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Theoretical study of dynamic effects on fusion cross sections for reactions 32,34,36S + 204,206,208Pb
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The universal fusion function prescription and the empirical coupled-channel (ECC) model are used to analyze
the dynamic effects on fusion cross sections for reactions 32,34,36S + 204,206,208Pb. An examination of the reduced
fusion functions shows that the total dynamic effects on fusion cross sections in 36S + 204,206,208Pb are almost
the same as those in 34S + 204,206,208Pb. Furthermore, at sub-barrier energies of the reactions 32,34,36S + 208Pb, the
largest enhancement of reduced fusion function is observed in the reaction 32S + 208Pb. Then the enhancement of
fusion cross sections due to couplings to inelastic excitation channels and neutron transfer channels with positive
Q values is investigated by using the ECC model. The results show that the experimental data of the reactions
34,36S + 204,206,208Pb and 32S + 208Pb are reproduced well by the ECC model. In addition, it can be found that the
effect of coupling to positive Q-value neutron transfer channels is necessary to reproduce the sub-barrier fusion
data of the reaction 32S + 208Pb. Furthermore, for the two reactions 32S + 204Pb and 32S + 206Pb, the effects of
coupling to positive Q-value neutron transfer channels are predicted to be significant. The fusion cross sections
for these two reactions are also predicted.
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I. INTRODUCTION

The heavy-ion fusion reaction has received a great amount
of attention for several decades, which arises from the fact that
the heavy-ion fusion reaction is not only of central importance
for nucleosynthesis, but also can reveal the influence of the
structure of the reacting nuclei on reaction dynamics [1,2].
The study of the fusion reaction is also of crucial importance
for understanding the synthesis of superheavy nuclei [3–14]
and the mechanism of reactions involving weakly bound nu-
clei [15,16]. Up to present, at energies near and above the
Coulomb barrier, many experimental and theoretical studies
have revealed a lot of important information about the fusion
dynamics, such as the hindrance of fusion at deep sub-barrier
energies [17–22], the influence of breakup effects on fusion
[23–30], and the role of the neutron transfer (NT) channel with
a positive Q value in fusion [31–34], etc.

It is well known that the measured fusion cross sec-
tions at sub-barrier energies are enhanced as compared
to predictions from a single barrier penetration model.
This enhancement is not only associated with coupling to
inelastic excitation channels, but also likely related to cou-
pling to positive Q-value neutron transfer (PQNT) channels.
For many reaction systems with PQNT channels, an ex-
tra enhancement of sub-barrier fusion cross sections has
been observed as compared with predictions only consid-
ering the coupling to inelastic excitation channels, such as
58Ni + 64Ni [23], 32S + 94,96Zr [35,36], 40Ca + 94,96Zr [37,38],
32S + 106,108,110Pd [39], 124,132Sn +40Ca [40], 35Cl +130Te
[41], etc. In contrast, in some other experiments for reaction
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systems with PQNT channels [42,43], no extra enhance-
ment was observed in the fusion cross sections at sub-barrier
energies.

Theoretically, many efforts have been made to investigate
the effect of coupling to PQNT channels [26,44–48]. In the
quantum coupled-channel model, the coupling to the two-
neutron transfer channel with a positive Q value is considered
by introducing a macroscopic coupling form factor [48]. Za-
grebaev has proposed a simplified semiclassical model to
consider the effect of neutron transfer channels on fusion
[44]. Within the quantum diffusion approach, the effect of
coupling to the two-neutron transfer channel with a positive
Q value is taken into account by changing the deformation
parameters of the projectile and the target [45–47]. In the
time-dependent Hartree-Fock method [49–55] and the quan-
tum molecular dynamic model [56–61], effects of inelastic
excitation and neutron transfer couplings are all automatically
included. Although many theoretical and experimental efforts
have devoted to investigate the effect of coupling to PQNT
channels on fusion, the role of neutron transfer in fusion
process has never been unambiguously identified.

In our previous work [62], we have developed an empiri-
cal coupled-channel (ECC) model in which a barrier weight
function has been introduced to effectively take into account
the coupled-channel effects. Within this model the effect of
coupling to PQNT channels is simulated by broadening the
barrier weight function. In Ref. [62], the ECC model has
been applied to systematically investigate the fusion excitation
functions of 220 reaction systems. For 89 reactions among
them, the Q values for the two-neutron transfer channel are
positive. For most of these 89 reaction systems, the data of
the fusion cross sections have been reproduced by this ECC
model.
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TABLE I. Q values for one or multineutron transferring from the
ground state of the target to the ground state of the projectile for
32,34,36S + 204,206,208Pb.

Reaction Q(1n) Q(2n) Q(3n) Q(4n)
(MeV) (MeV) (MeV) (MeV)

32S + 204Pb 0.25 4.77 2.98 5.79
32S + 206Pb 0.56 5.24 3.83 6.80
32S + 208Pb 1.27 5.95 4.85 8.01
34S + 204Pb −1.41 1.56 −2.89 −1.94
34S + 206Pb −1.10 2.06 −2.03 −0.92
32S + 208Pb −0.38 2.77 −1.01 −0.29
36S + 204Pb −4.10 −2.98 −7.35 −6.67
36S + 206Pb −3.78 −2.48 −6.50 −5.65
36S + 208Pb −3.06 −1.77 −5.48 −4.43

In Ref. [63], the fusion excitation functions for reactions
34,36S + 204,206,208Pb have been measured. Especially a larger
enhancement of fusion cross sections at sub-barrier ener-
gies was observed in 34S + 204,206,208Pb as compared to those
of 36S + 204,206,208Pb, this observation was explained by a
stronger coupling to the vibrational states in the reactions
with 34S as the projectile. It is interesting to note that the
Q values of the two-neutron transfer channel, i.e., Q(2n)s
for reactions 34S + 204,206,208Pb are positive whereas for re-
actions 36S + 204,206,208Pb the Q(2n)s are negative. The Q(xn)
values for these reactions are listed in Table I. Furthermore,
for reactions 32S + 204,206,208Pb, the Q(2n)s are also positive
and even much larger than those of reactions with 34S as
the projectile. In the present paper, we will first investigate
the dynamic effects on fusion cross sections for reactions
34,36S + 204,206,208Pb and 32S + 208Pb by using the universal
fusion function (UFF) prescription. Then for these reactions,
the dynamic effects will be analyzed by the ECC model men-
tioned above. Finally for the two reactions 32S + 204Pb and
32S + 206Pb, the fusion cross sections at energies near and
above the Coulomb barrier will be predicted.

The paper is organized as follows. In Sec. II, we briefly in-
troduce the UFF prescription and the ECC model. In Sec. III,
the UFF prescription and the ECC model are applied to ana-
lyze the fusion excitation functions of 32,34,36S + 204,206,208Pb.
Finally, a summary is given in Sec. IV.

II. CALCULATION METHODS

A. The universal fusion function

The fusion excitation function is influenced by two types
of natures which are associated with the structure of and the
interaction of the colliding nuclei. One is the static feature
which includes the geometrical aspects, such as the height,
radius, and curvature of the barrier and the static effects
related to the excess protons or neutrons in weakly bound
nuclei. The other one is the dynamic effects of couplings to
inelastic excitation channels, nucleon transfer channels, and
breakup channels. In order to clearly study the dynamic effects
on fusion cross sections of different systems, one way is to
completely eliminate the geometrical factors and static effects

of the interaction between the projectile and the target. In the
present paper, we use the reduction method proposed by Canto
et al. [64,65] to completely eliminate the geometrical factors
and static effects. According to this reduction procedure, the
collision energy and the fusion cross sections are reduced to a
dimensionless variable x and a dimensionless fusion function
F (x),

x = Ec.m. − VB

h̄ω
, F (x) = 2Ec.m.

R2
Bh̄ω

σf , (1)

where Ec.m. is the collision energy in the center-of-mass frame
and σf denotes the fusion cross section. RB, VB, and h̄ω are the
radius, height, and curvature of the barrier when the barrier is
replaced by a parabola.

The reduction method shown in Eq. (1) is suggested by
Wong’s formula [66] for calculating the fusion cross sections,

σ W
f (Ec.m.) = R2

Bh̄ω

2Ec.m.

ln

[
1 + exp

(
2π (Ec.m. − VB)

h̄ω

)]
. (2)

In the case of reaction systems for which the fusion cross
section can be accurately described by Wong’s formula, then
the fusion function F (x) reduces to

F0(x) = ln[1 + exp(2πx)], (3)

F0(x) is a general function of the variable x and independence
of the reaction system. For this reason, F0(x) is called by
the UFF. According to this reduction method, the reduced
fusion data of the different reaction systems can be compared
directly. The differences between the reduced fusion data of
the different reaction systems and the UFF, if exist, are exclu-
sively attributed to the dynamic effects. Thus, the UFF can be
used as a uniform standard to study the effects of couplings to
inelastic excitation channels and PQNT channels.

B. The empirical coupled-channel model

The fusion cross section at a given center-of-mass energy
Ec.m. is calculated as the sum of the fusion cross section for
each partial-wave J ,

σf (Ec.m.) = π h̄2

2μEc.m.

Jmax∑
J=0

(2J + 1)T (Ec.m., J ), (4)

where μ denotes the reduced mass of the reaction system and
Jmax is the critical angular momentum: When the angular mo-
mentum J of a partial wave is larger than Jmax, the “pocket” of
the potential disappears. T denotes the penetration probability
of the potential barrier at a given J .

In the present ECC model, a barrier weight function f (B) is
introduced to effectively take into consideration the coupled-
channel effects in an empirical way. Thus, the total penetration
probability is averaged over the barrier height B and can be
calculated as [62,67,68]

T (Ec.m., J ) =
∫

f (B)TB(Ec.m., J, B)dB. (5)

If one assumes that the potential barrier can be replaced by
an “inverted” parabola, the penetration probability TB can be
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calculated by the well-known Hill-Wheeler formula [69],

T HW
B (Ec.m., J, B)

=
{

1 + exp

[
2π

h̄ω(J )

(
h̄2J (J + 1)

2μR2
B(J )

+ B − Ec.m.

)]}−1

,

(6)

with B being the barrier height and h̄ω(J ) and RB(J ) denoting
the curvature and the position of the barrier for the Jth partial
wave, respectively.

The barrier weight function f (B) is taken to be an asym-
metric Gaussian form

f (B) = 1

N

⎧⎨
⎩

exp
[
−(B−Bm

�1

)2
]
, B < Bm,

exp
[
−(B−Bm

�2

)2
]
, B > Bm,

(7)

where �1, �2, and Bm denote the left width, the right
width, and the most probable value of the barrier weight
function, respectively. f (B) satisfies the normalization condi-
tion

∫
f (B)dB = 1, hence, the normalization coefficient N =√

π (�1 + �2)/2.
When the colliding nuclei come close enough to each

other, the two nuclei are distorted because of the repulsive
Coulomb force and the attractive nuclear force, the dynamic
deformation develops. After taking into account the dynamic
deformation, a two-dimensional potential-energy surface with
respect to relative distance R and quadrupole deformation of
the reaction system can be obtained. Then empirical formulas
for calculating �1, �2, and Bm have been proposed in our
previous work [62]. Moreover, the effect of coupling to PQNT
channels is simulated by broadening the empirical barrier
weight function, that is, when Q(2n) is positive, the widths
�i(i = 1, 2) of the barrier weight function are changed to
gQ(2n) + �i(i = 1, 2). g is taken to be 0.32 for all reactions
with positive Q(2n). In addition, this ECC model has been
extended to describe the complete fusion cross sections for
reactions involving weakly bound nuclei [70]. More details
for the present ECC model can be found in Ref. [62].

III. RESULTS AND DISCUSSIONS

The dynamic effects play a key role to interpret the en-
hancement of fusion cross sections at sub-barrier energies. In
this section, we will first investigate the dynamic effects on
fusion cross sections by the UFF prescription. Then, the ECC
model is used to analyze the effects of couplings to inelastic
excitation channels and PQNT channels.

A. Reduced fusion excitation function

The reduced fusion functions F (x)s of the reactions
34S + 204,206,208Pb and 36S + 204,206,208Pb are illustrated in
Fig. 1. The solid line represents the UFF. The three param-
eters RB, VB, and h̄ω used in the reduction procedure are
calculated by the double folding and parameter-free São Paulo
potential [73–75], which are listed in Table II. It can be seen
that, at the x < 0 region, i.e., at energies below the Coulomb
barrier, the F (x)s of 34S + 204,206,208Pb and 36S + 204,206,208Pb
are enhanced as compared with the UFF. These enhancements
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FIG. 1. The reduced fusion excitation functions F (x)s for reac-
tions (a) 34S + 204,206,208Pb and (b) 36S + 204,206,208Pb as a function of
x. The solid line represents the UFF. The experimental data are taken
from Ref. [63].

mainly arise from the dynamic effects. It should be noted that,
at energies above the Coulomb barrier, there are almost no dif-
ferences between the F (x)s and the UFF for 34S + 204,206,208Pb
and 36S + 204,206,208Pb. This indicates that the dynamic ef-
fects in these reactions mainly affect the sub-barrier fusion

TABLE II. The barrier parameters used to reduce the fusion
excitation functions.

Reaction VB h̄ω RB

(MeV) (MeV) (fm)

32S + 204Pb 146.739 4.573 12.073
32S + 206Pb 146.413 4.561 12.102
32S + 208Pb 146.090 4.550 12.131
34S + 204Pb 145.593 4.430 12.177
34S + 206Pb 145.272 4.419 12.206
34S + 208Pb 144.955 4.408 12.235
36S + 204Pb 144.511 4.300 12.276
36S + 206Pb 144.195 4.289 12.306
36S + 208Pb 143.883 4.278 12.334

034607-3



YANG, SONG, ZHAO, AND WANG PHYSICAL REVIEW C 104, 034607 (2021)

10-6

10-5

10-4

10-3

10-2

10-1

100

101

102

-3 -2 -1 0 1 2 3 4 5

(a) 

  F
us

io
n 

F
un

ct
io

n

 x  

34S+204Pb
36S+204Pb
UFF

10-6

10-5

10-4

10-3

10-2

10-1

100

101

102

-3 -2 -1 0 1 2 3 4 5

(b) 

  F
us

io
n 

F
un

ct
io

n
 x  

34S+206Pb
36S+206Pb
UFF

10-6

10-5

10-4

10-3

10-2

10-1

100

101

102

-4 -3 -2 -1 0 1 2 3 4 5

(c) 

  F
us

io
n 

F
un

ct
io

n

 x  

32S+208Pb
34S+208Pb
36S+208Pb
UFF

FIG. 2. The reduced fusion excitation functions F (x)s for reactions (a) 34,36S + 204Pb, (b) 34,36S + 206Pb, and (c) 32,34,36S + 208Pb as a
function of x. The solid line represents the UFF. The experimental data are taken from Refs. [63,71,72].

cross sections. Furthermore, for the same projectile 34S or
36S on the targets with different isotopes 204Pb, 206Pb, and
208Pb, one can find that the F (x)s are consistent with each
other. This means that the dynamic effects in the reactions
34S + 204,206,208Pb are almost the same. The situation is the
same for the reactions with 36S as the projectile.

In addition, it seems that the enhancement of the reactions
with 34S as the projectile is a little larger than that of the
reactions with 36S as the projectile. To show clearly the en-
hancements of 34S and 36S on the same target, the F (x)s for
34S and 36S on the same target are compared and shown in
Fig. 2. One can find that, at the sub-barrier region, the F (x)
of the reaction 34S + 204Pb is really a little larger than that of
the reaction 36S + 204Pb. The same situations are found in the
reactions 34,36S + 206Pb and 34,36S + 208Pb. It indicates that the
dynamic effects in reactions with 34S are slightly stronger.

As mentioned above, the larger enhancement of
34S + 204,206,208Pb was explained by a stronger coupling
to the vibrational states in the reactions with 34S as the
projectile in Ref. [63]. It seems that this larger enhancement
may be related to the coupling to PQNT channels as the
Q(2n)s for 34S + 204,206,208Pb are positive but negative
for 36S + 204,206,208Pb, which are displayed in Table I.
Furthermore, the F (x) of the reaction 32S + 208Pb with an
even larger Q(2n) is also shown in panel (c) of Fig. 2. As

expected, one can see that the F (x) of 32S + 208Pb shows
an extra enhancement as compared to that of the reaction
34S + 208Pb. Next, for reactions 32,34,36S + 204,206,208Pb, the
effects of couplings to inelastic excitation channels and
neutron transfer channels are evaluated separately by using
the ECC model.

B. Calculations with the ECC model

Noted that, in the present ECC model, the parameters of the
Coulomb potential and the deformed nuclear potential as well
as the empirical formulas for calculating the parameters of the
barrier weight function have been fixed. Therefore, there are
no free parameters in the following calculations.

First for the reactions with 36S as the projectile are investi-
gated by using the ECC model as the Q(2n)s of these reactions
are negative. The comparisons of the calculated fusion cross
sections and the data are shown in Fig. 3. The solid line
denotes the results from the ECC model. It can be seen that
the experimental data are reproduced well. This indicates that
the effect of coupling to inelastic excitation channels in the
reactions 36S + 204,206,208Pb is described well.

Next for reactions 34S + 204,206,208Pb with positive Q(2n)s,
the results from the ECC calculations with and without the
coupling to PQNT channels considered are shown by the
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FIG. 3. The calculated and experimental fusion cross sections for reactions 36S + 204,206,208Pb. The solid line denotes the calculated fusion
cross sections from the ECC model. The experimental data are taken from Ref. [63].
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FIG. 4. The fusion cross sections for reactions 34S + 204,206,208Pb. The solid lines represent the calculated fusion cross sections from the
ECC calculations with the coupling to NT channels considered. The dashed lines are the results from the ECC calculations without the coupling
to NT channels considered. The experimental data are taken from Ref. [63].

solid lines and the dashed lines in Fig. 4, respectively. One
can see that the measured fusion cross sections can be well
reproduced no matter whether the coupling to PQNT channels
is considered or not. This implies that the effect of coupling
to PQNT channels in these reactions can be neglected. The
reason may arise from the fact that the changes in the widths
of the barrier weight function, owing to the small Q(2n), are
relatively small.

As mentioned above, the F (x) of 32S + 208Pb shows an
extra enhancement as compared to that of the reaction
34S + 208Pb. This extra enhancement in reaction 32S + 208Pb
may come from the coupling to the two-neutron transfer chan-
nel with an even larger Q(2n). Then the results from the ECC
calculations with and without the coupling to PQNT channels
considered are shown by the solid line and the dashed line in
panel (c) of Fig. 5, respectively. In this case, one can find that
the effect of coupling to PQNT channels is significant and nec-
essary to reproduce the data. It is interesting to note that, for
32S + 204Pb and 32S + 206Pb, the Q(2n)s are also considerably
large (about 5 MeV). Then the predictions of the fusion cross
sections for these two reactions are shown in Fig. 5. The solid
lines denote the results with the coupling to neutron transfer
channels considered. The results without taking into account
the coupling to the neutron transfer channels are represented

by the dashed lines. It can be seen that the effect of coupling
to PQNT channels in these two reactions are also significant.
We expect further measurements of fusion cross sections for
these two reactions 32S + 204Pb and 32S + 206Pb.

IV. SUMMARY

To summarize, the UFF prescription and the ECC model
are applied to study the dynamic effects on fusion cross
sections for reactions 32,34,36S + 204,206,208Pb. The reduced
fusion functions show that the total dynamic effects on fusion
cross sections for 36S + 204,206,208Pb are almost the same
as those for 34S + 204,206,208Pb. Furthermore, at sub-barrier
energies of the reactions 32,34,36S + 208Pb, the largest enhance-
ment of reduced fusion function is observed in the reaction
32S + 208Pb. The enhancements of fusion cross sections due to
couplings to inelastic excitation channels and neutron transfer
channels with positive Q values are analyzed by using the
ECC model. The results show that the experimental data of the
reactions 34,36S + 204,206,208Pb and 32S + 208Pb are reproduced
well by the ECC model. In addition, it can be found that
the effect of coupling to positive Q-value neutron transfer
channels is necessary to reproduce the sub-barrier fusion data
of the reaction 32S + 208Pb. Moreover, for the two reactions
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FIG. 5. The calculated fusion cross sections with the ECC model for reactions 32S + 204Pb, 32S + 206Pb, and 32S + 208Pb. The solid lines
represent the calculated fusion cross sections from the ECC calculations with the coupling to NT channels considered. The dashed lines are
the results from the ECC calculations without the coupling to NT channels considered. The experimental data are taken from Refs. [71,72].
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32S + 204Pb and 32S + 206Pb, the effects of coupling to positive
Q-value neutron transfer channels are predicted to be signifi-
cant. The fusion cross sections for these two reactions are also
predicted.
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