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Parity doublet bands in 223Th within reflection-asymmetric triaxial particle rotor model
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The recently updated parity doublet structures in 223Th are investigated by using the reflection-asymmetric
triaxial particle rotor model. The calculated results well reproduce the available data of the energy spectra and
the B(E1)/B(E2) ratios for both medium spin region and the newly established higher spin region, as well as the
average value of B(M1)/B(E2) for spins 9/2h̄ and 11/2h̄ in the positive-parity band. The main components of
the intrinsic wave functions are analyzed to investigate the intrinsic wave functions and their evolutions with spin.
The parity doublet bands are mainly based on a single neutron configuration, in which the largest component of
the intrinsic wave function is ν(g9/2, j15/2)[� = 5/2] and the second largest one is ν(g9/2, j15/2)[� = 3/2]. The
amplitude of the largest component decreases whereas the second largest one increases with increasing spin, and
the signature splitting behavior for the parity doublet bands could be understood by the variation of these main
components with spin.
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I. INTRODUCTION

The atomic nucleus is a microscopic quantum many-body
system, and its shape provides an intuitive understanding of
nuclear spatial density distributions [1,2]. The existence of
stable quadrupole-deformed nuclear shapes with axial sym-
metry in the intrinsic frame has been known for a long time.
All members of the observed rotational bands have the same
parity since such shape is symmetric under the space reflection
operation. However, with the first observation of the low-lying
negative-parity states near the ground state in even-even Ra
isotopes [3,4], the possibility arose that some nuclei might
have an asymmetric shape under space reflection, such as a
pear shape.

Nowadays, the structure of pear-shaped nuclei has been
at the frontiers of both nuclear and particle physics, since
it provides a unique probe to test the charge-parity (CP)
violation beyond the standard model [5]. The pear shapes
of a nucleus arise from the strong octupole correlations of
the nucleons near the Fermi surface occupying states of
opposite parity with orbital and total angular momentum
differing by 3h̄, i.e., �l = � j = 3h̄. Empirically, this con-
dition occurs predominantly in nuclei with proton (neutron)
numbers 34 (g9/2 ↔ p3/2), 56 (h11/2 ↔ d5/2), 88 (i13/2 ↔
f7/2), and 134 ( j15/2 ↔ g9/2), characterized by the occur-
rence of, e.g., the interleaved positive- and negative-parity
bands in even-even nuclei, the parity doublet bands in
odd-mass nuclei, and the enhanced electric-dipole (E1)
transitions [6–8].

So far, the octupole correlations and the pear-shaped nuclei
have been studied extensively in the A ≈ 150 mass region
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with Z ≈ 56 and N ≈ 88, and in the A ≈ 220 mass region
with Z ≈ 88 and N ≈ 134, see the reviews [6–8]. Evidence
for octupole correlations in the A ≈ 80 mass region has also
been observed [9,10], which opens a new territory of investi-
gation of octupole correlations.

Octupole-deformed nuclei with an odd nucleon have at-
tracted special interest since they have enhanced nuclear
Schiff moments [6,11–15]. Over the past decades consider-
able efforts have been devoted to study the excited states in
odd-mass nuclei characterized by static and dynamic octupole
deformation, see, e.g., Refs. [16–32]. Theoretically, various
approaches have been developed to study the observed exper-
imental features in odd-mass nuclei, such as the particle rotor
model [33–35], the microscopic core-quasiparticle coupling
model [36], the coherent quadrupole-octupole model [37,38],
the cluster model [39], the reflection asymmetric shell model
[40–42], and the interacting boson-fermion model [43].

Focusing on the thorium isotopes, the nucleus 223Th has
often been cited as one of the best cases of parity doublet
bands, considering the nearly degenerate bands with opposite
parities, the enhanced E1 transitions, and the nearly identical
g factors for the opposite parity bands [44,45]. The parity dou-
blet structures observed in 223Th were interpreted in terms of
an octupole-deformed core coupled to an unpaired nucleon in
Ref. [44]. In Ref. [16], 14E2 and 11E1 transitions have been
added to the parity doublet structures with 223Th the positive
and negative parity, which have been extended from 31/2+ to
49/2+ and from 31/2− to 47/2−, respectively. The splitting
of the parity doublet bands shows an oscillation behavior,
and a backbending and an upbending appear at spin-parity
49/2+ and 47/2−, respectively. A further study is interesting
to investigate the updated spectroscopy information in 223Th,
to explore the parity doublet structures in the medium- and
high-spin regions.
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In this work, the newly developed reflection-asymmetric
triaxial particle rotor model (RAT-PRM) [46] is applied to
describe the observed parity doublet structures in 223Th. This
model has been successfully applied to investigate the mul-
tiple chiral doublet bands with octupole correlations in 73Br
[46], 131Ba [47], and 124Cs [48], and the novel structure for
an ideal Chirality-Parity (ChP) violation system [49]. It also
provides a useful tool for describing the octupole correlations
in odd-mass pear-shaped nuclei and has been successfully
applied to investigate the parity doublet bands observed in
143Ba [50].

This paper is organized as follows: The model is briefly
introduced in Sec. II and the numerical details are presented in
Sec. III. The calculated results for the positive- and negative-
parity bands, such as energy spectra and the electromagnetic
transitions, are discussed in Sec. IV. A summary is given in
Sec. V.

II. THEORETICAL FRAMEWORK

The detailed RAT-PRM formalism has been outlined in
Ref. [46]. The total Hamiltonian is

Ĥ = Ĥ p(n)
intr. + Ĥcore, (1)

where Ĥ p(n)
intr. is the intrinsic Hamiltonian for valence pro-

tons (neutrons) in a reflection-asymmetric triaxially deformed
potential, and Ĥcore is the Hamiltonian of a reflection-
asymmetric triaxial rotor.

The core Hamiltonian Ĥcore is generalized straightfor-
wardly from the reflection-asymmetric axial rotor in Ref. [33],

Ĥcore =
3∑

k=1

R̂2
k

2Jk
+ 1

2
E (0−)(1 − P̂c), (2)

with R̂k = Îk − ĵpk − ĵnk . Here, R̂k , Îk , ĵpk , and ĵnk are the
angular-momentum operators for the core, the nucleus, the
valence protons, and the valence neutrons, respectively. For
the moments of inertia (MoIs), the irrotational flow type Jk =
J0 sin2(γ − 2kπ/3) is adopted. In the last term, the core par-
ity splitting parameter E (0−) is treated as a free parameter to
describe the excitation energy of the virtual 0− state [33], and
the core parity operator P̂c is the product of the single-particle
parity operator π̂ and the total parity operator P̂.

The intrinsic Hamiltonian Ĥ p(n)
intr. for valence nucleons is

[51–53]

Ĥ p(n)
intr. =

∑

ν>0

(
εp(n)
ν − λ

)
(a†

νaν + a†
ν̄aν̄ )

− �

2

∑

ν>0

(a†
νa†

ν̄ + aν̄aν ), (3)

where λ denotes the Fermi energy, � is the pairing gap
parameter, and |ν̄〉 is the time-reversal state of |ν〉. The
single-particle energy ε

p(n)
ν is obtained by diagonalizing

a single-particle Hamiltonian Ĥ p(n)
s.p. that has the form of a

Nilsson Hamiltonian [54],

Ĥ p(n)
s.p. = − 1

2 h̄ω0∇2 + V (r; θ, ϕ)

+Cl · s + D[l2 − 〈l2〉N ], (4)

with the four terms being kinetic energy, the reflection-
asymmetric triaxially deformed potential [46], the spin-orbit
term, and the shifting term [2], respectively. The parameters
C and D are related to the standard Nilsson parameters κ and
μ with C = −2κ and D = −κμ, respectively.

The total Hamiltonian Ĥ is diagonalized numerically in
the symmetrized strong-coupled basis with good parity and
angular momentum, which gives rise to the eigenvalues and
eigen wave functions and which are used to calculate the
reduced electromagnetic transition probabilities [46].

III. NUMERICAL DETAILS

In the present RAT-PRM calculations, the quadrupole and
octupole deformation parameters are taken from Ref. [35], in
which β2 = 0.12, γ = 0◦, and β3 = 0.10 were adopted for
the parity doublet bands in 223Th. With these deformation
parameters, the reflection-asymmetric Nilsson Hamiltonian
(4) with the parameters κ , μ in Ref. [55] is solved in the
harmonic-oscillator basis [56]. The Fermi energy for neutrons
in Eq. (3) is chosen as λn = 49.64 MeV, corresponding to
the parity-mixed orbital ν(g9/2, j15/2)[� = 5/2]. The single-
particle space available to the odd nucleon is truncated to 13
levels, with six above and six below the Fermi level. Increas-
ing the size of the single-particle space does not influence the
band structure in the present calculations. The pairing gap is
calculated by the empirical formula � = 12/

√
A MeV.

For the core part, it turns out that a spin-dependent MoI,
i.e., J (I ) = (J0 + bI ) h̄2/MeV with J0 = 45 and b = 1, is
necessary to reproduce the experimental energy spectra. This
spin-dependent MoI can be attributed to the increasing be-
havior versus spin for the effective MoI extracted from the
experimental data of the parity doublets in 223Th [16,44].
The core parity splitting parameter E (0−) = 0.207 MeV is
obtained by taking the average experimental 1− excitation
energy in the two neighboring even-even nuclei [35]. It is
well known that an ad hoc attenuation of the Coriolis cou-
plings is generally needed in the PRM description [57]. In the
present RAT-PRM calculation, the Coriolis attenuation factor
is ξ = 0.45 for the positive-parity band and ξ = 0.63 for the
negative-parity band. A smaller ξ for the positive-parity band
is consistent with its smaller signature splitting than that for
negative-parity band.

For the calculations of the electric-multipole transitions,
the intrinsic electric-dipole moment Q10 = 0.32 e fm is
adopted, which was determined empirically in Ref. [35],
while the intrinsic quadrupole moment Q0 = (3/

√
5π )R2

0Zβ2

is calculated with R0 = 1.2A1/3 fm. For the calculation of the
magnetic-dipole transitions, gn − gR = −0.405 is adopted,
which is the average of the empirical values for the 7/2+ →
5/2+ and 9/2+ → 7/2+ transitions determined from the
M1/E2 mixing ratios in Ref. [44].

IV. RESULTS AND DISCUSSION

The calculated excitation energies and the energy stagger-
ing parameters S(I ) = [E (I ) − E (I − 1)]/2I for the positive-
parity band A and negative-parity band B in 223Th by the
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(a)

(b)

FIG. 1. (a) The calculated energies E (I ) and (b) the energy
staggering parameters S(I ) = [E (I ) − E (I − 1)]/2I for the positive-
parity band A and negative-parity band B in 223Th by RAT-PRM
(lines) in comparison with the experimental data [16] (symbols).

RAT-PRM are shown in Fig. 1 and compared with the avail-
able data [16].

As shown in Fig. 1(a), the calculated excitation energies
well reproduce the data for both bands A and B. For the
observed spin range of 9/2h̄ � I � 45/2h̄, the calculated av-
erage energy difference for the parity doublet bands is 56 keV,
which is close to the experimental value of 37 keV. This small
energy difference between parity doublets indicates the strong
octupole correlations in this nucleus.

Figure 1(b) depicts the calculated S(I ) values in com-
parison with the experimental data. It can be seen that the
negative-parity band B exhibits a pronounced signature split-
ting in contrast to the considerably smaller splitting observed
for the positive-parity band A. For the positive-parity band
A, the calculated S(I ) values reproduce the experimental data
both in the staggering amplitude and phase within I � 21/2h̄
spin region. For the negative-parity band, the staggering be-
havior of the S(I ) values is well reproduced by the present
calculations.

To discuss the parity splitting, the energy difference δE (I )
between negative-parity states and the (interpolated) positive-
parity states for a given spin has been extensively used [58],

δE (I ) = E (I )− − (I + 1)E (I − 1)+ + IE (I + 1)+

2I + 1
. (5)

These energy differences are plotted in Fig. 2 for the observed
bands in 223Th with simplex s = +i and −i by RAT-PRM and
are compared with the available data [16].

It can be clearly seen from Fig. 2(a) that the experimental
parity splitting δE (I ) shows a parabola trend with increasing
spin, while the calculated values decrease linearly with spin.

FIG. 2. The calculated parity splitting δE (I ) between the
negative-parity state and the (interpolated) positive-parity state with
simplex s = +i and −i in 223Th by RAT-PRM (lines) in comparison
with the available data [16] (symbols). Calculation results are shown
in panel (a) with the same MoI for positive- and negative-parity
bands (J0 = 45 and b = 1.00), and (b) with different MoIs for the
positive-parity band (J0 = 32 and b = 1.55) and the negative-parity
band (J0 = 35 and b = 1.20), respectively.

The experimental sign inversion of the parity splitting δE (I ) in
the high-spin region is not reproduced by the calculation. Con-
sidering that, in this mass region, the negative-parity bands
have a larger effective MoI in the lower-spin region than the
positive-parity bands, which is related to a larger quadrupole
deformation [59], the RAT-PRM calculations with different
MoIs for the positive-parity band (J0 = 32 and b = 1.55)
and the negative-parity band (J0 = 35 and b = 1.20) are
performed. The other parameters in the calculation are kept
unchanged. As shown in Fig. 2(b), the sign inversion and the
parabolic trend of δE (I ) is now reproduced.

It should be mentioned that the sign inversion of the par-
ity splitting has been extensively discussed in the literature
[16,60,61]. In Ref. [60], Frauendorf proposed the concept of
the condensation of the rotational-aligned octupole phonons
and suggested that discrete phonon energy and parity con-
servation generate the sign inversion of parity splitting. The
continued sign inversion of parity splitting was expected to
be observed in the high-spin region in this interpretation
[60]. Another interpretation was proposed by Jolos et al. in
Ref. [61], in which the complicated behavior of the parity
splitting was interpreted as the result of two simultaneous
effects: (1) penetration of the barrier separating two min-
ima with opposite signs of the octupole deformation and (2)
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(a)

(b)

FIG. 3. The calculated B(E1)/B(E2) ratios between the inter-
band E1 transitions and the intraband E2 transitions in comparison
with the available experimental data [16] for (a) band A → B and
(b) band B → A.

alignment of the angular momentum of the intrinsic excita-
tions. In the present work, although the sign inversion and
the parabola trend of the parity splitting can be reproduced
by using a different spin-dependent MoIs for the positive- and
negative-parity bands, as shown in Fig. 2(b), the quantitative
agreement is not satisfactory, which deserves further investi-
gations in the future.

In addition to the degeneracy in the energy spectra, the
observation of enhanced E1 transitions connecting the parity
doublet bands also serves as important experimental evidence
for octupole correlations in atomic nuclei. From the measured
transition energies Eγ and branching ratios Iγ (E1)/Iγ (E2) in
223Th [16], one can extract the ratios B(E1)/B(E2),

B(E1)/B(E2) = 0.771
E5

γ (E2)Iγ (E1)

E3
γ (E1)Iγ (E2)

(10−6 fm−2). (6)

Figures 3(a) and 3(b) show the calculated B(E1)/B(E2) ra-
tios between the interband E1 transitions starting from the
positive- and the negative-parity states and the intraband E2
transitions in comparison with the available experimental data
[16]. It can be seen that the experimental B(E1)/B(E2) ratios
with E1 transitions starting from the positive-parity and the
negative-parity states are similar in general and can be well
reproduced by the calculated results.

Furthermore, the two bands of opposite simplex observed
in 223Th are interconnected at low spins by strong magnetic-
dipole transitions M1 [44]. These M1 transitions are sensitive
to the single-particle components of the intrinsic wave func-
tions. The experimental B(M1)/B(E2) ratios are available for
spins 9/2 and 11/2 in the positive-parity band A, and the aver-
age value for these two spins, 7.12(252) × 10−6 μ2

N/(e2 fm4),
was given in Ref. [24]. The present calculated average value
for these two spins is 8.04 × 10−6 μ2

N/(e2 fm4), which well

(a)

(b)

FIG. 4. The main components of the intrinsic wave functions
expanded in the strong-coupled basis |IMK〉χν (denoted as |K, ν〉
for short) for the positive-parity band A within spin region 5

2 h̄ �
I � 47

2 h̄. |IMK〉 is the Wigner function with I , M, and K being the
quantum numbers of the total angular momentum and its projections
along the third axis in the laboratory frame and intrinsic frame,
respectively. The χν represent the intrinsic wave functions of the
neutron single-particle level |ν〉 that obtained by diagonalizing the
reflection-asymmetric Nilsson Hamiltonian.

reproduces the experimental data and indicates the proper
intrinsic wave functions in the present calculations.

To further investigate the intrinsic wave functions and
their evolution with spin, Figs. 4 and 5 show the main
components of the intrinsic wave functions expanded in the
strong-coupled basis |IMK〉χν for the positive parity band
A and negative-parity band B, respectively. Here, |IMK〉 is
the Wigner function with I , M, and K denoting the quantum
numbers of the total angular momentum and its projections
along the third axis in the laboratory frame and intrinsic frame,
and χν represents the intrinsic wave function of the neutron
single-particle level |ν〉. It can be seen from Figs. 4 and 5 that
the main components of the intrinsic wave functions for the
parity doublet bands are similar, and the top three components
are |5/2, 1〉, |3/2, 2〉, and |7/2, 3〉, respectively. In the present
calculations with β2 = 0.12, γ = 0◦, and β3 = 0.10, the main
spherical harmonic-oscillator components l j� for the neutron
single-particle levels |ν〉 with ν = 1, 2, 3, are shown in Fig. 6.
For each neutron single-particle level |ν〉, since γ = 0◦ and
β3 
= 0, � is a good quantum number and orbitals with oppo-
site parity, e.g., g9/2 and j15/2, can mix with each other. The
dominant components for levels |1〉, |2〉, and |3〉 are the same
g9/2 orbital but with different � components, � = 5/2, 3/2,
and 7/2, respectively.

As shown in Figs. 4 and 5, the top three components of the
intrinsic wave functions for the parity doublet bands change
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(a)

(b)

FIG. 5. Same as Fig. 4, but for the negative-parity band B.

with the increase of spin. It will be helpful to understand
the different behaviors of the signature splitting for the parity
doublet bands shown in Fig. 1(b) by analyzing the variation of
these main components with spin.

For the positive-parity band A, as shown in Fig. 4, the
largest component |5/2, 1〉 decreases with spin, while the
second largest component |3/2, 2〉 increases with spin. To
be more precise, for states with signature +i (5/2, 9/2, . . . )
shown in Fig. 4(a), the amplitude of the largest component
|5/2, 1〉 decreases from 0.969 (5/2) to 0.460 (45/2), whereas
the second largest |3/2, 2〉 increases from 0.029 (5/2) to
0.290 (45/2). For the states with signature −i (7/2, 11/2, . . . )
shown in Fig. 4(b), the amplitude of the largest component
|5/2, 1〉 decreases from 0.906 (7/2) to 0.456 (47/2), whereas
the second largest |3/2, 2〉 increases from 0.057 (7/2) to
0.199 (47/2). It is found that the decrease of |5/2, 1〉 and
the increase of |3/2, 2〉 for the states with signature +i are

FIG. 6. The main components l j� of the neutron single-particle
levels |ν〉 with ν = 1, 2, and 3.

faster than those with signature −i. Considering the fact that
the Coriolis effect for the single-particle level |2〉 with low-�
(� = 3/2) is stronger than in the level |1〉 with � = 5/2 in
the present axial case, the Coriolis effect for the states with
signature +i in band A is larger than those with signature −i.
This leads to energies of the states with signature +i which
are favored over those with signature −i and could explain
the signature splitting shown in Fig. 1(b), in which the states
with signature +i are lower than those with signature −i.

For the negative-parity band B as shown in Fig. 5, it is the
same as band A, the largest component |5/2, 1〉 decreases with
spin, whereas the second largest |3/2, 2〉 increases with spin.
However, the decrease of |5/2, 1〉 and the increase of |3/2, 2〉
for the states with signature +i are slower than those with
signature −i. For the states with signature +i the amplitude
of the largest component |5/2, 1〉 decreases from 0.928 (5/2)
to 0.250 (45/2), whereas the second largest |3/2, 2〉 increases
from 0.062 (5/2) to 0.139 (45/2). Meanwhile, for the states
with signature −i the amplitude of the largest component
|5/2, 1〉 decreases from 0.817 (7/2) to 0.331 (47/2), whereas
the second largest |3/2, 2〉 increases from 0.113 (7/2) to 0.331
(47/2). Consequently, the Coriolis effect for the states with
signature +i in band B is smaller than those with signature −i,
which leads to energies of the states with signature +i which
are unfavored than those with signature −i. This is contrary
to the situation that occurred in the positive band A and can
account for the opposite staggering phase for the positive- and
negative-parity bands shown in Fig. 1(b).

V. SUMMARY

In summary, reflection-asymmetric triaxial particle rotor
model calculations have been performed to investigate the
recently updated parity doublet structures in 223Th. The
energy spectra, the energy staggering parameters, and the
B(E1)/B(E2) ratios for both medium spin and the newly
established higher spin region, as well as the average
value of B(M1)/B(E2) for spins 9/2h̄ and 11/2h̄ in the
positive-parity band are well reproduced by the present
RAT-PRM calculations.

To further investigate the intrinsic wave functions and their
evolutions with spin, the main components of the intrin-
sic wave functions are analyzed. It is found that the parity
doublet bands are mainly based on a single neutron con-
figuration that its largest component of the intrinsic wave
function is ν(g9/2, j15/2)[� = 5/2], and the second largest
one is ν(g9/2, j15/2)[� = 3/2]. With the increase of spin, the
amplitude of the largest component decreases whereas the
second-largest one increases, and the signature splitting be-
havior for the parity doublet bands could be understood by the
variation of these main components with spin. For the parity
splitting, although its sign inversion and parabola trend can
be reproduced by using a different spin-dependent MoIs for
the positive- and negative-parity bands, the quantitative agree-
ment is not satisfactory, which deserves further investigations
in the future.
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