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For even isotopes of nuclei U, Pu, Cm, Cf, Fm, No, Rf, Sg, and Hs, spontaneous fission and «-decay half-
lives are calculated within the dinuclear system model and compared with existing experimental data. Cluster
radioactivity half-lives are also described for even U, Pu, and Cm isotopes. All these processes are considered
for the evolution of a nucleus in the charge (mass) asymmetry coordinate and in the relative distance between
the centers of clusters formed. The important roles of the driving potential and mass parameter in the charge
asymmetry coordinate are shown for spontaneous fission. The global isotopic trends of spontaneous fission and
a-decay half-lives are studied. Drastic changes in the functional dependence of spontaneous fission half-life on
the neutron number and in the absolute values of half-lives in the U-No and Rf—Hs nuclear groups are explained.
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I. INTRODUCTION

The enhanced stability against spontaneous fission (SF)
for Fm and No isotopes with the magic neutron number
N =152 and the absence of this effect for nuclei beyond
Lr are well recognized in many experiments [1-5]. The SF
half-lives are not much different from each other for the iso-
topes 256,258, 200R f with N =152, 154, and 156. In contrast, a
strong loss in the stability against SF occurs from N = 152
to N =150 in Rf, Fm, and No isotopes, but not in lighter
elements [6]. For nucleus 2°Rf (?°Rf), the measured half-life
is about 10° (10*) times longer (shorter) than that expected
from the extrapolation of experimental data for nuclei with the
charge numbers Z < 103 [6]. The drastic decline (by roughly
seven orders of magnitude) of the SF half-lives from >>*No
(Tij2 =3 x 10%s) to °Rf (T o = 6.4 x 1073 5) is especially
striking because the behavior of the experimental Q, values
for isotopes of Rf does not indicate the disappearance of the
deformed neutron subshell at N = 152. It is generally as-
sumed that this effect is mainly caused by the decreasing outer
fission barrier below the ground state energy and consequently
a reduction of the total width of the fission barrier [7]. The
strong decrease in half-life from 2°Fm to >>Fm is explained
in two ways: the disappearance of the second saddle point in
the potential barrier or the reduction of the mass parameter
for fission [5,8-10]. So, a thorough explanation of the trend
of SF half-lives of Fm, No, and Rf isotopes is required for
a complete understanding of the fission process and, cor-
respondingly, for future research on heavy and superheavy
nuclei [11-13].

For the heaviest nuclei, the calculations of SF half-life
were performed using the macroscopic-microscopic and self-
consistent mean-field approaches [14—17]. The quadrupole
and octupole moments are assumed to be relevant collective
coordinates driving the nucleus to fission. These approaches
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describe quite well the isotopic trends of Tj,,, for example,
the enhanced stability of Fm and No at N = 152 and of Sg
and Hs at N = 162, but fail to reproduce the absolute values
of lifetimes for many nuclei [6]. This means that the relative
changes of the fission barriers are correct but the heights and
thicknesses have to be further examined.

The model presented here belongs to the cluster type
[18-39]. The ground state of the nucleus is assumed to
have a small admixture of cluster-state components [40—45].
Here the cluster state means two touching nuclei or a dinu-
clear system (DNS). The total wave function of the nucleus
is expressed by a superposition of cluster and clusterless
components. The model [46] was developed to describe si-
multaneously the « decay, cluster radioactivity (CR), and SF.
All these processes were considered for the evolution of the
system in the collective coordinates of charge 1z (mass 1)
asymmetry and in the relative distance R between the centers
of clusters. Calculating the penetrability of the barrier in the
nucleus-nucleus potential, the probability of the DNS decay in
R is taken into consideration. The decays of almost symmetric
DNS configurations are attributed to the SF. Indeed, the SF
mainly occurs from the DNS configurations corresponding to
the minima (deeper than the ground-state energy) of the driv-
ing potential which is the DNS potential energy as a function
of nz or 1.

In Sec. II, we discuss the cluster model of the spontaneous
fission process. This model is employed in Sec. III to calculate
the spontaneous fission half-lives of even-even heavy nuclei
with the charge numbers Z = 90-108. We analyze the isotopic
trends of half-lives and compare them with existing experi-
mental data. The stabilization of nuclei against spontaneous
fission is discussed. The roles of potential energy and mass
parameter in the spontaneous fission are studied. Finally, we
summarize our results in Sec. I'V.

©2021 American Physical Society
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II. MODEL

Fission processes are considered here within the DNS
model. In this model, the cluster formation with charge num-
ber Z; > 2 is described as the evolution of the system in the
charge asymmetry coordinate

Zn — 7t

Zy+27
Here, Z; (A;), where i = L, H, is the charge (mass) number
of the ith cluster and Z =Z7; +Zy (A =A; +Apg) is the
total charge (mass) number of the DNS. The mass asymme-
try coordinate n = (Agy — AL)/(Ay + Apr) is assumed to be
strongly related to nz by the condition of the potential energy
minimum. Indeed, at given 1, the DNS potential energy as a
function of 1 has a well-defined minimum. So, the spreading
in 1 is small at each nz. The decay of the formed DNS is
considered as a motion of the DNS in the relative distance R.

Thus, the probability of finding two clusters L and H at
given 7z is proportional to the leakage of the ground-state
wave function in R at this 7. To simplify the description of
cluster decay [21-38], the process is usually divided into two
independent stages: Forming the cluster state or DNS, and its
decay in the R coordinate. Here, the decay process in terms
of the DNS [45] is also divided into two stages and the total
width of the decay is written as

Nz ey

h
r, = %SLPLs ()

where Sy and Py, are the probabilities of DNS formation and
decay, respectively; wy is the frequency of zero-point vibration
in the nz coordinate near the mononucleus state (nz = 1). The
value of fiwy is equal to the distance between the ground and
the first excited states of the DNS vibrating in 7.

The value of S is determined by solving the stationary
Schrodinger equation

H‘I’n(ﬂz) = En\pn(nZ)v (3)
where the collective Hamiltonian
He G, L g “
2 9nz LT '

contains the inertia coefficient (B’l)nz and the potential
energy U (R, nz).
The DNS potential energy [47]

UR,nz,2)=V(R,1z,2)—(On —0L—0n) ()

is referred to as the driving potential. Here Qy, is the mass
excess of the parent nucleus and Q;, O are the mass excesses
of the nuclei forming the DNS. The driving potential for the
nucleus >®No is shown in Fig. 1. The tip-tip orientation of
axial symmetric nuclei is taken in the calculations of driving
potentials because it provides the minimum of the potential
energy of the DNS considered. To come to the potential mini-
mum of the depth U,, at nz ~ 0.2 for SF, the DNS should pass
through a barrier of height Uy, and width w,, .

The nucleus-nucleus interaction potential V in Eq. (5) con-
sists of three types of interaction,

V(Ra nz, Q) = VC(Rv 772) + VN(R7 772) + Vr(Ra nz, Q)v (6)

FIG. 1. Driving potential for >®No. The fission barrier in 7 is
characterized by the hight U, and the width w,,. The depth of the
potential minimum for SF is denoted by U,,. The tip-tip orientation
of nuclei is taken in the DNS.

the Coulomb Vi, nuclear Vy, and the centrifugal V, =
Q2 + 1)/(23) [where J is the moment of inertia of DNS]
potentials. Here we consider the decays of even-even nuclei in
the case of zero orbital angular momentum £2.

The Coulomb potential V¢ is calculated as

R 5R?

e*7,7, 3
Vo=~ 1+ 25 Y R BaiYa(®)
i=L,H

12
+ 35 [Riﬂzl»Yzo(en]z), (7)

i=L,H

where f; are the parameters of quadrupole deformation. In
our calculations, we employ the experimental values of Q,
and Qg from Ref. [48] and the values of the quadrupole defor-
mation parameters from Ref. [49]. If the relevant experimental
data are not available, we take the calculated values from
Ref. [50]. The shape of each cluster is described as

Ri(0) = roA)°[1 + Bai¥ao(0)].

The nuclear part Vy of the interaction potential is calcu-
lated in the double folding form,

Vy = f pr(ri)pu(R — r)F (rip — r)drdry, (8)

where the density-dependent nucleon-nucleon forces

Flry —ry) = co[FmM +Fex(1 - p(;”))]a(m — )
0

Lo

are folded with the nucleon densities py (rg) and o (R — ry).
Here

Ay —27Z; Ay — 27y
Ap Ay

En,ex = i:in,ex + Ei/n,ex

and p(ry) = py(ryg)+ po(R —r;). The constants &, =
0.09, & = —2.59, & =042, & =054, Cy=300
MeV fm® are from Ref. [51]. We take the spatial axial
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symmetric nucleon density in the form

Lo
1+ exp(Ir — Ry pl/apn)’

pLu(r) = 9

where pg = 0.17 fm™> and ar p stands for the diffuseness
parameters of the nuclei in the DNS. The values employed
in our calculations are within the range roz og = 1.0-1.16 fm
for the nuclear radii R, y = rOL,OHAZ [31 and within the range
ar g = 0.47-0.56 fm for the diffuseness parameters, depend-
ing on nuclear mass. The values of a; and ry, linearly increase
from 0.47 and 1 fm for *He to 0.56 and 1.16 fm for “CAr,
respectively, and then remain unchanged for heavier nuclei.
These parameters allow us to describe well the heights and
positions of the Coulomb barriers in many reactions.

For the calculation of the mass parameter in 7z, we use the
results of Ref. [52], where the expression

(B, = b Avek (10)
: 2mo 22w b2A?

was derived. Here b characterizes the DNS neck size, my is
the nucleon mass, and

2
Aneck = / [PL(I') + IOH(R - I')] exp <_Z_2)dr

is the number of nucleons in the neck region between two
nuclei. In the present calculations, we set the neck parameter
b = 0.479 — 0.019n; fm, which corresponds to about three to
five nucleons in the neck region. A slightly larger b for the
symmetric DNS reflects a larger number of nucleons in the
neck region between two heavy nuclei.

A. Spectroscopic factor

To solve Eq. (3) and find Sy, it is convenient to replace
nz by

L
:2—:1— .
=y 2

This replacement of variables preserves the form of Eq. (3)
with changing the scope of the definition for the function
W(x) to x € [0, 1], where x =0 corresponds to the state
of the mononucleus, and x =1 is for the symmetric DNS
configuration.

The values of U and (B! ), are extended to the segments
of the width 2A = 2/Z so that the points x are placed in the
middle of the corresponding segments. The only exceptions
are the mononucleus, for which we set x € [0,4A), and the
o particle with x € [4A, 5A). The representation of U and
(B~! )n, as step functions allows us to solve Eq. (3) by replac-
ing it by the system of equations

32

h2
5 (B7),, 350+ U0 =Ey;(0. (D

2

which can be easily solved for each interval of x.
Then the normalized wave function

1
/ |W(x)2dx = 1
0

is used for the definition of preformation probability S; of the
DNS with a certain charge number Z; of the light cluster:

nz(ZL)+A
so= [ 1waPdnz. (12)
nz(Z)—A

As shown in Refs. [36,37], the spectroscopic factors Sy, calcu-
lated with Eq. (12) are in line with the spectroscopic factor of
the microscopic description [22,26].

In the case of SF, we suppose that all DNS configurations
in the SF region contribute (P, = 1). Therefore, the spectro-
scopic factor Ssg for SF is calculated as follows:

Nze
Sor = / () Pdnz. (13)
0

where 7z, is the exit turning point (Fig. 1).

B. Half-lives

To compare the model results with the experimental ones,
the half-lives are calculated as

hln2  7ln2
T, woSP’
where the penetration probability P; through the Coulomb

barrier is calculated in the one-dimensional WKB approxima-
tion:

Tip = (14)

2[R B
PL=<1+exp|:ﬁ / Jzu[V(R,nz(zL»—Q]dR]) :
R,

where R,, and R, are the positions of potential energy minima
and exit point, respectively, and Q is the decay energy. The
tip-tip orientation of nuclei is taken to calculate V (R, nz(Z.)).
For SF, §; = Ssg and P, = 1 in Eq. (14).

III. CALCULATED RESULTS

As shown in Figs. 1-4, the driving potential U con-
tains the global maximum and minimum as a function of
charge asymmetry. The energy of the initial fissioning nucleus
(mononucleus) at x = 0 (nz = 1) is larger than the potential
energies around the minimum at 1 — 7z > 0.6. To undergo
fission, the nucleus needs to overcome the potential barrier in
the charge asymmetry and be in the energy-resolved region
at x > 0.6. Thus, the energy-resolved DNS configurations
appear in the SF.

The calculated SF and «-decay half-lives are presented in
Fig. 5. The theoretical results are in quite good agreement
with the experimental data. For the SF (« decay) of >**Th,
Tijp = 1.75 x 103 s (Ty 2 = 3.73 x 10" 5), while the exper-
imental half-life is 71, = 4 x 102 s (T} )2 = 4.42 x 107 s).
For the SF, the largest differences, factors of about 30 and
8, are obtained for 24U and *%Pu, respectively. However,
this is acceptable for the model without adjustment of the
parameters, which were set the same for all nuclei considered.
The calculations reproduce the isotopic trends of Tj,, for
SF, the enhanced stability at N = 152 for Fm and No, and
a rather weak dependence of 77, on N at N = 152 for Rf
and Sg [Fig. 5(b)]. We predict long SF half-lives for Sg and
Hs at N = 164. The values of 7i;,, are almost comparable
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FIG. 2. Calculated driving potential U (a), inverse mass parameter (B*I)nz (b), and ratio U/ (B*I),,Z (c) as step functions of 1 — nz for
230.234.258No. For these isotopes, the squares of the module of the ground-state wave functions |W,|> (d) are also shown. The tip-tip orientation

of nuclei is taken in the DNS.

for ?Hs (N = 162) and >"*Hs (N = 164) and differ by less
than 3 times for 28Sg (N = 162) and *"°Sg (N = 164). The
existing fission models [14-17] predict the maximum of T,
at N = 162. In our model, the absolute values of 7;,, for SF
of 2682705 g and 27%2"2Hs nuclei are many orders of magnitude
smaller than those in the self-consistent fission model [15].
Note that for Sg and Hs stabilization against «-decay occurs
at N = 162 (Fig. 5).

The potential barrier penetrability Ssr in the charge asym-
metry coordinate can be calculated in the one-dimensional
Wentzel-Kramers-Brillouin (WKB) approximation in accor-
dance with the following formula:

2 [ze -1
Ssp = (1 + exp [ﬁ / \/2U(R, nz, Q)/(Bl)qzdﬂZiD ;
n

Z0

where 1z is the entrance turning point. As seen in Fig. 6,
the exact and approximate WKB penetrabilites Ssg have the
same isotopic dependencies, and their absolute values are
either the same or differ for some nuclei up to two orders of
magnitude. The difference between the exact and approximate
calculations arises from the nonmonotonic dependencies of
the driving potential and the mass parameter. As seen below,
these two factors play an important role in the penetration
process. For example, in the case of a larger barrier and
a smaller mass parameter, the wave function may penetrate

more easily than in the case of a smaller barrier and a larger
mass parameter.

The important role of the mass parameter can also be
understood based on the results of calculations presented in
Fig. 7: The replacement of the real mass parameters in nuclei
22Fm and 2*°Rf by the mass parameter for »*No in the
calculations leads to an increase of 71/, by about 2 orders of
magnitude for 2>Fm and a decrease of T} /2 by about 3 orders
of magnitude for 25°Rf.

For the fissioning nuclei 2Fm, and
254.256.262Rf, the inverse mass parameters (B~'),, and the
ratios U /(B“),,Z as functions of 1 — n; are presented in
Figs. 2-4 together with the driving potentials U. It should
be noted that the global maxima of U and (B’l),lz are offset
relative each other, with the maxima at about 1 — nz; = 0.3
and 0.4 for U and (B™'),,, respectively. As clearly seen in
Figs. 2 and 3, the isotopes of No or Rf differ in U/(B’l),,z
and, thus, in the wave functions |¥o(1 — 7 > 0.6)|?, values
of Ssr and half-lives 7j ». In the case of isotopes *°*-***23¥No,
at 1 — nz > 0.6 we have on average

250’254’258N0

U(254No) - U(zso,zssNo)’
(B, No) > (B "),,(**No) > (B™"),,(**No),

(254N0) - (250,258N0)’

(Bil)ﬁz (Bil)nz
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Hs. Symbols connected by lines represent theoretically calculated
results; red open symbols represent the experimental data [53-57].
Arrows indicate the lower limits of half-lives.
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(closed circles) and Rf (closed squares). The tip-tip orientation of
nuclei is taken in the DNS.

and
|\IJO(254N0)|2 < |lI!0(250’258N0)|2.

As a result, the maximum half-life 7;, corresponds to 24No
with a neutron closed subshell at N = 152 (Fig. 5). Note that
the barrier heights U, in Fig. 8 are related by the following
inequalities:

Up(P°No) < U,(P*No) < Uy(*®No),

which mean that the fission barrier is not the highest in 2>*No.

As seen in Fig. 8, the rapid growth of U, from 20No (N =
148) to »*No (N = 152) correlates with a sharp increase in
Tis>. The growth of U, slows down from B4No (N = 152)
to 2’No (N = 156). However, this leads to the reduction of
Ti> with increasing N. From 28No to 2No, again, the rate
of increase in Uy, rises, which leads to a maximum of 77/, at
N = 158. In the case of Fm isotopes, there is a constant drop
of Ti» at N > 152 although U, increases from N = 154 to
N = 156 (Fig. 8).

For the fissioning isotopes of Rf, we have on average the
following at 1 — nz > 0.6:

U(*PRf) > U(®*Rf) > U(P°Rf),
(B™),, P*Rf) > (B™"),,*°Rf) > (B™"),, C7RY),
U

and

(262Rf) - (256Rf) - (254Rf),

(B™Y),, (B7Y),,
|Wo(**°Rf)|> < [Wo(P°Rf)[* < |Wo(**Rf)[%.

Thus, the known heaviest isotope 2*Rf has the highest half-
life. In Fig. 8, we observe a rather sharp growth of U, from
2ORf to 202Rf.

As another example, in Fig. 4 we compare the driving
potentials and inverse mass parameter of nuclei 2>Fm, >*No,
and 2°Rf with N = 152. At 1 — 5z > 0.6 we have on average

U(**Fm) > U(¥*No) > U (**Rf),
(B™1),,**Fm) > (B™"),,(**No) > (B™"),,(*°Rf),
U
(B~1),, (B, (B,

wy, *Fm) > w,, (**No) > w,, **Rf),

(252Fm) - (254N0) - (256Rf),

and
|Wo(*PFm)|? < [Wo(P*No)|* < [Wo(P°Rf)[>.
As a result,
Ti2(*?Fm) > T1/2(**No) > T;2(*°Rf).

As follows from Fig. 4, the energy-resolved region to the
right of the barrier becomes deeper and wider with increasing
atomic number of the fissioning nucleus. This results in a nar-
rowing of the width w,, = nz9 — 1z, of the potential barrier
(Fig. 8) and a decrease of the value of 7;,, (Fig. 5).
Dependence of the Q value of fragmentation, correspond-
ing to the top of the potential barrier in 7z, on the neutron
number of the fissioning nucleus is shown in Fig. 8. For
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Cm, Cf, Fm, No, Rf, Sg, and Hs. The characteristics of the potential are explained in Fig. 1.
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TABLE I. Calculated (TI‘/hQ) and experimental (

Tle/xzp) CR half-lives for the indicated actinides.

Decay mode T (5) Y (s) Decay mode T (s) T (s)

22y — 2*Ne 4.07 x 10*! 1.89 x 10! B6py — BMg 2.06 x 107! 4.67 x 10*!
24y — Ne 1.29 x 10% 1.20 x 10% B8py — Mg 2.79 x 10% 5.01 x 10%
Boy — BMg 4.33 x 10» 3.47 x 10% B8py — 3254 5.15 x 10» 1.99 x 10%
28y — Mg 1.85 x 10% 1.89 x 10% 2Cm — *Si 2.09 x 105 1.41 x 10%

the nuclei with Z < 103, the Q value sharply increases from
N = 148 up to N = 150 or 152, and then weakly decreases.
For the nuclei Rf and Sg (Hs), the Q value weakly decreases
from N = 150 up to N = 158 and from N = 154 up to N =
164 (from N = 158 up to N = 164), respectively. The overall
growth of the Q value with Z is visible, which leads to a
general decrease of the height U, of the barrier with increasing
Z. From a comparison of Figs. 5 and 8, one can see that a sharp
change in the Q value between the groups of U-No and Rf-Hs
correlates with the changes in the functional dependence of
Ti,> on N and in the absolute values of T7,,. A sharp (of about
20 MeV) jump in the Q value from >*No to 23°Rf is mainly
responsible for a sharp decrease of U, and, correspondingly,
Ti .

/To verify the model, the half-lives with respect to CR are
calculated and compared with experimental data [53] for even
U, Pu, and Cm isotopes (Table I). Good agreement is obtained
between the calculated and experimental half-lives without
any special adjustment of parameters. Note that the maximal
deviation from the experimental half-lives is within a factor
of 6.

Besides a good description of half-lives with respect to
o decay, CR, and SF for »®*No, we predict T ,t}‘Z(ZS"No —
“Ca) = 3.86 x 10! s for the emission of **Ca in this nu-

cleus. Note that the experimental o decay (71, = 2.91 s) and
SF (T2 = 549 s) half-lives are much less than this prediction.

IV. SUMMARY

The DNS model (cluster approach) reproduces the global
isotopic trends of SF and «-decay half-lives for even nu-
clei U, Pu, Cm, Cf, Fm, No, Rf, Sg, and Hs. In contrast to
the existing fission models, our model gives correct absolute
values for T, of SF, CR, and « decay assuming charge

(mass) asymmetry as a relevant collective variable responsible
for these processes. In terms of SF («-decay) half-lives, the
model presented describes well the values, which differ up to
34 (20) orders of magnitude. Larger values of SF half-lives
at N = 152 are well described. So the basic assumption of
the model on the collective coordinate that is responsible for
the o decay, CR, and SF seems to be correct. For both Sg
and Hs, our results indicate stabilization against SF towards
the deformed neutron shell at N = 164 whereas stabilization
against o decay occurs at N = 162. As demonstrated, a drastic
change in the Q value of binary fragmentation, corresponding
to the top of the potential barrier in 1z, in the U-No and Rf-Hs
nuclear groups correlates with the changes in the functional
dependence of SF half-life 7/, on the neutron number N and
in the absolute values of T7>.

We have found that the effects of the shape of the potential
barrier (i.e., the width) and inertia parameter for the fission
are significant, and therefore these characteristics are as im-
portant as the height of the potential barrier. Thus, the fission
half-lives do not allow us to make an unambiguous conclusion
about the height of the potential barriers. Note that the height
of the potential barriers in n; is much larger than the height of
the barriers along the elongation of the fissioning nucleus in
macroscopic-microscopic and self-consistent mean-field fis-
sion models. Another important point is that in the model
presented SF is described by the same collective coordinates
as complete fusion in the DNS approach [45].
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