PHYSICAL REVIEW C 103, 055807 (2021)

Proton superconductivity in pasta phases in neutron star crusts

Zhao-Wen Zhang

and C. J. Pethick

The Niels Bohr International Academy, The Niels Bohr Institute, University of Copenhagen,
Blegdamsvej 17, DK-2100 Copenhagen @, Denmark
and NORDITA, KTH Royal Institute of Technology and Stockholm University, Roslagstullsbacken 23, SE-106 91 Stockholm, Sweden

®  (Received 27 November 2020; accepted 1 March 2021; published 12 May 2021)

In the so-called pasta phases predicted to occur in neutron-star crusts, protons are able to move easily over
large distances because the nuclear matter regions are extended in space. Consequently, electrical currents can be
carried by protons, an effect not possible in conventional crystalline matter with isolated nuclei. With emphasis
on the so-called lasagna phase, which has sheet-like nuclei, we describe the magnetic properties of the pasta
phases allowing for proton superconductivity. We predict that these phases will be Type-II superconductors and
we calculate the energy per unit length of a flux line, which is shown to be strongly anisotropic. If, as seems likely,
the pasta structure is imperfect, flux lines will be pinned and matter will behave as a good electrical conductor
and flux decay times will be long. We describe some possible astrophysical manifestations of our results.
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I. INTRODUCTION

When the density of matter approaches that in atomic nu-
clei, the competition between Coulomb and surface energies
can lead to the formation of phases with extended nuclei
having rod-like or sheet-like form, the so-called pasta phases.
Such phases were first proposed in the context of matter with
a relatively high proton concentration [1,2], such as occurs in
stellar collapse, and later studied for matter in neutron stars,
which has a lower proton concentration [3,4]. Whether the
pasta phases are more stable than phases with isolated nuclei
depends on the nucleon-nucleon interaction and, e.g., with the
SLy4 Skyrme interaction, the pasta phases were found not to
be the ground state [5]. Parametric studies with a family of
relativistic mean-field theory models indicate that the stability
of the pasta phases appears to be correlated with the derivative
of the symmetry energy with respect to density [6], and more
detailed study of stability with improved nucleon-nucleon
interactions is needed. Many microscopic investigations of
the properties of pasta phases have been carried out, but few
of them consider matter with the low proton concentrations
encountered in neutron stars.

The focus of this paper is the electrical and magnetic prop-
erties of the pasta phases, especially that with sheet-like nuclei
(lasagna). Interest in the electrical properties of these phases
was sparked by the work of Ref. [7], where it was argued that
the dearth of isolated x-ray sources with long periods could be
explained if the pasta phases were poor electrical conductors
as a result of scattering of electrons by the disorder of the
nuclear matter. Some support for a low electrical conductiv-
ity in the pasta phases was provided by quantum molecular
dynamics (QMD) simulations [8], which employed a formal-
ism based on the idea of an effective impurity concentration.
However, direct calculation of transport properties from QMD
calculations of the static structure factor for the protons led to
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the conclusion that the electrical conductivity was not signifi-
cantly different from that in phases with isolated nuclei [9]. A
similar conclusion about the neutrino opacity had previously
been arrived at in Ref. [10].

A number of dynamical properties of the pasta phases have
been investigated. Long-wavelength, low-frequency collective
modes, when matter is locally electrically neutral and there
are no electrical currents have been studied in Refs. [11-14].
In Ref. [15], the effect of entrainment of neutrons and pro-
tons was considered and the possibility of flux lines in the
pasta phases was mentioned. In this paper we argue that the
pasta phases will behave as Type-II proton superconductors,
in which magnetic flux threads the matter in the form of
quantized flux lines, and we calculate the properties of these
flux lines. Consequently, the pasta phases are likely to behave
as good electrical conductors. We shall argue that it is a
good approximation to use a hydrodynamic description of the
superfluid protons because the distance to which a magnetic
field can penetrate is generally large compared with both
the spacing between lasagna sheets and superfluid coherence
lengths. The properties of flux lines are shown to be strongly
dependent on the angle between the flux line and the symme-
try axis of the pasta.

This article is organized as follows: Section II presents a
general description of the lasagna phase, which is the phase
we focus on because it is expected to be the most preva-
lent of the pasta phases. Expressions for long-wavelength
contributions to the proton and neutron superfluid currents
are considered in Sec. III. In Sec. IV, the properties of
flux lines in the lasagna phase are considered, first the case
of a line perpendicular to the lasagna sheets and then for
general directions. Consequences of proton superconductivity
are considered in Sec. V, and concluding remarks are made in
Sec. VL.
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II. GENERAL CONSIDERATIONS

We begin by giving estimates of some characteristic length
scales. After formation, neutron stars cool very quickly and
to a first approximation they may be taken to be at zero
temperature. The thickness of a sheet of lasagna, ¢, is given
by [1,2]

1/3
p=omy = (S 1)
A ™ ngiez(l —u)? ’
o i \“° u 3
A (3) 5]
0.1 MeV/fm~ \ ng/20 (1 —u)
(2

where o is the surface tension of the interface between nuclear
matter and the neutron liquid, u is the fraction of space filled
with nuclear matter, e is the elementary charge, n,; is the pro-
ton density in the nuclear matter phase, and n, = 0.16 fm ™3
is the saturation density of symmetric nuclear matter. The
average proton density is n, = npu. The lattice spacing of the
periodic structure, d, is given by
a=2, G)
u

which for u = 0.5, ¢ = 0.1 MeV fm~2, and npi = 0.05n, [4]
is approximately 44 fm.

The proton superconducting coherence length in bulk mat-
ter corresponding to that in the lasagna sheets is given by

hvy 1 MeV Mpi 13
gy = 0~ g3( fm, 4
A, Ap ng/20

where v, = p,/m is the proton Fermi velocity, with p, being
the proton Fermi momentum, A, the proton superconducting
gap, and m the proton mass.! In the lasagna phase, this length
gives the range of correlations in directions lying in the plane
of a lasagna sheet.

The London length, which determines the distance to
which a uniform magnetic field outside the matter can pen-
etrate into it, is given by

471npie2 -172 Tpi —1/2
Api = | ——— ~ 81 fm. 5)
mpc ns/20

Since the London length is much larger than the coherence
length, bulk matter in the interior of the pasta phases will
be a Type-II superconductor and one may anticipate that the
pasta phases will also be. We turn now to a long-wavelength
description of nucleon currents in the pasta phases.

Currents in the pasta phases

To describe disturbances on length scales large compared
with both the spacing of the lasagna sheets or spaghetti
strands ~ry and the superfluid coherence length, which are

'The small difference between the neutron and proton rest masses
is unimportant for the considerations of the present article.

of comparable magnitude, we use a hydrodynamic approach.”
Superfluid currents involve gradients of the phase of the pair
condensate amplitude, and to avoid having to consider in
detail the local superfluid currents on length scales of order
ry we shall work with coarse-grained averages of the phases
of the condensate pair wave functions of the protons, 2¢,,
and the neutrons, 2¢,. Currents of nucleons also result from
displacements of the structure of the pasta, which we denote
by u(r), and the corresponding velocity is @: these currents
correspond to a normal component in the parlance of two-fluid
models. The total current densities of neutrons and protons are
the sums of superfluid and normal contributions and, to lowest
order in V¢, V¢, and 2, may be written phenomenologically
in the form [11-13]

n; e n, .
jp=ﬁ-(v¢p—-A)+—p-V¢n+n;-u, 6)
m C m
and
. n; nlsip e .
jo= Mmooy .(V¢p—-A)+ng-u, )
m m C

where the superscripts s and n correspond to superfluid and
normal components. Because the proton carries charge, the
phase of the proton condensate must occur in the combination
V¢, — eA/c to satisfy gauge invariance. Here, as in most of
the article, we work in units such that 7z = 1. The terms with
n;n take into account the fact that, due to neutron-proton inter-
actions, the current of one species of nucleon is affected by the
phase of the condensate wave function of the other species, an
effect referred to as “backflow” or “entrainment.” As pointed
out in Ref. [11], the superfluid density tensor n;ﬂ, where
a and B are labels for the nucleon species, is anisotropic,
as in the normal density tensor (n);. If the lasagna sheets
are of uniform thickness, the superfluid density is diagonal
in a coordinate system with one basis vector perpendicular
to the sheets and two basis vectors in a pair of orthogonal
directions lying in the plane of the sheets, and we shall use
the superscript || to denote the former components and L to
denote the latter ones. When the sheets have no modulations
in the perpendicular directions, n* = 0. Since in this paper
we consider only the linearized theory, the superfluid and
normal density tensors may be taken to be independent of
the velocities. Numerical simulations of lasagna for somewhat
higher proton concentrations than those expected in neutron
stars indicate that lasagna sheets are modulated in directions
lying in the plane of the lasagna sheets and that the modula-
tions have hexagonal symmetry; also for this case the density
tensors are isotropic for directions lying in the plane of the
sheets, but n" is nonzero.

From the requirement of Galilean invariance it follows that

nal=nj + Y n,. (8)
B

where | is the unit tensor, 7, is the proton density, and 7, is
the neutron density. This result was obtained for the case of

2Throughout the paper we use the symbol ~ to indicate an order of
magnitude estimate.
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pasta without spatial modulations in the plane of the sheets in
Ref. [11], but it holds also when n‘O‘[J- #0.

In this article we consider situations where the pasta struc-
ture is stationary and the neutron superfluid phase is uniform,
SO

S

. (Vqsp - §A>. ©)

o=,
In terms of parallel and perpendicular components, the proton
superfluid density tensor has the form

s __ sl sl s L) g5
n,, = nppl + (npp npp)vv, (10)

where ¥ is a unit vector perpendicular to the plane of the
lasagna sheets.

In lasagna one expects the component of the proton su-
perfluid density tensor n;f; to be of the order of the proton
density, since protons can move relatively freely in the plane
of the lasagna. However, motion of protons perpendicular to
the sheets is hindered by the layers of neutron matter between
the nuclear matter regions. To see this we estimate the rate at
which protons at the Fermi surface in the neutron matter phase
can tunnel through a layer of neutron matter. We consider the
most favorable situation for tunneling, in which the incident
proton is moving normal to the interface. Inside the neutron
matter, the lowest-energy state of a single proton is equal to
its chemical potential ftp,. If one regards the neutron matter
region as representing a rectangular barrier of height Au, =
Ipo — Mpi above the proton chemical potential in the nuclear
matter region, (ip;, the magnitude of the tunneling amplitude
is [16]

(AH«p‘C/‘pi)l/2 KT

|T|~4
Ay + pi

; 1L

for kT > 1, where k = (2m Ap,/h*)'/? and T =d — € is
the thickness of a neutron matter layer. The quantity &y =
(3n2npi)2/ 3/2m is the Kinetic energy of a proton at the Fermi
surface of the nuclear matter phase. To obtain a rough estimate
of Apu,, we consider the difference between the proton chem-
ical potentials for two phases in equilibrium at the highest
pressure plotted in Fig. 2 of Ref. [17], where it is seen to
be roughly 6 MeV, and thus e ** ~ 3 x 1077 for a neutron
layer thickness equal to the thickness of a sheet, Eq. (2).
The prefactor in Eq. (11) is less than two, so this cannot
increase the order of magnitude of |T'|, and we conclude that
flow of protons between sheets is negligible when there are
no “bridges” connecting adjacent sheets. Even when there
are bridges, it seems likely from simulations that their total
cross-sectional area per unit area of sheet is much less than
unity [18]. Consequently, we expect nf,'lL to be very much less
than nls)é for the lasagna phase. Since in the spaghetti phase
protons can flow easily in the direction of the strands but
only with difficulty between strands, néﬁ; will be much less
than n3).

To begin with, we comment on properties of flux lines in an
isotropic medium. The flux line has a core, where supercon-
ductivity is suppressed, with a radius ~&, and, outside this,
superconducting currents extend out to a distance on the order
of the London length. As we shall show, this basic picture

applies also to the pasta phases except that, because of the
anisotropy of the screening length, the flux-line structure is
also anisotropic. Flux lines in layered solid-state systems have
been studied extensively [19], but the pasta phases in neutron
stars differ from layered superconductors in the laboratory
in that the superconducting regions have a thickness much
greater than the particle spacing.

III. FLUX LINES IN LASAGNA

Uniform neutron star matter is expected to be a Type-II
superconductor, and consequently magnetic flux penetrating
such matter will do so in the form of quantized flux lines [20].
In lasagna, superconductivity is suppressed for currents per-
pendicular to the sheets because tunneling of protons between
sheets is small. We begin by considering the case of a single
flux line perpendicular to the sheets in lasagna.

A. Flux line perpendicular to the sheets

To make explicit the physics of the situation, we analyze
this problem in some detail. It will turn out that the mathe-
matics we use is well established in the context of terrestrial
superconductors [21].

Within a lasagna sheet, a flux tube perpendicular to the
lasagna sheets will tend to be compressed towards the center
of the core by the circulating proton supercurrents. In the
regions between sheets, the flux tends to balloon outwards in
order to reduce the magnetic-field energy. The local magnetic
flux density, which we denote by b(r),’ satisfies the Maxwell
equation

be=4n%. (12)

c

The long-wavelength expression for the proton current,
Eqg. (9), is a good approximation provided the characteristic
length scale is large compared with the coherence length, and
therefore it can be used for most of the flux line but not for
distances <&, from the center of the flux line. We employ a
coordinate system in which the z axis is in the direction of
the flux line, and the x and y directions are perpendicular to
it. Since the characteristic distance over which changes in the
magnetic field can occur is on the order of the London length,
Eq. (5), which is much larger than the layer spacing, b, varies
only weakly as a function of z and, since V - b = 0, b, and b,
are small compared with b,. Thus it is a good approximation
to average Eq. (12) over z. In the Appendix we give a specific
example that illustrates this. As a simple model, we take the
lasagna state to consist of sheets of uniform nuclear matter
separated by neutron matter with a sharp boundary between
the two sorts of matter. For a flux line with a single quantum
of flux directed in the positive z direction, the change in the

3In much of the literature on superconductivity, the symbol k(r) is
used for this quantity. To avoid giving the impression that the local
flux density is simply related to the magnetic intensity H, we prefer
to use the symbol b. The magnetic induction B is the spatial average
of b(r).
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phase of the proton pair condensate on traversing a closed
contour is 27 for contours encircling the center of the flux line
and zero for other contours. Thus, for a flux line centered at
x =y =0, one may write V x V¢, = m5,(p)Z, where 5,(p)
is the two-dimensional Dirac § function at p = (x,y) = 0. In
order not to complicate the notation, we denote the average
magnetic induction by b, and the curl of Eq. (12) averaged

over z is
b: 82+82 b, = ®8,(p) (13)
)\’J—z ax2 ayz z 002 p .
Here
2mhic
Oy = (14)
2e

is the flux quantum and

1 4 (n;é)iue2

(A2 mc?

, s)

where the subscript i indicates that the quantity is to be evalu-
ated for the matter in the interior of the nuclear matter sheets.
The quantity A, plays the role of an effective London length
for screening of magnetic fields perpendicular to the plane
of the lasagna sheets. The subscript “0” indicates that the
quantity is evaluated for the specific model of the lasagna we
have employed; more generally, when one uses the hydrody-
namic equations for the coarse-grained average of the current,
Eqgs. (9) and (10), the screening length is defined by

sl 2
)»1_2 mc? .

The solution of Eq. (13) is

D
7T)\.L2

b(p) =22 Ko(p/AL), (17)
where p = (x> + y?)!/? and K is the modified Bessel function
of the second kind. For p < A, the solution behaves as

AL

o)
0 In —,
0

b ~
(p) s

& K p <K Ay, (18)

to logarithmic accuracy. Since the local approximation for the
current density, Eq. (6), fails within the core of the flux line at
distances of order &, or less, we cut the solution off at p ~ &,.
Implicit in the calculation to logarithmic accuracy is that the
argument of the logarithm is large compared with unity.

The energy per unit length of the flux line may be calcu-
lated in the standard way [21, Sec. 5.1.2] and is given by

@, \> A
€~ 0 ) mZt (19)
477)\L Sp

The energy per unit volume for flux lines with separations
much greater than A; and an areal density n, is therefore
E = nye and, since B = n,®yZ, the corresponding value of
the magnetic intensity is given by

oE Dy i AL

H=47— >~} n—.
OB~ T4mat &

(20)

The component of H in the x and y directions vanishes by
symmetry, as we show explicitly below.

B. Flux line in a general direction

In the context of layered superconductors in the laboratory,
properties of vortices have been studied in a number of works,
see, e.g., Refs. [22-24]. Here we calculate properties of a
single flux line in a general direction, following especially the
work of Ref. [24]. Upon multiplying Eq. (9) on the left by
the matrix (ni‘)p)’1 and inserting the curl of the result into the
Maxwell equation (12), one finds

I’I1C2

4 e?

where 1 is a unit vector in the direction of the flux line. The
inverse of the proton superfluid density tensor is

S o1\
(n;p) = nT + (T — ns_i> V. (22)

PP Npp pp

b+ -———Vx [(m,)7'Vxb] =1 ®sa(p), (1)

pp

To solve Eq. (21), it is convenient to take a Fourier trans-
form in the plane perpendicular to [ and write

b = / d*>pb(p)exp (—ik - p). (23)

As pointed out by Takanaka, in anisotropic superconductors
the local magnetic field has components perpendicular to
the axis of the flux line [25]. We write b in terms of its
components along and perpendicular to I. The perpendicular
component is in the direction of k x I since the component
along k vanishes as a consequence of the Maxwell equation
V -b = 0. Upon solving the Fourier transform of Eq. (21),
one finds*

1 4 k%47 sin® 6 + k*Af cos® 6

b-l=ad , 24)
"A+ R+ (k- v2A% + (k x »)?)AT]
and
A kK2(A2 — 22 )cos@v - (k x 1
b-Ghxl)y=ad (j =+ (kx?)

YA+ DI+ (k- vPR2 + (k x 03]
(25)

where 6 is the angle between the direction of the flux line
and the normal to the lasagna sheets. The screening length A
for magnetic fields lying in the plane of the sheets is defined
analogously to Eq. (16):

sl 2
1 _ 47mppe

)»HZ mc2

(26)

If one takes the flux line to be in the z direction, as before, and
v toAlie iAn the xz plane, as illustrated in Fig. 1, one sees that
v (k x1l)=sinbk,/k.

“Equation (24) agrees with Eq. (11) of Ref. [24] but there is a
misprint in Eq. (11') for b - (k x v), which should have the opposite
sign. This difference does not affect any of the other results in that

paper.
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FIG. 1. Orientation of the direction of the flux line I , the normal
to the plane of the lasagna sheets, D, and the coordinate axes. The y
direction is outward and perpendicular to the plane of the diagram.
In the case of spaghetti, the strands are parallel to .

The energy density associated with the flux line is the sum
of the kinetic-energy density Ey, and the magnetic energy
density b*/(87). Since the current density is given by j, =
0Exin/0V ¢y, it follows that

eA\ Ny, eA
Eyin = V¢p—7 o V¢p—7

eA n;" nfm
+ V¢p—7 '7'V¢n+v¢n'z_'v¢n’

m

(27)

or, for V¢, = 0, as in the present case, and on use of Eq. (9),
m, -1 .

Eiin = ZJp - (M) - - (28)

In Eq. (28), the inverse of the matrix is to be taken only
over the spatial coordinates, not the species labels. Although
the result is written in terms of the proton current density, it
includes the kinetic energy of the neutrons entrained by the
protons.

With the help of Eq. (21) and integration by parts, one finds
for the energy per unit length of the flux line

D d*k .

=5 ] 'l 29)

The integral here diverges logarithmically for large k if one
uses Eq. (24) for by because the structure of the flux core
has not been treated in detail. To take into account the effect
of the core, it is therefore necessary to cut the integral off
at wave numbers corresponding to the inverse of the core
dimensions. Detailed results for the energy per unit length of a
flux will be given in the following section where, by working
in coordinate space rather than Fourier space, we present a
simple derivation of them.

C. Simple derivation

When the penetration depths are very much greater than the
coherence lengths, the energy of a flux line may be calculated
rather simply by making use of the fact that the kinetic energy
of the currents dominates, and the energy of the magnetic
field, which does not contain the logarithmic factor, is smaller.

At distances less than the characteristic screening lengths
from the center of the flux line, the currents are essentially
those of an uncharged vortex line, j, = Ny, - V¢, since the
vector potential is small there. As earlier, we take the axis
of the flux line to lie in the z direction and v, the normal
to the lasagna sheets, to lie in the xz plane. From the con-
dition for translational invariance in the z direction, which is
a consequence of the coarse-grained averaging, the phase ¢,
is a function only of x and y. In principle ¢, could have a
contribution linear in z, which would correspond to a flow
of protons along the flux line, but this situation is not of
interest here. Working with the superfluid momentum oV ¢,
which has only two nonvanishing components is simpler than
working with the proton current density, which has three. In
a steady state, the continuity equation for the proton current
density is therefore

. 9%y 3%¢,
Voip= U)o ge T ), 52 =0 GO
where
(75p), = gy COS*6 -+ iy sin” 6, 31
and
s sl
(”pp)yy = Ny (32)

There is no term proportional to 3%¢,/dxdy because of our
choice of axes. One thus sees that in terms of the variables
X = x/[(n;p)m]l/2 andY = y/[(nlsjp)yy]l/2 the phase ¢, satis-
fies Laplace’s equation, and the solution corresponding to a
singly quantized vortex is ¢p = % arctan(Y/X) and the stream-
lines are circles.

The kinetic-energy density is

LT oy (96\ . oy (300
o i (2 e, (2]

and therefore the energy per unit length of the flux line is

1 dxdy

SY (8 ) T2
€ = gl lm) (m5,),,] / X1y G4

where the integral is to be taken outside the core of the flux
line out to distances at which the vector potential term in the
expression for the current becomes significant. Introducing
the radial coordinate R = (X2 + Y2)'/2, we may write the
integral in Eq. (34) to logarithmic accuracy as
axdy R

/m22nlnR—<, (35)
where R. is an upper cutoff radius and R_ is a lower cutoff
radius. The upper cutoff is determined by the smaller of the
penetration depths A, and A, for magnetic fields varying in
the x and y directions, measured in units of [(n;p)xx]l/ 2 and
[(n;p)yy]l/z, respectively; since A, o [(n;p)yy]_‘/2
[(n;p)xx]‘l/ 2 the two ratios are identical. The lower cutoff is
determined by the structure of the core of the flux line. The
supercurrent is essentially confined to the lasagna sheets and,
in this plane, the flux-line core is isotropic and has a radius
~&,. In the direction perpendicular to the lasagna sheets,
the hydrodynamic approximation we have made will fail for

and A, o
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distances comparable to the spacing between sheets. Since
the coherence length and the spacing of the sheets are of
comparable magnitude, we adopt as a simple approximation
a lower cutoff equal to &, in all directions. Thus in both the
x and y directions, the lower cutoff is ~&,. In the XY plane
the flow will cease to be circular at a radius that is the larger
of ép/[(n;p)yy]'/2 and ép/[(n;p)xx]l/z. Since for lasagna we
expect nl% > n;!,, we see from Egs. (31) and (32) that the
former is always smaller than the latter, which thus determines
the cutoff. The energy per unit length of the flux line is then

~ (s s 12, AL
€= E[(npp)xx(npp)yy] In g
wnst 5
= <2 (cos’ 0 +gsin’ ) PIn "= (36)
4m £
The quantity
2l
g=—" (37)
Mpp

is a measure of the isotropy of the superfluid density ten-
sor, g = 1 corresponding to the isotropic case and g =0 to
nls)!, = 0. Interestingly, the coefficient of the logarithm is in-
dependent of the elementary charge; this reflects the fact that
the dominant contribution to the energy is due to the kinetic
energy, which is essentially independent of e for distances
small compared with the screening length.

The quantity nzﬁ is not well known even for uniform mat-
ter. For that case, the normal component of the density is zero
and the result (8) reduces to n;f; =np— nflé Estimates of nflf)-
have been made from various arguments based on Skyrme
interactions and effective masses in neutron matter and sym-
metric nuclear matter. These are uncertain but indicate that it
is negative and its magnitude is small compared with n,, [26].
If one neglects in Eq. (8) both nj, and nj*, which is nonzero
when the band structure due to the spatial modulations of the
pasta sheets is taken into account, one finds n%> & n, as a first
estimate. In Fig. 2 we plot € as a function of 6 for lasagna for
representative parameters.

Out basic formalism can also be applied to the spaghetti
phase. An important difference is that, in the spaghetti phase,
superfluid flow of protons is possible in only one dimension
(along the strands) in the absence of proton flow between
strands. To make current loops in this phase, proton flow

between strands is necessary. Whereas for lasagna ngg, is very

1

much less than n’—, the opposite is true for spaghetti. Since

pp°
”;S)é_ for lasagna and nf)!, for lasagna are of the order of the total
proton density, one sees from Eqgs. (36) and (38) that flux-line
energies for spaghetti will be considerably smaller than those
for lasagna. On making arguments on the lower cutoff of the
spatial integrals similar to those for the case of lasagna above,

one finds for the energy per unit length of a flux line

T (s s 12, A(0)
€= E[(npp)xx(npp)yy] In é'_p

s . 12
_ T [nf)f; (npg cos? 6 + n;!, sin? 9)] n A(0) (38)
dm & ’

0.30 .
0.25} .
= 020] .
> [ ]
2 0.15 I 7]
‘E‘ -
——— Lasagna
0.10 | £ .
- — — - Spaghetti
0.05 F
0'00:-".'.'_|_—.—.__| A T T
0 15 30 45 60 75 90
0 [degree]

FIG. 2. Energy per unit length of a flux line in the pasta phases
as a function of the angle between the flux line and the symme-
try axis of the pasta. The parameters employed are nlsj- = 0.025n,,
n;'I‘J = 0.0lngé, and A, /&, =10 for lasagna, and n;]‘J = 0.020n;,,

nsy = 0.01n), and 4 /&, = 10 for spaghetti.

where

AB)7% =A% cos” 0 4 A, sin” 6. (39)
The energy of a flux line per unit length is proportional to nf)é-
for & = 0 and increases with increasing 6 until for 6 = 7 /2 1t
is proportional to (n3ln5)!/2. In Fig. 2 we plot the energy per
unit length of a flux line in spaghetti as a function of angle for
n;!, = 0.02n, and nf)f;/n;y, =0.01.

The magnetic intensity for the lasagna phase is given by the
first part of Eq. (20) and Eq. (36), and to logarithmic accuracy
has the form

D AL

H ~ 5 In—
477)\,L ép

(1 —g)sin6 cosf A)
X,
(cos2 0 + gsin® 6)1/2
(40)

X ((cos2 0+ gsin2 9)1/22 +

for a flux line lying in the z direction and ¥ in the xz plane. For
"E!, =0 (g = 0), Eq. (40) reduces to

b, AL

~ — In —

4 A 1 .’;:p

which lies in the direction of the normal to the lasagna sheets
and is independent of the angle 6 between the flux line and
the normal to the lasagna sheets: the energy of a flux line is
proportional to the length of the projection of the line onto the
normal to the lasagna sheets. For an isotropic superconductor,
H =~ 4me /Py, but for an anisotropic one it can be very much
larger.

The magnetic intensity calculated above represents the
lowest value for which a flux line can be present in the
medium, for a given angle between the symmetry direc-
tion of the pasta and the magnetic induction, and therefore

Isgn(-1), (41)
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corresponds to H;, in the language of condensed-matter
physics. Numerically, for 6 = 0 one finds

nsJ_ )U_
Ha (0 =0)~ 127 x 10" —2_ ) In ==
ns/40 &

Oe. (42)
The ratio A, /&, is of order 10, so H (6 = 0) ~ 3 x 10'* Oe,
somewhat lower than its value in the uniform interior [20]
because of the lower proton density in the crust.

With increasing B, flux lines will arrange themselves into a
periodic array. Calculations in Ref. [24] indicate that the array
is made up of isosceles triangles, rather than the equilateral
ones found for isotropic superconductors. This picture will
be made more complicated when one takes into account the
periodicity of the pasta structure, since there will be two com-
peting length scales, one associated with the spacing of the
lasagna sheet and the other with the typical spacing between
flux lines. As in other condensed-matter problems, one can
thus expect a series of transitions between different configu-
rations [27].

Superconductivity is suppressed completely at the up-
per critical field H¢(60), which is given in the anisotropic
Ginzburg-Landau model by [28,29]

Ho0) = — 20 43)
2wé,16(0)
where
E(6)’ =& cos”6 + & sin® 6. (44)

Here &,, and &, are the proton coherence lengths perpen-
dicular to and parallel to the symmetry axis of the pasta. If
we take the two coherence lengths to be ~&,, the predicted
value of H, is of order 3 x 10'® Oe, similar to that in bulk
matter in the liquid interior [20]. At H,, B and H have the
same magnitude and direction. We caution the reader that
the anisotropic Ginzburg—Landau model does not take into
account the periodic structure of the pasta phases, which can
have an important effect, since the lattice constants of these
phases are comparable in magnitude to the superfluid coher-
ence length.

IV. CONSEQUENCES OF PROTON
SUPERCONDUCTIVITY

In this section, we explore a number of ways in which
proton superconductivity in the pasta phases would manifest
itself in neutron stars.

A. Torques

The fact that the energy of a flux line depends on its
direction with respect to the lasagna layers implies that there
are forces tending to make the flux line lie in the plane per-
pendicular to the normal to the lasagna sheets. Analogous
effects will occur for the spaghetti phase, but flux lines will
tend to lie perpendicular to the direction of the strands. As
described in Ref. [21, Sec. 9.3.1], such torques have been
observed experimentally in high-temperature superconductors
in the laboratory [30-32]. The alignment torque on unit length

of the flux line is

o€

= D x i 45
dcosf U 43)

and the torque on the pasta structure is the opposite of this.

The dependence of the flux-line energy on orientation has
implications for the relative orientation of pasta phases with
respect to the magnetic field in newly born neutron stars.
If the pasta phases are formed at temperatures lower than
the transition temperature for proton superconductivity, the
lasagna sheets will tend to form so that the magnetic induction
lies in the plane of the sheets, since this configuration has
lower (free) energy. If the proton superconducting transition
temperature lies below the temperature for pasta formation,
there will be no correlation between the direction of the mag-
netic field and the orientation of the pasta.

B. Magnetic-field evolution

In a new-born neutron star, protons are normal before the
temperature falls to the superconducting transition tempera-
ture and magnetic fields are supported by electrical currents
produced by electrons. When the temperature falls below the
superconducting transition temperature, the transition will oc-
cur at constant B, since the time to move flux over distances
typical of neutron star dimensions is very large [20,33]. Thus
proton currents will be induced in the regions where protons
are superconducting, thereby collecting the flux into quantized
flux lines. The rate at which the magnetic field in the super-
conducting regions can evolve depends on the forces on the
flux lines, and how rapidly energy can be dissipated due to
motion of a line.

Determining how the magnetic field evolves after the pro-
tons become superconducting requires that one take into ac-
count the fact that the pasta phases are unlikely to be perfectly
ordered, in which case there will be forces on flux lines which
will pin them in place, as in terrestrial Type-II superconduc-
tors [19]. Because the energy per unit length of a flux line
depends strongly on its direction relative to the lasagna sheets,
the pinning forces will be large. To the extent that flux lines
are pinned, flux will be locked in place and the flux density
will remain constant in time. Even if currents in other parts of
the star decay, large-scale magnetic fields could be supported
by the persistent proton currents circulating in flux lines.

Even in perfectly ordered pasta phases, the proton super-
fluid properties are not homogeneous and vary on the scale
of the spacing between layers, d and the modulations of the
structure within layers; this effect was not taken into account
in our treatment, where averages were performed over such
length scales. This will result in a modulation of the flux-line
energy on these length scales but its magnitude is of order
(d /), )* compared with the energy per unit length of the line,
and therefore small. Flux lines are subject to forces due to
gradients of the matter properties, of the density of flux lines,
and of the angle between the flux lines and the normal to the
lasagna sheets. The rate at which flux lines can move with
respect to the matter depends on the rate of energy dissipation
by a moving flux line, a subject addressed in Ref. [34], where
references to earlier work may be found.
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V. CONCLUDING REMARKS

In this article we have shown that superconductivity of
protons in the pasta phases in neutron star crusts will change
the magnetic behavior qualitatively compared with that for
phases with isolated nuclei. This is a consequence of the fact
that, in these phases, the neutron matter component is spatially
extended, rather than in isolated nuclei, as in ordinary matter.
The matter is predicted to be a Type-II superconductor, in
which magnetic flux occurs in quantized flux lines. If flux
lines are pinned, the lasagna phase will behave as a good
electrical conductor and proton supercurrents there can sus-
tain magnetic fields in the star.

ACKNOWLEDGMENTS

We are grateful to Alexander Balatsky for helpful corre-
spondence. Author Z.-W.Z. is grateful to Nordita for support
while this work was carried out. We are grateful to Dmitry
Kobyakov for helpful comments in the early stages of this
work and for providing useful references.

APPENDIX: MICROSCOPIC STRUCTURE
OF MAGNETIC FIELDS IN LASAGNA

This Appendix gives an example which illustrates that the
coarse-graining performed in Sec. Il is a good approximation.
We calculate the microscopic magnetic field for the case of a
field parallel to the lasagna sheets which we take to lie in the
yz plane. In the neutron matter between sheets, the magnetic
induction is uniform, and we take it to be in the z direction. We
assume that there is no flow of protons between sheets. The
estimates of the proton superconducting coherence length &,
Eq. (4), and the thickness of the sheets ¢, Eq. (2), indicate that
&y < £, and, for simplicity, we take the limit §, < £, which we
expect to overestimate the spatial variations of b. In that case
the proton superconducting gap may be taken to be uniform in
the nuclear matter and the dependence of the current density
on the vector potential to be local. In that region the local
magnetic flux density, which we denote by b(r), is a function
only of x, the coordinate perpendicular to the plane of the
lasagna sheets, and satisfies the London equation

3%b, b,

“z — Al
ax2 A%, (AD

where
1 4 (nzé)iez Ao
=T e (42

Here the subscript i on (nl%),- indicates that the superfluid
density tensor is that for the nuclear matter phase. The solution
is

cosh (x/A1;)
“cosh (£/2x1;)’
where b, is the magnetic induction in the neutron matter

regions and x is measured from the center of the slab. The
magnetic induction is the spatial average of b and is given by

b(x)=b (A3)

2]"]\/ )\Li
BZ:bO 1—7+27tanh(m/)\h) (A4)

173
~ b0<1 — gﬁ),

where the latter expression applies for ry < A, and A is given

by
_ d\"?
)»Z)»u<z> ,
sl

which is the expression for A | , Eq. (16), when nyy = u(nf,ﬁ )is
its value for the model where the boundary between the
nuclear matter and neutron matter is sharp. We therefore con-
clude that the variations in the magnetic field as a function
of x are of order (d/A,)* ~ 1072 times the mean field, and
we expect this result to hold also for other directions of
the average field and for arbitrary directions of the magnetic
flux.

In the case considered here, there are no flux lines, since we
have assumed there to be no flow of protons between lasagna
sheets. Matter behaves as a diamagnet because of the partial
expulsion of flux from superconducting regions: For small B,
H is proportional to B with a coefficient that is unity to within
a correction of order (ry/ 2)2. As shown in the main text, when
flow of protons between sheets is possible and for a magnetic
field in the z direction, flux will be bunched into flux lines with
an extent ~A | in the y direction and ~A in the x direction and
H is nonzero in the limit B — 0.
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