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Examination of different features of fission fragments of the excited compound nucleus 236Np
produced in the p + 235U reaction at 10.3 � Ep � 30.0 MeV within a stochastic approach
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A stochastic approach based on four-dimensional Langevin equations has been used to estimate the mass
distributions of fission fragments, the average masses of heavy fragments, the average total kinetic energies of
fragments, and the average number of neutrons emitted per fission of 236Np produced in the p + 235U reaction
at 10.3 � Ep � 30.0 MeV. Three collective shape coordinates plus the projection of total spin of the compound
nucleus to the symmetry axis K were considered in the four-dimensional dynamical model. The effects of shell
corrections and dissipation coefficient of K γK were considered in the dynamical calculations. Comparison of the
theoretical results for the mass distributions of fission fragments, the average masses of heavy fragments, and the
average number of neutrons emitted per fission with the experimental data showed that the results of calculations
were in good agreement with the experimental data, although the results of calculations for the average total
kinetic energies of fission fragments were slightly higher than the experimental data. It was also shown that the
number of fission events increased with time, and almost all of the fission events occurred dynamically until
t = 4 × 10−18 s and that the number of fission events became saturated. Furthermore, it was also shown that the
average masses of heavy fragments and the average total kinetic energies of fission fragments of 236Np decreased
with increasing projectile energy.

DOI: 10.1103/PhysRevC.104.034601

I. INTRODUCTION

The discovery of nuclear fission [1,2] opened an important
chapter in the nuclear physics. Although the phenomenon of
nuclear fission has been discovered since about 80 yr back,
the study of fission is still of general interest. Fission may
take place in any of the heavy nuclei after capture of light
particles or γ quanta. Statistical and dynamical descriptions
of the fission process were often used to explain different
fission characteristics (see, for example, Refs. [3–20]). During
the past three decades the dynamical models based on the set
of multidimensional Langevin equations have been used to
determine different features of nuclear fission of the excited
compound nuclei. One-, two-, three-, four- (4D), and five-
dimensional Langevin calculations usually have been used to
simulate the fission of the excited compound nuclei (see, for
example, Refs. [21–34]). The main motivation of this paper
is to study the ability of the 4D dynamical model to simu-
late fission dynamics of the excited compound nucleus 236Np
produced in the p + 235U reaction at 10.3 � Ep � 30.0 MeV.
It should be mentioned that many authors in simulation of
the fission process of the excited compound nuclei assumed
that the magnitude of projection of total spin of the compound
nucleus about the symmetry axis is zero where this assump-
tion is not correct [35,36]. Therefore, in the present research
the dynamical evolution of the projection of total spin of the
compound nucleus about the symmetry axis is considered
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to calculate the mass distributions of fission fragments, the
average masses of heavy fragments, the average total kinetic
energies of fragments, and the average number of neutrons
emitted per fission of 236Np produced in the p + 235U reaction
at 10.3 � Ep � 30.0 MeV.

The present paper has been arranged as follows: The model
and basic equations are described in Sec. II. The results of
calculations are presented in Sec. III. Finally, the concluding
remarks are given in Sec. IV.

II. DETAILS OF THE MODEL AND BASIC EQUATIONS

In the 4D dynamical model, evolution of a compound nu-
cleus from the spherical shape to the scission point can be
considered by the two-center shell-model shape parametriza-
tion [37]. The collective shape coordinates in the two-center
parametrization are (q1, q2, q3) = (r/R0, η, α) where r is
the distance between two potential centers, R0 is the ra-
dius of spherical compound nucleus, parameter α = (A1 −
A2)/(A1 + A2) describes the mass asymmetry of the two frag-
ments, where A1 and A2 are the mass numbers of fragments.
The parameter η denotes the deformation of the fragments
and is defined as ηi = 3(ai − bi )/(2ai + bi ) with i = 1, 2 for
each fragment. Parameters ai and bi are the half length of the
axes of an ellipse in the z and ρ directions of the cylindrical
coordinate as shown in Fig. 1. It should be mentioned that in
the present research, is assumed that the shape of the fission
fragment tips of the left and right fragments to be the same
(η = η1 = η2).
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FIG. 1. Shape parametrizations based on the two-center shell
model for a fissioning system.

In the dynamical calculations, variation of the collective
coordinates can be considered by the coupled Langevin equa-
tions,
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where mi j (‖μi j‖ = ‖mi j‖−1) is the tensor of inertia, qi and pi

are the collective coordinates and momenta conjugate to them,
θi jξ j is a random force, θi j is its amplitude, ξ j is a random
variable, and γi j is the friction tensor. The superscript n in
Eq. (1) shows that the corresponding quantity is calculated
at the instant tn = nτ , where τ is the time step of integra-
tion of the Langevin equations. Qi is a conservative force
and can be given by the Helmholtz free-energy Qi(q, I, K ) =
−(∂F/∂qi )T . The Helmholtz free energy can be determined in
terms of the potential energy and the level-density parameter
as follows:

F (q, I, K ) = V (q,I,K ) − a(q)T 2. (2)

In the Fermi gas model the conservation force is given
by [38]

Qi(q,I,K ) = −∂V (q,I,K )/∂qi + T 2∂a(q)/∂qi, (3)

where the deformation dependence of the level-density
parameter can be expressed by a(q) = 0.073A +
0.095A2/3Bs(q). The inertia tensor is calculated in the
Werner-Wheeler approximation for the incompressible and
irrotational flow [39].

At low excitation energy the potential energy can be calcu-
lated on the basis of the liquid drop model with considering
shell correction as follows [40,41]:

V (q, I, K, T )

= VSH(q,T ) + V LDM (q) + Erot

= VSH(q,T ) + [Bs(q) − 1]E0
s (A, Z )

+ [Bc(q) − 1]E0
c (A, Z ) + h̄2I (I + 1)

2J⊥(q)
+ h̄2K2

2Jeff (q)
,

(4)

where E0
s and E0

c are the surface and Coulomb energies of a
spherical nucleus, Bs(q) and Bc(q) are surface and Coulomb
energy terms [40]. Erot is the rotational energy, I is the spin
of a compound nucleus, and K is the projection of I on the
symmetry axis of the nucleus. J|| and J⊥ are the rigid body
moments of inertia about and perpendicular to the symme-
try axis and Jeff is the effective moment of inertia Jeff =
[J−1

‖ − J−1
⊥ ]−1. VSH(q, T ) is the shell correction energy that

can be evaluated by the Strutinski method from the single-
particle levels of the two-center shell model [42,43]. The shell
correction can be given as

VSH(q, T ) = Eo
shell (q)
(T ). (5)

The shell correction energy at the zero temperature T =
0 reduces to Eo

shell. The shell correction energy at the zero
temperature can be calculated with the shell effects in total
single-particle energy and the pairing energy as follows:

Eo
shell(q, T = 0) =

∑
n,p

[
E (n,p)

shell (q) + E (n,p)
pair (q)

]
, (6)

where E (n,p)
shell (q) and E (n,p)

pair (q) can be calculated by the BCS ap-
proximation and Strutinsky prescription [42,44,45]. In Eq. (5)
factor 
(T ) is the temperature dependence of the shell cor-
rection. Factor 
(T ) can be calculated by [46]


(T ) = exp

(
−aT 2

Ed

)
, (7)

here Ed is the shell damping energy and a is the level-density
parameter. The magnitude of Ed = 20 MeV was suggested by
Ignatyuk and his co-authors in Ref. [38]. In the present calcu-
lations, dissipation is generated through the chaos-weighted
wall and window friction formula, which is described in
Ref. [47].

The evolution of the K-collective coordinate in the dynam-
ical calculations can be determined by [36]

dK = −γ 2
K I2

2

∂V

∂K
dt + γK Iξ (t )

√
T dt, (8)

where ξ (t ) is a random number as Eq. (1). γK is dissipation
coefficient of K. γK for a system consisting of two nuclei con-
nected by a neck (a dinucleus) can be determined by [36,48]

γK = 1

rRN

√
2π3n0

√
JR|Jeff |J||

J3
⊥

, (9)

where r is the distance between the centers of mass
of the nascent fragments, RN is the neck radius, JR =
M0R2/4 for a reflection symmetric shape, and n0 =
0.0263 MeV zs fm−4 [49]. By assuming a constant γK , the
average of K (t ) can be expressed as

〈K (t )〉K0
= K0 exp

[
−γ 2

K I2h̄2

2Jeff
(t − t0)

]
. (10)

Figure 2 shows the dissipation coefficient as a function of
coordinate r/R0 for the compound nucleus 236Np.

It should be mentioned that the magnitude of γK can be
determined for a dinucleus according to Eq. (9). On the
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FIG. 2. The dissipation coefficient of K as a function of coordi-
nate r/R0 for the compound nucleus 236Np.

other hand, in order to perform numerical integration of the
Langevin equation for the K coordinate it is needed to deter-
mine the value of γK for all possible nuclear deformations. For
mononuclear shapes the magnitude of γK can be determined
by extrapolating Eq. (9).

In the calculations, the fission dynamics of a compound
nucleus can be started from a spherical shape. The initial
values of the collective coordinates q0 and the momenta p0
can be sampled by the Neumann method with the generating
function,


(q0,p0,I0,t = 0) ∝ exp

[
−V (q0) + Ecoll(q0,p0)

T

]

× δ(q0 − qg.s.)
dσ (I )

dI
. (11)

The spin distribution of compound nuclei produced in fu-
sion reactions dσ (I )/dI can be determined as [50]

dσ (I )

dI
= 2π

k2

2I + 1

1 + exp
( I−Ic

δI

) , (12)

here Ic is the critical spin and δI is the diffuseness parameter.
The parameters Ic and δI can be obtained by the following
relations [50]:

Ic =
√

APAT /ACN
(
A1/3

P + A1/3
T

)
(0.33 + 0.205

√
Ec.m . − Vc),

(13)

and

δI =

⎧⎪⎪⎨
⎪⎪⎩

(APAT )3/2 × 10−5[1.5 + 0.02(Ec.m . − Vc − 10)]
forEc.m. > Vc + 10,

(APAT )3/2 × 10−5[1.5 − 0.04(Ec.m. − Vc − 10)]
forEc.m. < Vc + 10,

(14)

when 0 < Ec.m. − Vc < 120 MeV; and when Ec.m. − Vc >

120 MeV the term in the last brackets is put equal to 2.5.
AT , AP and ACN represent the mass number of the target,
projectile and the compound nucleus, respectively. Figure 3
shows the spin distribution for 236Np produced in the p + 235U

FIG. 3. The spin distribution of the compound nucleus 236Np
produced in the p + 235U reaction at Ec.m. = 15, 20, and 25 MeV.

reaction, for example, for projectile energy Ec.m. = 15, 20,
and 25 MeV. It can be seen from Fig. 3 that at higher center-of-
mass energy of the projectile the compound nucleus formed
with a larger value of spin.

It should be mentioned that the initial spin I for each
Langevin trajectory can be sampled from the spin distribution.
Furthermore, in the present paper the initial projection of spin
about the symmetry axis K is assumed to be equal to zero.

During evolution of a fissioning nucleus, the total excita-
tion energy of nucleus can be determined by conservation of
energy,

E∗ = Eint (t ) + Ecoll(q, p) + V (q,I,K ) + Eevap(t ), (15)

here Ecoll = 0.5μi j (q)pi p j is the kinetic energy of the col-
lective motion of the nucleus, Eint is the intrinsic excitation
energy of the nucleus, Eevap(t ) is the energy carried away by
evaporated particles by time t , and V (q, I, K ) is the potential
energy of the compound nucleus.

Evaporation of prescission particles and the γ particle from
a compound nucleus are taken into account by using a Monte
Carlo simulation technique. The decay widths for neutron,
proton, α particles, and γ -ray emission are calculated at each
Langevin time-step τ as in Refs. [51,52]. In the simulation
of the evolution of a fissile nucleus a Langevin trajectory
either reaches the scission point in which case it is counted
as a fission event, or if the excitation energy reaches the
value of Eint + Ecoll < min(Bn, B f ), the event is counted as
an evaporation residue (Bn is the binding energy of neutron
and B f is the fission barrier height). In the calculations, the
scission point can be defined as the configuration in which the
neck radius becomes zero.

In the present research, the deformation effects in determi-
nation of the binding energy of particles are considered as in
Refs. [53–56]. Binding energies of the emitted particles can
be obtained as

Bv (q) = Mp(q) − Md (q) − Mv, (16)

here Mv is the mass of the emitted particle. Mp(q) is the
mass of the mother, and Md (q) is the mass of the daughter

034601-3



H. ESLAMIZADEH PHYSICAL REVIEW C 104, 034601 (2021)

FIG. 4. Variation of the α, proton, and neutron binding energies
versus coordinate r/R0 relative to the spherical binding energies
for 236Np.

nucleus. The results of calculations for change in α, proton,
and neutron binding energies as a function of r/R0 for 236Np
are presented in Fig. 4. It is clear from Fig. 4 that the proton
and α-particle binding energies increase quickly with defor-
mation whereas the neutron binding energy decreases slowly.
It can be explained as follows; for a constant deformation
the emission of a neutron causes a small decrease in the nu-
clear deformation energy, but the emission of charge particles
causes a fast increase.

III. RESULTS AND DISCUSSIONS

A stochastic approach based on 4D Langevin equations
has been used to calculate the average number of neutrons

FIG. 5. The results of the average neutron per fission event as
a function of neutrons emission energy for 236Np produced in the
p + 235U reaction with Ep = 12.7 MeV. The solid circles are experi-
mental data [57].

FIG. 6. The results of the time evolution of mass distribution
of fission fragments of 236Np produced in the p + 235U reaction
with Ep = 10.3, 18, and 30 MeV. The solid circles are experimental
data [58].

emitted per fission, the mass distributions of fission fragments,
the average masses of heavy fragments, and the average total
kinetic energies of fragments from fission 236Np produced
in the p + 235U reaction at 10.3 � Ep � 30.0 MeV. A ben-
efit of the 4D dynamical model on the basis of Langevin
equations is that one can investigate the timescale of the
fission process. In simulation of the fission process of the
excited nuclei the timescale is a very important parame-
ter because the time-dependent decay rate is governed by
the nuclear collective dynamics. The emission of prescission
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FIG. 7. The results of the average neutron per fission event as a
function of neutrons emission energy for 236Np produced in the p +
235U reaction calculated with and without considering the effect of
projection of spin at Ep = 12.7 MeV and t = 4 × 10−18 s. The solid
circles are experimental data [57].

particles as a process competing with fission changes the
excitation energy of the fissioning system, and so it affects
many characteristics of the fission process of the excited
nuclei. Figure 5 shows the results of the average neutron
per fission event as a function of neutron emission energy
and with considering different timescales of the fission pro-
cess for 236Np produced in the p + 235U reaction with Ep =
12.7 MeV. Figure 6 also shows the results of the time evolu-
tion of the mass yields of fission fragments of 236Np produced
with Ep = 10.3, 18, and 30 MeV. It should be mentioned
that for each timescale of the fission process that used in
the present calculations only the Langevin trajectories that
reached the scission point have been considered as a fission
event.

It is clear from Figs. 5 and 6 that the results of calcu-
lations quantitatively agree with the experimental data for
t = 4 × 10−18 s. It was also found that the number of fission
events increases with time and almost all of the fission events
occur dynamically until t = 4 × 10−18 s and that the number
of fission events becomes saturated. Furthermore, it can be
seen from Fig. 6 that the positions and widths of the peaks are
also reproduced with high accuracy.

It should be mentioned that in the simulation of the fis-
sion process of a compound nucleus, it is very important
to consider the effect of projection of spin K . It can be
investigated, for example, by estimation of the prescission
neutron multiplicity. Figure 7 shows the results of the av-
erage neutron per fission event as a function of neutrons
emission energy calculated for 236Np with and without con-
sidering the effect of projection of the spin. It is clear
from Fig. 7 that with considering the effect of projec-
tion of spin the prescission neutron multiplicity increased
for 236Np.

FIG. 8. The results of the average masses of heavy fragments of
fission fragments of 236Np produced in the p + 235U reaction with
Ep = 10.3−30 MeV. The solid circles are experimental data [57].

In the present research, the average masses of heavy
fragments (〈MH 〉) and the average total kinetic energies of
fragments (〈EK〉) have also been calculated for fission of
236Np with considering the time evolution of the compound
nucleus equal to t = 4 × 10−18 s. Figures 8 and 9 show the
results of (〈MH 〉) and (〈EK 〉) from fission of 236Np produced
in the p + 235U reaction with Ep = 10.3−30 MeV. Figures 8
and 9 illustrate how proton energy influences the values of
the average masses of heavy fragments and the average to-
tal kinetic energies of fission fragments of 236Np with Ep =
10.3−30 MeV. It can be seen from Figs. 8 and 9 that the
average masses of heavy fragments and the average total
kinetic energies of fission fragments of 236Np decrease with
increasing projectile energy. In other words with increasing

FIG. 9. The results of the average total kinetic energies of fission
fragments from fission of 236Np produced in the p + 235U reac-
tion with Ep = 10.3−30 MeV. The solid circles are experimental
data [57].
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excitation energy of the compound system, the fragments
approach symmetric fission. It can also be seen from Figs. 8
and 9 that the results of calculations for the average masses
of heavy fragments quantitatively agree with the experimental
data, although the results of calculations for the average total
kinetic energies of fission fragments are slightly higher than
the experimental data.

The average total kinetic energies of fission fragments of
236Np can be reproduced more conveniently by reducing the
fission time. It can be seen from Fig. 9 that the experimental
data for the average total kinetic energies of fission fragments
of 236Np can be satisfactorily reproduced by using t = 3.5 ×
10−18 s. Actually, by reducing fission time decreases prescis-
sion particles multiplicity and, therefore, decreases average
total kinetic energies of fission fragments.

IV. CONCLUSIONS

In the framework of the 4D Langevin equations have been
calculated the average number of neutrons emitted per fission,
the mass distributions of fission fragments, the average masses
of heavy fragments, and the average total kinetic energies of
fission fragments for the compound nucleus 236Np produced
in the p + 235U reaction at 10.3 � Ep � 30.0 MeV. In the
dynamical calculations, dissipation was generated through the

chaos-weighted wall and window friction formula and dis-
sipation coefficient of K was considered as a nonconstant
parameter. Comparison of the calculated data for the above-
mentioned quantities with the experimental data showed that
the results of calculations are in good agreement with the
experimental data, although the results of calculations for the
average total kinetic energies of fission fragments are slightly
higher than the experimental data. It was also shown that the
number of fission events increases with time, and almost all of
the fission events occur dynamically until t = 4 × 10−18 s and
that the number of fission events becomes saturated. It was
also shown that the average total kinetic energies of fission
fragments of 236Np can be reproduced more conveniently
by using t = 3.5 × 10−18 s. Furthermore, it was shown that
the average masses of heavy fragments and the average total
kinetic energies of fission fragments of 236Np decrease with
increasing projectile energy. In other words with increasing
excitation energy of the compound system, the fragments
approach symmetric fission.
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