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The meson-baryon molecular components for the N* and A* resonances are investigated in terms of the
compositeness, which is defined as the norm of the two-body wave function from the meson-baryon scattering
amplitudes. The scattering amplitudes are constructed in a 7 N-nN-oc N-pN-m A coupled-channels problem in a
meson exchange model together with several bare N* and A* states, and parameters are fitted so as to reproduce
the on-shell wN partial wave amplitudes up to the center-of-mass energy 1.9 GeV with the orbital angular
momentum L < 2. As a result, the Roper resonance N(1440) is found to be dominated by the 7N and o N
molecular components while the bare-state contribution is small. The squared wave functions in coordinate
space imply that both in the 7N and o N channels the separation between the meson and baryon is about more
than 1fm for the N(1440) resonance. On the other hand, dominant meson-baryon molecular components are
not observed in any other N* and A* resonances in the present model, although they have some fractions of

the meson-baryon clouds.
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I. INTRODUCTION

The spectroscopy of the nucleon resonances N* and A* is
a key clue to understand nonperturbative aspects of quantum
chromodynamics (QCD), which is the fundamental theory of
hadrons and strong interactions [1]. Historically, the A(1232)
resonance opens the door to the color degrees of free-
dom [2], which is an essential idea of QCD. The masses,
widths, and other properties such as transition strength of
the nucleon resonances have been good tests to examine
the behavior of constituent quarks inside them. Today, rich
spectra of the nucleon resonances have been revealed in
the N coupled-channels scattering amplitudes by dynami-
cal coupled-channels models [3-6] as well as the K-matrix
approaches [7,8]. In addition, results from the lattice QCD
simulations have been used to discuss the N* and A* physics
[9-13]. Recent studies on the N* and A* spectroscopy can be
found in, e.g., Refs. [14-22]. Motivated by these rich spectra
of the nucleon resonances, we are now in a phase of clarifying
their internal structure.

In this study, I utilize the 7N scattering amplitudes for the
calculations of the meson-baryon molecular components for
the N* and A* resonances. This can be done in a strategy de-
veloped in my first paper of a series [23], where I have shown
that the two-body wave function of the bound state, both
in the stable and decaying cases, can be extracted from the
residue of the off-shell scattering amplitude at the bound-state
pole. Furthermore, the normalization of the two-body wave
function from the residue is automatically achieved. In this
sense, once the m N coupled-channels interactions are fixed so
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as to reproduce the empirical N scattering amplitudes, one
can discuss the internal structure of the N* and A* resonances
with the meson-baryon wave functions from the off-shell parts
of the scattering amplitudes and its norm, which is called com-
positeness [24-27]. (For calculations of the compositeness,
see, e.g., Refs. [28—41]. See also review articles on hadronic
molecules [42] and hadron-hadron scattering [43].) In partic-
ular, from the 7N scattering amplitudes I can unveil amounts
of the meson-baryon molecular components of N* and A*
resonances which are claimed to be “dynamically generated”
without bare N* and A* states. Furthermore, even for the
resonances which originate from bare states, I can evaluate
how much the bare states are dressed in the meson-baryon
clouds in terms of the compositeness. These are the aim of the
present paper, the second paper of a series for the two-body
wave function and compositeness in general quantum systems
following the first paper [23].

This paper is organized as follows. First, I briefly show the
formulas of the two-body wave function and compositeness
from the scattering amplitude of constituents in Sec. II. Next,
in Sec. III, I construct an effective model to describe the 7 N
scattering amplitudes and N* and A* resonances. In Sec. IV,
I utilize the =N scattering amplitudes in the effective model
for the calculations of the two-body wave functions and com-
positeness for the N* and A* resonances, and I discuss their
meson-baryon molecular components. Section V is devoted to
the conclusion of this study.

II. FORMULAS OF COMPOSITENESS

First of all, I briefly summarize the formulas of the two-
body wave functions and compositeness from the scattering
amplitudes, which were expressed in detail in Refs. [23,31].

©2021 American Physical Society
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Below, I focus on unstable resonance states, but formulations
and equations are applicable to stable bound states as well.
After showing general formulas in Sec. I A, I rewrite them in
terms of the complex scaling method for numerical calcula-
tions of resonance wave functions in Sec. II B.

A. Two-body wave functions from scattering amplitudes

In this study, I consider a two-body to two-body scatter-
ing, k(q) — j(q'), where k(q) and j(q') denote the channels
(relative three-momenta) of the two-body initial and final
states, respectively. The scattering is governed by the two-
body interaction V, jx(E;q’, ¢) in momentum space, where E
is the center-of-mass energy of the system, ¢’ = |¢""|, and
partial-wave projection to a certain quantum number o of
the system was performed. I allow that the interaction may
intrinsically depend on the energy E. Then, the scattering
amplitude T, jx(E; ¢, q) in a coupled-channels problem is a
solution of the Lippmann-Schwinger equation:

To ik(E;q',q) = Vo ik (E5q. q)

Z *© Vo jt(E; q', K)o ik (E 5 k, q)
dkk2 »J s .
+lfl '/0 E —&(k)+1i0

ey

Here, Nchan is the number of channels and £;(g) is the on-shell
energy of the system in the jth channel as a function of the rel-
ative three-momentum ¢, for which I take the semirelativistic
option

Ei(@) = Jm;+ ¢ + /M + ¢ @)

for stable particle channels and

EE;q) = mi+ 2+ M+ @+ 5(Erg) )

for unstable particle channels with the self-energy X; whose
practical form is given in Sec. III C. The masses of two parti-
cles in the jth channel are m; and M.

In my model space, I treat only two-body to two-body
scattering. In the study of the N* and A* resonances below,
I will implement one-body states (bare N* and A*) into the
two-body interaction V;, j; and three-body state (w7 V) into
the self-energy X;.

In the physical scattering, the initial and final states are on
their mass shell, E = £;(¢') = &£ (q), and hence the scattering
amplitude 7, x(E;q’, q) is a function only of the energy E,
which is called the on-shell amplitude. The on-shell amplitude
is a solution of the Lippmann-Schwinger equation (1) and can
be evaluated by the Heitler equation

Ton—shell (E) — Kon—shell (E)

o, jk o, jk
§ on-shell . LI (E ) on-shell
" l—stableKa,ﬂ (E)|:_l 2 Ta,lk (E)’
4)

with the on-shell K-matrix K°"#!! and phase space p; where
[ represents channels of stable particles. The K-matrix is a

solution of the following equation,

Ko jt(E:q'.q) = Vo i (Eiq', q)

Nehan

e Vo i (E;q' k)Ky 1k (Es k, q)
P dk k> =21 ’ , (5
t2 / E— &k ®

and its on-shell part, Kg_‘ﬁh"‘”, is obtained by taking the on-
shell momenta ¢’ and ¢ for the parameters of K, jx as £;(¢') =
&r(q) = E. By means of P, I take the Cauchy principal value
for the integral over the momentum variable in stable open
channels, but it returns to the usual integral in closed channels
or unstable channels. The phase space is defined for stable
channels as

E* — (m2 — M2)’

47 E3

with the Heaviside step function 6 (x) and the on-shell relative
three-momentum

poj(E) = kj(E)O(E —m;j —M;), (6)

MP(E?, m3, M7)

ki(E) = 2E

@)
Here A(x,y,z)=x>4+y*+7> —2xy —2yz —2zx is the
Killen function.

Besides the on-shell amplitude, mathematically one may
treat T, x(E;q’,q) as a function of the three independent
variables E, ¢’, and ¢ as an off-shell amplitude. In particular,
calculation of the off-shell amplitude with the complex energy
E is essential to extract the two-body wave function from the
scattering amplitude, as seen below.

The scattering amplitude may have resonance poles in the
complex energy plane. Each pole position E e coincides
with an eigenvalue of the Schrodinger equation for a reso-
nance state as an eigenstate. The pole for a certain resonance
state exists at the same position in the on-shell and off-shell
amplitudes. In particular, the resonance pole in the off-shell
amplitude can be described as

, Yi@)vi(q)
Th(Eq,q) = ——i—
! E — Epole

+ (regular at £ = Epgle), (8)
with the residue y;(q")yi(q).

As pointed out first by Weinberg [44] and discussed in
Refs. [23,31], the residue of the off-shell amplitude contains
information on the two-body wave function of the correspond-
ing resonance state as

1 <

Vj(Q) = W[Epole - gj(Q)]Rj(‘I)’ (9)
where R;(g) is the radial part of the resonance wave function
in the jth channel in momentum space. An important point
is that one cannot introduce any scaling factor for this wave
function R (g) because the Lippmann-Schwinger equation (1)
is an inhomogeneous integral equation. Therefore, the wave
function in Eq. (9) should be automatically scaled. Indeed, the
normalization of the wave function in Eq. (9) is guaranteed by
the fact that the residue of the resonance propagator 1/(E —
A ), where H is the full Hamiltonian, is chosen to be exactly
unity in the present formulation [23].
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From the residue, one can calculate the norm of the two-
body wave function in the jth channel. In the present notation,
the expression of the norm is

oo
X; =/ dqPj(q), (10)
0
with the density distribution P (q) defined as
2 2

< q ~ 2 2 Vj(CI)

Pi(g)= ——5Ri(@)" =¢ [—} . an
! (27T )3 ! Epole - (cf‘j (Q)

I call X; the compositeness of the channel j for the reso-
nance state. Here I note that in Eq. (11) one should calculate
the complex number squared rather than the absolute value
squared so as to achieve the normalizability for resonance
wave functions [45].

The wave function in coordinate space can be calculated
by the Fourier transformation, which brings the radial part of
the wave function in coordinate space R;(r),

iL
272
where j (x) is the spherical Bessel function with the orbital
angular momentum L for the channel j. Therefore, after omit-

ting the irrelevant factor i* from the angular part, the density
distribution in coordinate space becomes

Ri(r) = /0 dq q*Ri(q)jr(qr), (12)

1 [ . 2
P(r) = rz[ﬁ /0 dgq quj<q>jL<qr>]

2r? Yi(q) . j|2
= — dgq*—1—"——— ) 13
|:/0 q4 Enpore gj(q)]L(C]V) (13)

which is related to the compositeness as

Because the wave function from the scattering amplitude is
automatically scaled, the compositeness (10) and (14) should
be normalized correctly. Indeed, for energy-independent in-
teractions, the compositeness was proved to be exactly unity
in Ref. [45] in the nonrelativistic single-channel resonances,
and the validity was extended to coupled-channels problems
in semirelativistic cases in Ref. [23].

However, when one treats an energy-dependent interaction
and/or unstable constituent with its self-energy, the sum of the
compositeness of all channels deviates from unity. This can be
interpreted as a missing-channel contribution, which is not an
explicit degree of freedom in the model space of the two-body
channels but is implemented into the interaction and/or into
the self-energy. I represent the missing-channel contribution
as Z:

Nehan

Z=1- ij. (15)
j=1

Here, I note that both the compositeness X; and the
missing-channel contribution Z are model-dependent quanti-
ties because they are not physical observables (see discussion
in Ref. [23]).

For resonance states, the compositeness X; and the
missing-channel contribution Z become complex in general.
Therefore, in contrast to the stable bound states, one cannot
make a probabilistic interpretation for them. Actually, for
stable bound states, X; and Z are real and bound in the range
[0, 1] and hence a sum rule

Nehan

dIX 41zl =1 (16)
j=1

is satisfied. On the other hand, this relation is not satisfied
for resonance states because both X; and Z are complex. To
interpret such complex values, I introduce a quantity U for
resonance states to measure the deviation from the sum rule
(16), according to Refs. [30,37]:

Nehan

U=y IXl+1z-1. (17)
j=1

Because of the definition of Z in Eq. (15), U satisfies U > 0.
Furthermore, U becomes small if ImX; and ImZ are negli-
gible and Re X; and Re Z are not negatively large. In such a
case, the wave function of the resonance state considered is
similar to that of a certain stable bound state. In particular, U
goes to zero in a stable bound-state limit, so U is understood
as an uncertainty of the interpretation of the complex-valued
X; and Z, as discussed in Refs [30,37].

In this line, I employ quantities introduced in Refs. [23,31]:

e |Xj| |Z

. ) i 18
T 14U (18)

z .
1+U

The quantities X ; and Z are real, bound in the range [0, 1], and
automatically satisfy the sum rule:

ZXj+Z= ) (19)

Then, to estimate uncertainties of the probabilistic interpreta-
tion of X ; and 7, Tutilize the relation (17), which means that U
measures the deviation from sum rule for a bound state (16).
Therefore, a contribution from each X; or Z to the deviation U
can be estimated by U divided by the number of the degrees of
freedom Nhapn + 1, to which I refer as the reduced uncertainty
U;:

U, = L (20)

Nchan +1

In this sense, if and only if U; < 1, one can interpret X; (Z)
as the probability of finding the composite (missing) part, and
U, can be considered as the uncertainty of the probabilities X g
and Z.

B. Complex scaling method for resonances

To calculate numerically the resonance wave function from
the residue of the scattering amplitude, one has to perform
an analytic continuation to reach the resonance pole Epe in
the complex energy plane. One way to do this is the complex
scaling method [46,47], which I employ in the present study.

035202-3



TAKAYASU SEKIHARA PHYSICAL REVIEW C 104, 035202 (2021)

(6b) (7a) (7b) (7c) (7d)

n. PoM. P © P o© PP P
N N N N N N N N N N N N N N N
(8a) (8b) (9a) (9b) (10a)

p PP P P N U TN o
N N N N i N N N A N N A N N A
(10b) (10c) (11a) (11b) (12)

c LT p b T, b
2771 i LL%LLL / ) /
N N A N N A A N A
(13) (14) (15)
FIG. 1. Feynman diagrams for the meson-baryon interactions in the 7N coupled-channels scattering amplitudes.
In the complex scaling method, one transforms the relative —ion b . —if
coordinate r and relative momenta ¢q for two-body states into vilge ™) = (2 )32 [Epole — Ej(ge™ )R (ge™™), 24
the complex-scaled values in the following manner: 00 00
=
p i X) = / dqP{(q) = / drP? (), (25)
r—re, q—qe’", 21) 0 ‘ 0 ‘
ith the scaling angle 6. Then, th ions rel p©) e[ @™ T
with the scaling angle 6. Then, the equations relevant to my Pj (q) =e "¢ ﬁ , (26)
study become Epole — Ej(ge™)
. i 2,2p=3i0 [ oo (ae=Yir (ar) T
Lu(Eiqe™ qe™) POy = TS — / dg DI )
f—i0—if T 0 Epote — Ej(qe™)
= Vo (Esqe ™, ge™)
Nehan 00 . 10 —if
. Vv, 1(E; k . . o
e Z / dk k> =21 H(Eiq'e 71,96 ) The definitions of the missing-channel contribution Z (15),
=170 E — & (ke™™) uncertainties U (17) and U; (20), and real-valued quantities X
g _ig and Z (18) are unchanged.
XTa’lk(E’ke R qe ), (22) An important property of the complex scaling method is
Tuju(Esqe™, qe™™) that the pole position Ep. and compositeness X; do not de-
vilg'e @) y(ge ) pend on the scaling angle 6 while density distributions P;Q)
= + (regular at E = Epre),  (23) <)
E — Epole and P; " depend on 6.
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TABLE I. Explicit channels for each quantum number J”, I (Ly;,; for the elastic 7N) considered in the present study. The meson-baryon
states are specified by their orbital angular momentum L and total spin S as (L, S).

TP T (Logay) Channel 1 Channel 2 Channel 3 Channel 4 Channel 5 Channel 6 Channel 7 Channel 8
1/27,1/2(S11) aN(©,1/2) nN(,1/2) oN(1,1/2) pN(0, 1/2) pN(2,3/2) wAR2,3/2)

1/27,3/2 (S31) wN@©,1/2) pN(,1/2) pN(@2,3/2) wAQR,3/2)

1/2%,1/2 (P1y) 7N(1,1/2) nN(1,1/2) oN(,1/2) pN(1,1/2) pN(1,3/2) mA(1,3/2)

1/2%,3/2 (Ps1) aN(1,1/2)  pN@1,1/2)  pN(1,3/2) =wA1,3/2)

3/2%,1/2 (P13) aN(1,1/2) nN(1,1/2)  oN(2,1/2) pN(1,1/2) pN(1,3/2) wA(1,3/2)

3/2%,3/2 (Ps3) aN(,1/2)  pN@,1/2)  pN(1,3/2) wA(,3/2)

3/27,1/2(Dyi) wNQ2,1/2) nNQ2,1/2) oN(,1/2) pN(0,3/2) pN(2,1/2) pN(2,3/2) mA0,3/2) wAQR,3/2)
3/27,3/2(Dsy;) wNQ2,1/2) pN(0,3/2) pN(2,1/2) pN(2,3/2) =wA0,3/2) wAQR,3/2)

5/27,1/2(Dys) wNQ2,1/2) nN(Q2,1/2) pN(2,1/2) pN(2,3/2) wAQ2,3/2)

5/27,3/2(Ds3s) wNQ2,1/2) pN@2,1/2) pNQ2,3/2) 7AR,3/2)

III. THE zN COUPLED-CHANNELS
SCATTERING AMPLITUDES

As described in the previous section, one can extract nor-
malized two-body wave functions of resonance states from the
residues of the off-shell scattering amplitudes at the resonance
poles. This fact is of special important when investigating
the internal structure of the N* and A* resonances, because
nowadays precise 7t N scattering amplitudes are available from
the partial wave analysis of the experimental data (see, e.g.,
the database of SAID [48]), which allows us to construct
sophisticated models for the wN coupled-channels scattering
amplitudes as done in Refs. [5,6].

In this study, I investigate the meson-baryon molecular
components of the N* and A* resonances by constructing a
meson-baryon coupled-channels model for the 7 N amplitudes
partly based on Ref. [49]. For this purpose, I take into account
the =N, nN, oN, pN, and w A channels. The interactions
are calculated according to the Feynman diagrams shown in
Fig. 1. Model parameters are fixed so as to reproduce the
results of the SAID partial wave analysis for the on-shell 7N
amplitudes [48] up to E = 1.9 GeV with the orbital angular
momentum L < 2, i.e., S]], S31, P1|, P3], P|3, P33, D]3, D33,
D5, and D35 partial waves of the elastic wN scattering. Here
and below, I use the notation L,;,; with the orbital angular
momentum L, isospin /, and total angular momentum J for
the TN system.

I first summarize the notation of the mN scattering
amplitudes in Sec. Il A and then construct the tree-level
interactions in Sec. III B. The self-energies for the unstable
channels, i.e., o N, pN, and 7 A, are introduced in Sec. III C.
In Sec. I D, bare N* and A* states are introduced. Finally,
in Sec. III E, the model parameters are fitted to reproduce the
on-shell &N partial wave amplitudes. Throughout the calcula-
tions, isospin symmetry is assumed.

A. Notation of the scattering amplitudes

First of all, I fix the quantum number of the wN scat-
tering. When one considers the elastic 7N scattering, its
partial wave can be uniquely specified by Ly;»,. In a general
coupled-channels analysis, however, the quantum number of
the system should be specified by the spin/parity J* and

isospin I, because the orbital angular momentum L may
change in different channels such as w N and oN. There-
fore, for the coupled-channels scattering amplitude in the
Lippmann-Schwinger equation (1), I use the notation o =
(JP, 1), but for the =N partial waves I use the notation Ly;
as well.

For each quantum number o = (J P I, I take into account
the 7N, nN, oN, pN, and 7 A channels with their orbital
angular momenta L < 2. The explicit channels considered are
summarized in Table I. From the coupled-channels amplitude,
I calculate the normalized on-shell 7 N amplitude Ly;,;(E) as

Pan(E)  on
Loy (E) = == TG e (E). (28)

where the phase space p,y of the N channel is calculated
according to Eq. (6). This normalized 7 N amplitude satisfies
the optical theorem

Im L2/ (E) = |Lasos (E)|? (29)

below the inelastic threshold for the 7N state.

B. Tree-level interactions

Next I formulate the tree-level N coupled-channels inter-
actions diagrammatically shown in Fig. 1. For this purpose,
I employ effective Lagrangians as summarized in Table II.

Here, the notations for the hadron fields are N = (p, n)' and
at4+n- nwt-—-m

,— _,0,30
V2 V2i n>()

=@ 7%= (
and hence

ﬁ”+>, 31)

S .
- \/Zn’ —7°

where 7 = (!, 72, t?) is the Pauli matrices acting on the
isospin states. The g field is expressed in the same man-
ner to the # field. The A field A = (AT, At A, A7) is
tied to the isospin transition operators T = (T, T2, T3) from
isospin 3/2 to 1/2:

Tl = <—1/~/§ 0
- 0 -1/v/6 0

1//6 0
1/ﬁ>’ o
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TABLE II. Effective Lagrangians for the wN coupled-channels
interaction.

Vertex Lint
D+F -
7NN — T3 Ny"ysd, - TN
TNA "NENY, 7 - TA" +he.
8oNN i Ko g \s =
PNN > N(y 2mNU 0,)p, - TN
TP 8rnp(@ X 0"7t) '_l_éu
oNN 8oNnNONN
nTo o 0,7 - ito
2m
NN Di_”ﬂa Ny*ysN
n 23 ) wWINY Vs
7 pNN WWL%@ X B.)- N
pPNN B G (5 x By - TN
SmN
—i/2 0 —i/N6 0
72 = (72 B33
( 0 —i/6 0 —i/N2 33
3 2/3 0 0
73— (0 As o) (34)
and hence
a7 2/37"° /377 0
7T = ( 0 —J1/3z~ 237" nt ) (33)

For the 7NN and nNN vertices, I employ the chiral La-
grangian with the meson decay constants, f; and f;, at their
physical values [1], f; =92.1MeV and f;, = 1.3f;, and fix
the coupling constants D + F = 1.26 and D — F = 0.33 by
the weak decay of octet baryons. Therefore, both the 1NN
and nNN couplings do not contain free parameters, except for
the cutoffs [see Eq. (36)].

As for the m N A vertex, I treat the coupling constant f;ya
as a free parameter. I use the real-valued physical A(1232)
mass ma = 1210 MeV for the propagator of the diagram (1c)
in Fig. 1. I allow that the parameters for the A in the dia-
gram (lc) may differ from those for the bare A introduced in
Sec. III D for better reproduction of the experimental data.

In the case of the p and o exchanges, the coupling con-
stants g,Nn, Kp» 8xrps E&NN > and g, are free parameters. For
these #-channel p and o exchanges, I use the real-valued phys-
ical mass for the p meson, m, = 775.3 MeV, but a real-valued
bare mass for the o meson, m,, = 700 MeV (see Sec. II1C).

To regularize the divergences from the integrals of the
Lippmann-Schwinger equation (1), I introduce a dipole form

factor
A2\
) , (36)

F(A,q) = (m

with a cutoff A for each meson-baryon-baryon vertex with
g being the three-momentum of the meson. I also use the
dipole form factor (36) for the meson-meson-meson vertex
with g being the three-momentum of the exchanged meson.

The cutoffs A are model parameters and may take different
values for different vertices.

The energies of the mesons and baryons in the initial and
final states are respectively fixed to their on-shell values [see
Eq. (B2) in Appendix B]. Therefore, the meson-baryon in-
teractions of the diagrams in Fig. 1 do not depend on the
center-of-mass energy E but only on the relative momenta g
and ¢'. The explicit forms of the interaction terms and their
partial-wave projections are given in Appendix C.

C. Self-energies for the oN, pN, and = A channels

Let us turn to the self-energies for the o N, pN, and T A
channels.

Because the o, p, and A resonances are unstable particles,
one should take into account their self-energies as in Eq. (3).
I take the strategy to calculate the self-energy developed in
Refs. [6,50]. For the p and A resonances, I use the same
formulas and parameters in Ref. [6]. On the other hand, to
describe the o resonance I use the same formula but dif-
ferent parameters so as to reproduce the nwr (I =0, L = 0)
phase shift in particular near the mr threshold where the o
resonance exists. The effective interaction of the wr (I =0,
L = 0) scattering is

Vo(Eniq q) = Ezf—"mfg@’)fg(q) + hofi(@)fi(q). (3T)

with monopole form factors

A 4
fld) = 5——. fl@= : (3%
¢ ¢ +32 ¢+

Here E, is the total energy of the 7 system and ¢ is the
relative momentum of the initial (final) w7 state. The bare
o mass m,,, coupling constants gy and kg, and cutoffs A,
and ), are the model parameters for the o resonance. As
a result of the fit to the 7w (I =0, L = 0) phase shift, I
obtain mq, = 700 MeV, gy = 616 GeV™!, hy = 1189GeV 2,
Ay = 178 MeV, and A, = 217 MeV for the o resonance.

With the parameters for the o, p, and A resonances, I find
resonance poles at E, = 486 — 213iMeV, 765 — 75i MeV,
and 1210 — 55i MeV for the o, p, and A resonances, respec-
tively. The oN, pN, and w A self-energies, Xsy, X v, and
YA, respectively, are calculated in the same manner as in
Ref. [6], and then I obtain the kinetic energy (3) in these
channels:

Ean(E;q) = \/m?,0 +q+ \/m,zv +4 + Zon(E:q), (39)

EN(E;q) = \Jm2 + ¢+ \/my +¢* + Z,n(E;q), (40)

Exn(Esq) = \m2 +q2 + [} +¢*+ Taa(Esq), (D)

with the bare p mass m,, = 812 MeV and bare A mass m, =
1280 MeV [6]. I note that the kinetic energies for the unstable
channels as well as the self-energies depend on the energy
E because they implicitly involve the three-body w7 N state.
Therefore, this E dependence in the kinetic energy may give
a deviation of the compositeness from unity and hence a
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FIG. 2. Branch cuts for the 7N, nN, o N, pN, and & A channels.
The solid lines indicate the usual cuts, i.e., cuts with the complex-
scaling angle 6 = 0°, while the dashed lines are those with 6 = 45°.
The line for the nN channel is shifted slightly upward for a better
visualization. The boxes denote the branch points, whose positions
are written in the parentheses in units of MeV.

nonzero missing-channel contribution Z (15) corresponding
to the implicit 7w N state, as discussed in Ref. [23].

By calculating the energy E which satisfies E =
Ean, pN,x A (E; ¢) with the momentum g from 0 to 400, I obtain
the branch cuts for these channels, which are plotted in Fig. 2
as solid lines together with the branch cuts for the stable
channels wN and nN. I note that for the energy satisfying
ReE > 2m,; +my = 1215MeV and ImE < 0 I perform the
analytic continuation to the second Riemann sheet of the 77 N
channel by deforming appropriately the momentum integral
paths in the formulas of the self-energies.

Here, it is instructive to see how these branch cuts behave
with a finite value of the complex-scaling angle 6 in the
complex scaling method. For this purpose, in Fig. 2 I also plot
the branch cuts with 8 = 45° in the complex scaling method
as the dashed lines. As one can see, each branch cut rotates
clockwise with a finite value of the scaling angle. In practical
calculations, one can reach the second Riemann sheet in each
channel for the complex energy E in the region sandwiched
between the solid and dashed lines of Fig. 2.

Finally, I comment on the three-body unitarity. In the
N scattering, the 7w N three-body channel opens at the
mrN threshold. In the present model, I implicitly include
the mr N discontinuities arising from the s-channel propaga-
tion of the three-body states in the self-energies for the o N,
pN, and w A channels. The three-body cut for this process
is depicted in Figs. 3(a) and 3(b) as the thick dashed lines.
On the other hand, I do not include the 777N discontinuities
induced by the 7-channel 7 exchanges in the 7 A — oN, pN
transitions and by the u-channel N exchange in the A —
m A transition, which are depicted in Figs. 3(c) and 3(d),
respectively. In this sense, I partly take into account the w7 N
three-body unitarity. To satisfy the three-body w7 N unitarity
fully, it is necessary to include the so-called Z diagrams,
which corresponds to Figs. 3(c) and 3(d), in addition to the
usual two-body to two-body interaction terms [51].

A Y
o, p “ N o.p n \‘ -
AMAMVIVE % BNV, e S
- . .
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. .
. .
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N . N A N » A
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FIG. 3. Diagrams for the 7t N three-body unitary cut. Diagrams
shown in panels (a) and (b) are taken into account in the present
model, while those in panels (c) and (d) are not included.

D. Bare N* and A* states

Now, I introduce bare N* and A* states, which are em-
bedded into the wN coupled-channels interactions. They are
described as s-channel interactions

s\ L L
sig (4 \ (4
2my, (E — My) \ my my

x F(A, 4)F(A, ).

VE(E: g q) =

42)

These interactions are added to each partial-wave component
of the = N coupled-channels interaction V in Eq. (1). Here, M
is the bare mass, g; is the coupling constant of the bare state
to the channel j, form factor F is the same as in Eq. (36),
and L) is the orbital angular momentum of the initial (final)
meson-baryon state. The bare mass My, coupling constant g;,
and cutoff A are free parameters and are fixed in the fits. I use
a single cutoff A for each N* or A* state to reduce the number
of parameters.

Because the bare-state contributions are implemented into
the two-body coupled-channels interactions as in Eq. (42),
they depend on the energy E, which will bring nonzero
missing-channel contribution Z (15) corresponding to the im-
plicit bare states [23].

A problem is to specify the number of bare N* and A*
states in each partial wave. In the present study, I take into
account the bare states only if the bare states can significantly
improve the fitting and reproduce well resonance-like behav-
iors of the on-shell 7 N amplitudes. In this strategy, I introduce
the bare N* and A* states listed in Table III, in which the fitted
values of the parameters are shown as well.

E. Fit to the experimental zN amplitudes

The present model for the wN coupled-channels ampli-
tudes contains the model parameters: coupling constants,
cutoffs, and bare-state masses. They can be determined by
fitting the experimental data of the on-shell 7N scattering
amplitudes. In the present study, while I fix the cutoffs
for the meson-meson-meson vertices as Aqr, = Azzo =
1000 MeV, I allow the other model parameters to vary freely
so as to reproduce the on-shell wN scattering amplitudes.
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TABLE III. Bare N* and A* states introduced in the present model. Their fitted bare masses M, cutoffs A, and coupling constants g are

also shown. The channels are specified by the indices 1, 2, .. ., 8 in the same order as in Table 1.

JP T (Lyray) M, [MeV] A [MeV] & & g g4 gs s g7 gs
1/27,1/2(S11) 1919 855 2.054 —0.570 0.415 —1.817 —0.031 —0.043

” 2150 575 1.095 —0.761 —0.227 —2.651 —0.386 0.181

1/2%,1/2 (P11) 1912 634 —1.116 0.299 2.221 0.157 0.719 0.610

3/2%,3/2 (Ps3) 1314 476 1.089 —0.310 —0.288 0.046

3/27,1/2 (Dy3) 2043 608 0.148 0.033 —1.028 —1.935 —0.152 —0.213 —0.149 —0.068
3/27,3/2 (Ds3) 1824 446 0.168 —2.488 0.142 0.262 2.762 0.150

5/27,1/2(Dys) 1821 494 0.142 0.189 0.060 0.096 0.167

The fixed value Az, = Arre = 1000 MeV is a typical value
of the hadronic scale, and I checked that the on-shell 7 N
scattering amplitudes only weakly depend on the meson-
meson-meson cutoffs Ay, Apre.

For the on-shell w N scattering amplitudes, I employ the
database of SAID [48]. Restricting the center-of-mass energy
E < 1.9GeV and orbital angular momentum L < 2, I obtain
the model parameters listed in Tables III and IV by the fitting.

The results of the on-shell # N amplitudes are shown in
Fig. 4. As one can see, the present model reproduces the on-
shell 7 N amplitudes fairly well except for the S3;, P31, and Py3
amplitudes. In particular, the resonance-like behavior in Sy,
P11, P33, D3, D33, and D5 is well reproduced. Indeed, fittings
to these amplitudes are significantly improved by introducing
two bare N* states in the S, and one bare N* or A* state in
the Py, P33, D13, D33, and D;s, respectively.

On the other hand, I can quantitatively reproduce the
S31 and P3; amplitudes only in the low-energy region E <
1250 MeV. For the P;3 amplitude, I can only reproduce the
smallness of the absolute value of the amplitude (<0.1). T
expect that one could cure these discrepancies in the S3,
P31, and P;3 amplitudes by employing further diagrams of
the meson-baryon interactions or phenomenological contact
potentials as done in Ref. [6] for the S3; partial wave and
by taking into account other meson-baryon channels such as
KA and KX. I note that although the experimental data imply
resonances around 1600 MeV and 1700 MeV in the S3; and
Py3, respectively, I do not include bare states in these partial

TABLEIV. Fitted values of coupling constants and cutoff param-
eters. Cutoff parameters are in units of MeV.

Jana —0.439
&rwp 2.876
8pNN 8.783
Kp 4.806
J— 3.188
80NN 21.571
Aznn 566
AJTNA 510
Arrp 1000
ANy 564
Arro 1000
Agny 564
Ay 843

waves because bare states will not significantly improve the
fittings.

IV. THE MESON-BARYON COMPOSITENESS
FOR THE N* AND A* RESONANCES

In this section, I calculate the compositeness of the 7N,
nN,oN, pN, and w A channels for the N* and A* resonances.

One of the most interesting features in hadron physics
is the competition between hadron degrees of freedom and
quark degrees of freedom. In the present N*/A* case, bare
states which are expected to originate from quark degrees of
freedom are embedded into the wN coupled channels. As a
consequence, even if a meson-baryon interaction is strongly
attractive enough to make a bound state, the bound state is
in general contaminated by bare N*/A* states which couple
to the meson-baryon system. Conversely, it is inevitable that
a bare N*/A* state is dressed in meson-baryon clouds. The
compositeness is applicable to evaluating both the dominance
of the meson-baryon molecular components and the fractions
of the meson-baryon clouds for physical nucleon resonances.

In the present study, I employ the interaction diagrams
in Fig. 1 and several bare N* and A* states for the w7 N
coupled-channels scattering, and fix the model parameters
so as to reproduce the on-shell 7 N amplitude, as explained
in the previous section. I perform the analytic continuations
of the scattering amplitudes to the complex energy plane in
the complex scaling method, and find resonance poles cor-
responding to the N(1535) and N(1650) in the spin/parity
JP =1/27, N(1440) in 1/2%, N(1520) in 3/27, N(1675) in
5/27, A(1232) in 3/2%, and A(1700) in 3/27, where the
names are taken from Particle Data Group (PDG) [1]. Their
pole positions are listed in Table V together with the results
of the compositeness X (25), missing-channel contributions
Z (15), uncertainties U (17) and U, (20), and real-valued
quantities X and Z (18).

Below, I discuss the internal structure of the N* and A*
resonances on their resonance poles.

A. N(1440)

The N(1440) resonance in J¥ = 1/2%, also known as
the Roper resonance, is one of the most interesting states
among the nucleon resonances. The Roper resonance is
lighter than the lowest negative-parity nucleon excitations,
i, N(1535) in J¥ =1/27 and N(1520) in J¥ =3/2",
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FIG. 4. Fitted =N scattering amplitudes L,;,;. Lines (points) represent results of the present calculation (SAID analysis [48]).

which cannot be easily explained if one assumes that the
Roper resonance is a radial excitation of nucleon as a three-
quark system. A promising physical interpretation is that
the Roper resonance is the first radial excitation of nucleon
but consists of a dressed-quark core augmented by a me-
son cloud [52]. Importance of the contribution from the 7N
coupled-channels dynamics was also pointed out in, e.g.,
Refs. [3,9,11,13,53,54]. In this sense, the use of the two-body
wave functions and compositeness in my approach is quite
suitable for studying the internal structure of the Roper reso-
nance.

In the present 7 N coupled-channels model, I find two poles
of the scattering amplitude corresponding to the Roper res-
onance at Epge = 1362 — 106 MeV and 1361 — 114i MeV.
The pole positions deviate only slightly from the value
reported by PDG. The former pole is found with the complex-
scaling angle 6 > 45° in the complex scaling method. This
indicates that the former pole exists in the second Riemann
sheets of the 7N and w A channels but in the first Riemann
sheets of the nN, o N, and pN channels (see Fig. 2), to which
I refer as (21112) in the order =N, nN, oN, pN, and T A.
On the other hand, the latter pole is found with the scaling
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TABLE V. Nucleon resonances obtained in this study. I here show their pole positions in the present model E,q. and their locations in
terms of the Riemann sheets, pole positions listed by the Particle Data Group (PDG) [1], compositeness X (25), missing-channel contributions
Z (15), uncertainties U (17) and U, (20), and real-valued quantities X and Z (18). The notation of the pole locations is explained in the text.
The indices 1, 2, 3 (1, 2) for the pN (;r A) channel represent the same order as in Table 1.

N(1535)1/2-

N(1650) 1/2-

N(1440), 1/2+ N(1440), 1/2+

Epie [MeV] 1527 — 45i 1699 — 70i 1362 — 106i 1361 — 114i
Location 2111) (22112) @21112) @1111)
Ep0(PDG) [MeV] (1500-1520) — (55-75)i (1640-1670) — (50-85)i (1360-1380) — (80-95)i (1360-1380) — (80-95)i
Xon —0.09 + 0.01: —0.05 — 0.02{ 0.47 + 0.35i 0.55 + 0.28i
Xon —0.42 —0.19i —0.02 —0.01i —0.00 — 0.01i —0.00 — 0.01;
XN —0.00 + 0.03i —0.00 + 0.09i 0.40 + 0.15: 0.46 + 0.03:
Xona) 0.37 — 0.09i 0.21 — 0.60i —0.00 + 0.00¢ —0.00 + 0.00i
Xone) 0.31 — 0.00; 0.09 — 0.01: —0.00 — 0.03i —0.01 —0.03;
Xea 0.06 — 0.01i 0.07 +0.12i 0.03 — 0.24i 0.02 — 0.06i
V4 0.78 + 0.25i 0.71 + 0.43i 0.11 —0.23{ —0.01 —0.22i
U 1.15 0.87 0.55 0.40
U, 0.16 0.12 0.08 0.06
Xon 0.04 0.03 0.38 0.44
XN 0.22 0.01 0.00 0.00
Xon 0.01 0.05 0.28 0.33
Xonay 0.18 0.34 0.00 0.00
Xovo 0.14 0.05 0.02 0.02
Xea 0.03 0.08 0.15 0.05
7 0.38 0.44 0.17 0.16
N(1520)3/2~ N(1675)5/2~ A(1232)3/2* A(1700) 3/2~
Epore [MeV] 1506 — 53i 1652 — 57i 1216 — 54i 1666 — 84i
Location 22112) (22-12) 2--11) 2--12)
Epo(PDG) [MeV]  (1505-1515) — (52.5-60)i  (1655-1665) — (62.5-75)i  (1209-1211) — (49-51)i  (1640-1690) — (100-150)i
XN 0.05 + 0.16¢ —0.03 + 0.05i —0.03 + 0.59i —0.03 + 0.00i
Xon 0.01 — 0.00; 0.06 + 0.24i
Xon 0.15+0.11¢
Xona) 0.01 — 0.06i 0.01 — 0.00i 0.00 — 0.00i 0.48 — 0.09i
Xon) 0.04 — 0.02{ 0.02 — 0.01: 0.01 + 0.00¢ 0.05 — 0.02:
Xones) 0.08 — 0.04i 0.09 — 0.02i
Xraq) —0.00 + 0.00i 0.08 + 0.07i 0.00 — 0.00¢ —0.08 — 0.23i
Xra@) 0.02 — 0.00; —0.01 4+ 0.04{
Z 0.62 — 0.15: 0.86 — 0.35i 1.02 — 0.59i 0.50 4+ 0.31i
U 0.24 0.37 0.77 0.54
U, 0.03 0.06 0.15 0.08
Ron 0.14 0.04 0.33 0.02
X.n 0.01 0.18
X, 0.15
v 0.05 0.01 0.00 0.32
Xvo 0.04 0.02 0.01 0.03
Xone 0.08 0.06
oo 0.00 0.08 0.00 0.16
X;m(z) 0.02 0.03
Z 0.51 0.67 0.66 0.39

angle 25° < 6 < 40°, and hence it exists in the sheet (21111).
Because the former pole is closer to the physical region, i.e.,
the real energy axis, the former is the resonance pole for the
Roper resonance and I write it as N(1440);. On the other hand,
the latter pole is the shadow pole for the Roper resonance [53]
and I write it as N(1440);. I note that the pole positions Epge
do not depend on the scaling angle 6 but one can switch the
Riemann sheets at a certain energy by varying 6.

From the residues of the off-shell scattering amplitudes
at the poles, I can calculate the two-body wave functions
and compositeness as their norms both for the N(1440), and
N(1440),, according to the method in Sec. II. The results of
the compositeness X; (25) of the jth meson-baryon channel
and missing-channel contribution Z (15) are listed in Table V.
I checked that the compositeness does not depend on the
scaling angle 6. As one can see from the table, although the
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FIG. 5. Density distributions of the 7N and o N components for the N(1440) resonance in coordinate space. (a) For the N(1440); pole
with the complex-scaling angle 6 = 50°. (b) For the N(1440), pole with the complex-scaling angle 6 = 35°.

values of the compositeness are complex due to the resonance
nature, the real parts of X,y and X, 5 for the both poles are as
large as 0.5, which should be compared with unity, and their
imaginary parts are smaller than the real parts. On the other
hand, the missing-channel contribution Z is close to zero.
Because the nonzero value of Z comes from the bare state in
the meson-baryon interaction (42) as well as the 7 N state in
the self-energies of Egs. (39)—(41), the present result strongly
implies that, while the N and o N molecular components
dominate both the N(1440); and N(1440), states as “thick
meson clouds,” the bare-state contribution is small.

The complex-valued compositeness, however, cannot be
interpreted as probabilities of finding meson-baryon compo-
nents. To draw a more definite conclusion, I calculate the
real-valued quantities X and Z (18) together with U (17) and
U; (20) for the N(1440); and N(1440), states. The results
are listed in Table V. The value of the reduced uncertainty
U; is smaller than 0.1 for both poles. Therefore, according
to the discussions in the end of Sec. ITA, I can interpret
X; (Z) as the probability of finding the composite (missing)
part with small uncertainties. From the values in Table V, I
can conclude more definitely that the # N and o N molecular
components, whose contributions are almost the same as each
other, dominate the N(1440); and N(1440), states while the
bare-state contribution is about less than 20% in the present
model. These finding are consistent with the previous studies
in, e.g., Refs. [3,9,11,13,52-54], in which a significant con-
tribution from meson-baryon coupled channels was reported.
In particular, the present study supports the scenario drawn in
Ref. [3] that the ¥ N — o N transition potential and treatment
of the mw N components in the unstable o N channel are im-
portant for the description of the Roper resonance.

The squared wave functions in coordinate space (27) repre-
sent the behavior of relative motions between the mesons and
baryons as the density distributions. The density distributions
P\”) for the N'(1440), and N (1440), states are plotted in Fig. 5
as functions of the relative distance r between the mesons
and baryons. The scaling angle is fixed as 8 = 50° for the
N(1440), and 6 = 35° for the N(1440),. Although the den-

sity distributions are complex for resonances in general and
depend on 0, they provide information on the typical distance
between the mesons and baryons. The results of the density
distributions imply that both in the 7N and oN channels
the meson-baryon separation is about more than 1 fm for the
N(1440), and N (1440), states.

B. A(1232)

The A(1232) resonance in J¥ = 3/2% is also interesting,
because there are several suggestions of its large wN com-
ponent. Historically, it was pointed out in Ref. [55] that the
A(1232) resonance can occur by the attractive p-wave N in-
teraction. A hint of the large effect of the meson cloud is seen,
for instance, in the M 1 transition form factor for y*N — A at
Q? = 0 [56]. Further studies on the dynamical generation of
the A(1232) resonance can be seen, e.g., in Refs. [28,31,57].
I can examine the picture of a large N component in terms
of the compositeness.

In the present model, I observe the resonance pole for the
A(1232) at 1216 — 54i MeV in the Riemann sheet (2 - - 11),
where hyphen represents a decoupled channel. The compos-
iteness calculated from the residue and pole position for the
A(1232) is listed in Table V. The N compositeness X,y
has non-negligible imaginary part but its real part is small.
The other meson-baryon channels, i.e., the pN(L =1, S =
1/2), pN(L =1, S = 3/2), and A channels, give negligible
contributions to the compositeness, and hence the missing-
channel contribution Z is almost unity in the real part and
negatively large in the imaginary part. Because the bare A*
state exists near the physical pole position, I can expect that
Z is dominated by the bare state. Therefore, the results im-
ply that the bare-state contribution is the most essential for
the physical A(1232) resonance. Nevertheless, I expect that
the large absolute value |X,y| reflects the importance of the
N channel in the A(1232) and affects the properties of the
A(1232) as the meson clouds.

Besides, the reduced uncertainty U; is as large as 0.15
owing to the large imaginary part in the 7 N channel. There-
fore, although X, v takes a non-negligible value ~0.3, I cannot
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definitely interpret it as the probability of finding 7 N compo-
nent inside the A(1232) resonance.

C. N(1535), N(1650), N(1520), N(1675), and A(1700)

Next, I consider the other resonances: N(1535) and
N(1650) in J¥ = 1/27, N(1520) in 3/27, N(1675) in 5/2~,
and A(1700) in 3/27. The results of their pole positions and
compositeness are listed in Table V.

The N(1535) and N(1650) resonances exist in the Rie-
mann sheets (22111) and (22112), respectively. The results of
the compositeness for the N(1535) imply that the bare-state
contribution is dominant but the coupling to the nN channel,
whose branch point is the closest to the N (1535) pole position,
would be large. However, the real part of the nN composite-
ness X,y is negatively large, which is canceled with the real
parts of the pN compositeness. As a consequence, the reduced
uncertainty U, is as large as )?,YN,pN(l),pN(g) for the N(1535)
and I cannot interpret X,y ,n(1).pn2) @s the probabilities of
finding the nN and pN components, respectively.

On the other hand, for the N(1650), because U, = 0.12,
I can interpret X,y(1) and Z as the probabilities with uncer-
tainties ~0.1. The results of X; and Z indicate that about
half of the N(1650) comes from missing channels, in the
present case the bare state, while it has a certain fraction of
the pN(L =0, S = 1/2) cloud.

Similarly, the poles of the N(1520), N(1675), and A(1700)
resonances are found in the (22112), (22 - 12), and (2 - - 12)
Riemann sheets, respectively. The results of the composite-
ness indicate that they are dominated by missing channels,
i.e., the bare states. The A(1700) resonance has a certain
fraction of the pN(L = 0, S = 3/2) cloud, while the N(1520)
and N (1675) resonances have only small fractions of meson-
baryon clouds.

These results indicate that although the N(1535), N(1650),
N(1520), N(1675), and A(1700) resonances have some frac-
tions of the meson-baryon clouds, they do not have dominant
meson-baryon molecular components. The largest fractions
of the meson-baryon clouds are the pN for the N(1650) and
A(1700) resonances, which amount to ~0.3 with uncertain-
ties ~0.1. These are because the resonance pole positions are
close to the pN branch point and coupling constants of the
N*/A* bare states to the pN channel are large, as seen in
Table I11.

V. CONCLUSION

In this study, I have investigated the internal structure of the
nucleon resonances N* and A* in terms of the meson-baryon
two-body wave functions and compositeness. One of the most
essential parts in my approach is to extract the meson-baryon
two-body wave functions by using the pole positions for
the nucleon resonances in the complex energy plane of the
N coupled-channels scattering amplitudes and residues for
them. Here, the scattering amplitudes are solutions of the
Lippmann-Schwinger equation. In this strategy, for each reso-
nance pole I can obtain wave functions of the 7 N and coupled
channels which are automatically scaled, thanks to the inho-
mogeneous property of the Lippmann-Schwinger equation.

As a consequence, by calculating the compositeness, which is
defined as the norm of the two-body wave function from the
meson-baryon scattering amplitudes, and by comparing the
compositeness with unity, I can evaluate the dominance of the
meson-baryon molecular components as well as the fractions
of meson-baryon clouds for physical nucleon resonances.

For this purpose, I have constructed a meson exchange
model in a N-nN-cN-pN-m A coupled-channels problem
and involve several bare N* and A* states. The coupling con-
stants, cutoffs, and bare-state masses as the model parameters
were fixed so as to reproduce the experimental data of the
on-shell wN scattering amplitudes in the center-of-mass en-
ergy E < 1.9GeV and orbital angular momentum L < 2. The
constructed model reproduced the on-shell # N amplitudes
fairly well and generated resonance poles corresponding to the
N(1535) and N(1650) in the spin/parity J* = 1/27, N(1440)
in 1/2%, N(1520) in 3/27, N(1675) in 5/27, A(1232) in
3/2%, and A(1700) in 3/27 in the complex energy plane of
the scattering amplitudes. In the present model, the Roper
resonance N (1440) is composed of two poles in different w A
sheets.

Then, I have calculated the meson-baryon wave func-
tions and compositeness from the scattering amplitudes for
these nucleon resonances. As a result, the Roper resonance
N(1440), for both the two poles, was found to be dominated
by the # N and o N molecular components, whose contribu-
tions are almost the same as each other, while the bare-state
contribution is about less than 20% in the present model.
The squared wave functions in coordinate space imply that
in both the 7N and o N channels the separation between the
meson and baryon is about more than 1 fm for the N(1440)
resonance. On the other hand, dominant meson-baryon molec-
ular components were not observed in any other N* and A*
resonances in the present model, although they have some
fractions of the meson-baryon clouds.

Here 1 emphasize that the present strategy to calculate
the compositeness is in general applicable as long as the
Lippmann-Schwinger equation is fully solved for hadron-
hadron scatterings. In this sense, a more definite conclusion
about the composite nature of nucleon resonances will be
drawn with more sophisticated models such as Refs. [5,6,21],
in which the authors precisely reproduced experimental data
of not only the on-shell 7N amplitudes but also the pion- and
photon-induced reactions. Furthermore, excited baryons with
nonzero strangeness, i.e., A*, X*, E*, and Q* states, will be
important as a next target, because they will be discovered and
be investigated extensively in near future experiments at J-
PARC, Jefferson Laboratory, etc., as well as in the relativistic
heavy ion collisions. To construct scattering amplitudes for
these resonances, approaches in, e.g., Refs. [58,59] will be
helpful.

Finally, I comment on the model dependence of the
two-body wave functions and compositeness. Because the
compositeness as well as the wave functions are not ob-
servable, the compositeness is in general a model-dependent
quantity. This fact has a special meaning when one dis-
cusses a hadron-hadron molecular component in a hadron
resonance. The strong interactions between hadrons emerge
as a nonperturbative phenomenon of the underlying theory,
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QCD, and hence one cannot obtain the strong interactions
between hadrons by analytically solving QCD. This is in con-
trast to the electromagnetic case, in which the electromagnetic
interactions can be directly obtained by the fundamental the-
ory, quantum electrodynamics (QED). Therefore, to pin down
the hadron-hadron interaction and calculate its off-shell part,
which plays an essential role in the two-body wave functions
and compositeness, we have to fix a scheme based on a cer-
tain principle such as meson exchanges and employ effective
Lagrangians which govern the hadron-hadron interaction. The
present article indeed suggests a strategy in this line to eluci-
date the internal structure of hadron resonances in terms of the
hadron-hadron molecular components.
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APPENDIX A: MASSES OF HADRONS

In this study, I employ isospin-symmetric masses for
hadrons: m, = 138.0MeV, m, =547.9MeV, and my =
938.9MeV. These values are used in the f-channel pion
propagators and in the s- and u-channel nucleon propaga-
tors as well as in the initial and final states. The masses in
the unstable initial and final states are taken from the bare
states in the self-energies: mq, = 700 MeV, m,, = 812MeV,
and ma, = 1280 MeV. The value m, = 700 MeV is used
for the f-channel o exchange in the 7N — m N interaction,
while physical values m, = 775.3 MeV and ma = 1210 MeV
are used for the #-channel p exchange and u-channel A ex-
change in the 7N — m N interaction, respectively.

APPENDIX B: PARTIAL WAVES OF THE
MESON-BARYON INTERACTIONS

In this Appendix, I summarize the notations and partial-
wave projections of the meson-baryon (M B) interactions.

1. Notations

The meson-baryon scatterings are denoted by
M k", Ap)B(p*, Ag) — M’ (K™, Ay )B' (P'*, Ap), where
k" and p“H are momenta and Ay p are helicities of the
meson and baryon, respectively. Since I consider scatterings
in the center-of-mass frame, I can write the three-momenta as
qg=k=—pand q =k = —p’. Without loss of generality, I
can choose the coordinates such that

q = (q'sin0,0, g cosb),

q=10,0,q), (B

with the scattering angle 6. The masses of the meson M
and baryon B") are expressed as my;« and mgo, respectively.
Throughout this study, I fix the energies of the four-momenta

TABLE VI. Isospin factors for the interactions.

I=1)2 1=3)2
it 3 0
Tig/ -1 2
8 1 1
iG_/'ika 2 —1
TiTY 4/3 1/3
Tl —/3 0
T/ -3 0
THiti J6 0
Thigi V373 -J373
Tti —J2 0
THT! 2 0
k* and p* to their on-shell values as

K= \/my +q* P’ =\my+ g, (B2)

and similarly for k° and p”.

2. Partial-wave projections

I calculate the partial-wave matrix elements of the interac-
tion V,, by following the Jacob-Wick formulation [60], where
« specifies the quantum numbers of the system. In the 7N
coupled-channels scattering case, I take o = (J¥, I') with the
total angular momentum J, parity P, and isospin /.

First, according to Feynman diagrams, I calculate the inter-
actions in terms of the helicity eigenstates

Vus—me = Vug—ms (G, A, Ap . q, ku, Ag). (B3)

Then, the interactions are projected to the total angular
momentum J as

Vj(q/’ )"M’r )"B/y q, )"Ma )"B)

1
zznf dcos@d;{M_AB,\M,_AB/(Q)
-1

x V(' A, Ap . q, Aus Ag),

where T omitted the subscript MB — M'B’ of V, and dr]n,m is
the Wigner d matrix.

The interaction of the total angular momentum J is pro-
jected to the states with definite orbital angular momenta and
spins for the meson-baryon channels as

JOLF DL 1)
Va /’ — /7
q.=xrq.q) Y, 1
AMsAp Ay g

X (jM’ jBf )‘-M’ — )\.Bf|S, S;)(L/ S/OS;US;)
X (jm jg A — AplSS(LSOS,|JS;)
x V(g dars Ay g, M, ),

(B4)

(B5)

where jyo and jgo are the spins of the meson M) and
baryon B", respectively, L and S are the orbital angular
momentum and spin in the initial (final) state, respectively,
Sz = )\,M - )\B, and S; = )\.Mf - A,B’. (]M jB )‘M - AB|SSZ) is
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the Clebsch-Gordan coefficient. The factor «(q’, ¢), which is

defined as with wyo(q) = /q* + m3,, and Ego(q) = ,/q* + m3,,, was

introduced so as to satisfy the optical theorem with the cor-
rect coefficients. The interaction (BS5) is applicable to the
(B6) Lippmann-Schwinger equation (1).

mpmp

, 1
“q.9= Q2m)3 \/4wM(CI)EB(CI)wM' (@)Ep(q)

APPENDIX C: EXPLICIT FORMS OF THE MESON-BARYON INTERACTIONS

In this Appendix, I show the explicit forms of the interactions M (k*, Ay )B(p*, Ag) — M'(K'*, Ly )B'(p'*, Ap’) used in the
present study. The interactions are written in terms of the helicity eigenstates, i.e., those in Eq. (B3), except for the s-channel
contributions of the bare N* and A* states in Appendix C 16.

For the incoming and outgoing nucleons, I express the helicity eigenstates by the the Dirac spinors uy(—q, Ay) and
in(—q', M), respectively. The spinors for the incoming and outgoing p meson are e/ (g, Ay) and ef*(q’, Ay, respectively.
The helicity eigenstates of the A baryon as the Rarita-Schwinger spinor are u/, (—q, A») for the incoming and @ (—¢’, Aa/) for
the outgoing states. The explicit forms of the spinors are given in Ref. [61].

In this study, I multiply a factor i for the incoming o and p mesons and accordingly a factor —i for the outgoing ¢ and p
mesons to obtain a real-valued interaction.

1. N - nN
The 7'N — m/N interactions, where the isospin indices for mesons i, j = 1, 2, 3 correspond to those in Eq. (30), are given
as
Vanoan = in(—=q', A )(Via + Vib + Vie + Via + Vie)un (—¢, An), (CD)
with
_ - (D+F\*  Sy(p+k)+Sy(p +K)
Vie = (v )( T ) Kys =P s F (A ) F (B @), (€2)
i} i (DHF\ Sy(p—k)+Sy(p' — k), )
Vi = (v'z) s 2P VP W ys F(Aaan. )V F (A @), (C3)
2fr 2
2 Y / nv oo
_ b S\(p—KH)+S, -k,
Vie = (T T“)(f”“) ku[ 2 o K, F(Arna, 4)F (Azna, 9), (C4)
_ g S,(k—k)+S,(p —
Vld — (iejikfk)g p8pNN p( )+ p(p p)
2 2
K / /
x{k+ K + #[(k +K)Yp—p)— P — P K+ EODF(Arrp. lg — 4 DF (Ao lg — 4D, (Cs)
N
= odo Sﬂ(k_k/)+Sﬂ(/_ ) /
Ve = (5,.,.><—M)kﬂk;[ N F o g — 4 DF (A g — 4 (C6)

The explicit values of the isospin factors are listed in Table VI. Propagators Sy, Sa, S,, and S, are respectively

p+my v ptma I . A L Al 2 s
S =— 8 = | -g" —pt — ,
N (P) PR —my oA () = |78 t3viy A 3l T, .
1
SD(P)= (p”)z——mz’ Sa(P)=m,
P 90

where the physical masses my, ma, and m, are used for the N, A, and p exchanges, while the bare mass m,, is used for the
o exchange. The dipole form factor F was defined in Eq. (36). I note that I use an idea of the unitary transformation method
[56,62] to calculate denominators of the propagators. Owing to the treatment of the energies of the four-momenta in Eq. (B2),
these interaction terms are independent of the center-of-mass energy E.

2. N — yN

The 7'/N — nN interactions, where the nN state is purely isospin I = 1/2, are given as
Vinonn = in(—q', iy )(Vaa + Voo Jun (—q, An), (C8)
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with
_ i (D+F)D—-3F)], Sy(p+k)+Sy(p +k) /
a = ! —_ A ) A]I k) £ C
Vaa = (1 )[ NI ]k > KysF(Apwn, 4)F (Axnns @) (C9)
- ; (D+ F)(D —3F) Sy(p—K)+Sn(p — k), ,
Vap = (TZ)[— ]k KysF (AN, 4)F (Dxnn, @) (C10)
43 fy 2 !
3. N — 3N
The nN — nN interactions are given as
Vinosyn = in(—q', An)(Vza + Vap)un (—q, Ay), (C11)
with
. D-3F\*, Sy(p+k) +Sy(p +k) /
Vza = < 2\/§fn > Kvs 5 KysF(Agnn, 4)F(Apnn, q), (C12)
] D—3F\* Sy(p—Kk)+Sy(p —k), ,
o = ( e ) s LI = O B i, 4V F i, . €13)
4. N — oN

The 7N — oN interactions, where the o N state is purely / = 1/2, are given as

Vanoon = in(—q s Ay )(Vaa + Vap + Vac)un (—q, Ay), (C14)
with
} gonn(D +F) Sx(p+ k) + Sn(p/ + K )
Vi = ()5 - PR ENE LDy F Mo, 4 F A 9, (1)
- i 8oNND+F) , Sy(p—k')+Sn(p' —k) ,
Vi = (r) 2 P o F (B ) F (A ). (C16)
7 1 oo DJ’_F / / / / /
Vie = (r’)[—%}ku(k — Yk =) ysSz (P — P)VF (Arno, 1 — ¢ DF (Axnn, 1g — q')). (C17)
The 7 propagator is
S, = C18
(p) P —m? (C18)

with the physical pion mass m, . I do not include the pion propagator of S, (k — k') for V,. because the wwo vertex interaction
is “real” and hence it causes divergence. Similarly, I will omit propagators of momenta associated with the “real” vertex
interactions.

5. )N —> oN
The nN — o N interactions are given as
Vinoson = in(—q', An')(Vsa + VspJun (—q, An), (C19)
with
_ owN(D —3F)Sy(p+k)+ Sy(p +k)
Voo = —5 NeTH Py F (s ) F (Mg ) (C20)
> gonn(D —3F) Sy(p— k') + Sn(p' — k) /
Vsp = — Nf; 7 Kys = o F(Donn: @ )F (A, q)- (c21)
6. oN — oN
The N — o N interactions are given as
Vonoon = iin(—q', An)) (Vea + Vo Jun (—q. An). (C22)
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with

Sn(p+ k) + Sy(p/ + K ,
v R+ Svp )f(AGNNa q)F (Asnn, 9),

V6a = gerN

2
_ Sn(p— k) + Sy (¢ — k) ,
Vo = &y L : NP =0 F(Aonns @) F Doy @).
7. N — pN

The 7N — p/N interactions are given as
Vi on = €5,(q s An)iin (—¢, M) (Ve + Vi 4+ Vi + VE Y un (—q, Ay),

with

3 gD+ F) o SN R) + Sy (P K)
V= (it >g”””f” [ 4';fN(y"lé—léy”)]Np —r

gonn (D + F)lé Sn(p— k') +Sn(p' — k) [
4f, Vs 3 Y
7 T D+F /, / / / /

Vi = (ifjikl’k)%f)@k” —K"YE=E)ysSe (P — PF (DMrrp, 1 — g DF (Azwn, 19 — 4D,

gonn(D + F)
2fn

KysF(Apnn, 4)F (Axnn, @),

VE = (t't))

K / / /
ot T = Ky | F (A F (A ),
my

Vi = (iejikfk)|:_ i|V“V5-7‘—(ApNN, 4)VF(Aznn, ).

8. yN — pN

The nN — p/N interactions are given as

VnN—)pN = eZH(q/v )"M/)IZN(_qlﬂ )"N’)(VSI; + Vglf))uN(_qa )"N)’

with
v i gpNN(D_SF) Kp / ’ SN(p+k)+SN(p/+k,) ’
Ve = (Tj)[_W}[ a m(yﬂk —k )/M)] 5 kysF(Aonn, @) F (Mg, @),
su [ 8enn(D —3F) Sn(p— k') +Sn(p' —k) Kp Py ,
Vi = (rf)[ TNETA . 7"+ M =Ky [P pew, O F (A, @)

9. oN — pN

The oN — p/N interactions are given as
Vonopn = €5,(q', hn)in(—q', M) (Vs + Vo Jun(—gq, An),

with

‘F(A,DNNv q/)f(AO‘NNv q)s

= ()

gpNNgaNN[ u_,_ (V“k ¥y ]SN(P+k)-;SN(P'+k')

8oNNEoNN SN(p — k/)+SN(P k) [V”

K ’ /o ’
+ M =Ky F A € F (Ao @)
my

10. pN — pN
The p'N — p/N interactions are given as
Von—on = €5,(q s 2 Vi (=4 2n ) (Vi + Vigw + Viow)eov (@, kan)un (=g, Av),

with

Sy(p+k)+Sy(p' + k’)[ )

Vi = @ [y Ky pyn] 2

X F(Apnws q/)]:(ApNNv q),

Ko vy gy
—4mN(yk ky)]
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. N K Sn(p— k) +Su(p/ = k) 5
V/!-ll: i_j\2P |:v_ 4 vy u] |:p. P p./_/p,]
lob (rr)—4 12 —4mN(yl€ ky") 7 12 +—4mN(V K —ky")
XF(Apnns §)F (A pnns q). (C38)
7 LY . k gf)NNKp Vol o ’
Vioe = li€ut )W(V v =y Yy OF (AN onn, ) F (Nonw, q). (C39)
11. N — A
The 7/N — 7/ A interaction is given as
VT[N*)NA = ﬁA,U,(_q/v )\A’)(V{ia + Vlllib)uN(_qs )‘«N)s (C4O)
with
- o D+ F S k Sy(p + Kk
vp, = (riigh IR D) SO W ) 2, O F B ), (c41)
2my fr 2
5 i_j\Jana(D +F) Ny )
7ty = @ P D gy Ky F (A ) F (s @) (C42)
2my fr
12. 3N — A
The nN — 7/ A interaction is given as
VnN—>7‘rA = EA/L(_q/a )"A’)VlguN(_qa )‘-N)a (C43)
with
- | fana(D —3F) Sn(p+k)+Sy(p' + k)
VE = (1) - K™ F(Arxna, @)F (AN, ). C44
= )|: 2ot > kysF(Azna, d)F(Mpwn, @) (C44)
13. oN — A
The oN — 7/ A interaction is given as
VoNosma = ﬁA/L(_q/a AA’)VlléuN(_qv )‘N)v (C45)
with
- v 8NN [ S k)+Sy(p +k
v = (T'/)g N,I;/if NA L ~N(p+ )‘; NP + )]:(AnNA, F Down @), (C46)
o
14. pN — A
The p'N — 7/ A interaction is given as
VpN—>rrA = ﬁA/L(_q/v )"A’ )Vll:vepv(qs )‘-M)MN(_qa )\N)a (C47)
with
. L WSNP R+ Sv(p R, K v v ,
T = () ST P = = | Fava O F B ). (C49)
2m, 2 4my
15. A = A
The 7/ A — 7/ A interaction is given as
Viasaa = iap(—q' s ha )V uan(—q, Aa), (C49)
with
2
_ A fr S k)+Sn(p' + Kk /
v = (T“T')(meA> e WOERENT I 7 g, ) F A ). (€50)
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16. s-channel exchange of bare N* and A* states

To take into account the bare N* and A* states for the meson-baryon scattering in s channel, I add

Vjt;(are(E; q/’ q) — 88k

PN L g L
—> (—) F(A, 4)F(A, q),
my m

2mz (E — Mo)

(C51)

T

to the corresponding partial-wave components V, j in Eq. (1). Here, M is the bare mass of the N* and A* states, g; is the
coupling constant for the bare state to the jth meson-baryon channel, and A is the cutoff. I note that only this bare-state
contribution depends on the center-of-mass energy £ among the meson-baryon interaction terms.
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