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Investigation of bound state β− decay half-lives of bare atoms
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We investigate the bound state β− decay of highly ionized atoms, in which the decay electron remains in a
bound atomic state rather than being emitted into the continuum. A survey of 3344 nuclei is performed in order
to search possible bound state β− decay nuclei. We find that, for candidates 163Dy, 193Ir, 194Au, 202Tl, 205Tl, 215At,
222Rn, 243Am, and 246Bk, the channel of β− decay is completely forbidden in the neutral case but can be opened
in the bare case. The corresponding bound-state β− decay half-lives of these nuclei are predicted by using the
Takahashi-Yokoi model, which are found to be significantly different from those in the neutral case.
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I. INTRODUCTION

β− decay is one of the most important decay modes for
unstable nuclei by converting a neutron to proton with an
electron and an antineutrino created in continuum states [1]. In
1947, Daudel et al. first proposed the concept of bound-state
β− decay and predicted that there might exist nuclear β−
decay accompanied with the electron created directly in an un-
occupied atomic orbital [2]. For neutral atoms or moderately
ionized atoms, the bound-state β− decay with electron created
in the atomic orbital can hardly proceed. This is because only
weakly bound states are available for the decay electron and
the bound state β− decay is only a marginal decay branch.
However, for highly ionized atoms, more and more empty
states are available and the bound-state β− transition into
deeply bound orbits becomes possible [3]. For instance, with
the extremely high temperature and density, the atoms in the
stellar plasma are partially or fully ionized and the bound-state
β− decay is found to be important for both the pathways of nu-
cleosynthesis and the abundances of the created nuclide [4,5].
Therefore, the bound-state β− decay has attracted much atten-
tion [6–11] and its first observation was successfully made for
163Dy in 1992 [12]. The question of β− decay into the bound
states was investigated by Batkin in Ref. [13]. Takahashi et al.
performed a detailed calculation on the β− decay rates for
highly ionized heavy atoms in a plasma of electrons and ions
at high temperature and high density [9]. It was found that
the bound-state β− decay channel could lead to a significant
change in their total half-lives. For example, the 187Re has
an exceptionally long half-life (4.28 ± 0.08) × 1010 y in the
neutral case, which is used to estimate the lower bound for
the age of our galaxy [14,15]. However, in the bare case the
bound-state β− decay of 187Re to the first-excited state in
187Os is opened and its total half-life is reduced dramatically
from 4.28 × 1010 y to 32.9 y [16].

Previous research into bound-state β− decay mainly fo-
cuses on atoms which are considered to be important for
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the slow neutron-capture process (s process) [10,11]. The
s process is responsible for the synthesis of approximately
half the atomic nuclei heavier than iron via a sequence of
neutron captures and β− decays. For these atoms, the β−
decay process may occur in both the neutral and bare cases.
Here we are interested in a special group of atoms, in which
the channel of β− decay is totally forbidden in the neutral
case by the energy conservation law, but can be opened in the
bare case. To the best of our knowledge, a systematic study on
these atoms is still missing. In present work, we perform a sur-
vey of 3344 nuclei in the mass range 2 � A � 270 to search
for atoms with possible β− decay channels in the condition of
complete ionization. It is found that only a few nuclei satisfy
the required energy conditions, namely 163Dy, 193Ir, 194Au,
202Tl, 205Tl, 215At, 222Rn, 243Am and 246Bk. In particular, the
bound-state β− decays of 194Au, 202Tl, 215At, 222Rn, 243Am,
and 246Bk have not yet been reported in previous works. Based
on the Takahashi-Yokoi model [9], the bound-state β− decay
rates of these nuclei with electrons created in different atomic
low-lying states are predicted.

The paper is organized as follows: In Sec. II, we give
the energy criteria for selecting bound-state β− decay
nuclei. The formulas of the Takahashi-Yokoi model for cal-
culating the bound-state β− decay rates are also given. In
Sec. III, we discuss the estimated log f t values and the elec-
tron radial wave functions in different atomic low-lying states.
The calculated bound-state β− decay half-lives of suitable
candidates are given. Section IV gives a short summary.

II. METHODOLOGY

In the neutral case, the β− decay energy Qn is simply the
energy corresponding to the mass difference between parent
and daughter atoms, and the experimental data of Qn can be
found in Ref. [17]. For the bound-state β− decay in the bare
case, the decay energy Qb is carried totally by the antineutrino
and can be defined as

Qb = Qn − [Bn(Z + 1) − Bn(Z )] + BK,L,..., (1)
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TABLE I. The bound-state β− decay energies of candidate nuclei. Qn is the β− decay energy of neutral atoms. Bn(Z + 1) − Bn(Z )
represents the difference of total electron binding energies between neutral daughter and parent atoms. BK and BL are the electron binding
energy in atomic K and L shells, respectively. Qb(K ) and Qb(L) are the bound-state β− decay energies of fully ionized atoms with electron
directly created in atomic K and L shells.

Parent→daughter Qn Bn(Z + 1) − Bn(Z ) BK Qb(K ) BL Qb(L)
(g.s.→g.s.) (keV) (keV) (keV) (keV) (keV) (keV)

163
66 Dy → 163

67 Ho −2.8 12.5 65.137 49.837 15.746 0.446
193
77 Ir → 193

78 Pt −56.6 15.9 90.660 18.160 22.206 −50.294
194
79 Au → 194

80 Hg −28.0 16.8 95.898 51.098 23.544 −21.256
202
81 Tl → 202

82 Pb −39.2 17.3 101.336 44.836 24.938 −31.562
205
81 Tl → 205

82 Pb −50.7 17.3 101.336 33.336 24.938 −43.062
215
85 At → 215

86 Rn −87.0 18.7 112.844 7.144 27.903 −77.797
222
86 Rn → 222

87 Fr −5.8 19.2 115.859 90.861 28.683 3.685
243
95 Am → 243

96 Cm −7.0 24.0 145.743 114.743 36.493 5.493
246
97 Bk → 246

98 Cf −120.3 23.0 153.124 9.824 38.444 −104.856

where Bn(Z + 1) and Bn(Z ) are the total electron binding
energies of neutral daughter and parent atoms, respectively.
BK,L,... is a key quantity for bound-state β− decay, which
represents the binding energy of an electron created in dif-
ferent atomic shells such as K shell or L shell. Because of
the contribution of BK,L,..., the β− decay energy Qb could turn
from negative values to positive values. As we are interested
in the bound-state β− decays allowed only in the bare case,
the two energy criteria of such decay channels are as follows

Energy criterion I, Qn < 0

Energy criterion II, Qb > 0. (2)

For the 3344 nuclei throughout the nuclide chart, we found
that only a few nuclei 163Dy, 193Ir, 194Au, 202Tl, 205Tl, 215At,
222Rn, 243Am, and 246Bk fulfill the above two energy criteri-
ons (see Table I for details). For these nuclei, the β− decay
energies Qn in the neutral case are all negative and thus the
β− decay channels are completely forbidden. It can also be
seen from the difference between Bn(Z + 1) and Bn(Z ) (for
their values, see Ref. [18]) that the absence of the atomic
electron (Z + 1 → Z) leads to a smaller Q value. However,
for bound-state β− decay with the electron created directly
in an unoccupied atomic orbital, Qb values could become
positive due to the additional contribution of BK or BL. For
all candidates in Table I, the bound-state β− decay channels
with the electron created in the K shell are opened. For 163Dy,
222Rn, and 243Am, the bound-state β− decays with the electron
created in the L shell are also possible.

The bound-state β− decay rates λB of above candi-
date nuclei are calculated by using the Takahashi-Yokoi
model [9–11]:

λB = [ln 2/( f t )] f ∗
m, m = a, nu, u, (3)

where m = a, nu, and u represents allowed, nonunique first-
forbidden and unique first-forbidden transitions, respectively.
f t is the comparative half-life which is directly related to the
square of nuclear transition matrix element. As mentioned
above, the continuum state β− transitions are energetically
forbidden in the neutral case. Therefore, the values of f t

cannot be directly obtained, but can be deduced from its
inverse process. The method of determining f t values shall
be discussed in next section. f ∗

m is the lepton phase volume
part, described as below [9,19],

f ∗
m =

∑
x

σx(π/2)[ fx or gx]2q2S(m)x, (4)

where σx denotes the vacancy of the electron orbit x, taken as
unity in calculations [20]. [ fx or gx] is the larger component
of the electron radial wave functions for the electron orbit x,
evaluated at nuclear radius R. [ fx or gx] is obtained by solving
the Dirac bound-state radial equations [21],

dP

dr
= −κ

r
P − E − V (r) + 2mec2

ch̄
Q,

dQ

dr
= E − V

ch̄
P + κ

r
Q, (5)

where E is the energy of electron excluding its rest energy
mec2, and the quantum number κ is related to the orbital
angular-momentum quantum number l and total angular-
momentum quantum number j by [22]

κ = (l − j)(2 j + 1)=
(

j + 1

2

)
σ, σ ≡ −sgn(κ ) = −|κ|

κ
,

j = |κ| − 1

2
= l + σ

2
,

l = |κ| − 1 + σ

2
= j − σ

2
. (6)

The Dirac bound-state radial wave functions P(r) and Q(r)
are normalized to unity,∫ ∞

0
[P2(r) + Q2(r)]dr = 1. (7)

Here the radial wave functions P(r) and Q(r) are solved
by using the subroutine RADIAL [22], which are related to the
functions fx and gx by

fx =
(

λ̄c

a0

) 3
2 P(R)

R
, gx =

(
λ̄c

a0

) 3
2 Q(R)

R
. (8)
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FIG. 1. The squared larger components of the electron radial wave functions for different electron orbitals, in which the magnitude of wave
functions is rescaled. The vertical dash line labels the nuclear radius R = 1.2 × A1/3 fm (see the case of 163Ho).

a0 and λ̄c are the Bohr radius and the reduced Compton wave-
length, respectively. The nuclear radius is R = 1.2 × A1/3 fm.
The finite nuclear size correction of radial wave functions is
ignored and its effect is considered to be less than 1% [23].
The detailed discussion of [ fx or gx] is provided in Sec. III.

The q in Eq. (4) is equal to Qb/mec2, and S(m)x are the
spectral shape factors, given by [9,19]

S(m)x =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 for m = a, nu and x = ns1/2, np1/2

q2 for m = u and x = ns1/2, np1/2

9/R2 for m = u and x = np3/2, nd3/2

0 otherwise.

(9)

Note that, although the electron has the possibility to be
created in higher atomic shell with large j, however, the influ-
ence of this kind of transition is negligible [9].

III. DISCUSSION AND RESULTS

In the Takahashi-Yokoi model, the bound-state β− decay
rate is determined mainly by the nuclear transition matrix
element term (i.e., the f t values) and the lepton phase volume
term f ∗

m. These two important ingredients shall be discussed
in detail in this section.

The lepton phase volume f ∗
m is related not only to the

bound state β− decay energy Qb and the spectral shape factor
S(m)x, but also to the larger components of electron radial
wave functions [ fx or gx]. Because the bound-state β− decay
occurs at the place of the transforming nucleon, the elec-
tron radial wave functions are approximately evaluated at the

nuclear radius R [24]. In Fig. 1, the squared larger compo-
nents [ fx or gx]2 (i.e., electron density) of different electron
orbitals are shown as a function of r/a0, where a0 labels the
Bohr radius. The vertical dash line labels the nuclear radius
R = 1.2 × A1/3 fm [20]. Note that, for 193Pt, 194Hg, 202Pb,
205Pb, 215Rn, and 246Cf only the wave functions of the K shell
(1s1/2) are shown because the transitions to the L shell are
energetically forbidden. For 163Ho, 222Fr, and 243Cm, the wave
functions of both K (1s1/2) and L shells (2s1/2, 2p1/2, 2p3/2)
are shown. Take 163Ho as an example, it is shown that the
magnitude of electron density of K shell ([ fx or gx]2) is much
larger than that of L shell at R. For the same L shell, the
magnitude of electron density in different states reduces with
the increasing of total spin j. Similar behavior can also be
found for 222Fr and 243Cm. Therefore, the electrons are much
more likely to be created in atomic low-lying states in the
process of bound-state β− decay.

The f t value is the most difficult ingredient in the calcula-
tion of bound-state β− decay rates. As mentioned above, the
f t value is closely related to the magnitude of nuclear matrix
elements (NMEs) [23]:

f t = 2π3 ln 2

g2|Mi f |2 , (10)

where g is the weak-interaction coupling constant, and Mi f

is the nuclear transition matrix which consists of both the
Fermi and Gamow-Teller terms. Here we estimate the magni-
tude of NMEs from the time-mirrored orbital electron capture
process, i.e., the inverse EC process. As shown in Fig. 2, it
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FIG. 2. Schematic view of bound-state β− decay and inverse
orbital electron capture (EC) process. (a) Bound-state β− decay, in
which one neutron in a nucleus decays into proton with monochro-
matic electron antineutrino emitted and the bound electron created
in the inner orbital. (b) Orbital electron capture, in which the bound
electron in the outer orbital is captured by the nucleus, transforms
a proton into a neutron. The monochromatic electron neutrino is
emitted.

is emphasized that the electron accompanied with the bound
state β− decay is bound deeply in the inner orbital, but in the
inverse EC process the electron can only be captured from
the outer orbital. For instance, the EC decay energies QEC of
163Ho in the atomic K , L, M, and N shells are

QEC (K ) = [M(163Ho)−M(163Dy)]c2 − BK = −62.303 keV,

QEC (L) = [M(163Ho)−M(163Dy)]c2 − BL = −12.912 keV,

QEC (M ) = [M(163Ho)−M(163Dy)]c2 − BM = −2.777 keV,

QEC (N ) = [M(163Ho)−M(163Dy)]c2 − BN = 1.534 keV,

(11)

where M(163Ho) and M(163Dy) are the masses of parent and
daughter atoms, respectively. BK,L,... is the binding energy of
an electron captured in different atomic shells. It is seen that
the decay energy QEC is negative for the inner atomic K , L,
and M shells, but becomes positive for the outer atomic N
shell. The difference between electron binding energies of the
inner and outer orbitals is the main reason why the electron
can only be captured from the outer orbital in the inverse EC
process. Fortunately, the candidates 163Dy, 193Ir, 194Au, 202Tl,
205Tl, and 243Am have well-measured data of the correspond-
ing inverse EC processes. Note that the ratio of transition
strengths between the bound-state β− decay and its inverse
EC process depends mainly on the Q value, the spectral shape
factor and the electron density, but not on the weak-interaction
matrix elements [25]. Therefore, the f t values of the inverse
EC process are used as estimated values for the corresponding
bound-state β− decay [see Eq. (3)] [9,12,16]. For the bound-
state β− decays with no inverse EC process, the f t values are
estimated from the analogous transitions of neighboring neu-
tral atoms with the same spin and parity [9]. For example, for
the transition of 193

77 Ir( 3
2

+
) → 193

78 Pt∗( 5
2

−
), the log f t = 6.46

is adopted by averaging the log f t values 6.13, 6.92, and 6.32
of three transitions 195

77 Ir( 3
2

+
) → 195

78 Pt∗( 5
2

−
), 193

79 Au( 3
2

+
) →

193
78 Pt∗( 5

2
−

), and 195
79 Au( 3

2
+

) → 195
78 Pt∗( 5

2
−

) [26,27].
The estimated log f t values and the bound-state β− de-

cay half-lives for all candidates are summarized in Table II.
The half-lives for their neutral atoms are also given for
comparison. The experimental bound-state β− decay half-
life is available only for 163Dy: Tβ−

b
= 47+5

−4d [12]. It can be
seen from Table II that our calculated half-life Tβ−

b
= 49.52 d

agrees very well with the data. This is satisfactory because
there is no adjustable parameter in our calculations and its

TABLE II. The comparison of bound-state β− decay half-lives of fully ionized atoms with those of neutral atoms. The second column
contains information on the spin and parity of both parent and daughter nuclei and the excitation energies. In the third column, a, nu, or u
distinguishes allowed, nonunique first-forbidden or unique first-forbidden transitions, respectively. Qb is the decay energy for bound-state β−

decay with electron emitted in atomic K shell. The estimated log f t values are given in column 5. In column 6, we give the experimental
half-lives T of all candidates in the neutral case [17], and the predicted bound-state β− decay half-lives Tβ−

b
are listed in column 7.

Transition Qb Estimated Neutral Bare
Parent→daughter [E (keV), Jπ ] Decay mode (keV) log f t T Tβ−

b

163
66 Dy → 163

67 Ho [0.0, 5
2

−
] → [0.0, 7

2

−
] a 49.837 4.99 Stable 49.52 d

193
77 Ir → 193

78 Pt [0.0, 3
2

+
] → [0.0, 1

2

−
] nu 18.160 7.16 Stable 65.03 y

193
77 Ir → 193

78 Pt∗ [0.0, 3
2

+
] → [1.642, 3

2

−
] nu 16.518 6.63 Stable 23.21 y

193
77 Ir → 193

78 Pt∗ [0.0, 3
2

+
] → [14.276, 5

2

−
] nu 3.884 6.46 Stable 282.88 y

194
79 Au → 194

80 Hg [0.0, 1−] → [0.0, 0+] nu 51.098 8.40 38.02 h 122.11 y
202
81 Tl → 202

82 Pb [0.0, 2−] → [0.0, 0+] u 44.836 9.20 12.31 d 1.12 × 105 y
205
81 Tl → 205

82 Pb [0.0, 1
2

+
] → [0.0, 5

2

−
] u 33.336 11.7 Stable 1.16 × 108 y

205
81 Tl → 205

82 Pb∗ [0.0, 1
2

+
] → [2.329, 1

2

−
] nu 31.007 5.1 Stable 52.43 d

215
85 At → 215

86 Rn [0.0, 9
2

−
] → [0.0, 9

2

+
] nu 7.144 6.32 0.1 ms 32.95 y

222
86 Rn → 222

87 Fr [0.0, 0+] → [0.0, 2−] u 90.861 8.5 3.82 d 906 y
243
95 Am → 243

96 Cm [0.0, 5
2

−
] → [0.0, 5

2

+
] nu 114.743 7.2 7364 y 0.44 y

243
95 Am → 243

96 Cm∗ [0.0, 5
2

−
] → [42.00, 7

2

+
] nu 72.743 6.1 7364 y 31.96 d

246
97 Bk → 246

98 Cf [0.0, 2(−)] → [0.0, 0+] u 9.824 9.6 1.80 d 3.49 × 107 y
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log f t value is taken directly from the inverse EC process.
For 193Ir, its log f t value 7.16 of ground-state transition is
also taken directly from its inverse process [27]. For the
excited-state transition of 193Ir, there is no experimental in-
formation on the inverse process and the log f t value is an
averaged one from the neighboring transitions. One may hope
to remove the uncertainty of the f t values for bound-state
β− decay by state-of-art calculations of NMEs in future. It
is emphasized that the neutral atom of 193Ir is stable, however,
its bare atom is predicted to be unstable to β− decay with a
half-life of 16.13 y. Thus the 193Ir could be a good candidate
to observe the bound-state β− decay. The situation of 205Tl
is similar to that of 193Ir. The half-life of 205Tl in the bare
case is predicted to be 52.43 d and the experiment on 205Tl
has already been scheduled at the ESR [28]. For 194Au, 202Tl,
215At, 222Rn, 243Am, and 246Bk, their bound state β− decay
half-lives, to our best knowledge, are predicted for the first
time.

Note that the half-lives of neutral 194Au, 202Tl, and 246Bk
atoms are determined by the β+ decay or the EC process [17].
For the neutral 215At, 222Rn, and 243Am atoms, their half-
lives are completely determined by the α decay [17]. In the
bare case, the bound-state β− decay channel competes with
these decay channels. It can be seen from Table II that the
bound-state β− decay half-lives Tβ−

b
of 194Au, 202Tl, 215At,

222Rn, and 246Bk are much longer than the half-lives of their
neutral atoms, showing the bound-state β− decay is only a
marginal decay channel. The neutral 243Am atom has a very
long half-life of 7364 y determined totally by the α-decay

mode, which is almost not changed in the bare case (less than
1%) [29]. Owing to the bound-state β− decay, the half-life
of bare 243Am atom is predicted to be shortened significantly
from 7364 y to 26.66 d, which is also a promising candidate
for future bound-state β− decay experiment.

IV. SUMMARY

To conclude, we found that, for a very small proportion
of nuclei throughout the whole chart of nuclides, the channel
of bound-state β− decay is completely forbidden in their
neutral atoms but becomes possible in the bare atoms. The
corresponding bound-state β− decay rates are predicted with
the log f t values estimated from the inverse EC process or
analogous transitions of neighboring atoms. The half-lives
of several candidates are found to be significantly modified
as compared with those in the neutral case. In particular,
the bound-state β− decay rates of 194Au, 202Tl, 215At, 222Rn,
243Am, and 246Bk are predicted for the first time. It is sug-
gested that the stable atoms of 193Ir and 205Tl could be suitable
candidates for experiments. The half-life of 243Am is found to
be shortened significantly from 7346 y to 26.66 d in the bare
case, which is also recommended as a hopeful candidate.
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