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Following nuclei through nucleosynthesis: A novel tracing technique
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Astrophysical nucleosynthesis is a family of diverse processes by which atomic nuclei undergo nuclear
reactions and decay to form new nuclei. The complex nature of nucleosynthesis, which can involve as many
as tens of thousands of interactions between thousands of nuclei, makes it difficult to study any one of these
interactions in isolation using standard approaches. In this work, we present a new technique, nucleosynthesis
tracing, that we use to quantify the relative fraction of nuclear abundances that pass through individual nuclear
reaction, decay, and fission processes at any point during nucleosynthesis. We apply this technique to study
fission and β− decay as they occur in the rapid neutron capture (r) process of nucleosynthesis.
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I. INTRODUCTION

The extreme conditions that can arise in astrophysical en-
vironments enable nuclear transmutation processes to take
place, by which atomic nuclei interact with their environment
or decay to form new nuclei. Insofar as different astrophysical
environments may foster certain transmutation processes but
not others, these environments may be categorized by the
different types of nucleosynthesis that occur in each; one of
the primary goals of nuclear astrophysics, then, is to explain
how these different nucleosynthesis sources produce all of the
chemical elements observed in the universe, beginning with
the primordial hydrogen and helium produced during the Big
Bang [1].

In the most complex cases, nucleosynthesis can involve
many thousands of nuclear species connected by upward of
≈100 000 nuclear transmutation processes by which their
abundances may evolve in time. Because the rates at which
the different processes occur may depend on the tempera-
ture and density of the environment in which the nuclei are
situated, as well as the abundances of the different nuclei
themselves, nucleosynthesis is an extremely dynamical and
nonlinear problem. Nevertheless, through the use of nuclear
reaction networks, it is possible to effectively model nucle-
osynthesis numerically.

More difficult, however, is the problem of isolating and
quantifying the role of individual nuclear properties as they
influence nucleosynthesis as a whole. This can be especially
important because nucleosynthesis is inherently determined
by the properties of the nuclei that participate in it, making
these properties the focus of a significant number of experi-
mental and theoretical campaigns in nuclear physics (see, e.g.,
Refs. [2–7] and references therein). By identifying the most
crucial nuclear properties for each nucleosynthesis process,
these campaigns may be more precisely focused in the near

future on those properties which will most significantly con-
strain nucleosynthesis simulation predictions.

Past approaches to accomplish this goal have either (1)
systematically varied individual or collections of nuclear
properties and examined the relative changes to nucleosynthe-
sis, for example, in Refs. [8–15], or (2) analyzed the overall
rate at which different processes (reactions, decays, or fis-
sion) occur during nucleosynthesis, such as in Refs. [16–18].
However, it has not been possible using current techniques
to precisely quantify which nuclei, and in what amounts,
are affected by individual nuclear properties. Approach (1)
inherently modifies the nucleosynthesis simulation itself, in-
sofar as decay and reaction rates themselves are modified.
While approach (2) does not affect nucleosynthesis simu-
lations in the same way, it provides only limited insight
into which aspects of a simulated abundance pattern are
affected.

In this work, we introduce a new framework for nucleosyn-
thesis modeling, nucleosynthesis tracing, that can be applied
to supplement these two approaches. Nucleosynthesis trac-
ing enables the robust quantification of which nuclei have
participated in an arbitrary collection of nuclear reactions,
decays, and/or fission at some point during nucleosynthesis,
thereby relating specific nuclear properties to those compo-
nents of nuclear abundances to which they are connected
over the course of nucleosynthesis. In Sec. II, we identify
the underlying assumptions of the nucleosynthesis tracing
framework and derive the differential equations that define
the technique. In Sec. III, we briefly summarize how we
have implemented nucleosynthesis tracing as PRISMtr, a mod-
ified version of the nuclear reaction network code Portable
Routines for Integrated Nucleosynthesis Modeling (PRISM).
Finally, we demonstrate several possible applications of nu-
cleosynthesis tracing to rapid neutron capture (r process)
nucleosynthesis in Sec. IV.
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II. THEORY

Traditional nuclear reaction networks time evolve the
nuclear abundances of a system actively undergoing nucle-
osynthesis. These calculations require a number of different
input parameters, including an initial composition of nu-
clei and any relevant nuclear properties, such as nuclear
reaction and decay rates. Because these rates may de-
pend on the thermodynamics of the system, it is also
necessary to specify and evolve the temperature and den-
sity during nucleosynthesis. Reaction networks may also
incorporate other environmental properties, such as ex-
ternal heating rates and (anti)neutrino fluxes, into their
calculations.

The generalized problem of simulating nucleosynthesis
may then be phrased as follows. We assume that each nuclide
in a system can be uniquely identified by its proton number, Z ,
and mass number, A. To each combination of these (Z, A), we
assign an integer, i, that indexes the species. The number den-
sity of species i at any given time is given as ni, and we define
the relative abundance of this species as Yi = ni/ρNA, where
ρ is the baryon density, and the mass fractions Xi = YiAi sum
to 1,

∑
i Xi = 1.

Changes in abundances are enacted by a collection of nu-
clear transmutation processes, P. For each process p in P, we
require the associated quantities listed below.

(1) A rate function �p, which is allowed to depend ex-
plicitly on any environmental quantity available to the
network, such as temperature, density, or neutrino flux,
as appropriate to the process. Insofar as each of these
quantities is available to the network as a function of
time, the function �p is implicitly a function of time.

(2) A set of nuclear indices, Rp, that correspond to the
nuclei consumed by the process.

(3) A set of nuclear indices, Pp, that correspond to the
nuclei produced by the process.

(4) A function, αp(i), that gives the number of species with
index i ∈ Rp consumed by the process.

(5) A function, βp(i), that gives the average number of
species with index i ∈ Pp produced by the process.

Once a specific collection of relevant processes, P, is spec-
ified, nucleosynthesis is reduced to solving an initial value
problem (IVP) for the abundances as a function of time, Yi(t ).
The abundances at time t0 are taken as the initial condition.
The set of processes, P, completely defines the system of
differential equations for the IVP. For each species in the
network, i, the differential equation defining its evolution in
time is given as

dYi

dt
= −

∑
{p∈P|i∈Rp}

⎛
⎝αp(i)�p(t )

∏
j∈Rp

Yj (t )αp( j)

⎞
⎠

+
∑

{p∈P|i∈Pp}

⎛
⎝βp(i)�p(t )

∏
j∈Rp

Yj (t )αp( j)

⎞
⎠, (1)

where the first summation is taken over processes in which
nuclide i is given in R and the second over processes in

which nuclide i is given in P . Because our notation differs
significantly from more commonly adopted forms, we refer
to the Appendix for a description of the relationship between
Eq. (1) and that used, e.g., in Ref. [19].

The specific approaches that are taken to solve this IVP
vary across reaction networks, and the ideal numerical meth-
ods can be application dependent. For simulating r-process
nucleosynthesis, a common approach is to solve an implicit
Euler equation using the Newton-Raphson method [19–23],
although alternative approaches have also demonstrated suc-
cess [24–29].

A. Nucleosynthesis tracing

In this work, we develop an extension to reaction networks
as previously defined. We refer to this extension as a tracing
reaction network. This extension, which is laid out below,
enables the robust quantification of which nuclei in a system
have a nucleosynthetic history involving a particular process
or processes, among other possible applications.

We begin by constructing a parallel set of abundances
to evolve, denoted as Ytraced,i and referred to as the traced
abundances. Physically, the traced abundances identify the
subset of the total abundances which have assumed some
property, a trace-in condition, during nucleosynthesis. Once
a nucleus satisfies the trace-in condition, we add it to the
traced abundances. We may also wish to remove nuclei from
consideration in the traced abundances after they assume some
other property, a trace-out condition. We otherwise evolve
the overall abundances according to Eq. (1) and the traced
abundances according to a slightly modified form of the same
equation. It is also helpful to define the untraced abundances
as Yuntraced,i = Yi − Ytraced,i.

For the present work, we strictly consider trace-in and
trace-out conditions to be the participation in a collection
of processes, Pin and Pout, respectively. Effectively, we begin
tracing a nucleus once it is produced by a process identified
in Pin, and we continue to follow it throughout all subse-
quent nucleosynthesis in which it participates. However, if
it is consumed by one of the processes in Pout, we remove
it from the traced abundances, and we do not consider any
further nucleosynthesis in which it participates. We also de-
fine an additional set of processes, Pother, which we define as
the set of those processes in P belonging to neither Pin nor
Pout.

We illustrate schematically how one- and two-body pro-
cesses in each of Pin, Pout, and Pother affect the evolution of
the traced abundances in Fig. 1. Processes in Pin and Pout

are relatively straightforward, as products are always mapped
into the traced and untraced populations, respectively. For
one-body processes in Pother, the mapping is straightforward as
well, as products of traced nuclei are mapped into the traced
population, and products of untraced nuclei are mapped into
the untraced population.

For two-or-more-body processes, the situation is more
complicated. If a traced nucleus interacts with a traced nu-
cleus, then the products clearly should be mapped into the
traced population. Likewise, if only untraced nuclei undergo
the process, then the products unambiguously belong in the
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Pin Pout Pother

Two-Body

One-Body

Traced nuclei Untraced nuclei

FIG. 1. A schematic diagram of nucleosynthesis tracing. Populations of traced nuclei (top red boxes) and untraced nuclei (bottom blue
boxes) interact via one-body and two-body trace-in processes (Pin), trace-out processes (Pout), and other processes (Pother). The filled circles
represent nuclei consumed by a process, and the arrowheads represent nuclei produced by a process. For the trace-in processes, products
are mapped exclusively to the traced population, while the trace-out processes map products exclusively to the untraced population. All other
processes are allowed to map products to either the traced or untraced populations, depending on the populations to which the reactants belong.

untraced population. It is also possible that some number of
untraced nuclei interact with some other traced nuclei, and
we are forced to choose what fraction of the products belong
to the traced and untraced populations. The simplest choice
is to assert that if any nucleus consumed by the process is
traced, then the products are always mapped into the traced
population, as can be seen in the top-right panel of Fig. 1.
This is the choice we explore in the present work, although
other meaningful choices are possible.

The system of differential equations describing the evo-
lution of the traced abundances may now be defined under
these assumptions. There are four distinct varieties of terms
that present themselves in these differential equations, and we
construct each of them in turn.

A traced nucleus, i, is produced by a process, p, in Pin.
Because we wish to add all of the nuclei produced via this
process into the traced network, the relevant term should be
identical to that of the total abundance Yi, namely

R1 = βp(i)�p(t )
∏
j∈Rp

Yj (t )αp( j). (2)

A traced nucleus, i, is produced by a process, p, in Pout.
Because none of the nuclei produced via this process should
be mapped into the traced network, this term is simply 0.

A traced nucleus, i, is produced by a process, p, in Pother.
All nuclei produced by this process should be mapped into the
traced network unless all of the nuclei involved are untraced.
The rate at which only untraced nuclei undergo the process is
given by

R′
2 = βp(i)�p(t )

∏
j∈Rp

Yuntraced, j (t )αp( j). (3)

The rate at which traced nuclei are produced is the difference
between Eq. (2) evaluated for the nucleus produced by process

p ∈ Pother and Eq. (3),

R2 = βp(i)�p(t )
∏
j∈Rp

Yj (t )αp( j)

−βp(i)�p(t )
∏
j∈Rp

Yuntraced, j (t )αp( j). (4)

Expressed in terms of only traced abundances Ytraced,i and
overall abundances Yi, this reduces to

R2 = βp(i)�p(t )
∏
j∈Rp

Yj (t )αp( j)

−βp(i)�p(t )
∏
j∈Rp

[Yj (t ) − Ytraced, j (t )]αp( j). (5)

A traced nucleus, i, is consumed by a process, p, in Pin,
Pout, or Pother. A traced nucleus may interact with any other
nucleus, traced or otherwise, to undergo a particular process.
As such, the rate at which a traced nucleus is consumed by
the process will be in proportion to the overall rate in the ratio
Ytraced,i/Yi. The term is given by

R3 = −Ytraced,i

Yi

⎛
⎝αp(i)�p(t )

∏
j∈Rp

Yj (t )αp( j)

⎞
⎠.

Because an abundance Yi may be 0, we rearrange this slightly
as

R3 = −αp(i)�p(t )Ytraced,iY
αp(i)−1

i

∏
j �=i∈Rp

Yj (t )αp( j). (6)

The system of equations that govern the traced reaction
network is a linear sum of all appropriate terms of the forms
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Eqs. (2), (5), and (6), together with the system of equations
defined in Eq. (1). It is given by

dYi

dt
= −

∑
{p∈P|i∈Rp}

⎛
⎝αp(i)�p(t )

∏
j∈Rp

Yj (t )αp( j)

⎞
⎠

+
∑

{p∈P|i∈Pp}

⎛
⎝βp(i)�p(t )

∏
j∈Rp

Yj (t )αp( j)

⎞
⎠ (7)

dYtraced,i

dt
= −

∑
{p∈P|i∈Rp}

[
αp(i)�p(t )Ytraced,iY

αp(i)−1
i

×
∏

j �=i∈Rp

Yj (t )αp( j)

]

+
∑

{p∈Pin|i∈Pp}

[
βp(i)�p(t )

∏
j∈Rp

Yj (t )αp( j)

]

+
∑

{p∈Pother|i∈Pp}

[
βp(i)�p(t )

∏
j∈Rp

Yj (t )αp( j)

−βp(i)�p(t )
∏
j∈Rp

[Yj (t ) − Ytraced, j (t )]αp( j)

]
. (8)

This extended system of equations can then be solved us-
ing the same numerical techniques as for traditional network
equations [Eq. (1)]. Both the total and traced abundances
evolve mostly separate from each other, with connections
between the two mediated by the Pin and Pout processes.
Note that because the equations for dYi

dt are the same as in
Eq. (1), they are not affected in any way by the extended
network, and simulating the total abundances will not be
affected by using the extended network equations. However,
the total abundances do arise in the equations for the dYtraced,i

dt ,
and through this dependence the dynamic interactions of the
traced abundances with the total abundances are effectively
captured.

III. NUCLEOSYNTHESIS AND PRISM

For the demonstrated applications of the nucleosynthesis
tracing framework presented in Sec. IV, we use an updated
version of the reaction network code PRISM [17,30,31] de-
noted as PRISMtr. The extended network equations defining the
evolution of the traced abundances, summarized as Eq. (8),
are structurally very similar to those of the total abundances,
Eq. (7). Numerically, we solve both the total abundances and
the traced abundances over a series of discrete time steps by
solving an implicit Euler equation using the Newton-Raphson
method. In addition to solving for the time derivatives dYi

dt

and dYtraced,i

dt , this approach requires evaluating the partial
derivatives

∂

∂Yj

(
dYi

dt

)
,

∂

∂Yj

(
dYtraced,i

dt

)
,

∂

∂Ytraced, j

(
dYi

dt

)
, and

∂

∂Ytraced, j

(
dYtraced,i

dt

)
.

Insofar as Eqs. (7) and (8) are polynomials of the Yi and
Ytraced,i, these partial derivatives are straightforward to eval-
uate, and we do not give their explicit form here.

For the calculations performed in this work, we use PRISMtr

to perform a number of r-process nucleosynthesis tracing
simulations. In all cases, we implement a combination of
experimental data and theory calculations for charged-particle
reaction rates; β− decay rates; delayed neutron emission prob-
abilities; neutron-capture rates; one-neutron photodissociation
rates; neutron-induced, β−-delayed, and spontaneous fission
rates; and fission yields. Charged-particle reaction rate data is
taken from the JINA REACLIB database [32]. The β− decay
rates, β−-delayed fission rates, and delayed neutron emission
probabilities are evaluated using the Los Alamos National
Laboratory (LANL) QRPA + HF framework of Refs. [33,34]
using AME2016 [35] and FRDM2012 [36] nuclear masses.
Neutron-capture rates and neutron-induced fission rates are
calculated using the LANL statistical Hauser-Feshbach code
COH [37], also assuming AME2016 and FRDM2012 nuclear
masses. One-neutron photodissociation rates are evaluated by
detailed balance, with the requisite one-neutron separation
energies taken from the AME2016 and FRDM2012 nuclear
masses. Fission yields are taken from the calculations of
Ref. [38]. We implement all decay half-lives and branching
ratios of the Nubase 2016 evaluation [39], which are taken to
replace the aforementioned theory calculations when possible.

Finally, we note that many of these processes invariably
produce one or more free neutrons. We do not, for the present
work, intend to trace the nucleosynthesis in which these
neutrons participate. In order to prevent such neutrons from
populating the traced abundances, we fix dYtraced,neutron

dt = 0, in-
stead of evaluating it according to Eq. (8). Future work may
investigate, e.g., the relative effect of these neutrons on r-
process nucleosynthesis, in which case it would be necessary
to evaluate dYtraced,neutron

dt via Eq. (8).

IV. APPLYING THE NUCLEOSYNTHESIS TRACING
FRAMEWORK TO THE r PROCESS

The rapid neutron capture process (r process) of nu-
cleosynthesis is the astrophysical mechanism by which the
heaviest elements observed to exist in the universe are formed.
The r process proceeds by an alternating sequence of neu-
tron capture and β− decay toward progressively heavier
nuclei and is made possible by extremely hot, dense, and
neutron-rich environments [1]; identifying the astrophysi-
cal events that provide such extreme conditions remains
one of the greatest open problems in nuclear astrophysics
[40,41]. Major progress toward this goal occurred with the
first gravitational wave observation of a neutron star merger,
GW170817/GRB170817a/SSS17a [42,43]. Analysis of the
electromagnetic counterpart of this event suggests a signifi-
cant lanthanide component in the ejecta of this event, pointing
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to neutron star mergers as one possible site of the r process
[44]. However, owing to significant challenges in observa-
tional astronomy, astrophysics, and nuclear physics, it is not
yet possible to clearly identify neutron star mergers as the
dominant source of r-process nuclei in the universe (see, e.g.,
Refs. [5–7] and references therein).

The r process poses several barriers to analysis that make
it a particularly interesting focus for the first application of
our tracing framework. Multiple nuclear processes, including
neutron capture, neutron photodissociation, and β− decay, are
all in competition as thousands of different nuclear species
are populated throughout nucleosynthesis; when some of the
heaviest and most neutron-rich nuclei are formed, fission be-
gins to compete as well, populating lighter nuclei according
to complex fission fragment distributions (yields) that po-
tentially span hundreds of different nuclei. Because of the
large number of nuclear species involved and the numerous
transmutation processes connecting them, it can be especially
difficult to quantify how individual transmutation processes
interact with the many others to determine the progression of
nucleosynthesis.

In this section, we demonstrate several ways that our
nucleosynthesis tracing framework may be applied to ad-
dress the challenges associated with understanding the role
of nuclear properties in governing r-process nucleosynthe-
sis. Section IV A highlights the role of different fission
channels—considered as a whole, as well as for individual
nuclei—in a variety of neutron star merger r-process en-
vironments. In Sec. IV B, we choose a set of neutron star
merger wind conditions where fission plays a minimal role
and perform tracing calculations for the β− decay of elements
40 � Z � 80.

A. Distribution of fission products in final r-process abundances

In extremely neutron-rich environments, sufficiently heavy
nuclei may be formed during the r process such that these
nuclei begin to fission, with varying degrees of significance
for the nuclear abundances produced from nucleosynthesis. In
the most extreme cases, fission recycling may occur, in which
the bulk of nuclei undergo fission; these nuclei are returned
to lighter nuclei and undergo additional neutron captures and
β− decays characteristic of the r process. In such condi-
tions, the specific nuclear abundances are expected to depend
on the fission properties of many exotic neutron-rich nuclei
[17,18,45–49]. However, these fission properties effectively
rely entirely on theory-based predictions, and a great deal of
progress has been made to evaluate them, including from sys-
tematic, macroscopic-microscopic, and purely microscopic
theoretical approaches (see, e.g., Ref. [50] and references
therein for a recent review; also Refs. [17,18,38,51–54]). In
order to help inform existing and future efforts in the study
of nuclear fission, we use our tracing framework to examine
the various ways that different fission processes, namely
spontaneous fission (s f ), β−-delayed fission (βdf ), and
neutron-induced fission (n, f ), can influence r-process nucle-
osynthesis in the ejecta of a neutron star merger.

For this analysis, we begin by selecting a set of three
trajectories that broadly represent the varying extents to which
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FIG. 2. Comparison of temperature (upper panel) and density
(lower panel) profiles used in this work to explore the contributions
of fission products in different types of neutron star merger ejecta:
wind ejecta (red lines), for which fission plays a subdominant role
during nucleosynthesis; dynamical ejecta (blue lines), in which most,
but not all, nuclei participate in fission; and cold dynamical ejecta
(green lines), in which nearly all nuclei undergo fission one or more
times.

fission contributes to nucleosynthesis, enumerated below as
follows:

(1) Parameterized accretion-disk wind ejecta conditions,
with timescale τ = 20 ms, initial specific entropy
s = 40 kB/baryon, and electron fraction Ye = 0.20, as
used in Ref. [31].

(2) Dynamical ejecta of a binary neutron star merger con-
ditions taken from the simulations of Refs. [46,55,56],
with initial specific entropy s = 0.62 kB/baryon and
electron fraction Ye = 0.049.

(3) Cold tidal-tail ejecta of a binary neutron star merger
conditions, similarly taken from the simulations
of Refs. [46,55,56], with initial specific entropy
s = 4.3 kB/baryon and electron fraction Ye = 0.019.

In Fig. 2, we compare the temperature and density profiles
for each of these trajectories. The wind conditions have much
higher entropy and electron fraction than either of the two dy-
namical ejecta trajectories, leading to conditions that support
much less fission overall. The two dynamical ejecta conditions
are more similar to each other, with extremely low entropies
and electron fractions that are considerably more suited for
the production of fissioning nuclei, the effects of which can
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be clearly seen in the dramatic increase in temperature that
occurs beginning around 0.01 s, reflecting the considerable
release of nuclear energy from fission that heats the system.
While qualitatively very similar, the overall lower density,
temperature, and initial electron fraction of the cold tidal-tail
ejecta is expected to lead to substantially higher levels of fis-
sion, which we explore in more detail later on in this section.

In order to assist in the analysis and interpretation of
these tracing calculations, it is also helpful to consider the
abundance-weighted average timescales [16] of the dominant
classes of transmutation processes taking place during nucle-
osynthesis, which we identify here as neutron capture (n, γ )
and the inverse process (γ , n); nuclear β− decay; and the
fission processes βdf and (n, f ). For each of these, we define
the abundance-weighted timescale τ by

τ(n,γ ) =
∑

i

Yi

/ ∑
i

YnYi�(n,γ ),i,

τ(γ ,n) =
∑

i

Yi

/ ∑
i

Yi�(γ ,n),i,

τβ− =
∑

i

Yi

/ ∑
i

Yi�β−,i,

τβdf =
∑

i

Yi

/ ∑
i

Yi�βdf ,i, and

τ(n, f ) =
∑

i

Yi

/ ∑
i

YnYi�(n, f ),i,

(9)

where the summations over nuclear species i are restricted to
heavy nuclei, Yn is the free neutron abundance, and the �i

are the rate functions of Eq. (1). These abundance-weighted
timescales represent the average timescale for a nucleus to
proceed through each of the five nuclear transmuation pro-
cesses, where lower values of τ correspond to comparatively
faster rates and vice versa.

We plot the timescales for each of the three astrophysical
conditions as a function of time in Fig. 3. Several basic aspects
of the r process clearly emerge in each case, in particular
(1) an early phase where (n, γ ) and (γ , n) reactions clearly
dominate as the fastest processes in the network and proceed
in equilibrium, as indicated by the equality of τ(n,γ ) and τ(γ ,n);
(2) the point of freeze-out, at which β− decay surpasses (n, γ )
as the fastest process, i.e., when τβ− intersects with τ(n,γ );
and (3) a decay toward stability phase that occurs following
freeze-out, where the unstable nuclei formed during the r
process undergo a series of decays to stable nuclei. As can
also be inferred from the timescales, nuclear fission may take
place at various points and to varying degrees during the r
process.

In the case of of the wind ejecta, fission timescales are
fastest (τ ≈ 100 s) sometime around freeze-out and persist
throughout the decay-to-stability phase, such that all fission
products predominantly undergo β− decay toward stability,
although they may also undergo some number of latent (n, γ )
or (γ , n) reactions as well.

In the dynamical and cold tidal-tail ejecta conditions,
fission arises much sooner and occurs over much faster
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FIG. 3. For each of the parameterized wind ejecta (top), dynam-
ical ejecta (middle), and cold tidal-tail ejecta (bottom), the average
timescales for (n, γ ) (solid red) and (γ , n) (dashed red); β− decay
(solid green); and βdf and (n, f ) fission channels (dotted and solid
blue lines, respectively).

timescales (τ ≈ 1 s) in comparison with the wind ejecta. In
these examples, fission products may also be significantly
produced before freeze-out. These fission products will be
re-equilibrated into the r-process path via the (n, γ ) � (γ , n)
equilibrium, where they will continue to be processed into
heavier nuclei until freeze-out occurs, a process described as
fission recycling.

While timescales provide an excellent basis for providing
a broad description of fission’s role in nucleosynthesis, we
demonstrate how our nucleosynthesis tracing framework can
be applied to quantitatively describe how fission products
contribute to specific features of r-process abundances. For
our first analysis, we perform three separate nucleosynthe-
sis tracing calculations, in which the products of all nuclei
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FIG. 4. Relative contributions to final isotopic abundances by terminating fission channel (spontaneous fission, s f ; neutron-induced fission,
(n, f ); and β−-delayed fission, βdf ) for the neutron star merger wind conditions described in the text. The top panel compares the traced
abundances (solid lines) to the total abundances (dots). The bottom panel shows the ratio of each traced abundance to the total abundance; the
gray line indicates their sum. For A < 125, all abundances are populated almost exclusively by fission processes, while the relative contributions
to A > 125 are comparatively weaker, peaking at ≈50%.

fissioning via a particular channel, (n, f ), βdf , or s f , are
followed throughout the remaining nucleosynthesis. Because
some heavy nuclei may have been processed through more
than one fission event, we restrict the current analysis to
the final, or terminating, fission event by setting a trace-out
condition for the two remaining fission channels. In this way,
we perform three tracing calculations for each of the three
astrophysical conditions.

We begin by considering the wind ejecta conditions, where
fission is expected to play a subdominant role, as previously
discussed. The results of each of our three tracing calculations,
i.e., for each of the (n, f ), βdf , and s f fission channels,
are shown in Fig. 4. The contributions are dominated by the
(n, f ) and βdf channels, with the final distribution of fission
products lying in the 80 < A < 180 region. Among the fission
contributions to the overall pattern, roughly equal contribu-
tions arise from the (n, f ) and βdf channels. In particular, we
note that for these conditions, very few nuclei remain to the
left of the second r-process peak (A ≈ 130) prior to the onset
of fission, with contributions to this region being dominated
by material that is directly deposited there as fission products.
Because this fission occurs relatively late during nucleosyn-
thesis, around the point of freeze-out and throughout the
subsequent decay-to-stability phase of nucleosynthesis, as can
be seen in Fig. 3 and the supporting discussion, the material

does not significantly move forward into the second or third
(A ≈ 195) peaks via subsequent neutron capture.

We repeat this analysis for our selected dynamical ejecta
conditions. Fission is more significant in this case, with
around 60–80% of heavy nuclei across the entire pat-
tern having participated in fission. Furthermore, significant
amounts of (n, f ) products undergo follow-up neutron-
capture nucleosynthesis, forming up to 60% of abundances
well beyond the extent of the fission yields, including
the third r-process peak and long-lived actinide isotopes.
These contributions arise from earlier stages of nucleosyn-
thesis, when (n, γ ) and (γ , n) reactions dominate the other
available transmutation processes, between 0.2 and 1 s as
demonstrated by the timescales in Fig. 3. As such, these
early-time fission products will re-integrate into the r-
process path determined by the equilibrium between (n, γ )
and (γ , n) and be subsequently processed into heavier
nuclei.

Nuclei to the left of the second peak are populated via
a mechanism similar to that of the wind conditions from
Fig. 4. Toward the end of nucleosynthesis, after freeze-out has
occurred around 1 s, the free neutron abundance is sufficiently
low such that β− decay proceeds more quickly, on average,
than (n, γ ) reactions. Because of this, contributions in the
80 < A < 125 region arise from the late-time (n, f ) and βdf
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FIG. 5. Relative contributions to final isotopic abundances by terminating fission channel (spontaneous fission, s f ; neutron-induced fission,
(n, f ); and β−-delayed fission, βdf ) for dynamical ejecta conditions from a neutron-star merger simulation [46,55,56], as in Fig. 4. For these
conditions, nucleosynthesis proceeds via incomplete fission recycling, with neutron-induced fission accounting for ≈60% of abundances across
the entire range of the pattern, and β−-delayed fission accounting for an additional 10% to 30% for A <∼180. The remaining abundances,
about 10% to 40% depending on A, have no history of fission.

fission products whose isotopic distributions do not apprecia-
bly change due to (n, γ ) reactions.

Finally, we consider our selected cold tidal-tail ejecta con-
ditions. Here, all heavy nuclei have been processed one or
more times through fission, possibly via multiple fission chan-
nels. For our analysis, we consider only contributions that
arise from the terminating, or last, fission event. In order to
achieve this, we trace in all fission events for the particular
channel under consideration and trace out all other fission
events. If a particular abundance in the final pattern has a
history involving two different fission channels, only the con-
tribution from the last fission event is considered. As can be
seen in Fig. 6, the effect of this is that the sum of fission traces
across the (n, f ), βdf , and s f channels add neatly to unity,
even though the average nucleus has more than one fission
event in its history.

In contrast with the calculations shown in Fig. 5,
βdf also becomes active during earlier phases of
nucleosynthesis before freeze-out occurs (0.2 to 0.8 s, as
indicated by the timescales in Fig. 3), and βdf competes
with (n, f ) for fissionable nuclei populated during this phase
of nucleosynthesis. As evidence of this, note that the βdf
products are able to undergo further neutron capture reactions,
eventually populating ≈10% of the third peak and long-lived
actinide abundances, in addition to some movement of the

products from the A < 125 region into the second peak. As
with the previous conditions, nuclei to the left of the second
peak are dominated by late-time fission products produced
after freeze-out around 0.8 s, with roughly equal contributions
from the (n, f ) and βdf channels.

As a final point of discussion for our first set of tracing
calculations, we point out that these calculations provide an
alternative approach to characterizing the extent of fission
recycling (also sometimes referred to as fission cycling) in
r-process environments. Past approaches have focused on
counting the number of fission cycles by comparing the sum
total of nuclear abundances before and after nucleosynthesis,
taking into account the fact that when nuclei fission into two
fragments, their total abundance effectively double (e.g., as in
Refs. [57,58]).

Our nucleosynthesis tracing calculations approach the
description of fission recycling from a slightly different per-
spective by quantifying the specific fraction of individual
nuclear abundances that have proceeded through fission at any
point in their history. In this way, these calculations determine
whether the final set of nuclear abundances, in their entirety,
have been completely processed through fission one or more
times (as in the cold tidal-tail conditions, Fig. 6) or only
partially (as in the dynamical conditions, Fig. 5). In the former
case, we denote the r process as having undergone complete
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FIG. 6. Relative contributions to final isotopic abundances by terminating fission channel (spontaneous fission, s f ; neutron-induced fission,
(n, f ); and β−-delayed fission, βdf ) for the cold tidal-tail ejecta conditions from a neutron star merger simulation [46,55,56], as in Figs. 4
and 5. Under these conditions, nucleosynthesis proceeds via complete fission recycling, with 100% of the pattern having a traced history
involving (n, f ), βdf , or s f .

fission recycling, and in the latter case, as having undergone
incomplete fission recycling. In contrast with existing defini-
tions based on the enumeration of fission cycles on average,
our definition provides a dichotomous classification of fis-
sion’s role in the r process. In this sense, the two approaches
are complementary to each other.

While valuable insight can be derived from tracing en-
tire fission channels across all nuclei, it is also possible to
apply our tracing technique with much finer resolution by
tracing the fission of individual nuclei. While integrated fis-
sion flows have helped inform which nuclei most actively
undergo fission during the r process (see, e.g., Refs. [17,18]),
such approaches provide limited information relating to the
distribution of the fission products throughout the abundance
pattern at the conclusion of nucleosynthesis. These effects
become particularly important in conditions for which nu-
cleosynthesis proceeds via complete or incomplete fission
recycling, where there is a combination of early-time fission
(whose products are significantly reprocessed via neutron
capture), late-time fission (whose products are mostly re-
stricted to β− decays toward stable nuclei), and intermediate
cases.

We perform tracing calculations for the (n, f ) and βdf
of each nuclide found to fission in the cold tidal-tail ejecta
considered in Fig. 6 and appurtenant discussion. While ≈300
nuclides fission via either channel during nucleosynthesis,

we find that the overall contribution of their products to the
final calculated abundances is quite small for the majority of
these, on the order of 1% or less. By restricting to fission
processes with traced abundances constituting a minimum of
10% of the final pattern for at least one value of A, we find
nine fission processes to surpass this threshold, distributed
across very neutron-rich neptunium (Z = 93) and plutonium
(Z = 94) isotopes populated during the period leading up to
freeze-out (between 0.2 and 0.8 s; see Fig. 3). Collectively,
the fission of these nuclei drive the effects of early-time fission
events presented in the discussion of Fig. 6.

In Fig. 7, we plot the traced abundances for each of these
nine fission processes. In each case, the traced abundances
follow the same shape as the total pattern, suggesting that
the fission products from these nuclei do not imprint on the
final abundance pattern, instead quickly re-equilibrating along
the r-process path via the (n, γ ) � (γ , n) equilibrium—an
interpretation consistent with that of Fig. 6. To reinforce this
point, we compare the actual fission yield with the traced
abundances for the most-significantly fissioning (n, f ) nu-
clide, neptunium-290, in Fig. 8. While the fission yield is
smoothly distributed along 90 < A < 190, the products are
eventually redistributed throughout the second and third r-
process peaks and long-lived actinide isotopes, in proportion
to the total abundance pattern. We re-emphasize that even
though the traced abundances of these ≈9 fission processes
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FIG. 7. Relative contributions to final isotopic abundances, [Y (A), solid dots] for the β−-delayed (βdf ) and neutron-induced [(n, f )] fission
products of individual neptunium and plutonium isotopes (solid lines) in the cold tidal-tail ejecta conditions of Refs. [46,55,56], as in Fig. 6.
The plotted isotopes are those whose fission yields contribute at least 10% to the total abundance pattern for at least one mass number A.

are large in magnitude with respect to the total abundances,
this does not necessarily indicate that the specific properties of
these fission processes are directly responsible for shaping the
final abundance pattern, as these fission products are quickly
reintegrated into (n, γ ) � (γ , n) equilibrium, which is deter-
mined by nuclear structure considerations of lighter nuclei.

Some fraction of material processed through these ≈9
early-time fission processes will eventually undergo a final
late-time fission event sometime after freeze-out occurs. Con-
sequently, nuclei will be distributed according to the yields
of these final fission events without significant reprocessing
by neutron capture. Because these calculations continue to
trace fission products through all subsequent fission events,
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FIG. 8. Comparison of fission yield (solid line) to final
traced abundances (shaded region) for the neutron-induced fis-
sion of neptunium-290 in the cold tidal-tail ejecta conditions of
Refs. [46,55,56], as in Fig. 6. Both are normalized according to
Eq. (12). Nuclei produced by this fission process participate in signif-
icant further neutron-capture nucleosynthesis, with the actual fission
yield leaving a minimal imprint on the final abundance pattern.

we see the formation of the 80 < A < 125 abundances in
Fig. 7. Our tracing calculations suggest that, for an r pro-
cess proceeding via complete fission recycling, abundance
features which eventually form via late-time fission were first
processed through the fission of just a handful of nuclear
species, in this particular case the ≈9 fission processes we
have identified here.

If we consider nuclei that fission below the 10% threshold
used in the preceding discussion, we find a large number of
late-time fission processes whose yields leave a static imprint
on the total abundance pattern. In Fig. 9, we compare the
fission yield to the traced abundances for one such exam-
ple, the late-time βdf of berkelium-270 (Z = 97). The traced
abundances, in this case, clearly follow the fission yield, with
any discrepancies arising from β−-delayed neutron emission
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FIG. 9. Comparison of fission yield (solid line) to final traced
abundances (shaded region) for the β−-delayed fission of berkelium-
270, as in Fig. 8. Nuclei produced by this fission process primarily
undergo a series of β− decays, with minimal effect on the distribution
in mass number, A, compared to that of the original yield.

015803-10



FOLLOWING NUCLEI THROUGH NUCLEOSYNTHESIS: A … PHYSICAL REVIEW C 104, 015803 (2021)

160 170 180 190 200

Neutron number, N

90

95

100

105

P
ro

to
n

nu
m

b
er

,
Z βdf

160 170 180 190 200

Neutron number, N

90

95

100

105

P
ro

to
n

nu
m

b
er

,
Z (n, f )

−7 −6 −5 −4 −3

log10

(∫
fission flow

)
, pattern-like

−7 −6 −5 −4 −3

log10

(∫
fission flow

)
, yield-like

FIG. 10. Integrated β-delayed (βdf , top panel) and neutron-induced ((n, f ), bottom panel) fission flows for individual nuclides during the
cold tidal-tail ejecta conditions of Refs. [46,55,56], as in Fig. 6. Red color indicates that the traced isotopic abundances are mostly similar
to the fission yield [Ytraced(A) ∼ Yield(A), as in Fig. 9], and blue color indicates that the traced isotopic abundances are similar to the overall
pattern [Ytraced(A) ∼ Y (A), as in Fig. 8].

that happens as the products decay toward stable nuclei, ef-
fectively shifting some of the products toward lower values
of A.

Figure 10 places the (n, f ) and βdf of each nuclide into the
dichotomy of pattern-like (as in Fig. 8) and yield-like (as in
Fig. 9) traced abundances. We begin by calculating integrated
fission flows, defined for each nuclide i as

∫
�(n, f ),iYnYi dt and∫

�βdf ,iYi dt for (n, f ) and βdf , respectively; here, � is as
defined in Sec. II. For every fission process with an integrated
fission flow in excess of 10−7, we evaluate the functions

Lpattern = 1

2

∑
A>80

|Y (A) − Ytraced(A)| (10)

Lyield = 1

2

∑
A>80

|Yield(A) − Ytraced(A)| (11)

where Y (A), Ytraced(A), and Yield(A) are the total abundances,
traced abundances, and fission yields, respectively, and each

is normalized such that∑
A>80

Y (A) = 1,

∑
A>80

Yield(A) = 1, and

∑
A>80

Ytraced(A) = 1. (12)

In this way, Lyield is nearly zero if the traced abundances fol-
low the same distribution as the corresponding fission yield.
Likewise, Lpattern is nearly zero if the distribution of the traced
abundances follows that of the total abundances. By compar-
ing Lyield to Lpattern, we may systematically identify whether
the (n, f ) and βdf of each nuclide is pattern-like or yield-
like. In Fig. 10, the (n, f ) and βdf traced abundances for
each nuclide are colored red if they are yield-like and blue
if pattern-like, and the shading of each indicates integrated
fission flow.
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FIG. 11. Separation of nuclear abundances (black dots) for the cold tidal-tail ejecta of Refs. [46,55,56] between those produced directly
as fission products after freeze-out (red lines) and those whose last fission event occurred before freeze-out (blue lines), when (n, γ ) reactions
were sufficiently active to shift their mass distribution toward substantially heavier nuclei.

Along the r-process path (Z = 93, 94 and N � 185), all
of the traced abundances are pattern-like, confirming that
these fission products, by virtue of being populated before
freeze-out, quickly re-equilibrate along the existing r-process
path via (n, γ ) � (γ , n) equilibrium. For the remaining less
neutron-rich nuclides, which are only populated after freeze-
out and therefore dominated by β− decay in subsequent
nucleosynthesis, the traced abundances are consistently yield-
like, and their contribution to the overall isotopic abundances
are mostly in proportion to their respective fission yields.

The yield-like nuclides for βdf and (n, f ) are distributed
over a relatively large number of nuclides. Collectively, their
fission products play a significant role in shaping certain
features of the final abundance pattern. In order to highlight
their cumulative effect, we sum over their individual traced
abundances to compare their collective contribution to final
abundances in Fig. 11. To the left of the second peak (A <

120) and between the second and third peaks (140 < A <

180), between 60% and 95% of the total nuclear abundances
were populated by one of the late-time fission processes in-
dicated by the blue squares of Fig. 10, making their fission
products (considered as a whole) the dominant contributors
to these regions of the abundance pattern. On the other hand,
the effects of individual fission yields are averaged out across
these many different nuclides. Indeed, in no case do any of

the traced abundances of these late-time fission processes
constitute more than ≈7% of the total abundances for any
value of A.

While the early-time fission of the most neutron-rich nu-
clei tends to be more significantly focused on only a few
nuclei, these contributions tend to be pattern-like and, there-
fore, largely insensitive to their associated yields, as their
fission products are redistributed via the specific details of the
(n, γ ) � (γ , n) equilibrium at the time of their production, as
well as nuclear-structure-specific features (e.g., N = 84, 126
shell closures) that induce the formation of the second, rare-
earth, and third r-process peaks that are clearly represented in
the early-time fission contributions shown in Fig. 10.

B. Tracing β− decays in an r process

Because the r process involves the most neutron-rich nu-
clei, many of these nuclei are difficult to study experimentally,
and nucleosynthesis simulations rely heavily on predictions
from theoretical nuclear models. Beyond the limits of exper-
imental data, theoretical predictions for these nuclei diverge
[59–61], introducing a significant source of uncertainty in
r-process nucleosynthesis simulations [10–12,15]. Experi-
mental campaigns at current and upcoming facilities such
as CAlifornium Rare Isotope Breeder Upgrade (CARIBU)
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[62–67] and the N = 126 Factory [68] at Argonne Tan-
dem Linear Accelerator System (ATLAS), Ion Guide Isotope
Separator On-Line (IGISOL) at Jyväskylä [69,70], Isotope
mass Separator On-Line facility (ISOLDE) at CERN [71],
TRIUMFs Ion Trap for Atomic and Nuclear science (TI-
TAN) at TRIUMF [72], RIKEN [73–75], Gesellschaft für
Schwerionenforschung (GSI)/Facility for Antiproton and Ion
Research (FAIR) [76–78], and Facility for Rare Isotope
Beams (FRIB) [79] are approaching nuclei of interest to the r
process.

In this context, it will be especially important to identify
which nuclei are of critical importance to understanding and
constraining r-process nucleosynthesis simulations. Past work
has provided sensitivity studies of various nuclear properties
entering into r-process calculations, with the goal of identify-
ing how simulated nuclear abundances respond to prescribed
changes to these nuclear properties within reasonable esti-
mates for their uncertainties [80]. However, these sensitivity
studies face a number of considerable challenges associated,
for example, with how to reliably estimate the uncertainties
that exist in the nuclear data underlying nucleosynthesis sim-
ulations [59–61] and with how to vary the uncertain nuclear
data in meaningful ways that capture, e.g., the ways that indi-
vidual points of nuclear data might affect other data through
correlated effects.

Nucleosynthesis tracing offers a way to examine the re-
lationship between nuclear data and nucleosynthesis in situ,
insofar as it identifies which nuclear abundances, and in what
amounts, are tied directly to specific pieces of nuclear data
without requiring that the nuclear data itself be adjusted in any
number of possible ways. While this does not directly estimate
how a given abundance pattern will change if some of the nu-
clear data are also changed, it does provide insight into which
abundances, and in roughly what amounts, specific pieces
of nuclear data are liable to affect. We note that it may be
the case that nucleosynthesis is relatively insensitive to some
nuclear transmutation process despite a large abundance being
traced through it and vice versa. Therefore, proper sensitivity
studies remain an important tool for identifying important
nuclear properties needed to constrain nucleosynthesis, and
the two approaches are best used together, where the results
of each complement the other, to provide a focus for future
experimental efforts.

In this first study, we focus specifically on only one cat-
egory of nuclear data on which r-process nucleosynthesis
simulations critically depend, namely β− decay properties
for neutron-rich nuclei. Nuclear β− decay is the transmu-
tation process responsible for moving neutron-rich nuclei
toward heavier elements during the r process. In addition to
controlling the number retained at waiting points associated
with closed neutron shells, β− decay can also compete with
(n, γ ) and (γ , n) reactions to adjust the nuclear abundances
produced during the r process for as long as these reaction
channels remain active (see, e.g., Refs. [16,81–85]). We focus
on identifying which of these β− decays an r process most
significantly passes through.

To simplify the interpretation of our results, we select a sin-
gle parameterized neutron star merger wind in which fission
does not participate as an active process during nucleosyn-
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FIG. 12. Traced isotopic abundances for the β− decay of
a selection of neodymium isotopes (neodymium-152, red cir-
cle; neodymium-176, green triangles; and neodymium-186, blue
squares). The total abundances are given by the gray line for compar-
ison. Neodymium-152 is populated as nuclei are decaying to stable
nuclei, and the entirety of abundances for A = 152 have undergone
this β− decay. Neodymium-186 lies on the r-process path, and all
nuclei with A � 186 have undergone this β− decay. Neodymium-176
represents an intermediate case, where some fraction, ≈10%, of
nuclei with A ≈ 176 having been produced by this β− decay.

thesis, with parameters s/kB = 50, τ = 50 ms, and Ye = 0.25.
For each nuclide with 40 � Z � 80 populated at any point
during nucleosynthesis, we perform a tracing calculation for
its β− decay. The resulting calculation indicates the relative
fraction of each abundance with a history involving the β−
decay under consideration.

The traced β− decays can be roughly sorted into three dis-
tinct, yet physically intuitive, categories. For nuclides nearest
stability, their β− decays occur well after the free neutron
abundance has been exhausted, and so these preserve the mass
number A with respect to the final pattern. Along the r-process
path, the most neutron-rich isotopes populated during an r
process, the bulk of of all heavier nuclei will proceed through
these nuclei via β− decay. As a result, the traced abundances
will reproduce nearly the entire pattern for all larger values of
A. Finally, one can imagine an intermediate case, where nuclei
begin to fall back toward stability as a result of decreasing free
neutron abundances but may still participate in some degree of
neutron capture. To illustrate each of these three regimes, we
choose as examples three isotopes of neodymium and show
traced abundances for their β− decays in Fig. 12. In the case
of neodymium-152, all of the abundances in the final overall
pattern have participated in this β− decay while decaying
back to stability after the completion of the r process. For
neodymium-186, which lies along the r-process path, the
majority of populated nuclear species with A � 186 have par-
ticipated in this particular β− decay. Finally, we highlight the
intermediate case with neodymium-176, lying between stabil-
ity and the r-process path, where some fraction of abundances
for multiple nearby A have a history involving this β− decay.

In Fig. 13, we quantify average trends that arise in these
tracing network calculations. For each traced pattern, we de-
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FIG. 13. Average trends in the traced abundances of individual β− decays for elements 40 < Z < 80. The top panel shows the width (|W |)
of the traced abundances, as defined in the text. The middle panel indicates the average relative contribution to total abundances contained
within the width (Havg.). The bottom panel gives the the sum of relative contributions to the width (Hsum), which may be interpreted as the
product of the top and middle panels.
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fine the set

W = {A′ > A | Ytraced(A′)/Y (A′) > 1%}, (13)

where A is the mass number of the traced β− decay parent
nucleus. The set W represents the values of A for which the
traced abundance represent at least 1% of the final abundance.
We refer to the cardinality of the set W as the width of
the traced pattern. By only considering A′ > A, we omit any
contributions to the final pattern that occur during decay back
to stability following the r process. As a result, the width is
restricted to contributions that are dynamically involved in the
r process.

In the top panel of Fig. 13, we report the width of each
of our tracing calculations. For each element, the width is
greatest along the r-process path, since the vast majority of
abundances of heavier nuclides are produced along this path.
Near stability, the width collapses to 0 because all subsequent
nucleosynthesis strictly follows a series of β− decays that
preserve mass number A, which is omitted from the set W
as we have constructed it. In the intermediate region, there is
a smooth transition from larger to smaller widths, with values
ranging from 2 to 10 for a relatively large number of nuclides
lying away from the r-process path.

It is also instructive to consider the average contribution of
a particular β− decay to the total abundance pattern. We de-
fine an additional metric that attempts to provide this insight,
defined as

Havg. = 1

|W |
∑
A′∈W

Ytraced(A′)/Y (A′), (14)

where W is the same as in Eq. (13) and |W | is the width. The
value of Havg. can be understood as the relative contribution
of a particular β− decay, on average, to nuclides contained
within the width of the contribution. A large value represents
significant contributions to the entirety of the width of the
traced pattern, while smaller values correspond to less signif-
icant contributions.

Analogous to this metric is the summed relative contribu-
tions, given by

Hsum =
∑
A′∈W

Ytraced(A′)/Y (A′). (15)

Large values in this metric indicate a relatively large width
together with significant contributions to overall abundances
to the same width.

The values of Havg. and Hsum are shown in the middle and
bottom panels of Fig. 13, respectively. As with the widths
shown in the top panel, the largest values in each metric lie
along the path for the same reasons previously discussed.
However, in the intermediate region lying between the r-
process path and decay-to-stability nuclides, we can further
constrain the list of impactful β− decays for these conditions.
Many of the β− decays with relatively wide contributions to
the abundance pattern have comparatively weak contributions,
less than 10%, and may reasonably be considered less impor-
tant in determining the final abundances overall.

As can be observed in the bottom panel, β− decay for
nuclides nearer the r-process path have sufficiently wide con-
tributions affecting a larger region of the abundance pattern.

For nuclides in the intermediate region but nearer stability,
there can be still significant contributions, but these con-
tributions are focused on more constrained regions of the
abundance pattern, as they have a significant value for Havg.

but smaller values for the width and, consequently, Hsum.
Clearly, β− decay rates along the r-process path dominate

all three of the metrics considered in this section. However,
by applying the nucleosynthesis tracing framework, it be-
comes clear that a large number of β− decay properties for
less neutron-rich nuclides also influence nucleosynthesis in
r-process environments.

As a final caution, we point out that these results strongly
depend on the astrophysical conditions and the theoretical nu-
clear models used to supplement available experimental data.
Changes to either are liable to affect the r-process path (by
adjusting the (n, γ ) � (γ , n) equilibrium and point of freeze-
out) or the onset of fission recycling, in addition to other
possible complications. We propose here only the method by
which more robust analyses may proceed in future works.
However, we do anticipate the general result to hold; namely,
β− decay rates of many nuclides less neutron-rich than the
r-process path are still important in determining nucleosyn-
thesis. We emphasize the importance of future experiments
that measure the β− decay rates (or other properties, such as
nuclear masses) for these nuclides, even if the most neutron-
rich nuclei remain out of reach for the foreseeable future.

V. CONCLUSION

The most complex examples of nucleosynthesis involve
thousands of nuclear species connected by many tens of thou-
sands of nuclear transmutation processes. Owing partly to this
complexity, as well as to the generally dynamic and nonlinear
nature of nucleosynthesis, it is often difficult to study subsets
of nuclear properties in isolation from a nucleosynthetic sys-
tem as a whole. In this work, we develop our nucleosynthesis
tracing framework, which may be applied to partly address
this problem.

Beginning with the system of coupled differential equa-
tions constituting a standard nuclear reaction network, we
frame our tracing framework as the separation of nuclear
abundances into two populations, those of traced and untraced
abundances. Furthermore, we allow each transmutation pro-
cess in a network calculation to be categorized by the way it
maps reactants and products between the traced and untraced
populations. Within this schema, we derive an additional set
of differential equations that model the evolution of the traced
abundances. These additional equations are coupled to those
of the standard network; when solved together, one obtains
a quantitative description of how products from specific nu-
clear transmutation processes participate in all subsequent
nucleosynthesis.

We implement our tracing framework into a new version
of our PRISM reaction network, PRISMtr, and comment on
several details regarding this implementation. Notably, the
tracing network equations are structurally similar to those of
a standard reaction network; therefore, numerical techniques
commonly used to solve the standard set of network equations
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are expected to be equally well suited for solving the tracing
network equations.

In order to demonstrate some of the nucleosynthesis anal-
yses enabled by our tracing framework, we perform tracing
network calculations using PRISMtr to study fission and β−
decay as they occur in the r process of nucleosynthesis.

Our application of tracing to distinct fission channels can
quantify the influence of each channel on forming the final
abundance pattern, with qualitative results consistent with
investigations of fission in the r process found in the liter-
ature. These same calculations offer insight into the extent
of fission recycling in an r-process simulation—in particular,
they allow for a quantitative distinction between complete and
incomplete fission recycling in the r process that complements
existing definitions that compare the abundance of heavy nu-
clei before and after nucleosynthesis.

When the tracing framework is applied to individual fission
reactions and/or decays, we find the fission of a relatively
small number of nuclear species along the r-process path
drives fission recycling. The fission yields of these nuclei
have limited impact on the final abundance pattern since the
fission products undergo subsequent neutron captures and are
redistributed throughout the network. The shape of the final
abundance pattern is instead determined by the product yields
of the many nuclear species that fission as the r-process path
moves back to stability upon neutron exhaustion. Thus, aver-
age trends in fission yields for a large number of nuclei are
needed to characterize r-process nucleosynthesis.

Additionally, we apply nucleosynthesis tracing to perform
a comprehensive examination of the β− decay of nuclei with
atomic number 40 � Z � 80. We quantify the relative con-
tribution of each β− decay to r-process nucleosynthesis in
neutron star merger wind-like conditions, and we define sev-
eral metrics that may be useful for characterizing the nature of
these contributions.

Finally, we strongly emphasize that our fission and β−
decay results depend on the astrophysical conditions and
underlying nuclear models used for this study; a thorough
investigation of these dependencies, together with a more
comprehensive examination of the numerous and varied
nuclear properties entering into r-process nucleosynthesis cal-
culations, is intended for future work.

While we limit the present work to r-process applications,
we note that our tracing framework—as we have presented
it—is in no way limited to r-process nucleosynthesis, and
it may be readily applied to any process for which nuclear
reaction networks are appropriate. Indeed, the defining prin-
ciples of our tracing framework can be naturally adapted to
applications outside of nucleosynthesis entirely, e.g., chemical
reaction networks.
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APPENDIX: SOME COMMENTS ON OUR REACTION
NETWORK FORMALISM

The notation we adopt in our construction of the nuclear
reaction network equations was chosen to simplify the ex-
pressions used in the derivation and statement of the tracing
network equations. However, this notation differs from more
commonly adopted forms, such as that used in Ref. [19]. Here,
we relate our notation to this more common version.

Beginning with Eq. (12) from Ref. [19], the time derivative
Ẏi of each nuclear abundance Yi is given by

Ẏi =
∑

j

N i
jλ jYj +

∑
j,k

N i
j,kρNA〈 j, k〉YjYk

+
∑
j,k,l

N i
j,k,lρ

2NA
2〈 j, k, l〉YjYkYl , (A1)

where each sum is taken over the one-, two-, and three-body
reactions in which species i is either created or destroyed.
Here, λ j is a decay rate for species j, ρ is the density, NA is
Avogadro’s number, 〈 j, k〉 is the thermal reaction cross section
for a reaction between species j and k, and 〈 j, k, l〉 is the
thermal cross section for a reaction between species j, k, and
l . The N i

j , N i
j,k , and N i

j,k,l are numerical factors that correctly
count the number of species consumed or produced in each
reaction, defined as

N i
j = Ni,

N i
j,k = Ni

/ nm∏
m=1

|Njm |!, and

N i
j,k,l = Ni

/ nm∏
m=1

|Njm |!, (A2)

with Ni giving the number of species i produced (positive) or
consumed (negative) by a reaction or decay, and the product in
the denominator run over all species consumed by a reaction
and corrects for overcounting a reaction involving identical
reactants.

In relation to the terminology and notation we use in
Sec. II, each term in Eq. (A1) corresponds to a unique process,
p, in a network. The processes are grouped into one-, two-,
and three-body processes in the first, second, and third sums,
respectively. In the case of one-body process, then, we have
the associations

(1) �p = λ j ,
(2) αp(i) = 1 if i is a reactant of p and 0 otherwise, and
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(3) βp(i) = |Ni| if i is a product of p and 0 otherwise.

For two-body processes, the associations are given by

(1) �p = ρNA〈 j, k〉N
i
j,k

Ni
,

(2) αp(i) = |Ni| if i is a reactant of p and 0 otherwise, and
(3) βp(i) = |Ni| if i is a product of p and 0 otherwise.

Finally, for three-body processes, we have

(1) �p = ρ2NA
2〈 j, k, l〉N

i
j,k,l

Ni
,

(2) αp(i) = |Ni| if i is a reactant of p and 0 otherwise,
and

(3) βp(i) = |Ni| if i is a product of p and 0
otherwise.

In all cases, the sets Rp and Pp simply collect the reactants
and products of the process p, which we use to make explicit
the limits of the summations and products used in Eq. (1).

By writing the one-, two-, and three-body terms separately,
collecting the positive and negative terms of each into a
common summation, and performing the substitutions defined
above, Eq. (1) can be rewritten as Eq. (A1).
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