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Background: '*2Sn + >*Sn collisions at a beam energy of 270 MeV /nucleon were performed at the Radioactive
Isotope Beam Factory (RIBF) in RIKEN to investigate the nuclear equation of state. Reconstructing the impact
parameter is one of the important tasks in the experiment as it relates to many observables.

Purpose: In this work, we employ three commonly used algorithms in machine learning, the artificial neural
network (ANN), the convolutional neural network (CNN), and the light gradient boosting machine (LightGBM),
to determine the impact parameter by analyzing either the charged particle spectra or several features simulated
with events from the ultrarelativistic quantum molecular dynamics (UrQMD) model.

Method: To closely imitate experimental data and investigate the generalizability of the trained machine learning
algorithms, incompressibility of nuclear equation of state and the in-medium nucleon-nucleon cross sections are
varied in the UrQMD model to generate the training data.

Results: The mean absolute error Ab between the true and the predicted impact parameter is smaller than 0.45
fm if training and testing sets are sampled from the UrQMD model with the same parameter set. However, if
training and testing sets are sampled with different parameter sets, Ab would increase to 0.8 fm.

Conclusion: The generalizability of the trained machine learning algorithms suggests that these machine

learning algorithms can be used reliably to reconstruct the impact parameter in experiments.

DOI: 10.1103/PhysRevC.104.034608

I. INTRODUCTION

Heavy-ion collisions (HICs) provide a unique opportunity
to explore the nuclear equation of state (EoS), which remains a
key requirement for understanding nuclear reactions, nuclear
structure, as well as neutron star properties [1-7]. In recent
decades, both experimentalists and theorists have made major
efforts to obtain information of the EoS. These studies reveal
that the uncertainty of the nuclear EoS is the largest in the
density-dependent term at high densities. For this purpose,
13281 + 1248n, 1128n + 124Sn, and '%8Sn + '12Sn collisions at
a beam energy of 270 MeV /nucleon were performed at the
Radioactive Isotope Beam Factory (RIBF) in RIKEN [8].

Usually in an experiment, the centrality or impact pa-
rameter is reconstructed by using the relationship between
observed quantities and the collision geometry [9-13]. Re-
cently, the field of artificial intelligence (AI) has received
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unprecedented attention, and prodigious progress has been
made in the application of Al techniques; see, e.g., Ref. [14]
and references therein. Machine learning (ML), which is a
subset of Al, is an interdisciplinary subject, involving proba-
bility theory, statistics, approximation theory, convex analysis,
algorithm complexity theory, and other subjects. Due to its
powerful learning and induction ability, ML approaches are
widely employed in physical science [15-29]. Of particular
relevance to this work, there are several applications of ML
in reconstructing the impact parameter in HICs [30-34]. For
example, in Refs. [30-33], an artificial neural network (ANN)
or support vector machine is used to reconstruct the impact pa-
rameter from final state observables or the particle momentum
distributions. In our previous work [35], we utilized a convo-
lutional neural network (CNN) and a light gradient boosting
machine (LightGBM) to determine the impact parameter from
two-dimensional transverse momentum and rapidity spectra
of protons on an event-by-event basis. It was found that the
average difference between the true impact parameter and
the estimated one obtained with modern ML algorithms, i.e.,
CNN and LightGBM, is much smaller than that obtained

©2021 American Physical Society
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with simple neutral networks adopted 25 years ago [35]. In
addition, modern ML algorithms have much stronger big-
data processing and learning capabilities, as well as stronger
generalizability and explainability, which may help us to find
new insight into the existing data. All these aforementioned
studies revealed the capability of ML methods in reconstruct-
ing the impact parameter. We note that in these studies the
training data are usually generated with theoretical models.
For example, the quantum molecular dynamics (QMD) model
was used to generate data in Refs. [30-32], and a classical
molecular dynamics (CMD) model was used in Ref. [33].
When applying these ML methods to analyze real experi-
mental data, the reliability should be evaluated as none of
the theoretical models represent real experimental data per-
fectly. Using data generated from different physical models or
different model parameter sets from the same model should
give a good estimation of ML’s capability. For this purpose,
the ultrarelativistic quantum molecular dynamics (UrQMD)
model with different nuclear EoS and different in-medium
nucleon-nucleon cross sections (two of the main ingredients
in the transport model) is used to generate data, and the
generalizability of ML methods is investigated by generating
training and testing sets with different model parameters.

The paper is organized as follows. In Sec. IV A, we will
briefly introduce the UrQMD model and different datasets in
this study. We continue with Sec. IV B in which ANN, CNN,
and LightGBM algorithms will be described. In Sec. IV C, we
discuss the results and generalizability of the three algorithms
in detail. We end with Sec. V, which is dedicated to summary
and outlook.

II. UrQMD MODEL

The UrQMD model is a many-body microscopic transport
model which has been successfully extended to describe HICs
with beam energy from tens of MeV per nucleon up TeV per
nucleon available at the CERN Large Hadron Collider (LHC)
[36—41]. In the UrQMD model, each nucleon is represented
by a Gaussian wave packet in phase space. The coordinates r;
and momentum p; of particles i are propagated according to
Hamilton’s equation of motion:

d(H) d(H)

I = ., Pi=-— . 1
op; . P ar; M

Here, (H) is the total Hamiltonian function. It consists of
the kinetic energy 7 and the potential energy U with U =
> 2jVij- The following density and momentum dependent
potential has been widely employed in QMD-like models
[42-47]:
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In this work, the parameter sets which yield a soft (hard) and
momentum dependent equation of state with the incompress-
ibility Ky = 200 MeV (K, = 380 MeV) are considered. From
now on we refer to the soft and hard EoS as SM and HM
respectively. Even though Kj has been constrained to a rela-

@

TABLE I. Four parameter sets of the UrQMD model with differ-
ent mean-field potential and nucleon-nucleon elastic cross section.

EoS Cross section Mode
SM free SM-F
SM in medium SM-I
HM free HM-F
HM in medium HM-I

tively narrow range [48-52]), SM and HM are still considered
in this work to generate data with large differences. Further,
although we know the in-medium nucleon-nucleon elastic
cross section (oyy) is suppressed when compared to the free
one, the degree of this suppression is still not completely
pinned down [53,54]. We use the FU3FP1 parametrization of
onn as in our previous works [53,54]. We also consider the
free oy in this study. All together, four parameter sets of the
UrQMD model listed in Table I are used. Their influences on
five observable quantities—the nuclear stopping power (vartl)
from free protons, the directed flow v; = (% ), the elliptic flow
2 2
v2 = <£2+ﬁi
tral (0 < b < 2 fm) collisions obtained with different model
parameter sets—are listed in Table II. Clearly, observables are
affected by model parameters. For example, v; increases by
70% if the flow obtained from SM-I is compared to that from
HM-F. The isospin-dependent minimum span tree (iso-MST)
algorithm is used in UrQMD model to recognize clusters.
The yields of free protons and clusters are very sensitive to
cluster recognition parameters (i.e., the maximum distance
and relative momentum between two nucleons). To consider
this issue, calculations with parameter sets different from
the nominal ones (see caption for details) are also presented
as SM-I(MST)*. As listed in Table II, the number of free
protons and M, also vary a lot with the cluster recognition
parameters.

), yield of free protons, and multiplicity for cen-

TABLE II. Observable quantities (i.e., v; slope and v, of free
protons at midrapidity, the yield and vartl of free protons, the total
charged multiplicity M) obtained with different UrQMD parameter
sets. We note here that the results listed in this table cannot be
compared directly with experimental data, because events with flat
b dependence are simulated. To compare with experimental results,
calculations with b-weighted events should be used.

Mode v; slope vy Yield vartl M,

SM-F 0.14 —0.0046 £0.0011 4498 0.94 87.60
SM-I 0.11 —0.0024 +0.0012 4397 091 86.35
SM-I(MST)* 0.097 —0.0043 +£0.0013 36.95 092 81.84
HM-F 0.19 —0.0077 £ 0.0010 50.07 0.97 90.51
HM-I 0.15 —0.0043 +0.0010 49.14 0.89 89.24

#This is SM-I mode in combination with MST algorithm (two nu-
cleons with relative distance Ar < 4.8 fm and relative momentum
Ap < 0.25 GeV/c are considered to belong to the same cluster) to
recognition fragments. In other cases, the isospin dependent MST
algorithm with ArP? < 2.8 fm, Ar™ < 3.8 fm, Ar"? < 3.8 fm, and
Ap < 0.25 GeV/c is used.
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For each parameter set, 60 000 events of 1328n + 1%4Sn
collisions with a uniform impact parameter distribution in
0< b <7 fm at 270 MeV /nucleon are simulated. Data ob-
tained from 50 000 of these events are classified as the training
data while the remaining 10 000 events are the testing data.
Normally, the bdb weighted distribution (i.e., the number
of events with an impact parameter b being proportional to
b) due to the collision gefometry is used in transport model
simulations. In Refs. [31,34,35], large bias between predicted
and true impact parameter was observed for the central col-
lisions because a very small fraction of the total events are
central collisions! [55-57]. To avoid this issue, events with
flat distribution of impact parameter are simulated.

Usually, the transverse momentum p, = /p3; + p; and ra-

pidity y, = % ln[%;;f] of charged particles’ can be measured
in heavy-ion experiments. In Ref. [58], the reduced rapidity
Yo = ¥:/Ypro 1s used instead of y,. Here, ypr, denotes the ra-
pidity of the projectile in the center-of-mass system. In order
to minimize preprocessing, the two-dimensional p, and yo
spectrum of all charged particles with 30 x 30 grid is also
used as the input dataset. p, ranges from 0 to 1 GeV/c and y,
ranges from —2 to 2. This two-dimensional p, and y spectrum
of all charged particles is labeled as DATASET .

For DATASET?2, we use seven input features or observables
obtained from '*2Sn + '>*Sn at 270 MeV /nucleon.

Five of the seven features are the number of deuteron,
triton, and helium isotopes, N(d, ¢, He); the averaged trans-
verse momentum of deuteron, triton, and helium isotopes,
N(d,t,He)p,; the number of free protons at mid-rapidity
(Iyo] £ 0.5), Np; and the averaged transverse momentum of
free protons at mid-rapidity, N p,. The remaining two features
are ERAT for free protons, defined as

7/ + Ep]
Zi[p;'/(zm + Ej)] ’

and the transverse kinetic energy E for light charged particles
with the charge number Z = 1 and Z = 2, defined as

ERAT =

3

“

The above variables are selected not only because they are
correlated to impact parameter but also because the measure-
ment of these variables in experiments on the event-by-event
basis is feasible. In addition, for a fixed impact parameter,
variables with smaller event-by-event fluctuations are also
of benefit to ML algorithms. In this context, variables like
directed and elliptic flows are not used because of their large
event-by-event fluctuations. From a theoretical point of view,
the size of the spectator fragments, or the largest fragment
with projectile (target) rapidity, is also a good candidate for
determining the impact parameter. In most experiments that

! Another possible reason is that physical fluctuation is larger in
central collisions than in peripheral ones.

2Throughout this paper, transverse momentum per nucleon is used
instead of transverse momentum for clusters.

TABLE III. Four different ML algorithms with dataset.

Algorithm Dataset Label
CNN DATASETI CNNa
LightGBM DATASETI LightGBMa
ANN? DATASET2 ANND
LightGBM DATASET?2 LightGBMb

#ANN is more suitable for data with seven input features than CNN.
See details in Sec. IV B.

focus on central collisions, the large projectile-like fragments
are rejected to enhance the detection of central collision events
which have much smaller cross sections. Therefore, the size of
spectator fragments is not used as well.

We use three different ML algorithms with dataset as listed
in Table III. To assess the accuracy of the reconstruction of
the impact parameter, the performance of different algorithms
can be quantified by the mean absolute error:

1 Ne\'ems
> Jplme — ). (5)

l

Here, b™ is the true impact parameter of each event and 57"

is the predicted one from different algorithms.

III. ANN, CNN, AND LightGBM ALGORITHMS

In this work, we use three most representative algorithms,
ANN, CNN, and LightGBM, to determine the impact pa-
rameter; the detailed parameter sets of these methods are the
same as that in our previous work [35]. When ANN solves
a problem, it converts the input data into a one-dimensional
vector. The number of fitting parameters increases with di-
mensions. Therefore many more parameters are needed to
handle input data with larger dimension [59,60]. For image
data, ANN easily loses its spatial characteristics, resulting in
unsatisfactory training results. To avoid this problem, newer
neural networks (such as CNN) have been developed. CNN
algorithm is one of feed-forward neural networks that includes
convolution calculations and has a deep structure [61,62]. Be-
cause of the introduction of local receptive fields and shared
weights, it requires many fewer parameters compared with
ANN. LightGBM is a new gradient boosting tree framework
developed by Microsoft; it is highly efficient and scalable and
can support many different algorithms. Its advantages include
(1) faster training efficiency, (2) low memory usage, (3) higher
accuracy, and (4) ability to tackle large-scale data [63,64].
For high-dimensional or weakly correlated input data, usually,
the performance of decision-tree-based algorithms is not good
as that of neural networks. However, for solving problems
of physical nature, decision-tree-based algorithms are usually
favored because of their high interpretability. In general, ANN
is more suitable for tabular data such as DATASETI, CNN
is much more powerful for handling image-like data (i.e.,
DATASET?2), while LightGBM is suitable for both DATASET]
and DATASET?.
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The result of CNNa
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FIG. 1. The results of the CNNa and LightGBMa algorithms
when DATASET] is used. The number in each cell denotes Ab
for the testing data (generated with the vertical labeled mode) by
using the training data (generated with the horizontal labeled mode).
The statistical error due to the randomness in the testing data was
estimated to be smaller than 1% by comparing parallel testing data,
and is therefore negligible.

IV. RESULTS AND DISCUSSIONS

A. Reconstruction results of DATASETI and DATASET2

The results of CNNa and LightGBMa in which DATASET]
serves as the input training data are displayed in Fig. 1. As can
be seen, Ab is about 0.3-0.4 fm (numbers along the diagonal)
if both the training data and testing data are generated from
the same UrQMD model parameter set. By using training
and testing data obtained from different parameter sets (off
diagonal), e.g., the two-dimensional p, and y, spectrum of all
charged particles generated with SM-I serves as the training
data while simulation data generated with HM-F serve as
the testing data, Ab is increased to about 0.8 fm. This is
understandable due to parameters in both the mean-field po-
tential and collision terms (two of the main ingredients of the
transport model) being different in SM-1 and HM-F modes. In
addition, it can be found that Ab is affected much more by
cross section than by Kj. For example, Ab for testing data
obtained from SM-F by using ML algorithms trained with

The result of ANNb
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FIG. 2. The results of the ANNb and LightGBMb algorithms by
using DATASET?. The number in each cell denotes Ab for the testing
data (generated with the vertical labeled mode) by using the training
data (generated with the horizontal labeled mode).

data from SM-I mode is about 0.7 fm, while by using ML
algorithms trained with data from HM-F it is about 0.4 fm.
This is due to the fact that both b and oy strongly affect the
number of collisions and the final observed particle spectra.
Thus, the fingerprint of impact parameter on particle spectra
is erased to some extent by varying oyy. Furthermore, Ab
in most cases obtained with CNNa is slightly smaller than
that obtained with LightGBMa, indicating that CNN has a
better performance on DATASET] than LightGBM. However,
considering the fact that LightGBM is at least ten times faster
than CNN and does not require a GPU, LightGBM is a better
choice for all practical purposes.

Figure 2 shows Ab obtained with ANNb and LightGBMb
algorithms by using DATASET?2. For both training data and
testing data generated from the same parameter set, Ab are
about 0.4-0.45 fm which is slightly larger than the corre-
sponding values displayed in Fig. 1. We observe the same
trend that the diagonal numbers are smaller than off diagonal.
In addition, Ab for training and testing data generated from
parameter sets with the same mean-field potential but different
oyy are also larger than other cases, indicating again oyy
has a stronger effect than the mean-field potential. However,
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FIG. 3. The distribution of the predicted impact parameter from LightGBMb and CNNa algorithms. Both the training data and testing data
are generated with SM-I mode. 5000 '*2Sn 4 '2*Sn collision events for each impact parameter (from left panel to right, » = 0, 0.5, 3, 5, and

7 fm) are tested. The pink lines represent the Gaussian fitting (y = yo +

value of the predicted b and its standard deviation, respectively.

even for training data and testing data generated from these
different parameter sets, Ab is still smaller than 0.8 fm ob-
tained from CNNa even in the worst case.

Regarding the influence of the cluster algorithm, by us-
ing the LightGBMb algorithm trained with data from SM-F,
SM-I, HM-F, and HM-I, the Ab are 0.72, 0.50, 0.70, and
0.51 fm for testing data obtained with SM-I(MST), respec-
tively. Overall, Ab is smaller than 0.8 fm regardless of the
model parameters or cluster recognition algorithms sets used
to generate data.

B. Impact parameter dependence

It is observed that Ab depends on the impact parameter,
and Ab is larger in central collisions [31,34,35]. Figure 3
shows the distributions of the predicted impact parameter
obtained with LightGBMb (top panels) and CNNa (bottom
panels) algorithms. Above 1 fm, the averaged value of bpred
is close to the true value. For by = 0 and 0.5 fm, Epred are
about 1.0 fm, much larger deviations from byy.. The random
nucleon-nucleon collision processes are much more abundant
when b is small, therefore fingerprint of the impact parameter
on various observables might be washed out by the stochastic
process. If the outcomes of collisions with » = 0 and 1 fm are
naturally indistinguishable, but collisions with » > 1 fm are
distinguishable, the byrq for events with by, < 1 fm given
by the ML algorithm would be close to 1 fm in order to
get the smallest global loss, because by varies from 0 to
7 fm. When l_ypred obtained from LightGBMb and CNNa are
compared, the latter performs much better in the most central
collisions.

(x—p)®
202

A
o2

exp~ ) of the distribution. l;pred and o represent the averaged

C. Explanation of the LightGBM algorithm

LightGBM is very explainable whereas CNN is often
treated as a black box. Explainable ML algorithms are usually
preferred, especially when they are applied to solve physical
problems [65,66] because understanding what happens when
ML algorithms make predictions could help us make better
use of the outputs. To understand how the LightGBM algo-
rithm gives a particular result and to develop insight into what
the ML algorithm has learned, feature importance technology
of LightGBM and the method of Shapley additive explana-
tions (SHAP) [67] are applied to show which features have
the greatest effect on the determination of impact parameter.

Mch' | T

E.f E

- [ -

N(d,tHe)p, | | 1

ERAT[ ‘ .

Np, ‘ ]

N(d,t,He) | SM-I|{

10° 10" 102 10° 10 10° 10° 107 10°
feature importance

FIG. 4. The importance of the seven features obtained with the
feature importance technology of LightGBM algorithm.
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FIG. 5. Importance ranking for the seven input features obtained
with SHAP package. Each row represents a feature, and the x axis
is the SHAP value, which shows how important a feature is for a
particular prediction. Each point represents a sample, and the color
represents feature value (red is high, blue is low).

Figures 4 and 5 illustrate the ranking of importance of
the seven features. In both figures, M., and E, are ranked
as the two most important features, while the importance
values of the other five features are similar and very weak. To
understand the feature importance, the correlations between
the impact parameter and the seven input features are plotted
in Fig. 6. The impact parameter b are much more correlated
with M, and E, than the others, which implies that they
can serve as good candidates for determining b. In addition,
we calculate their Pearson correlation coefficient (PCC). PCC
is often used to measure the linear correlation between two
variables in statistics. PCCs between b and M, as well as
b and E| are close to 1, implying a strong linear correlation
between them. Meanwhile, one may find some inconsistencies
in Figs. 4-6 and Table IV. For example, PCC between b and
N(d,t, He) is the third largest one, but N(d, t, He) ranks as
almost the most irrelevant feature in Figs. 4 and 5. This could
occur if the ML algorithm learns not only the linear but also
the nonlinear multifaceted relationship between the output and
the input features.

), (GeVic)

N(d,t,He

‘ 8 0.0 0.1 0.2 0.3 04 050 20‘ 40 60'80 100
Np, (GeV/c) N(d,t,He)

0 2 4 6
ERAT

FIG. 6. The correlations between the impact parameter and the
seven input features.

TABLE IV. The Pearson correlation coefficient among the seven
features and the impact parameter.

E, M, N@,t,He) Np N(d,t,He)p, ERAT Np;

b 094 093 0.86 0.82 0.68 0.67 0.29

SHAP is a model interpretation package developed by
Python that interprets the output of ML model. For each test
sample, the predicted impact parameter for the ith sample
can be obtained with breq i = bpase + f(xi1) + f(x2) + -+ +
f(xix), where f(x;) is the SHAP value of feature x;. Here
X represents the value of the kth input feature of the ith
sample, and by, is the mean value of the all samples. f(x)
represents the contribution of feature x; to the prediction
bprea,i; it tells us how to fairly distribute the prediction among
the features. For a certain sample, the larger f(xj) is, the
more important is x;. In the present work, as the output b is
uniformly distributed from 0 to 7 fm, the by, is about 3.49
fm. Figure 7 displays the contribution of each feature to a cer-
tain prediction. The results for five random samples for each
impact parameter (b = 1 and 7 fm) are displayed. When the
impact parameter is less (greater) than by, the SHAP value
of each feature is basically negative (positive). As observed in
Fig. 6, for a smaller b, values of both M., and E, are larger.
It is understandable as more particles and transverse energy
maybe produced from the more central collision. This is also
the reason why the SHAP values of the red dots (samples with
high values of M., and E ) in the first two rows are more
negative in Fig. 5.

Overall, it can be found that M, and E| are the two most
important input features for reconstructing the impact param-
eter while N(d, t, He) and Np, are listed as being the most

D=1 fM bies=7 fM
1.32 | 6.47 | bbasezsl‘d'g fm
ch
E
1.05 ‘ | 6.35 | L N;
§ Np,
~ o064 ‘ 6.73 | N(d,t,He)p,
[0
& N(d,t,He)
1.18 | 6.44 | ERAT
1.59 6.63 |
| e et T L B L B
4 2 014 0 2 4
SHAP Value (fm)

FIG. 7. The contribution of each feature to a prediction (bpreq)
obtained with the SHAP algorithm, which pushes the prediction of
the model from the base value to the final value (model output bpeq).
The base value is the mean value of the model predicted value on the
training data, here by,e = 3.49 fm. Results from five random events
for each tested impact parameter (byy = 1 and 7 fm) are illustrated
as examples.
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irrelevant features. Based on the ranking importance, we can
reduce the number of features by taking a subset of the most
important features. We have checked that the performance
does not change if N(d, ¢, He) and Np; are not included as
features in the training.

V. SUMMARY AND OUTLOOK

In this work, three popular ML algorithms, ANN, CNN
and LightGBM, are applied to determine the impact parameter
by using either the proton spectra or seven features generated
with the UrQMD model. To test the generalizability of the
trained ML algorithms, four different UrQMD model param-
eter sets are applied to generate the data. It is found that the
mean absolute error between the true impact parameter and
the estimated one Ab can be smaller than 0.45 fm if training
and test sets are taken from the UrQMD model with the same
parameter set, while Ab increases to 0.8 fm if the training
and testing data are taken from different parameter sets in the
UrQMD model. Furthermore, the feature importance is ob-
tained with LightGBM algorithm based on feature importance
technology and SHAP. The total number of charged particles
M., and the transverse kinetic energy E, for light charged
particles are the two most relevant features for determining
the impact parameter, and this can be understood from the
distribution of impact parameter as functions of M., and E, .

The generalizability of the trained ML algorithms is tested
by using training and testing data generated from different
model parameter sets. Although observables are strongly af-
fected by the model parameters, the extracted Ab is still
smaller than 0.8 fm, implying the trained ML algorithms are
robust approaches. This gives us confidence that the trained
ML algorithms with data generated by theoretical models can
be applied to determine the impact parameter in real experi-
mental data as shown in Ref. [68].
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