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Tensor-force effects on shell-structure evolution in N = 82 isotones and Z = 50 isotopes
in the relativistic Hartree-Fock theory
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The evolutions of the energy difference between the neutron states 1i13/2 and 1h9/2 in the N = 82 isotones and
that between the proton states 1h11/2 and 1g7/2 in the Z = 50 isotopes are investigated within the framework of the
relativistic Hartree-Fock theory, using the density-dependent effective interactions PKA1, PKOi (i = 1, 2, 3), and
a new interaction developed in this study. By identifying the contributions of the tensor force, which is naturally
induced via the Fock terms, we find that the tensor force plays crucial roles in the evolution of the shell structure.
The strength of the tensor force is also explored. It is found that moderately increasing the coupling strength
of pion-nucleon coupling, i.e., fπ , will significantly improve the description of the shell-structure evolution. In
particular, reducing the density dependence of fπ is shown to be preferable, in comparison to enlarging fπ with
a factor. This is consistent with the idea of “tensor renormalization persistency” and provides valuable guidance
for the development of the nuclear energy density functional in the relativistic framework.
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I. INTRODUCTION

Shell structure belongs to the most important properties of
nuclear systems. By introducing strong spin-orbit coupling to
the harmonic oscillator potential, Haxel, Jensen, and Suess
[1] and Mayer [2] successfully explained the magic numbers
associated with the shell closure. Owing to the development of
modern radioactive nuclear beam facilities and experimental
detectors [3–10], the landscape of nuclei extends from the β-
stability line to the regime of exotic ones with unbalanced N/Z
ratio [11,12]. Meanwhile, traditional shell structure does not
remain solid. The modification of shell closures has become
one of the most intriguing issues in recent decades [13,14].

The shell evolution, which leads to the appearance of new
magic numbers as well as the disappearance of traditional
ones, challenges the traditional understanding of nuclear
physics [15–17]. For example, the tensor force [18,19], which
had been neglected for a long time in the effective interactions
[20], has regained tremendous interest, mainly because of
its characteristic effects on the spin-orbit splitting and hence
on the shell evolution [21]. It has been pointed out that the
tensor force is repulsive between two nucleons which are both
spin up ( j = l + 1/2) or spin down ( j = l − 1/2), while it is
attractive when one nucleon is spin up and the other is spin
down [21]. Such a character of spin dependence affects the
spin-orbit splitting, especially for the nuclides located in the
exotic regime.

During the last two decades, the tensor-force effects on the
single-particle energies have been studied extensively, in both

the nuclear density functional theory (DFT) [22–39] and the
shell model [15,21,40–44].

In spite of this, the strength of the in-medium effective ten-
sor force and even its sign are still under discussion [14,34].
Traditionally, the parameters of the effective interactions are
fitted to the bulk properties, which are shown to be not sen-
sitive enough to the tensor force. As a result, the properties
of the in-medium effective tensor force are far away from
being efficiently constrained. Actually, pinning down the na-
ture of the tensor force is one of the crucial aspects for the
ultimate understanding of the effective nuclear interactions
employed in, for example, the DFT [23,37,45–49]. To achieve
this, one needs to find the observables that are sensitive to
the tensor force but not so much to the other components of
nuclear force. The single-particle energies, which are largely
affected by the spin-orbit splitting, can serve as such kind of
benchmarks. It is thus of great significance to study how the
tensor force affects the single-particle energies, especially the
shell-structure evolution along the isotopic or isotonic chains.

In 2004, by neutron and proton transfer reactions, Schiffer
et al. [50] investigated the differences between the energies
of the neutron (ν) states 1i13/2 and 1h9/2 in N = 82 isotones
and those of the proton (π ) states 1h11/2 and 1g7/2 in Z = 50
isotopes. This experimental progress immediately attracted a
lot of interest in theoretical research and became a popular
playground for investigating the shell evolution and the hid-
den mechanisms. In particular, Colò et al. [51] found that
the introduction of the tensor force on top of the Skyrme
effective interactions can fairly well reproduce the isospin
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dependence of the energy differences in the above-mentioned
isotones and isotopes, while the effective interactions without
the explicit tensor force fail. The tensor-force effects were also
explored within the relativistic framework, i.e., the relativistic
Hartree-Fock (RHF) theory [26]. It was found that the tensor
force arising from the pion exchange plays a crucial role in
explaining the evolution of the energy difference with the
neutron or proton number.

The tensor force can be added on top of the existing
Skyrme interactions perturbatively and refitted individually;
the SLy5 + T [51] and SIII + T [24] functionals were estab-
lished in this way. An alternative way, which is practically
more accurate and more systematic, is to fit the tensor force on
the same footing with the other terms, and the representative
functionals are the Skxta and Skxtb [40], the TIJ family
[25], SkPT, SLy4T, and SkOT [52], and SAMi-T [37]. Similar
strategies to introduce the tensor force have also been applied
for the finite-range Gogny and M3Y interactions [23,39,40].
Nevertheless, both of these two ways inevitably increase the
number of free parameters due to the additional inclusion of
the tensor force, which may be one of the reasons why the
tensor force is neglected in most of the effective interactions
in the nonrelativistic framework.

In the covariant density functional theory (CDFT) with
exchange terms, namely the RHF theory, the strong spin-orbit
coupling is treated naturally and the tensor force is consis-
tently contained without extra free parameters via the Fock
terms of the relevant meson-nucleon interactions [53–57]. On
the other hand, the tensor force is mixed together with the
other components, e.g., the spin-orbit force and other central
forces. This leads to great difficulties in the quantitative analy-
sis of the tensor force in CDFT, despite the noticeable progress
on the tensor-force effects arising from the π -pseudovector
and ρ-tensor couplings [26,58–62]. In particular, a set of
formulas with Lorentz covariance were developed to describe
the spin-dependent nature of the nuclear force within the
RHF theory in 2015, and they could reproduce the spin de-
pendence of the two-body interaction matrix elements quite
well [63–65]. However, these formulas are not straightfor-
wardly related to the tensor force in the conventional sense.
Thus, the corresponding results cannot be compared directly
with the tensor-force effects calculated by the nonrelativistic
DFT. Aiming at a direct comparison between the tensor-force
effects in the CDFT and those in the nonrelativistic DFT,
recently, the tensor force in each meson-nucleon coupling
has been identified within the RHF theory [66]. In addition,
a method to quantitatively evaluate the contributions of the
tensor forces arising from these meson-nucleon couplings has
also been illustrated.

In this work, we will investigate the isospin evolution of the
single-particle energy differences in the N = 82 isotones and
the Z = 50 isotopes mentioned above within the RHF theory.
In particular, the effects of the tensor force will be studied with
the method newly developed in Ref. [66]. The strength of the
tensor force will be explored, aiming to provide guidance for
the future development of the effective interactions. To this
end, it is noticed that the single-particle energies, as well as
the collective excitations, are affected by various “dynamic
correlations,” among which the particle-vibration coupling

(PVC) [67–74] is considered to play the most important role,
especially for the spherical nuclei. Thus, the experimental data
of the single-particle energy are not expected to be directly
comparable with the corresponding results calculated by DFT,
which are purely mean-field-level quantities.

In Sec. II, we briefly introduce the framework of RHF
theory, as well as the main ideas to extract the contributions
of the tensor force in the RHF theory. The results will be
discussed in Sec. III. A summary and perspectives will be
given in Sec. V.

II. THEORETICAL FRAMEWORK

In this section, the basic framework of the RHF theory will
be recalled, and more details can be found in Refs. [53,54,75–
82]. The method to extract the contributions of the tensor force
will also be briefly presented.

A. Relativistic Hartree-Fock theory

In the relativistic framework, the nucleons interact with
each other via the exchange of mesons and photons [20,83–
88]. Based on this picture, the starting point of the RHF
theory is a standard Lagrangian density, which contains the
degrees of freedom associated with the nucleon field, various
meson fields, and the photon field. Through the Legendre
transformation, the Hamiltonian of the system can be derived.
With the equations of motion for the mesons and photon, the
Hamiltonian can be expressed only with the degree of freedom
of the nucleon field, and reads

H =
∫

d3x ψ̄ (x)[−iγ · ∇ + M]ψ (x)

+ 1

2

∑
φ

∫∫
d3x d4y ψ̄ (x)ψ̄ (y)�φ (x, y)Dφ (x, y)

×ψ (y)ψ (x), (1)

where φ denotes the meson-nucleon couplings, including here
the Lorentz σ -scalar (σ -S), ω-vector (ω-V), ρ-vector (ρ-V),
ρ-tensor (ρ-T), ρ-vector-tensor (ρ-VT), and π -pseudovector
(π -PV) couplings, as well as the photon-vector (A-V)
coupling.

The interaction vertices �φ (x, y) in the Hamiltonian (1)
read

�σ -S(x, y) = −[gσ ]x[gσ ]y, (2a)

�ω-V(x, y) = +[gωγμ]x[gωγ μ]y, (2b)

�ρ-V(x, y) = +[gργμ�τ ]x · [gργ
μ�τ ]y, (2c)

�ρ-T(x, y) = +
[

fρ
2M

σμν �τ∂ν

]
x

·
[

fρ
2M

σμλ�τ∂λ

]
y

, (2d)

�ρ-VT(x, y) = +
[

fρ
2M

σμν �τ∂μ

]
x

· [gργ
ν �τ ]y + (x ↔ y), (2e)

�π-PV(x, y) = −
[

fπ
mπ

�τγ5γμ∂μ

]
x

·
[

fπ
mπ

�τγ5γν∂
ν

]
y

, (2f)

�A-V(x, y) = +
[

eγμ

1 − τ3

2

]
x

[
eγ μ 1 − τ3

2

]
y

, (2g)
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with the meson-nucleon coupling strengths gφ and fφ , the
nucleon mass M, and the meson masses mφ . If the retardation
effect is neglected [75], the meson and photon propagators,
Dφ (x, y), become the standard Yukawa and Coulomb forms,

Dφ (x, y) = 1

4π

e−mφ |r1−r2|

|r1 − r2| , (3a)

DA-V(x, y) = 1

4π

1

|r1 − r2| , (3b)

respectively. Hereafter, we use r1 and r2 to denote the spatial
coordinates at vertices x and y, and the indices “1” and “2” are
always used to denote the vertices.

The meson-nucleon coupling strengths are taken as func-
tions of the baryonic density. For the convenience of the
following discussions about the strength of the tensor force,
here we explicitly present the density dependence of the π -PV
coupling fπ , which reads

fπ (ρb) = fπ (0)e−aπ ξ , (4)

where ξ = ρb/ρsat., ρsat. denotes the saturation density of the
nuclear matter, and fπ (0) corresponds to the coupling strength
at zero density. The density dependence of the other meson-
nucleon couplings can be found in Refs. [53,54].

The nucleon-field operators ψ (x) and ψ†(x) can be ex-
panded on the set of creation and annihilation operators
defined by a complete set of Dirac spinors {ϕα (r)}. Then,
the energy functional can be obtained through the expectation
value of the Hamiltonian on the trial Hartree-Fock state |�0〉
under the no-sea approximation [83]. It can be expressed as

E = 〈�0|H |�0〉 − AM

= EK +
∑

φ

(
ED

φ + EE
φ

)

=
∑

α

∫
dr ϕ̄α (r)(−iγ · ∇ + M )ϕα (r) − AM

+ 1

2

∑
φ,αβ

{∫∫
dr1 dr2 ϕ̄α (r1)ϕ̄β (r2)

×�φ (r1, r2)Dφ (r1, r2)ϕα (r1)ϕβ (r2)

−
∫∫

dr1 dr2 ϕ̄α (r1)ϕ̄β (r2)

×�φ (r1, r2)Dφ (r1, r2)ϕβ (r1)ϕα (r2)

}
, (5)

where EK denotes the kinetic energy, and ED
φ and EE

φ corre-
spond to the energy contributions from the direct (Hartree)
and exchange (Fock) terms, respectively.

In spherically symmetric systems, the single-particle
states, which are Dirac spinors here, can be specified by
a set of quantum numbers α ≡ (a, mα ) ≡ (τa, na, la, ja, mα ).
Explicitly, the Dirac spinors have the following expression:

ϕα (r) = 1

r

(
iGa(r)

Fa(r)σ̂ · r̂

)
Yα (r̂)χ 1

2
(τa), (6)

where Yα (r̂) are the tensor spherical harmonics defined
through the coupling of the spherical harmonics and the spin
spinors [89], and χ 1

2
(τa) is the isospinor.

The variation of the energy functional with respect to Dirac
spinors leads to the Hartree-Fock equation, which formally
reads ∫

dr′ h(r, r′)ϕ(r′) = εϕ(r), (7)

where the Lagrangian multiplier ε is the single-particle energy
including the rest mass of the nucleon. The single-particle
Hamiltonian h(r, r′) contains the kinetic energy hK, the direct
local potential hD, and the exchange nonlocal potential hE:

hK(r, r′) = [α · p + βM]δ(r, r′), (8a)

hD(r, r′) = [�T(r)γ5 + �0(r) + β�S(r)]δ(r, r′), (8b)

hE(r, r′) =
(

YG(r, r′) YF (r, r′)
XG(r, r′) XF (r, r′)

)
. (8c)

The tensor force contributes only to the nonlocal self-
energies XG, XF , YG, and YF . See Refs. [75,78,90] for the full
expressions of these quantities.

Basically, the Hartree-Fock equation shall be solved itera-
tively. For open-shell nuclei, the paring correlation is treated
using the BCS method. The zero-range density-dependent
interaction [91],

V (r1, r2) = V0δ(r1 − r2)

[
1 − ρb(r)

ρsat.

]
, (9)

is adopted to calculate the pairing matrix elements.
The strength V0 is uniformly chosen as −500 MeV fm3.

The active pairing space is limited to the single-particle states
below +10 MeV. It can be shown that the shell structure and
its evolution in the nuclei studied here are not sensitive to the
value of V0 over a wide range [26].

B. Contributions of tensor force

As already mentioned, the tensor force in each meson-
nucleon coupling was identified through nonrelativistic re-
duction [66]. The method to quantitatively evaluate the
contributions of the tensor forces was established as well.
Here, we will not go into the details of nonrelativistic reduc-
tion, but merely show the tensor components in the relevant
meson-nucleon couplings in a uniform expression as

V̂ t
φ = 1

m2
φ + q2

FφS12, (10)

where q is the momentum transfer, and S12 is the operator of
the tensor force in the momentum space, which reads

S12 ≡ (σ1 · q)(σ2 · q) − 1
3 (σ1 · σ2)q2. (11)

The coefficient Fφ associated with a given meson-nucleon
coupling reflects the sign and the rough strength of the tensor
force, as displayed in Table I.

To evaluate quantitatively the contributions of the tensor
force V̂ t

φ in each meson-nucleon coupling, one first needs to
calculate its contributions to the two-body interaction matrix
elements. The explicit formulas are found in Appendix C in
Ref. [66]. Further, one can calculate the contributions of the
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TABLE I. Expressions for Fφ in Eq. (10) for each meson-
nucleon coupling. M∗ is the Dirac mass of nucleons.

φ Fφ φ Fφ

ω-V
gω(1)gω(2)

4M∗(1)M∗(2)
π -PV − fπ (1) fπ (2)

m2
π

ρ-V
gρ (1)gρ (2)

4M∗(1)M∗(2)
ρ-T

fρ (1) fρ (2)

4M2

ρ-VT
fρ (1)gρ (2)

4MM∗(2)
+ (1 ↔ 2)

tensor force to the nonlocal self-energies and ultimately its
contributions to the single-particle energies.

III. RESULTS AND DISCUSSION

A. N = 82 isotones

First, we study the evolution of the energy difference be-
tween the states ν1i13/2 and ν1h9/2, i.e., �ε ≡ εν1i13/2 − εν1h9/2 ,
along the N = 82 isotones. Shown in Fig. 1 are the energy dif-
ferences as functions of the proton number Z , normalized with
respect to the values at Z = 58. The energies of the single-
particle states are determined by various components of the
nuclear force, such as the central force and the spin-orbit one.
In contrast, the tensor force mainly affects the evolution of the
energy differences between two levels, especially those with
opposite spin directions, along the isotopic or isotonic chains
[14,21,34,51]. Because of this, the evolution of the energy
difference, rather than the single-particle energies themselves,
is usually chosen to benchmark the tensor force. Since we are
interested in the evolution, including mainly the trend and
the slope, it is convenient to normalize the theoretical and
experimental data with respect to their corresponding values
at Z = 58 following the previous choice in Ref. [26].

The original experimental value of �ε(Z = 58) is
−0.05 MeV [50] and the plot is thus moved upwards by
0.05 MeV, as shown in Fig. 1(a). It can be seen that the
original experimental data present a distinct kink at Z = 64.
Because the experimental data of single-particle energies con-
tain the beyond-mean-field correlations, they are not supposed
to be compared directly with the corresponding calculated
results based on the pure mean-field approximation, as em-
phasized by a series of studies [25,26,34,49,51,92]. Among
various beyond-mean-field correlations, the PVC is consid-
ered to play the most important role. To fulfill the requirement
of the self-consistency, we should take into account the PVC
effects based on the RHF theory (RHF + PVC). However,
to our knowledge, there is still no accessible RHF + PVC
calculation. On the other hand, we notice that the quasiparticle
PVC (QPVC) calculation based on the RMF theory using the
nonlinear effective interaction NL3* was performed for the
N = 82 isotones [49]. It was also suggested that the effec-
tive tensor force has to be quenched as compared with the
earlier estimates without considering the PVC effects [49].
Therefore, here we extract the difference between the results
of RMF and QPVC, and deem it, to some extent, the PVC
effects. By excluding the PVC effects from the original data
[50], we get the corresponding “pseudodata,” which are de-
noted by the open squares in Fig. 1(a).

To avoid confusion, we stress that it is far from certain
that the PVC effects will be the same for the RMF and RHF
calculations, and even for different Lagrangians. Thus, the
pseudodata shown here are mainly for the purpose of pro-
viding as much available information as possible, and they
shall be treated only as a rough and supplementary reference.
The value of �ε(Z = 58) in the pseudodata is 0.76 MeV, and
the plot is moved downwards accordingly in Fig. 1(a). The
pseudodata also present a distinct kink, but the turning point
is shifted to Z = 58. Despite the change of the turning point
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FIG. 1. Energy differences �ε ≡ εν1i13/2 − εν1h9/2 in the N = 82 isotones as functions of the proton number. Panel (a) shows the calculated
results by the RHF theory with the effective interactions PKA1 [54] and PKOi (i = 1, 2, 3) [26,53]. Panel (b) shows the results of the same
calculations but without the tensor-force contributions. The pairing is treated with the BCS method. The experimental data for comparison
include the original ones (filled squares) from Ref. [50] as well as the ones (open squares) in which the correlation of particle-vibration
coupling [49] is subtracted. All the experimental data and the calculated results are normalized with respect to their corresponding values at
Z = 58. See the text for details.
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in the pseudodata, they still decrease with the proton number
first and then increase with it, which is the same as the case
of the original data. In particular, the slope of the original
data is remarkably changed by the PVC effects only in the
region between Z = 58 and Z = 64, while it remains almost
unchanged in other regions of both sides.

The results calculated by the RHF theory using the density-
dependent effective interactions PKA1 [54] and PKOi (i = 1,
2, 3) [26,53] are displayed in Fig. 1(a). For the results of
PKA1, PKO1, PKO2, and PKO3, the values of �ε(Z = 58)
are 1.58, 2.84, 2.48, and 2.96 MeV, respectively. It can be
found that the energy differences calculated by PKO1 and
PKO3 present distinct kinks at Z = 58, which is in consis-
tence with the pseudodata. In contrast, PKA1 gives a very
small kink even without changing the sign of the slope, and
PKO2 presents an almost linearly increasing trend.

Using the method developed in Ref. [66], we calculate the
contributions of the tensor force to the single-particle ener-
gies. We then exclude the tensor-force contributions from the
results of the full calculation. The results without the contri-
butions of the tensor force are shown in Fig. 1(b). One can see
that all the RHF effective interactions give almost identical
results after excluding the tensor force. This indicates that
the differences in the results by different effective interactions
mainly arise from the tensor forces. In addition, the results
without the tensor force present an approximately linearly
increasing trend. This shows that the nontrivial evolution of
the single-particle energy differences is determined by the
effects of the tensor force. Through the characteristic spin
dependence of the tensor force, one can further understand
its effects on the above shell-structure evolution. Accord-
ing to the general understanding of the shell structure [1,2],
the single-particle level π1g7/2 (π1h11/2) is gradually occu-
pied from Z = 50 (Z = 64). The tensor-force effect between
π1g7/2 and ν1i13/2 is attractive, while it turns to be repulsive
between π1g7/2 and ν1h9/2. Consequently, the tensor-force ef-
fects arising from the occupation of π1g7/2 reduce the energy
difference between the states ν1i13/2 and ν1h9/2. Due to the
similar mechanism, the tensor-force effects arising from the
occupation of π1h11/2 increase the energy difference under
discussion.

In Ref. [66], it was demonstrated that the tensor force
arising from the π -PV coupling dominates over those from all
the other nucleon-meson couplings. This is true not only for
PKA1 but also for PKO1 and PKO3. As shown in Eq. (4), the
π -PV coupling strength in the effective interactions adopted
here depends on the baryon density exponentially. Its value
at zero density, i.e., fπ (0), in PKO3 is the same as that in
PKO1, but the factor of density dependence aπ in PKO3 is
smaller [26]. Therefore, the tensor force in PKO3 is stronger
than that in PKO1. In PKA1, the contribution of the tensor
force from the ρ-T coupling, which is not considered in the
PKO series, remarkably cancels that from the π -PV one [66].
As a consequence, the net tensor-force effect in PKA1 is
weaker than those in both PKO1 and PKO3. Notice that the
π -PV coupling is not included in PKO2 at all. According to
the discussion above, one can recognize that, for the strength
of the tensor force, PKO3 > PKO1 > PKA1 > PKO2.
Keeping this conclusion in mind, let us turn back to Fig. 1(a)

again. The following two criteria are adopted to evaluate
the theoretical description of the shell-structure evolution
here: (i) whether it can give a turning or kink; and (ii) how
well the slope reproduces the (pseudo)data. The position of
the turning point is deeply related to the shell structures at
Z = 58 and Z = 64. In fact, the artificial shell at Z = 58
and the subshell at Z = 64 have been extensively studied
within the framework of CDFT [54,81,93]. With the criteria
above, one can see that PKO3 reproduces the data best
among all the RHF effective interactions. While it is not as
good as PKO3, PKO1 is much better than PKA1 and PKO2.
Considering the relative strengths of the tensor forces in
these RHF effective interactions, one can conclude that the
effective interaction with stronger tensor force reproduces
the evolution of the single-particle energy difference better.
Further, it implies that the tensor force in the current RHF
effective interactions seems in general too weak, and stronger
tensor force is appealing for the future development of the
effective interactions.

Next, we will discuss explicitly the effects of the tensor
force on the evolution of the energy difference between the
states ν1i13/2 and ν1h9/2 along the N = 82 isotones. The
contributions of the tensor force to the energy differences,
calculated with the effective interactions PKA1 and the PKO
series, are shown in the different panels of Fig. 2.

For the results of PKA1, shown in Fig. 2(a), the net contri-
bution of the tensor forces of all the involved nucleon-meson
couplings has a flat minimum around Z = 64, which is at
same position of the minimum of the original experimental
data. As expected, the tensor force from the π -PV coupling
is the most remarkable compared with those from the other
couplings, and it also gives a minimum around Z = 64. The
trend of the net contribution of the tensor forces is mainly
determined by the tensor force from the π -PV coupling.
Meanwhile, one can see that the contribution of the tensor
force from the π -PV coupling is partially canceled by those
from the other couplings, especially the ρ-T and ρ-VT ones.
Since the tensor-force contribution from the ω-V coupling
comes from the neutron-neutron interaction, rather than the
proton-neutron one, it is not so relevant for the shell-structure
evolution discussed here.

From Figs. 2(b) and 2(d), it can be seen that the net con-
tributions of the tensor force calculated by PKO1 and PKO3
present quite sharp turnings at Z = 58, which is exactly the
turning point of the pseudodata. Based on the comparison
of the results with and without the tensor force displayed in
Fig. 1, one can conclude that the reason why PKO1 and PKO3
can present distinct kinks at Z = 58 is largely related to the
sharp turning of the tensor-force contribution. Moreover, it
is noticeable that the net tensor-force contributions in both
PKO1 and PKO3 are almost fully determined by the contri-
bution of the π -PV coupling. This is because the tensor force
from the ω-V coupling largely cancels that from the ρ-V one.
Here, we remind again that the effects of the tensor force from
the ω-V coupling are due to the neutron-neutron rather than
the proton-neutron interactions. Such a cancellation does not
appear for PKA1, mainly due to the considerable contribu-
tions of the tensor force from ρ-T coupling as well as the
ρ-VT one. In addition, one finds that the contribution of the
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FIG. 2. The tensor-force contributions to the energy differences �ε ≡ εν1i13/2 − εν1h9/2 in the N = 82 isotones as functions of the proton
number, calculated by the RHF theory with the effective interactions PKA1 [54] and PKOi (i = 1, 2, 3) [26,53]. The blue filled squares denote
the total contributions of the tensor force, while the contributions of the individual coupling are denoted by the other symbols. All the results
are normalized with respect to their corresponding values at Z = 58.

tensor force in PKO3 is larger than that in PKO1. This results
from the fact that the coupling strength of π -PV coupling in
PKO3 is larger, as mentioned above. The results of PKO2 are
very different. Because of the absence of both π -PV and ρ-T
couplings [26], the proton-neutron tensor force in PKO2 is
very weak. Therefore, the net contribution of the tensor force
in PKO2 is almost negligible for the shell-structure evolution
discussed here, as can be seen from Fig. 2(c).

B. Z = 50 isotopes

Figure 3 displays the energy differences between the
single-particle states π1h11/2 and π1g7/2 in the Z = 50 (Sn)
isotopes as functions of the neutron number. Similar with the
case of the N = 82 isotones studied above, Fig. 3(a) displays
both the original experimental data and the pseudodata, where
the latter are obtained in the same way as those in the N = 82
isotones. The calculations are also performed in the same way
as those for the N = 82 isotones. All the experimental data

and the calculated results are normalized with respect to their
corresponding values at N = 58. The values of �ε(N = 58)
in the original data and pseudodata are 0.69 and 1.58 MeV,
respectively. One can find that the original data present a mini-
mum at N = 62, while it is shifted to N = 58 after considering
the PVC effects based on RMF. Meanwhile, the PVC effects
do not modify remarkably the slope in the region from N = 54
to N = 58 and that in the region from N = 64 to N = 70.

For the results of PKA1, PKO1, PKO2, and PKO3, the
values of �ε(N = 58) are 3.05, 4.32, 3.63, and 4.54 MeV,
respectively. Among all the RHF effective interactions used
here, only PKO3 gives a visible minimum, which is located
around N = 58. Even though the slope near the minimum is
quite flat, it qualitatively reproduces the trend given by the
(pseudo)data, i.e., the energy difference decreases first and
then increases with the neutron number. In contrast, the en-
ergy differences calculated by all other effective interactions
increase monotonically with the neutron number, failing to re-
produce the experimental trend even qualitatively. Compared
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FIG. 3. Similar to Fig. 1, but for the energy differences �ε ≡ επ1h11/2 − επ1g7/2 in the Z = 50 isotopes as functions of the neutron number.
All the experimental data and the calculated results are normalized with respect to their corresponding values at N = 58.

with PKA1 and PKO2, the results of PKO1 are relatively
closer to those of PKO3, also closer to the data. Given the
relative strengths of the tensor forces in these effective in-
teractions, i.e., PKO3 > PKO1 > PKA1 > PKO2, one can
suppose again that the tensor force is the main cause of the dif-
ferences among these results. To make it clearer, we subtract
the contributions of the tensor force following what has been
done for the N = 82 isotones. The results are displayed in
Fig. 3(b). Without the contributions of the tensor force, all the
RHF effective interactions give similar results, i.e., the energy
differences increase monotonically with the neutron number.
Thus, the determinant role of the tensor force is confirmed
again.

Shown in Fig. 4 are the explicit contributions of the tensor
force calculated by PKA1 and PKO series. The net contri-
bution of the tensor force in PKA1, shown in Fig. 4(a), has
a minimum around N = 70, which is consistent with neither
the original data nor the pseudodata. The contribution of the
tensor force from the π -PV coupling dominates over those
from the other couplings. The net contribution of the tensor
force is qualitatively in line with that from the π -PV coupling,
and the former is smaller than the latter in amplitude. This is
determined by the relative strength of the tensor force in each
nucleon-meson coupling and its sign. The feature is the same
as that in the case of N = 82 isotones. The details will not be
repeated here.

The contributions of the tensor force in PKO1 and PKO3
are shown in Figs. 4(b) and 4(d), respectively. It can be seen
that the minima given by PKO1 and PKO3 are both near
N = 64, which is the same position of the minimum of the
original data shown in Fig. 3. As mentioned above, the mini-
mum of the energy differences calculated by PKO3, which is
shown in Fig. 3, is near N = 58. This means the minimum of
the contribution of tensor force cannot uniquely determine the
minimum of the energy difference. Even though the contribu-
tions of the tensor forces given by PKO1 and PKO3 are similar
to each other, the former fails to reproduce the experimental
trend of the shell-structure evolution. Similar to the results for

the N = 82 isotones, the contribution of the tensor force in
PKO3 is larger than that in PKO1, as can be seen in Figs. 4(b)
and 4(d). This reminds us that the strength of the tensor force
is crucial for reproducing the trend of the experimental data.
For PKO2, the contribution of the tensor force is minor due to
the absence of the π -PV coupling, as shown in Fig. 4(c).

It is interesting to see the differences between the contri-
butions of the tensor force in the N = 82 isotones and those
in the Z = 50 isotopes. For the calculation with PKO1 and
PKO2, the contribution of the tensor force in the Z = 50
isotopes changes gently around the turning point, while the
turning at Z = 58 in the N = 82 isotones is quite sharp. Such
a difference can be understood through the effects of pairing.
For the N = 82 isotones, since PKO1 and PKO3 give large
artificial shells at Z = 58, the protons occupy gradually the
orbital π1g7/2 from Z = 50 to Z = 58, leaving the orbital
π2d5/2 almost empty. The orbitals π1g7/2 and π2d5/2 are
spin down and spin up, respectively, and their tensor-force
effects on the energy differences under discussion here are
opposite to each other. It is the sudden change of the occu-
pation of π2d5/2 at Z = 60 that results in the sharp turning.
In contrast, the N = 58 shell gaps in the Z = 50 isotopes
are not so pronounced in the calculations here. Therefore,
for the Z = 50 isotopes with the neutron numbers from 52
to 64, both the orbitals ν1g7/2 and ν2d5/2 have nonvanishing
occupation probabilities and their tensor-force effects partially
cancel each other. This is the key reason why there is no sharp
change around N = 58. The properties of the slope around
N, Z = 64 and 70, which belong to the critical subshells, can
also be understood through the magnitudes of the relevant
gaps and the pairing effects. We will no longer go into the
details since the mechanism is similar.

C. Exploration of the strength of tensor force

Based on the discussion above, one finds that the tensor
force in the current RHF effective interactions may be too
weak to reproduce the evolution of the single-particle energy
differences. In fact, such a point of view was declared more
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FIG. 4. Similar to Fig. 2, but for the energy differences �ε ≡ επ1h11/2 − επ1g7/2 in the Z = 50 isotopes as functions of the neutron number.
All the results are normalized with respect to their corresponding values at N = 58.

than ten years ago [26]. A similar conclusion was also drawn
through the analysis of the evolutions of several magical shells
[66] and the spin-orbit splittings in the neutron drops [92,94].
Considering that the π -PV coupling is the most important
carrier of the tensor force, it is natural to explore the strength
of the tensor force by enlarging the π -PV coupling strength
fπ . Through such an investigation, we expect to give some
guidance for developing the effective interactions with well
constrained tensor forces in the relativistic framework.

Considering the exponential density dependence of fπ , as
shown in Eq. (4), one can enlarge it in two ways: (i) multi-
plying a factor λ (λ > 1) as a whole, or (ii) weakening the
density dependence by multiplying a factor η (η < 1) in the
coefficient aπ . Obviously, the latter strategy does not change
the value at zero density, but makes fπ decrease more slowly
with the baryon density.

It is noticeable that PKO1 is the first widely used RHF
effective interaction. More importantly, it qualitatively repro-
duces the shell-structure evolution due to the tensor force
mainly from the π -PV coupling, and so does PKO3, as dis-
cussed in Secs. III A and III B. In contrast, PKO2 cannot
reproduce the shell structure for the absence of the π -PV

coupling; PKA1 also fails, because the tensor forces from the
ρ-T and ρ-VT couplings partially cancel that from the π -PV
coupling. For a primary study of the strength of the tensor
force, it is efficient to focus on the dominant carrier of the
tensor force, i.e., the π -PV coupling, and avoid the possible
distraction of the cancellation from ρ-T and ρ-VT couplings.
Therefore, we take PKO1 as an example and investigate how
the enhancement of fπ , in the two different ways above, af-
fects the description of the evolution of the energy difference
discussed in the previous subsections. First, we multiply fπ
by different λ (λ = 1.0, 1.1, 1.2, 1.3, 1.4, and 1.5), and then
calculate the energy differences between the states ν1i13/2 and
ν1h9/2 in the N = 82 isotones and those between the states
π1h11/2 and π1g7/2 in the Z = 50 isotopes. In Fig. 5(a), it can
be seen that, with the enhancing of the π -PV coupling, the
results of N = 82 isotones change remarkably and approach
the data gradually in the region of Z � 58. Similar properties
are found for the Z = 50 isotopes in the region of N � 58.
Note that in the regions of N, Z > 58, the energy differences
in both the isotonic and isotopic chains are not so sensitive
to the multiplier λ. In particular, for the N = 82 isotones, the
energy differences are almost independent to λ when Z > 58.
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FIG. 5. (a) Energy differences �ε ≡ εν1i13/2 − εν1h9/2 in the N = 82 isotones as functions of the proton number, normalized with respect
to the values at Z = 58. (b) Energy differences �ε ≡ επ1h11/2 − επ1g7/2 in the Z = 50 isotopes as functions of the neutron number, normalized
with respect to the values at N = 58. The calculation is performed by the RHF theory with the effective interaction PKO1, but the π -PV
coupling is enlarged by multiplying a factor λ, i.e., fπ → λ fπ (λ = 1.0, 1.1, 1.2, 1.3, 1.4, and 1.5). For comparison, the experimental data are
also given, which are the same as those in Figs. 1 and 3.

It is worth mentioning once more that for the N = 82 isotones
(Z = 50 isotopes) with Z (N ) � 58 and 64 � Z (N ) � 68, the
original data and the pseudodata present almost the same
slopes. Thus, the data in these regions are supposed to be more
informative for the mean-field calculations. When λ = 1.5,
the data of the Z = 50 isotopes with N � 58 are reproduced
quite well. However, for the N = 82 isotones with Z � 58, it
seems that one needs to further enlarge the fπ . Nevertheless,
this may not work so well. One can see that the trend starts
to become flat around Z = 50 when λ = 1.5. This means that
when λ is too large, the shell closure at Z = 50 breaks down
and the pairing correlation arises. Therefore, it is unlikely
to reproduce the data better with even larger λ. Meanwhile,
larger λ may worsen the description of the Z = 50 isotopes
with overestimated slope in the region of N � 58.

Now let us turn to the alternative way to enhance the π -PV
coupling, i.e., reducing the coefficient of density dependence

aπ . In Fig. 6 are shown the results of PKO1 with aπ → ηaπ

(η = 1.0, 0.8, 0.6, 0.4, 0.2, and 0.0). One can find that the evo-
lutions of both chains change remarkably with the reduction of
aπ over the whole region discussed here. When η 
 0.4, the
data in the regions of N , Z � 58 are reproduced quite well.
Moreover, for the N = 82 isotones (Z = 50 isotopes) with
64 � Z (N ) � 68, reducing aπ can also improve the descrip-
tion, whereas increasing fπ as a whole does not work well.

Based on the discussion above, it is found that enlarging
the strength of π -PV coupling properly can significantly im-
prove the description of the evolution of the single-particle
energy difference. Compared with increasing fπ with a fac-
tor, reducing its density dependence is a preferable way. It
should be noted that we did not perform self-consistent fit-
ting up to this point. Thus, the optimum values of λ and η

given above should not be taken too seriously, but understood
qualitatively.

FIG. 6. Similar to Fig. 5, but with aπ → ηaπ (η = 1.0, 0.8, 0.6, 0.4, 0.2, and 0.0).
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TABLE II. Parameters of the new effective (denoted as “New”) interaction within the framework of RHF theory, in comparison with those
of PKO1 [53]. The parameters aφ , bφ , cφ , and dφ are the density dependence coefficients; see Ref. [53] for the details.

mφ (MeV) gφ or fπ aφ bφ cφ dφ

σ New 525.769084 9.550360 1.294390 0.133015 0.233251 1.195439
PKO1 525.769084 8.833239 1.384494 1.513190 2.296615 0.380974

ω New 783.000000 11.815491 1.375881 0.075553 0.168960 1.404583
PKO1 783.000000 10.729933 1.403347 2.008719 3.046686 0.330770

ρ New 769.000000 2.529138 0.684200
PKO1 769.000000 2.629000 0.076760

π New 138.000000 1.254333 0.659594
PKO1 138.000000 1.000000 1.231976

The weak density dependence of fπ is related not only
to the strength of the tensor force but also to the in-
medium effects on it. It has been argued that the bare tensor
force does not undergo significant modification during the
renormalization procedure [95,96]. In other words, the effec-
tive tensor force in the nuclear medium would be similar with
the bare one. Such a property is known as “renormalization
persistency.” In the RHF theory with the density-dependent
coupling strengths, the renormalization persistency can natu-
rally manifest as weak density dependence. The preference for
the small aπ , which is shown above, provides a support for the
tensor renormalization persistency [95,96] within the scheme
of DFT.

IV. ATTEMPT AT A NEW EFFECTIVE INTERACTION

In the previous section, it is found that the description of
the shell-structure evolution can be improved by enhancing
the strength of the tensor force. However, one may notice
that the readjustment of the strength of the π -PV coupling
(essentially the strength of the tensor force) is not performed
in a self-consistent manner, which may call into question the
reliability of the conclusion above. Thus, it is meaningful to
develop a new set of effective interaction within the frame-
work of RHF theory under the guidance of the foregoing
discussion.

We start from PKO1, aiming at a new effective inter-
action with the same meson-nucleon couplings and better-
constrained tensor force. In the fitting procedure, we find that
one is unlikely to achieve a satisfying functional by enlarging
fπ (0) or weakening aπ individually. In practice, the initial
value of aπ is set very small in order to get a relatively small
final value. The parameters are, as an attempt, fitted to the bulk
properties of the nuclear matter and several selected nuclei.
A new effective interaction with larger fπ (0) (λ 
 1.25) and
smaller aπ (η 
 0.54), in contrast to PKO1, is obtained. The
parameters of the new effective interaction are displayed in
Table II. For the new effective interaction, the strength of
the π -PV coupling at the saturation density fπ (ρsat. ) is 0.649,
while it is 0.293 for PKO1. Accordingly, one can find that the
tensor force in the new effective interaction is significantly
(roughly twice) stronger than that in PKO1.

We have calculated the binding energies and charge radii of
a group of nuclei ranging from light to heavy ones. The results
are shown in Table III, in comparison with those calculated
by PKO1. As can be seen, the present effective interaction
can describe the bulk properties of the finite nuclei almost as
accurately as PKO1 does.

In addition, the energy differences between the single-
neutron states ν1i13/2 and ν1h9/2 along the N = 82 isotones
and those between the single-proton states π1h11/2 and π1g7/2

along the Z = 50 isotopes are calculated with the new effec-
tive interaction. The results of the N = 82 isotones and the
Z = 50 isotopes are shown in Figs. 7(a) and 7(b), respectively,
in comparison with the corresponding experimental data. One
can see that the energy differences in each chain, which are
denoted by the red filled circles, present a remarkable turn-
ing point. More importantly, the slopes on both sides of the
turning point are enhanced dramatically and get much closer
to the data, compared with the results of previous RHF func-
tionals. Thus, it is clearly shown that the description of the
shell-structure evolution is significantly improved by the new
effective interaction.

Since the most distinct difference of the new effective
interaction from the previous PKOi (i = 1, 2, 3) is its en-
hanced strength of π -PV coupling, it is reasonable to suspect
that the improvement of the description of the shell-structure
evolution is mainly due to the relatively stronger tensor force
in it. To prove this, we calculate the contribution of the
tensor force to the energy differences and subtract it from
the results of the full calculation. The corresponding results,
denoted by the green open circles, are also shown in Figs. 7(a)
and 7(b), respectively. Without the contribution of the tensor
force, the energy differences calculated by the new effective
interaction increase monotonically with the proton and neu-
tron numbers. Clearly, one can conclude that the ability of
the new effective interaction to improve the description of
the shell-structure evolution is attributed to its strong tensor
force.

Through self-consistent refitting, it is shown that enhanc-
ing the strength of the tensor force in the RHF effective
interaction can improve the description of the shell-structure
evolution, without considerable sacrifice of the accuracy on
the bulk properties. Meanwhile, reducing the coefficient of
the density dependence aπ , which is related to the idea of
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TABLE III. Binding energies Eb and charge radii Rch for the reference nuclei calculated by the new effective interaction (denoted as
“New”), in comparison with those calculated by PKO1 [53] and the corresponding experimental data [97,98]. The root-mean-square deviations

� =
√∑N

i=1(yExpt.
i − yCal.

i )2/N are also shown.

Nucleus Eb (MeV) Rch (fm)

Expt. New PKO1 Expt. New PKO1

16O −127.62 −127.60 −128.15 2.699 2.668 2.676
24O −168.96 −171.97 −170.84
36S −308.71 −306.00 −307.44 3.299 3.248 3.264
40Ca −342.05 −340.94 −342.94 3.478 3.438 3.443
48Ca −416.00 −418.64 −416.98 3.477 3.439 3.451
52Ca −438.33 −437.28 −436.81
54Ca −445.37 −445.06 −445.14
56Ni −484.00 −480.45 −482.63
68Ni −590.41 −589.88 −590.90
72Ni −613.46 −612.92 −614.22
86Kr −749.23 −751.92 −750.81 4.184 4.157 4.166
90Zr −783.90 −785.00 −785.48 4.269 4.250 4.259
94Ru −806.86 −807.01 −809.03
100Sn −825.30 −825.00 −827.83
116Sn −988.68 −985.99 −988.78 4.625 4.593 4.595
124Sn −1049.96 −1048.06 −1050.54 4.674 4.648 4.650
132Sn −1102.84 −1102.96 −1103.00 4.709 4.700 4.705
136Xe −1141.88 −1145.98 −1145.57 4.796 4.793 4.796
140Ce −1172.68 −1180.18 −1177.97 4.877 4.870 4.875
146Gd −1204.43 −1206.82 −1208.68 4.980 4.984 4.985
182Pb −1411.65 −1412.57 −1416.47 5.379 5.378 5.376
194Pb −1525.89 −1523.40 −1527.14 5.437 5.445 5.449
200Pb −1576.36 −1573.97 −1576.65 5.461 5.484 5.483
204Pb −1607.51 −1605.84 −1607.66 5.480 5.503 5.504
208Pb −1636.43 −1635.85 −1636.76 5.501 5.521 5.521
214Pb −1663.29 −1662.54 −1663.45 5.558 5.587 5.584
210Po −1645.21 −1647.65 −1648.54 5.570 5.553 5.551
214Ra −1658.32 −1665.25 −1665.51 5.608 5.619 5.614
218U −1665.68 −1675.94 −1674.94

� 3.28 3.00 0.024 0.020

FIG. 7. (a) Energy differences �ε ≡ εν1i13/2 − εν1h9/2 in the N = 82 isotones as functions of the proton number, normalized with respect
to the values at Z = 58. (b) Energy differences �ε ≡ επ1h11/2 − επ1g7/2 in the Z = 50 isotopes as functions of the neutron number, normalized
with respect to the values at N = 58. The calculation is performed by the RHF theory with the new effective interaction. For comparison, the
experimental data are also given, which are the same as those in Figs. 1(a) and 3(a).
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tensor renormalization persistency [95,96], is shown to be
practicable.

V. SUMMARY AND PERSPECTIVES

Within the framework of the RHF theory, the evolutions
of the energy difference between the single-neutron states
ν1i13/2 and ν1h9/2 along the N = 82 isotonic chain and that
between the single-proton states π1h11/2 and π1g7/2 along
the Z = 50 isotopic chain have been investigated. Our main
focus is on the effects of the tensor force. To compare the
calculated results with the experimental data as informative
as possible, we have adopted not only the original data but
also the pseudodata in which the PVC correlation is removed.
It is found that the tensor force plays crucial roles in properly
describing the shell-structure evolutions. The contributions of
the tensor force from each relevant meson-nucleon coupling
were studied in details. It is shown that, for PKA1, PKO1,
and PKO3, the tensor force from the π -PV coupling plays
a decisive role, while for PKO2, which does not explicitly
contain the π -PV coupling, the net contribution of the tensor
force is negligible. By comparing with the data, we find that
the strength of the tensor force is of vital importance for
(qualitatively) reproducing the trend of the data.

In addition, the strength of the tensor force in the CDFT has
been further explored. It is found that moderately increasing
the coupling strength of π -PV coupling, which essentially
enhances the tensor force in the effective interaction, will
significantly improve the description of the shell-structure
evolution. A systematic comparison shows that weakening the
density dependence of the π -PV coupling is a more efficient
way than enlarging it with a factor. Our study thus provides
a support for the idea of tensor renormalization persistency
[95,96], which emphasizes the resemblance between the in-

medium effective tensor force and the bare one. Moreover,
guided by the exploration of the tensor force, we have at-
tempted to develop a new effective interaction with stronger
π -PV coupling, which is mainly determined by the weakened
density dependence (smaller aπ ) and partially by the enhanced
strength at zero density (larger f (0)). The new effective in-
teraction can improve the description of the shell-structure
significantly, without considerable sacrifice of the accuracy on
the bulk properties. It has also been shown that the improve-
ment is attributed to the enhancement of the tensor force.

As a perspective, it is meaningful to develop the framework
of PVC based on the RHF theory in the future, so as to treat the
PVC correlation in a self-consistent way. An alternative way
to avoid the distraction of the dynamical correlation is to seek
the metadata which belong to the pure mean-field level. The
spin-orbit splitting calculated by the relativistic Brueckner-
Hartree-Fock theory [94,99,100] has attracted great atten-
tion [37,92,101–104]. Work in this direction is also in
progress.
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