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We develop a model for the pp — md reaction based on the pp — A(1232)N transition followed by
A(1232) — 7N’ decay and posterior fusion of NN’ to give the deuteron. We show that the triangle diagram
depicting this process develops a triangle singularity leading to a large cross section of this reaction compared
to ordinary fusion reactions. The results of the calculation also show that the process is largely dominated by
the pp system in L = 2 and § = 0, which transfers J = 2 to the final 7 *d system. This feature is shown to be
well suited to provide L =2, § = 1, and J*" = 3 for np in the np(I = 0) — 7~ pp reaction followed by the
pp — 7 d reaction, which has been proposed recently, as a means of describing the so far assumed dibaryon

d*(2380) peak.
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I. INTRODUCTION

Triangle singularities (TSs) were introduced in Refs. [1,2]
and became fashionable in the 1960s. In terms of Feynman
diagrams, they stem from a diagram with a loop with three
intermediate particles that develops a singularity when the
three intermediate particles can be placed simultaneously on
shell and they are collinear in a way that satisfies the Coleman-
Norton theorem [3]. This is easily stated by saying that an
original particle A decays into particles 1 and 2, particle 1
decays into particles B and 3, and particles 2 and 3 merge
into particle C, as shown in Fig. 1, but this process occurs in
such a way that all particles 1, 2, and 3 are collinear in the A
rest frame and particles 3 and 2 go in the same direction, with
particle 3 going faster than particle 2 and catching up to make
the fusion possible. In other words, the mechanism depicted in
the Feynman diagram can occur at a classical level. A modern
formulation of the problem, both intuitive and practical, is
given in Ref. [4] and the conditions for a TS to occur are
condensed in a single easy equation (Eq. (18) of Ref. [4]).

Examples of such singularities in physical processes were
searched for with no success at that time [5,6], but the vast
amount of experimental information collected nowadays has
produced a revival of the idea identifying many present phe-
nomena in terms of triangle singularities.

A turning point in this direction in recent times was given
in the study of the 1(1405) — £,(980)7° decay [7] solved
in terms of a triangle singularity in Refs. [8—11]. Another
example can be found in the enhancement of the yd —
K A(1405) cross section around /s = 2110 MeV [12], inter-
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preted in terms of a triangle singularity in Ref. [13]. Also,
the 7N(1535) production channel in the yp — pm°n reac-
tion [14] was shown in Ref. [15] to be a consequence of a
triangle singularity. A recent application of the TS was also
the explanation of the COMPASS peak, originally associated
with a new resonance, a;(1420), in terms of a TS [16-19].
Many other examples of TSs are given in Refs. [20-22] and
in a recent review on the subject in Ref. [23].

In the present work, we perform the calculations for the
pp — mtd reaction, which offers a very good example of
a TS. There is one more reason to study this reaction: a
recent work [24] proposes an explanation for the “d*(2380)”
dibaryon peak, observed in the np — 7%z and np —
77w ~d reactions [25-28], based on an old idea [29] that the
dominant two-pion production plus fusion mechanism comes
from a two-step single-pion production process, np — 7~ pp
followed by pp — 7w *d (plus np — 7 *nn followed by nn —
n~d).

In Ref. [24], the idea is reexamined, and using recent data
for the np(I = 0) — m~ pp reaction [30,31], plus data for the
pp — wtd one [32], a peak with the characteristics of the
one observed in Refs. [25-27] is obtained, which makes un-
necessary the hypothesis of introducing a dibaryon to explain
the np — n°7% (np — m*n~d) peak. The large strength
observed for the np — 7+ ~d peak, of about 0.5 mb, is made
possible thanks to the size of the pp — 7 *d cross section, of
the order of 3—4 mb, which is abnormally large for a fusion
reaction [33]. A novelty of this article is to show that this is
tied to the existence of a TS.

The pp — mtd reaction was studied in its time-reversal
form, m*d — pp, in Refs. [34-36] using a quantum me-
chanical formulation for the reaction using deuteron wave
functions. The reaction was shown to be driven by A(1232)
excitation and, lacking a field theoretical formulation of the
problem, the TS was not identified. However, in Ref. [35]
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FIG. 1. Feynman diagram representing the triangle singularity
phenomena.

it was shown that the cross section was blowing up in the
limit of the A width going to zero. This is a characteristic
of the TS. We follow the work of Ref. [36] closely in the
dynamics used for the A excitation, but do a Field theoretical
formulation that allows us to identify the TS and understand
why the cross section obtained is large compared with other
fusion reactions. A different approach to the problem is done
in Ref. [37], where a fully covariant formalism is developed
and the different amplitudes are parametrized and fitted to the
data.

The Coleman-Norton theorem expressed for the present
case can be understood in the following way: the pp system
produces a A and a nucleon N, back to back in the pp rest
frame. The A decays into 7N’, with the 7 in the direction
of the A and N’ in its opposite direction, which is then the
direction of N. N’ goes faster than N (implicit in Eq. (18) of
Ref. [4]) and after a while catches up with N and they fuse to
give the deuteron. This natural possibility, inherent to a TS,
makes the cross section large, unlike other fusion reactions
that rely upon large momentum components of the deuteron
wave function or, equivalently, very far off shell nucleons in
the intermediate states of the loop.

II. FORMALISM

A. The triangle mechanism

Let us study the pp — 7 *d reaction through A excitation
in the intermediate state. Ignoring for the moment the dynam-
ics of A excitation, the basic mechanism is depicted in Fig. 2.

The triangle diagram contains a AT, a neutron, and a
proton. The TS appears in this diagram if we can place si-
multaneously on shell the AT, the n, and the p particles, with
the 77 momentum in the direction of the At and the n in

FIG. 2. Mechanism for pion production with A excitation and np
fusion in the deuteron.

the direction of the intermediate p and moving faster than it,
such that they can meet after some time and fuse. All those
conditions are encoded in the equation (Eq. (18) of Ref. [4])

qon = Ya_, (1)

where go, is the AT momentum in the pp rest frame when
the AT and the intermediate proton are placed on the shell,
and g,_ is one of the solutions when the intermediate n and p
are placed on the shell matching the d energy (the one where
the n moves faster than the p). Analytical formulas for g,
and g, are given in Ref. [4]. Technically, with the deuteron
bound by 2.2 MeV this condition cannot be fulfilled, but this
is no obstacle for the amplitude to develop a large strength
by continuity. In practice one can see where the singularity
would appear by taking the d slightly unbound, and Eq. (1)
tells us that a peak, when the A width is negligible, should
appear around /s = 2179 MeV. With the consideration of the
A width, the singularity becomes a broad peak and experi-
mentally this peak is seen around /s = 2165 MeV [32].

B. Explicit model with pion exchange

We start with an antisymmetrized pp system with
I)l(I* p$2) — | = P.s2:ps1),  (2)
pp = — p’sl;_p’sz - _p’s2;p’sl )

V2

with p being the momentum of one proton in the pp rest frame
and s; and s, being their spin third components. We also write
the spin-isospin wave function of the deuteron as

1
|d) = Elpn—nm Xd» 3)

with x; any of the three spin 1 states (11, JLE(TL + i1,
1 {). The Feynman diagrams that contribute to the pp — 7 +d
process are depicted in Fig. 3.

Note, however, that Figs. 3(g), 3(h), 3(e), and 3(f) are
topologically equivalent to Figs. 3(a), 3(b), 3(c), and 3(d),
respectively, considering the sign of pn and np in the deuteron
wave function, Eq. (3), and that the spin function is symmet-
ric. Hence, we can keep Figs. 3(a), 3(b), 3(c), and 3(d) with a
global factor %22. In addition, we can sum Figs. 3(a) and 3(b),
which have the same structure, and Figs. 3(c) and 3(d) taking
into account the isospin coefficients. The two topologies ob-
tained when summing Figs. 3(a) and 3(b) and Figs. 3(c) and
3(d) are depicted in Figs. 4(a) and 4(b), respectively.

The dynamics of the process is given by the 7 NN and
N A vertices. The first one is given by

—i8Hyny = i& .gtt,  f=1.00, 4)
My
for a m entering the N line with momentum ¢, with ¢ and
T being the spin and isospin Pauli matrices and XA being the
pion isospin in the spherical basis. We follow the isospin
convention with the pion multiplet (—7+, 7%, 77). Recoil
corrections to Eq. (4) are negligible and as in Ref. [36] we
do not consider them here. The 7 NA vertex for tN — A is
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FIG. 3. Diagrams contributing to pp — m*d through A excitation via 7w exchange.

given by with ST and T ™ being the spin and isospin transition operators
from spin and isospin % to % normalized as

. A .
SibHpys = -STGTT. fr=213 () s Ly =c(ti2 o). ©
T 2 2 2 2
.t
Pr -7
— /{
09, P) 51 A
. pq N, SN
q YT[ P-9-Pr d
1
s : > NSy
®0,-p) 52 (p%q®, -p+a) ®%,Bs2  (p%-q% B . N
Pr ~o
(a) A-up (b) A-down e

FIG. 4. The two topological structures obtained summing diagrams Figs. 3(a) and 3(b) [and Figs. 3(g) and 3(h)] in A-up (a) and
Figs. 3(c) and 3(d) [and Figs. 3(e) and 3(f)] in A-down (b).
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TABLE 1. Matrix elements for the t* and T coefficients. property
Reaction Isospin factor (/)
5 " 2 i
P p : D (m1SiIMA)(Ma|S}Im) = (m'|( 38 — Seieon ) Im). (7)
7% — n -1 A 3 3
ath—p V2
TTp—n ﬁ
atp— AT -1
Ttn — At _1 To ease the calculations we provide the matrix elements of
“f the t* and T coefficients in Table 1.
7% - AT \/j . . x,
3 Taking mto account the matrix elements of t* and T
7o — A° 2 the factor T from the weights of the diagrams of Fig. 3
7 p— A° % and the isospin sign of the pn and np components of the
Tn— A~ 1 deuteron in Eq. (2) (the spin is symmetric and does not change
by exchange pn — np), we get the weights hp .y, = %ﬁ and
. RA-down = —%ﬁ for the two topological structures, A-up and
with v being the spherical index of ST, and similarly for the A-down, of Fig. 4.
second 7 NA vertex, with the operator S - § T,. We use the We then find
|
. 4 501V f d'q I "
—itap = 2V2( ) (2) | S (30 (5] - G62- (—1) 84 6 (gmax — |PG™])
3 My (2m)
ZMA i i
S - - - . = .
2EN(P—3) p*—q° —Ex(P—G)+ip ¢7 —G7 —m} +ie
2My i
X .
2EN(P— G — Pr) P° —q° — Ex(Px) — En(P — § — Pr) + i€
2My i
®)

X - - - - .
2EN(=P+q) P°+q° —En(—P+4)+ie
where the subindices 1 and 2 in the spin operators refer to the upper and lower baryon in the diagram A-up of Fig. 4(a).

En(Pn) = 4 /MI%, + ﬁ}v, and E; (p,) = /m2 + p2.In field theory, the deuteron appears as a coupling g, and a 6 (gmax — 5™,

where p ;™ is the nucleon momentum of the deuteron in the d rest frame (see details in Appendix A).
Similarly, we can write

* d4 . 3
~Hadom = = -~/_ (f ) (L) <G (82 ()81 - G (=) 84 0 (amax — [P/ §™)

My (@24 )4
2M A i i
“2EA(—P—0G) PP — g0 — En(—p—q)+ i g7 — G2 —n +iec
2My i
2N (=P —G— ) 1" — @ — Exr) — Ex(—p— G — pr) + i€
2My i

P pr—— —. 9)
2EN(P+G) PP +q° —EN(P+G) +ie

The center of mass (c.m.) nucleon momenta of the deuteron in the A-up and A-down mechanisms is obtained with % times
the difference of the nucleon momenta incoming in the deuteron:

em. - . P
pi™ =p—q— 7" (10)
cem . P
Py =—h—q- 7” (11)

To establish a link with the wave function formalism of Refs. [34-36], it is convenient to write

1 1
P —q°—E, —En(P—G— Pr)+ic PP+q° —En(—P+q)+ic
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1
© 2p° —E; —En(—p+§) — En(P— G — Pr) +ie€

1 1
X — — + — 1, (12)
{PO—CIO—En—EN(P—q—Pn)+ze PO‘FCIO—EN(—P‘FCI)‘FW}

1 1 1 1 ST
_ b _ , y _ 13
7 —m? 2w{q0—w(4)+ie q°+w<q>—ie} @D =y a 1

This reduces in two the number of factors (¢° — a)~! in the different terms and allows an immediate ¢° integration using
Cauchy’s residues. We get

W2 [ S
—ita. up——gd—(f—> (m ) #Sypn S$1.G6y-GF(P.G. pr)Fr@) (14)
T

3 \my

where we have added a form factor F,(§) = (11\\32’—:;%)2, with values of A, around 1-1.2 GeV, and F(p, g, p,) is given in

Appendix B. With the choice of momenta in A-down of Fig. 4(b), the integral over the set of propagators is easily done, simply
changing p — —p, and we obtain the following for the sum of the two terms:

a 42 ( f* dq n mrim om oy o 2@ a B amr moa o
—it =—ga——\ ) |~ QjWF@M& PxS-362-GF (PG, Px) = 61352 Px S - GF (=P, G, o)} (15)
It should be noted that we have considered the full pion propagator (integrating over its ¢° variable) and have not done

the usual static approximation used in most works, (¢”* — G2 —m2)™! — (=G? — m?)~!, including Refs. [34-36]. The matrix
elements of the spin operators are calculated in Appendix C as Q;] and v fori =11, 1, and j =11, \%(Ti +IiM, s

and we can write

42 [ F5\? d’q
—ir;;=—gd%—(n’;—> (i) / o )3f (@[ OSPF (B, 4. Pr) — Q™" F (—p. §. px)}- (16)

My

The momenta p, and g in the spin operators are boosted to the A rest frame giving p/, and §’, as shown in Appendix D. One
also needs to multiply by 2 the sum and average over spins of |¢™ |? to account for the initial state || and |} contributions. Thus,

= 1 2 1 2
2
2.2 WP =2 Il =5 2 Il a7
iJ iJ
and the cross section for pp — 71 d is then given by
do Pr ~—
= — My My = "2, 18
Teosts 4n(N) deZII (18)

- —»

. D
where cos 6, is

[see Eq. (C6) for the expressions of p, p,, and g ].

-

pP—q-—

| T

1Al 7r|
Now it is easy to establish the connection with the ordinary deuteron wave function [38]. Using Eq. (A8) of Appendix A [with
the normalization of Eq. (A9)], considering that we have [ d 3p/(2m)? integrations instead of [d 3p in Eq. (A9), and including
the weight factors of field theory (M/E which are very close to unity), we have
My My 1 0 ( )
=1 = = - = = = = - = — 8d U\ gmax —
En(—=p+§) Ex(P—q— Pr) 20° — Ex — EN(=p+§) — Ex(P — § — Px) +e ’
I
— (—)@m)*? w<p—q— > ) (19)

The sign is needed since the expression of Eq. (32) is negative and the wave function of Ref. [38] is positive.
In the expression for F (p, 4, p,) in Eq. (B1), the A width appears, and we consider it energy dependent. Details are given in
Appendix E.

C. Effect of short-range correlations, g’ term

As done in Ref. [39] when we have terms like

1
S} 4io4; o (20)

T
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then approximately,

1 1 1_, 1 1 g2
Cb‘f]jm l’CIiij_—qﬂ =44 =34 8ij __6?.2"‘5__@.231“/'- 2D
The last term is a § function in coordinate space that becomes inoperative when there is a strong short-range repulsion between
the baryons. The NN and NA wave functions have a correlation factor at short distances vanishing at r — 0 that kills the §
function. To kill this term it suffices to add the term %85 i 10 qiq;/ (g — m2). In the realistic case, taking into account nuclear
correlation functions for the evaluation, one finds it is necessary to add the term [39]

g8ij, (22)
with values of ¢ >~ 0.6, which comes from the modifications to 7 and p exchanges (studied in the next subsection), together
with the form factors from these correlations. To evaluate this term, we replace
1

¢35 5 (23)
q- —my

5.5 G5q

Once again we evalulate the spin matrix elements in Appendix C and the d*q integral is simpler than before because we do
not have the pion propagator and we find

. corr 4ﬁ f* ? f / d3q = /Up) oy > = o /(down) -
—it;; =—ng<m—n> <m—”>g (Zn)3fn(q){Q,-j F'(p.q, px) — Q" F' (= g, p-)}, (24)

/(up) __ Ql(down)

with F'(p, 4, P, ) being a function that we write in Appendix B and Q;; i as shown in Appendix C.

D. p exchange

We can use the w-exchange formalism with the substitution

* f* N
AN T qf(q)ﬁe—”ﬁ(SIx@(&zxc?)fp(q’)ﬁ, (25)
My My ms + i€ m, m, q° —mg + 1€
with F,(§) = (i%:;ﬁ )2. As in Ref. [36] we take the values
o
fo =196, f;‘ = 13.53, (26)

and we play with A, and A, parameters with A; ~ 1.1 GeV and A, ~ 1.8 GeV used in Ref. [36].
Hence, for A-up we have the spin operator

Si-pL (S xg) (6, xq) = S1.i Py i €jkm SI_k Gy €jen 02,0 Gn

/ 2 i /
= (8ke Sun — Okn Oem) pn,i(§5ik - §€iks01,s)qm% 02,0

25 i / Y o
30 = F€usOLs | P i (G -Gorx —qrG2-G")

3
_ 2—»/ - =/ - 2 =/ - = =/ i—»/ - / l / P =/ 27
=39 4Pz 02— 3P 4024 — 39 q€iks Px 024015 + 3 €iks Pr i9k01.502 -G, 27

where we already write the expressions in terms of the boosted p/. and §’ momenta (see Appendix D). The two operators with
€irs in the last line of Eq. (27) are evaluated in Appendix C, the first one in Eq. (C14) and the second one in Eq. (C4). The results

for the matrix elements Qf‘.) "P) and oy 4o are shown in Appendix C. Then we write
42 f,
it = —g, — | L p ]: (PUP)F i ’ _ (pdown)F 5., rs 7 28
itfy = —8a— (mn><mp)( ) any’ Q™ F (B, G, Bry 0) — O (=P, G, Prs )} (28)

where F (P, g, pr, p) has the same expression as Eq. (B1), simply changing m, — m,.

E. Impulse approximation

As in Refs. [34-36], we also consider the impulse approximation contribution corresponding to the diagrams of Fig. 5. The
7T emission vertex is given by

—i8Hgpp = f —a P (29)
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(b) s

FIG. 5. Diagrams for the impulse approximation.

and in our formalism we have the following for the pion-up [Fig. 5(a)] and pion-down Fig. 5(b)] diagrams:

. V2f . M 1 . Px
—itf? = TGy — —— gd9<CImax_ p——>, (30)
My En(P— Pr) P’ — Ex — En(P — Pr) + i€ 2
V2 M, 1 p
_itldown__ G2 - Pr _>N > 0 " ; gd9<CImax_‘_I3_p_n>s (31
my En(=p — Pr) P’ — Ex —En(—p — Pr) + i€ 2

where (p — ’37”) or (—p — ’37”) stand for the momenta of the deuteron in the c.m. frame for the up and down mechanisms,

respectively. The factor +/2 in Eq. (29) is canceled by the 1/ V/2 factor of the deuteron function in Eq. (3), and we have added in
Eqs. (30) and (31) the factor +/2 that appears when antisymmetizing the pp system in Eq. (2) and summing the corresponding
diagrams coming from using the antisymmetrized pair of protons as given in Eq. (2). However, there is a problem here because
|p— ’37”| or|—p— ’%”| are always bigger than gn,,. While for the triangle mechanisms discussed before, small momenta of
the deuteron [see Eqgs. (10) and (11)] are allowed and the formalism works well (we compare with results using explicitly
the Bonn deuteron wave function [38]), here we are forced to use explicitly the deuteron wave function at large momenta,
which unavoidably contains uncertainties, but we shall see that the effects of the IA are very small. It is easy to rewrite the
former equations in term of the deuteron wave functions. For this, we recall Eq. (A8) from Appendix A and write [note that

En(p) = p°], similarly to Eq. (19),

My My O(Qmax -

p -5

)

8

Then, defining the factor for the impulse approximation

k= ﬁ%ﬁ)v(h)% (33)
N

My

we obtain the expressions —iti’j for the spin transitions in-
cluding the up and down diagrams of Fig. 4, which we write
explicitly in Appendix F. Altogether the final cross section is
given by Eq. (18) substituting |¢™| with |¢|>. Thus, in Eq. (17)
we make the replacement

2 P
Z ;1 —> Z |1+t 1T ] G4
ij ij

We thus sum ¢7, ¢#, 1" and #! coherently in the amplitudes.
We study the effect of each one of the terms and also separate
the contribution of the different spin transitions.

III. RESULTS

In this section we show the results from fits to the data
of the pp — m*d reaction with the model described in the

d . . = = . . .
EN(P) EN(P— Pr) 2P° — Ex — EN(P) — EN(P — Py ) + i€

= —J@n)? w(ﬁ— ”7) (32)

(

previous section. There are data from Ref. [32] on the pp —
7 Td reaction, but we also take into account equivalent data
for the time-reversal reaction 77d — pp. Actually, the two
sets of data are available in the SAID data base of Ref. [40] in
terms of 7 *d — pp cross sections. We convert these data into
pp — mtd cross sections using the detailed balance theorem

3(p )’
Opp—sntd = 2 Z(?) On+d—spp> (35)

where p,; and p, appearing in the expression of the pp — wd
cross section of Eq. (18), are the pion and proton momenta
in the pp rest frame. The factor 2 in Eq. (35) accounts for
the factor % due to the identity of the protons in the wd —

pp reaction, and the factor % accounts for the number of spin
polarization of the d and the pp systems. The data converted
into pp — m*d cross sections are plotted in Fig. 6 and come
from Refs. [41-55].

In Fig. 6 we show the results for o (pp — w7d) as a func-
tion of K}f‘b, the proton kinetic energy in the pp laboratory
frame, the variable used in the data of Ref. [32], which are
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o (pp - ©'d) [mb]

0.0 L L L L L L L L
400 450 500 550 600 650 700 750 800 850
lab

Ks® [MeV]

FIG. 6. Cross section of pp — 7 d as a function of the Kinetic

energy in the laboratory frame of the proton. The variable s is s =
AM} + 2MyK'™®.

obtained by integrating do /dcosf, of Eq. (18) over the pion
angle, with the sum of all contributions given by Eq. (34).

We perform different fits to the data that require a detailed
discussion. The parameters Mx, I'a, Ay, and A, are varied,
keeping the coupling constants fixed. Five different fits are
done to the data, which are described in Table II, and are called
(a)—(e).

The first fit, fit (a), is done to all the data in the range
of K} € [450:800] MeV. This fit looks good to the sight;

however, it has a reduced X2 /dof of the order of 9, which

indicates a bad fit. This is the first consideration to be made.
The x?2/dof is large because there are many data with tiny
errors and some data are incompatible with other ones. Yet,
what we observe is that the solution of the fit prefers a mass
lower than the nominal one, Mx = 1232 MeV, and a width
much larger than the experimental one of 'y = 117 MeV.
One might be tempted to think that this experiment provides
evidence of a larger A width than the standard one. We rather
think that in the lower-energy region of the data there must
be other mechanisms in addition to those considered by us
that are responsible for the results obtained in the fit. We are
not concerned about that because our purpose is to explain
the data at a reasonable level to show the dominance of the
A excitation and how the triangle singularity is exhibited. We
also value much the information that we obtain concerning the
different spin transitions, which is new in this paper.

We might then wonder whether it is possible to obtain a
reasonable fit to the data fixing the mass and the width of the
A to the nominal ones. This is done in fit (b). The results
are absolutely unacceptable as one can see in Fig. 6, with a
reduced x2/dof of the order of 330. As one can see in Fig. 6,
the data are definitely demanding a smaller A mass, closer to
the pole mass of the Particle Data Group [56], as if the triangle
singularity selected this mass rather than the Breit-Wigner
mass.

In view of this, we conduct another fit to the data restricting
the range to reasonable values of the A mass and width, M, €
[1200:1250] and I'x € [100:150], and this is fit (c), which
does not differ much from fit (a) at low proton energies but
reduces the cross section a bit above the A peak.

TABLE II. Results of the different fits done to obtain Ma, ', Ay, and A, as free parameters except the fit (b).

Range of K™ and restrictions (MeV) Parameters (MeV) No. of data X2 x?2/dof
(a) [450:800] M, = 1216 50 415.29 9.03
Ma € [1150:1240] 'y =200
I'n € [50:200] A, =1175
A, € [800:1300] A, = 1400
A, € [1400:1900]
(b) [450:800] Mp = 1232 50 15 883.25 330.90
MA, FA fixed FA =117
A, €1900:1200] A, = 1152
A, €[1400:1900] A, = 1900
(©) [450:800] My = 1208 50 792.50 17.23
M, € [1200:1250] 'y =150
I'a €[100:150] A, =1014
A, €[900:1200] A, = 1400
A, € [1400:1900]
(d) [525:700] My = 1215 29 101.15 4.05
M, € [1200:1250] T, =150
I'n €[100:150] A, = 1015
A, €1900:1200] A, = 1428
A, € [1400:1900]
(e) [550:700] Mp = 1213 25 43.10 2.05
M, € [1200:1250] T, =117
I'n €[100:150] A, =966
A, €1900:1200] A, = 1552

A, €[1400:1900]
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KPR 570 MeV éc; ———- _

do/dQ [mb/sr]

0 . . . .
0 0.2 0.4 0.6 0.8 1

cos?0

FIG. 7. The differential cross section, do /dQ2 = = 4 as a

23 dcosOy °

function of cos*d, for K™ = 570 MeV, with the sets of parameters
(c), (d), and (e) of Table II.

Having admitted that we should not push our model to be
too accurate with the data at low proton energies, we make two
new fits, restricting the range of the data to K, I'fb € [525:700]
and [550:700] MeV, which select the data closer to the A
peak. These fits are called (d) and (e). As we can see, both fits
give a similar mass of around 1215 MeV, and the width of fit
(d) is 'y = 150 MeV while the width of fit (e) is ['a = 117
MeV. The x?2/dof values have improved considerably when
removing points from the region where our model would
require other contributions. While fit (e) to the restricted data
is acceptable, when observed in Fig. 6 versus all data, it is
showing a large discrepancy with some of the low-energy data
with small errors. If we look at fits (c), (d), and (e), they
provide a band that we could consider as uncertainty of our
model in a fit to the data. This band region includes most of
the data. To continue with the results for other observables
given by our model, we select the fit (d), which is in the mid-
dle of the band, and discuss the contribution of the different
ingredients considered in the model, and then we evaluate
angular distributions and the cross section for the different
spin transitions. Other choices within that band change very
little the final results and certainly do not change at all the
conclusions.

It is interesting to see what happens with the angular dis-
tributions. The nature of the reaction, with the two initial
protons being antisymmetrical, guarantees that do /dcos will
be the same for p, or —p,, which means that it depends
on cos®6,, and we plot it in Figs. 7, 8, and 9, for different
values of K},ab = 570, 616, and 660 MeV, respectively. Here
we also show the results with the three sets of parameters
of the accepted error band, from the fits (c), (d), and (e) of
Table II.

We can see that the global agreement is quite good, with a
perfect agreement for K,‘,ab = 570 MeV and some discrepan-
cies at very forward angles for K[lf‘b =616 MeV and K'** =
660 MeV. It is interesting to mention that the shape of our
results at forward angles is very similar to the one obtained in
Ref. [37], where a parametrization of the amplitudes was done
using a fully covariant formalism.

KPR 616 MeV (c) —— - -
(d)

do/dQ [mb/sr]

0 . . . .
0 0.2 0.4 0.6 0.8 1

cos?e

FIG. 8. The same as Fig. 7 for K,]f‘b =616 MeV.

It is also interesting to see the effect of the different con-
tributions that we have evaluated, which we show in Fig. 10.
What we see is that the pion exchange is the dominant term
and the inclusion of the p exchange reduces substantially the
cross section, as already found in Ref. [36], although not in
Ref. [35] where the p contribution is moderate. On the other
hand, the effect of short-range correlations, g’ term of Eq. (22),
is negligible and so is the effect of the impulse approximation,
Egs. (30) and (31), as we could expect when compared with
the A triangular mechanism that gives rise to a TS. On this
point we diverge from Ref. [36] where the contribution of the
impulse approximation is found individually small but sizable
when added coherently to the other terms. This, however,
does not seem to be the case in Ref. [35]. We should note
that in Refs. [35,36] results for the deuteron wave function
of the Reid soft-core potential [57] were used, while we
rely upon the more recent Bonn potential [38]. Because both
Refs. [35,36] investigated the time-reversal reaction 7+d —
pp, they did not calculate the angular distributions that are
presented here, which give extra support to our model.

Itis also very interesting to show the different contributions
of the spin transitions, which are shown in Fig. 11.

lab
b=

K2 660 MeV () ——--

do/dQ [mb/sr]

cos 20

FIG. 9. Same as Fig. 7 for K;"b = 660 MeV.
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FIG. 10. Contribution of the different terms: 7, 7 + p, 7 + p +
corr, and m + p 4 corr + imp. Inset: All terms except the 7 ex-
change to see the small differences. Results were obtained with set
(d) of Table II.

We observe that the shape of the cross section depends on
the channel. The transitions from the initial state 11 peak
at higher energy, particularly the 11— 11. However, those
coming from the inital 1| (or |1, which are the same) peak
around K llfb ~ 600 MeV, which is where one finds the peak of
the total cross section. It is worth mentioning that the | — 11
and 1] — || transitions give the same contribution, while the
largest one comes from 1| — %(T¢ + | 1). Altogether we
can claim that most of the cross section comes from the initial
pp state 1 (or | 1). This might be an indication that the S = 0
contribution is dominant and indeed this is the case. Using
the matrix elements of Appendix C for the |1 transitions
to the final deuteron spin states, we find that it is the initial
state combination \%(T¢ — | 1) that is responsible for the
transitions in this case. Thus, our model produces dominance
of § = 0 in the pp initial state. This implies, because of the

=11 —

1.6 - =ML+ —--- ]
1l Trodl e |

_ Tt

£ 20 L=l + L2

S 10k Teodl eeen |

;

B

T osf 1

Q.

=

o 06 B

400 500 600 700 800 900 1000
K2 [MeV]

FIG. 11. Contribution of the different spin transitions. A factor
2 is included to account for transitions from |1 and | |, which are
identical to those of 1| and 11, respectively. Results were obtained
with set (d) of Table II.

antisymmetry of the protons, that the orbital angular momen-
tum of the protons must be even. We could have L = 0 and
L = 2 in our model with pion exchange with the g;g; structure
in the two vertices of the pion exchange, according to the
separation in Eq. (21). We may wonder which one of them
dominates, but this is clear because we found that the g’ term,
which selects the L = 0 part, gives a negligible contribution.
This leaves S =0 and L = 2 as the dominant contribution
for the process. One can see that for the correlation term,
the transition from 4| — %(T¢ + J1), which is dominant

for the  + p exchange, is exactly zero (the Q), term). The
L even solution also agrees with the positive parity of the
final state with d(+), 7(—), and a p-wave coupling of the
pion to the A, up to the boost corrections that we have done.
This initial state with L =2 and S =0 ('D,) gives J =2,
which means that the w+d system also has J = 2, and is in
the 3P, configuration (**'L;). It is interesting to note that
this transition, pp('D>) — 7w Td(3P,), is also the one that was
found dominant in Ref. [37], and also in the experimental
analysis of partially polarized data in Ref. [51] and more
recently in Refs. [58,59]. It is also interesting to remark that,
as in Refs. [58,59], the shape of the 'D, transition is very
similar to the total cross section unlike for other partial waves.

At this point we would like to mention that if we make
the substitution of Eq. (19) in the contribution of 7 + p+
correlations, the results that we obtain are remarkably similar
to those obtained before. We think that such a good agreement
lies in our choice of gn,x such as to give the exact np triplet
scattering length, as discussed in Appendix A.

IV. CONCLUSIONS AND DISCUSSION

We have performed a calculation for the pp — 7*d re-
action using a model in which the two-proton system goes
to A(1232)N, the A(1232) decays to wTN’, and the two
nucleons N and N’ fuse to produce the deuteron. We follow
a Feynman diagrammatic approach in which there is a loop
with three baryons in the intermediate state. We show that
the mechanism develops a triangle singularity when the three
baryons A, N, and N’ are placed on the shell in the loop, their
momenta are collinear in the pp rest frame, and the N’ nucleon
travels in the same direction as N but faster, such that after
some time it catches up with N and fuses to give the deuteron
(Coleman-Norton theorem). This shows that the reaction is
peculiar in the sense that the deuteron is made easily, not
forcing large nucleon momenta in the wave function, which
happens in most fusion reactions. This is the reason why the
cross section for this reaction is very large in comparison with
typical fusion reactions. The dynamics for AN excitation is
done by means of pion and p exchange, using standard values
for the couplings and form factors. We find a good agreement
with the data for the integrated cross section as a function of
the pp energy, and the slope of the 7+ angular distribution
is also well described. Some small deviation from the data
for cos26, close to 1 is observed, which was also observed in
another model [37].

One novel piece of information provided in the work is
the contributions of the different spin transitions, which has
allowed us to identify the most important channel for the
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3
:]A

N

FIG. 12. Two-step mechanism for np — 77 ~d investigated in
Ref. [24] (where 7 *nn production in the first step is also considered).

reaction, whichis ppin L = 2 and S = 0 (hence J = 2), going
to 7t and d with S = 1 and S, = 0. This was also observed
in the experimental analysis of pp — m*d using a polarized
target in Refs. [51,58,59]. This means that the final 7*d
system, with § = 1 for the deuteron and L = 1 from a pion
coupling in the p wave, is mostly formed with total angular
momentum J = 2. This configuration is interesting in order to
interpret results related to the “dibaryon” peak of d*(2380),
which in a recent work has been proposed as coming from a
sequential pion production mechanism, np(I = 0) — 7~ pp
followed by pp — m*d (see Fig. 12). Because in the domi-
nant term we have L = 2 for pp in the second step and the pion
in the first step mostly couples in the p wave, the pp parity is
transferred to the np initial state, which will have L = even.
Consequently, because we have np(I = 0), the spin will be
S = 1. With arguments similar to those done here, one can
have dominance of L = 2 in the first step if the transition is
driven by pion exchange, and then we have L =2 and § = 1,
which can couple to J* = 1, 2, and 3 for the np(I = 0) initial
state. Also having J = 2 for the final 7 td state, together with
the 7~ in the p wave in the first step, can equally produce
the J*' =1, 2, and 3 states. We should note that L = 2,
S =1, and J*" = 3 are the favorite quantum numbers so far
associated with the “d*(2380)” dibaryon, and thus, our picture
provides a natural path to get these quantum numbers in the
np(I = 0) original state.

So far we can have J* = 1, 2, and 3 for the initial state but
we can go one step further to justify the J*® = 3 dominance.
The key of the argumentation resides in the fact that we found
that the dominant transition was from \/%( M — 1) for ppto

% (14 + 1) for the deuteron. Hence, the deuteron is mostly

formed with S, = 0. On the other hand, the =+ going mostly
forward or backward, as we also found, has L, = 0. Then
we have J = 2 and J, = 0 for the w*d final state. Note that
we can reach the same conclusion from the S =0 and L = 2
pp configuration, because the protons in the z direction have
L, = 0; hence, the pp state has J/ = 2 and J, = 0. To complete
the total spin J** one needs now the angular momentum of the
7~ produced in the np(I = 0) — 7~ pp step. One can see that
N*(1440)N and the NN production in np(I =0) — 7~ pp
prior to the 7~ emission play a relevant role, which makes
the pion to couple in L = 1 in this case. Then, it is easy to see
that with N*(1440) or N excitation driven by pion exchange,
the pions going forward for N*-up (N-up) or backward for
N*-down (N-down), in the nomenclature given for the A
excitation before, are preferred because this makes the pion

propagator bigger. Recall that, for instance, for N*-up, the
7 exchanged has momentum § = p’ — py+, with p’ being
the momentum of the neutron in Fig. 12, which minimizes
G? for py- in the direction of j’, and hence also § goes in
this direction. Then, terms like p, - § that come from the
spin operators will be magnified when p, and 4 go in the
same direction. Note that the angular distributions measured
in Ref. [30] show some preference for pions in the forward
direction. Because § is favored in the p’ direction, then p, the
momentum of the lower intermediate proton in Fig. 12 will
be —p’ + ¢ that goes in the p’ direction, and this also leaves
the z direction unchanged in the np or pp systems; hence,
L, = 0 for this pion. The |2, 0) state for 7+d and |1, 0) for the
7~ combine to |J*!, 0) with the Clebsch-Gordan coefficient
C(21J"000) and we see that J©° =2 is forbidden and
J*°' = 3 is favored. The same argumentation can be applied
for the initial S =1 and L =2 np(I = 0) pair. Because we
had 77d inJ = 2 and J, = 0, and the 7~ produced in L = 1
and L. =0, we have J/* = 0 for the initial state. Because
L, =0 for the np system moving in the z direction, then
S, = 0 for np and we have again the C(21J'**;000) Clebsch-
Gordan coefficient, although the 2 and 1 now refer to L and
S. The Clebsch-Gordan coefficients squared give a factor 3/2
from J*' = 3 to J® = 1. Altogether, we arrive at the most
favored production mode for the initial np system: I = 0,
S =1,L=2,J" = 3, the 3D; partial wave where a signal of
the “d*(2380)” is seen, and the configuration 7(J*) = 0(3%)
common to the initial and final states in the observed peak of
the np(I = 0) — 77~ d reaction [28].

In summary, we accomplish two goals here: first we show
a clear experimental example of a triangle singularity, so far
not identified in previous works on the subject, and second,
the dynamics of the reaction, together with the np(I = 0) —
7~ pp reaction provides a two-step process that, according
to the work of Ref. [24], gives a natural explanation of the
peak, position, and strength of the np(I = 0) — 7~ n*d re-
action. The calculations done here give further information
concerning spin, parity, and angular momenta of the initial
np(I = 0) state in the energy region of the peak, in agreement
with experimental findings.
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APPENDIX A: THE DEUTERON IN FIELD THEORY

We follow an approach for the NN scattering in the s wave
inJ = 1, like the one a followed in Ref. [60] that can be linked
to the one used in the chiral unitary approach [61,62]. We
write a potential in momentum space as

Vg, C]/) =V 0(gmax — |‘7|) 0(gmax — |C-]”|),

from where the ¢ matrix satisfying the Lippmann Schwinger
equation results in

(AD)

1D, (A2)

1(q,q) =1 0(gmax — 1G1) 0(qmax —

with
1

tHE) = VI GE)

(A3)

where V is supposed to be energy independent and G(E) is
the loop function:
3 1
G(E)= d’q —.
dl<ame  E —En(q) — En(q) + i€
We take an average nucleon mass and My = 2My — B, B =

2.22 MeV. Because ¢(E) has a pole at the deuteron mass, M,
we can write

(A4)

1

"= Gaty oy )
Writing close to the pole
t >~ EiLde’ (A6)
we find that
?= Jim (B =Myt = Jim E—Ma : ,
E-M; G(My) — G(E) %
(A7)

where in the last step we have used I’Hopital’s rule. This is the
formulation in this framework of the Weinberg compositeness
conditions [63,64]. The G function is regularized with a cut
off, gmax, for |G | and then the d wave function in momentum

J

space is obtained as [60]

>N = _ o~ G(dex—|ﬁ|)
VP S B = s (AY)
with a normalization,
/d3p|<ﬁ|w>|2 =1 (A9)

To determine gm.,x, we follow a strategy to determine the
scattering length from Eq. (A3). Using again Ref. [60], we
find

1
G(My) — G2My)’
We get the experimental value a = 5.377 fm for gy.x = 240

MeV and then & = (2.68 x 1073)> MeV~!. However, the
formalism that we use in the reaction discussed in the paper

a="27’My

(A10)

relies on loop functions that contain hence, in our for-

malism,

=Q2n) g, =

(2 )27

(2n)*? (2.68 x 107%) MeV~/2. (A11)

It is interesting to compare this result with the standard for-
mula of Weinberg adapted to the normalization in Ref. [60]
(see also Ref. [65]):

8wy

M2 ) V = MNB5

g =Qnyg = (A12)
where B is the deuteron binding energy. This formula gives
ga = (2m)*?2.30 MeV~!/2, which is very close to Eq. (A11).
It is also interesting to compare the results of Eq. (A8) for the
deuteron wave function with the one of the Bonn potential

(38]

1 C
Bly) == (A13)
N 4 +m
with
c 2
N2=/d3p<z—ﬁ " 2>. (Al4)
; p2+mj

where the coefficients C; and m; are given in Ref. [38]. The
agreement is remarkable up to gy.x, Where the wave function
has fallen down in about 2 orders of magnitude.

APPENDIX B: FUNCTIONS F (7, , p.) AND F'(F, §, B»)

The function F(p, g, p. ) entering Eq. (14) is given by

Fpogpu) = —20 My Mo L :
En(=p+qG) EN(P—4 — Pr) EA(P—G) 20(q) 2p° — Ex — EN(—Pp + G) — Ex(Pp — § — Prh) + i€
1 1
PP —w(q) —Ex(p—§)+i2 P —w(q) — Ex — En(P—§ — Pn) + i€

1

1

PP —w(q) —Ex(P—§)+i2 2p° —En(P—G) — En(—p+§) +itp

1

1
+ > > . N N N N . e(qu_
P’ — (@) = En(=p+§) +ie 2p° —Ex(F—§) — Ex(—P+ ) +i'3 } ’

where 2p° = /5.

Nl"m

pP—q-—

> B
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The function F’(p, 4, p, ) entering Eq. (24) is given by

My My M

1

F'(p,q, Pr)

1

" En(=P+G) EN(P—G— Pr) Ea(P—G) 2p° — Ex — En(=P+§) — Ex(P— § — Pr) + i€

x
2p° —Ex(P—§)— En(—p+§) + i

APPENDIX C: SPIN MATRIX ELEMENTS

We study explicitly the spin transitions for initial pp spins
s; and s, to final spins of NN’ fusing into the deuteron.
Because S = 1 for the deuteron, we have three spin states
and then we calculate transitions from the states 14 (1) and

14 (2) to the final ones 11 (1), %(T¢ + IM(2),and || (3):
On: 11t — 11,
1
Qi 11 — E(N + 1),
Qi3 M1 — I,
O M — 11,
1
On: | — E(Ti +11),
O M — 1.

The transitions for | 1 and | | to the final states after summing
over the final deuteron spins in the cross sections give the
same contribution as from 4 and 14 and are accounted for
by multiplying the cross section by 2. To evaluate the spin
matrix elements, we write

(ChH

oy = %(Ux +ioy), o_ = %(ox —ioy), 09 =0,
ol =0, opl =11, oIt =1I]) o-|])=0,
ool 1) =11, ool ) =—11). 9+ =4qx+igy,
q- = qx — 19y, 90 =z (C2)
Then,
G-4=04q-+0-qs + 0. (C3)
Similarly we can write
€ijk Pxi qj Ok = 0+a_ + o_ay + o:4a;, (C4
with
a4 = Pryqz = Gy Pxz — 1 (Prx 4z = qx Pr2);
a— = Py q: — Gy Prz + i (Prx 4z — Gx Pxz),  (C5)

Aa; = Prx 4y — 4x Pry-

We take the direction of the incoming proton with momentum
p as the z direction. Without loss of generality, we can choose
the x and y axes such that ¢, = 0. Then,

0 sin 6, sin @ cos ¢
p=pr|0), Pr=rpn 0 , g=gq| sin6 sing |,
1 cos 0, cos 6
(C6)

Br
2

0 <Qmax -

). (B2)

pP—q-—

(

and

T 2

/ dq = / g*dg / sin0do / do. (C7)
0 0

1. Pion exchange
We use the property
i 2 i
> SiMAYNMAIST = 28 — €iji 0w, (C8)

3 3

Ma

and we then find, using Egs. (C3) agd (C4), for the A-up and
A-down terms of Eq. (15), S| - pr SI -Goy-gand &y -4 S, -
P S; - 4, the following expressions:

P |
Qlllll) = <_pJT q — _a7> qz»

up 1 2, i i
12=_ﬁ §Pn'q—§az f1+—§a+fkv
Llp___

Q13— 3a+q+s
2.
Q;?=<—Pn'q——

w_ L[ (2 i i
2= 5 7\3P 034 ) 4 3o ()

up __
Q23 = 7444z,

A |
(lj?wn = (gpﬂ q— gaz) qz»

(/2. . i i

Q(Ij(z)wn = _2 <§P7r q— §az> q+ — §a+‘k}v
i

o = =3 %4+
i

o = Ly,

down 1 2—» = i i

2 = T \\ 7P F% )4z 7 F¢-49+ (>
/2 31j q+3a q 3a q

down 2—» = i

23 = gpn'q+§az q+-

There is one more thing to be done. The S - . S - § operators
should be evaluated in the A rest frame. For this, we need to
make a boost of the variables p, and g to the A rest frame. The
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general boost is shown in Appendix D. As seen in Appendix
D, the momenta j, and § that come from the operators S -
ﬁn St.g have to be boosted to the A rest frame and become
P, and §'. This means that in the functions Q;7 and Q™" the
term p, - § becomes p.. - g’, and for p, and ¢ in the deﬁmtlon
of ay,a_, and a, in Eq. (C5), p, and § must be substituted by
ploand g’

To evaluate the transition from %(N, + /1) to \%(N,
+ }71) we need the transition from |1 to \/LE(T¢ + 171,
which is given by

up 1 2., i i
32 = ﬁ gpnq + gaz qdz: — ga—Q+ .
Similarly, for the A-down mechanism we have
1 2 i i
down = =
= — 1 = 2ped+za. )g. — zarq_{, (Cl
03 ﬁK 3P4 3az)qz 34+4 } (CID

with the same boost for p, and G as before. The matrix
elements for %(Ti + 1) - %(T¢ + | ?1) are given by

(C10)

oF = —f(QES +03),
down 1 down down

= — + . C12
i ﬁ( o%™) (C12)

2. Correlations term, g’

We must evaluate the matrix elements of §1 ~ﬁ,,S’1k -0y

for the A-up mechanism and §2 . [37152T - 01 for the A-down
mechanism. We have now

ol 2 i
Si-peSier = (;sij - gei,km,k)pn,,-oz,j, (C13)

and €;x01 1 px,i02,j can be written in terms of o, o_, and o
as

€ijkPr.,i02,j01k = —2iPy 01102 +ipr 01,102,

+2ipy ;01,-02+ — iPr +01,-02;
—ipn,~01:02+ + iPr +01,:02,—, (C14)

by means of which we easily find

2 2
(UP) (up) /
Pn ) ——7=Pr. 4>
11 3 12 3\/§ ,+
’ 1
Ql(;p) 0, 2({11)) gpn —
! 1
2(;1)) 0, 2(;1)) gpn + (C15)

and for the A-down mechanism we find
'(up)
=0,

and, as before, p, has been boosted to

Q ’(down) (C16)

p’. in the A rest frame.

3. p exchange

In Eq. (27) we found that the spin operator for the p ex-
changeis S - ﬁ;T(SlT x ')+ (62 x ) for the A-up mechanism

and the same for A-down exchanging 1 with 2. For A-up we
have

=/ T SNy = = 2—»/ - =/ - 2—> . >
P (8] X G)(62 x §) = 39 4P Uz—gpjr Gor-q
i—»/ - =/
—gq g €iksP 7 ;02,k01,s
i

+ = €insPy 1 qro150 2 - G- (C17)

3

Using the results obtained in the two former subsections we
obtain

O™ = 25" 4P, ~ 2P G4+ Sacd,
05" = %{%Ei’ G Py — %ﬁ; qq, + %azq;
+§a+q;},
Q(p Sup) §a+q’+, (C18)
o = %67’ Py — %P; dq_+ %azq’_,
G = %{im qq. — 3azq; + §a+q’_},
0 = ;q "GPy, ;a+q§,

with a;, a_, and a, given in Eq. (C5), but p, — p/ in
these expressions because it is boosted (the boosted ¢’ appears
explicitly in the expressions). Similarly for A-down we have

2 2 J
d = = 7
Q(ﬂ own) _ gq’.qp;m—gp; ‘qq;"‘gazqé’
1 (2 2
d 5.8 p.-q
Qo — ﬁ{gq/ GPrs =3P 4
i i
+ gazq+ + §a+qz ’
i
Q(p ,down) __ §a+q+’ (C19)
1 l
d 7' .G 7
e = 39" Pz -+ 34—,
1 2, . ! !
Q(P dOWIl) 2{ — gp;r qq; — §Cl&q; + gaqg—}v
1 2 i
d == . .qg
08 = 23y - 25 ad, - L

where again in ay, a_, and a,, p, should be p’ boosted
according to Appendix C for the A-down mechanism.
As done for the pion exchange, we define now |1—

HZ+ D) as

(p,up) __

1 2_, .

2 E{‘<3 “3‘”)‘“3“‘“}
1
R

i
Q(P ,down) __ 3 >qz + 3a+q7 } , (CZO)
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and the transitions from %(TL 1) - \%(Ti + 1) are
given by
QU™ = (05" + O4™),
\/— 22
(p,down) __ p down p,down
. (C21)
0! f(Q +05™)

APPENDIX D: BOOST OF THE MOMENTA TO THE A
REST FRAME

Inthe 7N — A — mN amplitude, the operator S - p, ST -
g has to be evaluated in the A rest frame where the vertex
8H,na of Eq. (5) holds. By boosting the longitudinal compo-
nent of a momentum (m°, /i) from a frame where the A has a
momentum (Ex, pa) to the frame where the A is at rest, we
obtain the formula

=
m = _ =
Minv(A)

which we apply to p, and g in this operator. In the A-up mech-

)ﬁlﬁA mO

_ Ba+m, (D)
|Pal? va(A)} 8

anism, we have jr = (Ex, Br), ¢ = (5° — Ea, §) (P° = 25),
Pa=Pp—G, En=~s—Ex(—p+§),
M; (A) =EX — pa =5+ My —2/sEy(—p+§). (D2)
For the A-down mechanism, we have
Pa=-DP—q4, Exn=~s—Ex(p+q),
(D3)
an(A) _S+M —2«/_EN(P+CI)
By performing this boost, we obtain 5/, and g’ for the A-up

and A-down mechanisms.

APPENDIX E: ENERGY-DEPENDENT A WIDTH

Since the A appears inside a loop we take the A width
energy dependence as

D(Min,) = rﬂ<p—)3 ED)
Moy \ Pr,on
where
5 _ MM mz)e(M» —My—my)  (E2)
. T .
and

M3, w2 i)
2M A

with [y, being the on-shell A width and Mj,, the invariant
mass of the A, My,, = M;,y(A), which we have shown in
Appendix D, Egs. (D2) and (D3), for the A-up and A-down
mechanisms.
APPENDIX F: THE AMPLITUDES ti'j FOR IMPULSE
APPROXIMATION

, (E3)

Prx,on =

The t,-’j amplitudes of the impulse approximation entering

Eq. (34) are given explicitly by
_ Px
)+ %))

—F pr.; [W <

.
p— =

-
—1t
11 2

. 1 . P . Dn
—itf, = —F Epn,+|:w< P=> )—‘P(‘ ATy >j|
—itly =0,
. . Dn
_ltél ZEPW,IP(‘_p_?)s
o 1 7 . Pn
—ity, = —F ﬁpﬁ,z ¥ P— 2 y)+y =5 )|
i P
—ityy = —F Pn,+1ﬂ< P=5 >, (F1)

with Prn+ = Prx + ipn,y and Prn,— = Prnx — ipn,y-
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