for the first
time. To testify to the above extension of the fusion concept,
we compare experimental data with the calculated results
for synthesizing superheavy elements (SHEs) Cn in Fig. 2.
Figure 2(a) compares the calculated capture cross sections
with the experimental data. The calculated results are in good
agreement with the experimental data. In Fig. 2(b) it can be
seen that the fusion probability is very low and increases with
the increasing incident energy. This is because the increase of
incident energy enhances the probability of overcoming Bfus.

We show the fusion probability for the reaction
48Ca + 238U as a function of Ec.m. and β2 in Fig. 3(a). One
interesting behavior is noticed that the occurrence of fusion
mostly takes place for the case of β2 with negative val-
ues, which means compact configuration enhances the fusion
probability. It is consistent with the experimental results in
Ref. [87]. This is because the inner fusion barriers Bfus for the
negative values of β2 are lower than that for the positive ones,
as shown in Fig. 3(b). From β2 = −0.5 to −0.4, the values of
Bfus are even negative, which means η of the projectile-target
configuration (η = 0.6643) is larger than η of the B.G. points
of the corresponding β2, as shown in Fig. 1(a). In Fig. 3(a),
one also can see that, with increase of the incident energy, the
peak of the curve moves to the right and gets close to the posi-
tion β2 = 0. This is because the high incident energy enhances
the probability of overcoming the inner fusion barrier for the
case of positive β2 and weakens the relative inferior compared
with the compact configuration.

The calculated evaporation residue (ER) cross sections in
3n and 4n evaporation channels are also compared with the
experimental data in Fig. 2(c). Within the error bars, the
calculations can reproduce the experimental data quite well.
In Fig. 4, we further compare the calculated ER cross sec-
tions with the experimental data in the hot fusion reactions
48Ca + 243Am, 244Pu, 248Cm, and 249Cf. Also, within the error
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FIG. 2. (a) Comparison of calculated capture cross sections with
experimental data [85] in the reaction 48Ca + 238U. (b) Calculated fu-
sion probability as a function of incident energy within the DNS-SYSU

code. The angular momentum is J = 30 h̄. (c) ER cross sections in
the reaction 48Ca + 238U for producing Cn isotopes. The experimen-
tal data [9] are denoted with circles and squares.

FIG. 3. (a) The fusion probability PCN as a function of β2 for
the reaction 48Ca + 238U at different incident energies. The angular
momentum is J = 30 h̄. (b) The inner fusion barrier Bfus as a function
of β2. The horizontal dotted line denotes the Bfus = 0.

FIG. 4. Comparison of calculated ER cross sections with the
available experimental data for the reactions 48Ca + 243Am [11],
244Pu [12,13], 248Cm [14], and 249Cf [15].

bars, the calculated results are in reasonably good agreement
with the experimental data. It is demonstrated that the exten-
sion of the fusion concept in the DNS-SYSU code is reasonable.

On the other side, we show the production cross sections of
isotopes produced in the MNT process. In the DNS concept,
the diffusion process takes place at the bottom of poten-
tial pocket in the reaction systems with potential pockets.
Figure 5(a) shows the mass distribution of primary fragments
in the reaction 48Ca + 238U. For the case at Ec.m. = 180 MeV,
due to short interaction time, the main yields correspond to the
initial configuration of 48Ca + 238U. With increasing incident
energy, the yields of fragments far from the projectile and
target increase strongly. Nevertheless, the production yields

FIG. 5. (a) Mass distribution of primary fragments in the reaction
48Ca + 238U at different incident energies. (b) Production cross sec-
tions of Ac, Th, Pa, U, and Np isotopes in the reaction 48Ca + 238U
at Ec.m. = 196 MeV. The experimental data are from Ref. [86].
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FIG. 6. Cross sections as a function of incident energy for pro-
ducing SHN 281−285Cn and neutron rich unknown isotopes 60Ca,
200W, 245U, and 246Np in the reaction 48Ca + 238U.

around the 48Ca and 238U still show advantages. In Fig. 5(b),
we show the comparison of calculated production cross sec-
tions of target-like products in the reaction 48Ca + 238U with
the experimental data. One can see that the calculated results
are in good agreement with the experimental data. The FE
and MNT processes can be simultaneously and reasonably
described for the reaction 48Ca + 238U within the code of
DNS-SYSU. Note that parameters in the DNS-SYSU code are
fixed not only in this work but also in the previous related
works. To compare the production of isotopes through the
two processes in the collisions 48Ca + 238U, Fig. 6 shows the
total ER cross sections for producing Cn isotopes in the FE
process, and the exotic, unknown, neutron-rich isotopes could
be produced in the MNT process. It is shown that the total ER
cross section for synthesizing 281–285Cn strongly depends on
the incident energy. The maximal ER cross section is about
8 pb at Ec.m. = 196 MeV. In the low-incident-energy region,
the increase of the ER cross section with increasing incident
energy is mainly due to the increase of capture cross section
and the fusion probability. For SHN, the fission probability is
very high and increases intensively with the increasing exci-
tation energy, which results in the strong decrease of the ER
cross section with the incident energy above Ec.m. = 196 MeV.
For target-like products 246Np and 245U produced in the MNT
process, the optimal incident energies are larger than that for
producing Cn isotopes in the FE process. Still, due to the influ-
ence of fission, it is noticed that the yield distribution of final
fragments increases at first and then decreases with increasing
incident energy. However, for producing isotopes 60Ca near
the neutron drip line, the behavior of relatively weak energy
dependence is noticed when the yields reach a relatively high
value. We also show the result for producing the neutron-rich
isotope 200W with N = 126. Still, the relatively weak energy
dependence is noticed. Obviously, the optimal incident energy
for producing SHN in FE process is lower than that in the
MNT process for producing neutron-rich isotopes.

As shown in Fig. 1, the DNS could overcome the fusion
barrier to form the CN or slide into the valley and evolve
towards the symmetry configurations. To further clarify the

FIG. 7. The probabilities of compound nucleus formation and
production of symmetry fragments with (ACN/2 − 12) < A <

(ACN/2 + 12) as a function of incident energy with angular mo-
mentum J = 30h̄ (a) and entrance angular momentum at Ec.m. =
204 MeV (b) in the reaction 48Ca + 238U. The red dotted lines denote
the interaction time of diffusion process, which corresponds to the
vertical axis on the right side.

competitions between two processes, Fig. 7(a) shows the
probabilities of fusion and production of fragments in the near
symmetry mass region in the MNT process as a function of
incident energy. The entrance angular momentum is fixed at
J = 30h̄. One can see that the fusion probability is higher
than that for producing fragments with (ACN/2 − 12) < A <

(ACN/2 + 12) at the low-incident-energy region. With the
increase of incident energy, the fusion probability increase
strongly. Then, the behavior of weak energy dependence is
noticed after reaching a relative high level of probability. The
above behaviors for fusion probability are due to the role
of the inner fusion barrier. On the other hand, because of
the tendency to minimize the potential energy, for produc-
ing near symmetry configuration fragments, the probability
continuously increases and exceeds the fusion probability in
the high-incident-energy region, although the near symmetry
fragments are far from the 48Ca + 238U configuration. The dis-
sipated excitation energy of the DNS is related to the contact
time. We also show the contact time in the diffusion process.
It can be seen that the high incident energy enhances the
contact time and then enhances the probabilities of fusion and
fragments far from the initial configuration. The variation of
probabilities with the entrance angular momentum is shown
in Fig. 7(b). For both the fusion and formation of the near
symmetry configuration, the probabilities decrease with in-
creasing angular momentum, which is because the centrifugal
potential affects the suppression of interaction time. The great
advantage of probability in fusion is noticed for the cases
of J > 30h̄. Furthermore, the less intense variation of fusion
probability is noticed.
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FIG. 8. TKE-mass distributions of MNT products in the reaction
48Ca + 238U at (a) Ec.m. = 180 and (b) 196 MeV, respectively.

Figure 8 shows the calculated correlations of total kinetic
energy and the mass distribution of primary products pro-
duced in MNT process in the reaction 48Ca + 238U at Ec.m. =
180 and 196 MeV. One can see that most events are lo-
cated at the configurations around 48Ca + 238U, especially for
Ec.m. = 180 MeV. In Fig. 8(a), almost no symmetry fragments
are produced. The distribution of the fragments is wide for
Ec.m. = 196 MeV, as shown in Fig. 8(b). One can see that,
besides the 48Ca and 238U combination, the large yield of
fragments in the region of the doubly magic nucleus 208Pb
(and the complimentary light fragments) is a pronounced fea-
ture of the TKE-mass distribution. As shown in Fig. 1, due
to shell closures, deep valleys are shown around A = 208
(N = 126 and Z = 82) and around the complimentary light
fragment A = 78. A similar behavior was also shown based
on a Langevin-type approach [46].

To compare the FE and MNT processes for producing
SHN, we show the production cross sections of SHN in the
MNT reaction 238U + 248Cm at Ec.m. = 800 MeV and max-
imal ER cross sections for the synthesis of 281–285Cn in the
reaction 48Ca +238U → 281–285Cn +xn in Fig. 9. The max-
imal cross section for producing 281–285Cn in the reaction
48Ca + 238U is 8 pb, which corresponds to Ec.m. = 196 MeV.
We denote the 8 pb with a horizontal dashed line. For pro-
ducing the same element Cn, the cross section in the MNT
reaction 238U + 248Cm is several orders of magnitude lower
than that in the fusion reaction 48Ca + 238U. Although colli-
sions with heavier projectiles and targets could enhance the
production yields of superheavy nuclei in the MNT process
[70], the limited amount of target atoms and low beam inten-
sity of projectiles make the performance of the experiments
quite difficult. We also show the cross section of Cr + 248Cm.
It can be seen that the cross section is close 0.01 pb. How-
ever, the production cross section of the Z = 120 isotopes in
238U + 248Cm is below 10−11 pb, which cannot be reached in

FIG. 9. Cross sections for producing SHN in MNT reaction
238U + 248Cm (Ec.m. = 800 MeV). The horizontal dashed and dotted
lines denote a maximal synthesis cross section of 281–285Cn and
298–300120 in FE reaction 48Ca + 238U and 54Cr + 248Cm, respectively.

laboratories. Therefore, the FE approach is the only approach
for synthesizing new elements.

IV. CONCLUSIONS

The FE reactions has been extensively used in the synthesis
of SHN. Also, the MNT process was proposed as one alterna-
tive approach for producing SHN, especially the neutron-rich
ones. To investigate and compare the FE and MNT processes
and make more reliable predictions for producing SHN, the
unified description of these processes is performed in the reac-
tion 48Ca + 238U within the DNS model. With the reasonable
extension of the fusion concept, the model can reproduce the
experimental evaporation residue cross sections quite well
in the reactions 48Ca + 238U, 243Am, 244Pu, 248Cm, 249Cf.
It is noticed that the DNS-SYSU model can simultaneously
well describe the FE and MNT processes. The behavior of
fusion probability with the dynamical deformation in this
work supports the experimental result [87] that the compact
configuration enhances fusion probability.

We compare the production cross sections of SHN in fu-
sion reactions 48Ca + 238U and 54Cr + 248Cm with the MNT
reaction 238U + 248Cm. It can be seen that the collisions of
238U + 248Cm can generate plenty of superheavy isotopes.
However, the production cross section decreases strongly with
increasing charge number of objective products. For pro-
ducing isotopes of Cn and the SHE with Z = 120, the FE
reactions show great advantages of cross sections over the
MNT reaction 238U + 248Cm. The stable beam-induced fu-
sion reactions are still the favorable approach for producing
SHN and is the only approach to synthesize the SHE beyond
oganesson. However, for producing neutron-rich SHN, even
nuclei on the “island of stability” reactions using MNT could
be considerable an alternative.
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[41] K. Siwek-Wilczyńska, T. Cap, M. Kowal, A. Sobiczewski, and
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